Intermediate 
Algebra 


THIRD EDITION 


Geometry 


Formulas for Area (A), Perimeter (P), Circumference (C), and Volume (V) 
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Special Triangles Pythagorean Theorem 
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Common Formulas 
Distance 
d=rt d = distance traveled 


t = time $ 
= rate 


Temperature 


ae?) F = degrees Fahrenheit 
ie 5 Cia C = degrees Celsius 


Simple Interest 


I= Prt I = interest 
P = principal 
r = annual interest rate 
t = time in years 


Compound Interest 


nt Ee, 
AS P(t + 4 RS Dati 
n principal 


annual interest rate 
= compoundings per year 
time in years 


Coordinate Plane: Midpoint Formula 


Midpoint of line segment (2 +X. Wt 2) 
joining (x,, y,) and (x5, y>) 2 ree 2 


Coordinate Plane: Distance Formula 


d = distance between d= Vie = cae ar (y i oe 
points (x,, y,) and 
Ges, 2) 


Quadratic Formula 


Solutions of ax? + bx +c =0 


—b + /b* — 4ac 
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Rules of Exponents 
a = 1 


(abi = a? = b* 


b#0 


a#0,b#0 


Basic Rules of Algebra 

Commutative Property of Addition 
atb=bta 

Commutative Property of Multiplication 
ab = ba 

Associative Property of Addition 
(a+ b)+c=at+(bt+c) 


Associative ee of toa a” p 


Pp utivel Property wr iy 


. iat ie = bey a) vy 5 a 


: “Right Distributive Peper 


(a + b) saet py \ 


Additive Inverse Propérty peti 2001. 


a+ (—a)=0 


Multiplicative Inverse Property 


Properties of Equality 
Addition Property of Equality 
Ifa = b,thena+c=b-+c. 
Multiplication Property of Equality 
If-a = b, then ac = be. 
Cancellation Property of Addition 
liga, ¢= b+ ce thena = pb: 
Cancellation Property of Multiplication 


If ac = bc, and c # 0, then a = b. 


Zero Factor Property 
If ab = 0, thena = Oorb=0. 
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A Word from the Authors Vii 


Welcome to Intermediate Algebra, Third Edition. In this revision, we have con- 
tinued to focus on developing students’ proficiency and conceptual understanding 
of algebra. We hope you enjoy the Third Edition. 


In response to intermediate algebra instructors, we have revised and reorganized 
the coverage of topics for the Third Edition. To improve the flow of the material, 
Chapter 2 “Graphs and Functions” now includes Section 2.4 “Equations of Lines” 
(formerly Section 7.1). Chapter 4 “Rational Expressions, Equations, and 
Functions” now includes Section 4.1 “Integer Exponents and Scientific Notation” 
(formerly Section 5.1). Chapter 7 has been renamed “Linear Models and Graphs of 
Nonlinear Models.” “Variation” has been moved forward from Section 7.5 to 
Section 7.1, and “Graphs of Rational Functions” has been moved from Section 4.5 
to Section 7.5. 


In order to address the diverse needs and abilities of students, we offer a 
straightforward approach to the presentation of difficult concepts. In the Third 
Edition, the emphasis is on helping students learn a variety of techniques— 
symbolic, numeric, and visual—for solving problems. We are committed to 
providing students with a successful and meaningful course of study. 


Our approach begins with Motivating the Chapter, a new feature that introduces 
each chapter. These multipart problems are designed to show students the rele- 
vance of algebra to the world around them. Each Motivating the Chapter feature 
is a real-life application that requires students to apply the concepts of the 
chapter in order to solve each part of the problem. Problem-solving and critical 
thinking skills are emphasized here and throughout the text in applications that 
appear in the examples and exercise sets. 


To improve the usefulness of the text as a study tool, we added Objectives, which 
highlight the main concepts that students will learn throughout the section. Each 
objective is restated in the margin at the point where the concept is introduced, to 
help keep students focused as they read the section. The Chapter Summary was 
revised for the Third Edition to make it a more comprehensive and effective study 
tool. It now highlights the important mathematical vocabulary (Key Terms) and 
primary concepts (Key Concepts) of the chapter. For easy reference, the Key 
Terms are correlated to the chapter by page number and the Key Concepts by 
section number. 


As students proceed through each chapter they have many opportunities to assess 
their understanding. They can check their progress after each section with the 
exercise sets (which are correlated to examples in the section), midway through 
the chapter with the Mid-Chapter Quiz, and at the end of the chapter with the 
Review Exercises (which are correlated to the sections) and the Chapter Test. The 
exercises and test items were carefully chosen and graded in difficulty to allow 
students to gain confidence as they progress. In addition, students can assess their 
understanding of previously learned concepts through the Integrated Review 
exercises that precede the section exercise sets and the Cumulative Tests that 
follow Chapters 3, 6, and 9. 
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A Word from the Authors 


In the Third Edition, we combined the Technology and Discovery features of the 
Second Edition. Technology Tips provide point-of-use instructions for using a 
graphing utility. Technology Discovery features encourage students to explore 
mathematical concepts with graphing utilities and scientific calculators. Both are 
highlighted and can easily be omitted without loss of continuity in coverage of 
material. 
4 

To show students the practical uses of algebra, we highlight the connections 
between the mathematical concepts and the real world in the multitude of appli- 
cations found throughout the text. We believe that students can overcome their 
difficulties in mathematics if they are encouraged and supported throughout the 
learning process. Too often, students become frustrated and lose interest in the 
material when they cannot follow the text. With this in mind, every effort has 
been made to write a readable text that can be understood by every student. We 
hope that your students find our approach engaging and effective. 
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Chapter Opener New 


Every chapter opens with Motivating the 
Chapter. Each of these multipart problems 
incorporates the concepts presented in the 
chapter in the context of a single real-world 
application. Motivating the Chapter problems 
are correlated to sections and exercises and 
can be assigned as students work through the 
chapter or can be assigned as individual or 
group projects. The icon S identifies an 
exercise that relates back to Motivating the 
Chapter. 


Section Opener New 


Every section begins with a list of learning 
objectives. Each objective is restated in the 
margin at the point where it is covered. 


Historical Note 


Historical notes featuring mathematicians or 
mathematical artifacts are included throughout 
the text. 


Features 


Motivating the Chapter 


oS Cable Television and You 


You are having cable television installed in your house. You need to decide if 
you will purchase one or more premium movie channels or pay-per-view 

movies, You will not have both, Standard service is $31.20 per month and is 
required if you want a premium movie channel or pay-per-view movies. Each 
premium movie channel is $11.91 per month, and pay-per-view is $2.99 per 


month plus $3.95 per movie. 


See Section 1.3, Exercise 86 


a. Write a verbal model that gives the monthly cost of cable television based 
on the number of premium movie channels that you order. 

b. Write an algebraic equation for your verbal model from part (a). Create a 
table that shows the amount paid per month for one, two, three, four, and 


five premium movie channels 


c. Write a verbal model that gives the monthly cost of cable television based 
on the number of pay-per-view movies you watch 
d. Write an algebraic equation for your verbal model from part (c). Create a 
table chat shows the amount paid per month for one, two, three, four, five, 
six, seven, and eight pay-per-view movies 
. If you are paying for two premium movie channels, what percent of your 
bill goes to paying for these movie channels? 


See Section 1.4, Exercise 121 


f. Your budget allows you to spend at most $50 per month on cable televi- 
sion. Use the algebraic model from part (b) to determine the number of 
premium movie channels you could purchase each month 

g- Your budget allows you to spend at most $50 per month on cable televi- 
sion. Use the algebraic model from part (d) to determine the number of 
pay-per-view movies that you could watch each month, Compare this with 
your answer to part (f). Which option would you choose, and why? 


122 Chapter 2. Graphs and Functions 


Plot points on a rectangular 
coordinate system. 


René Descartes Soe 


(1596-1650) 

Descartes was a French 
mathematician, philosopher, 
and scientist. He is sometimes 
called the father of modern 
philosophy, and his phrase “I 
think, therefore | am” has been 
quoted often. In mathematics, 
Descartes is known as the 
father of analytic geometry. 
Prior to Descartes's time, 
geometry and algebra were 
separate mathematical studies. 
It was Descartes’s introduction 
of the rectangular coordinate 
system that brought the two 
studies together. 


The Rectangular Coordinate System 


Just as you can represent real numbers by points on the real number line, you can 
represent ordered pairs of real numbers by points in a plane. This plane is called 
a rectangular coordinate system or the Cartesian plane, after the French 
mathematician René Descartes. 


ectangular coordinate system is formed by two real number lines inter- 
secting a 
usually called the x-axis, and the vertical number line is usually called the y-axis. 
(The plural of axis is axes.) The point of intersection of the two axes is called the 
origin, and the ax parate the plane into four regions called quadrants. 


right angle. as shown in Figure 2.1. The horizontal number line is 


Quadrant Il Quadrant | 


Origin 


Quadrant Il - a+ Quadrant IV _———=— os 


Figure 2.1 Figure 2.2 


Each point in the plane corresponds to an ordered pair (x, y) of real numbers x 
and y, called the coordinates of the point. The first number (or x-coordinate) 
tells how far to the left or night the point is from the vertical axis, and the second 


number (or y-coordinate) tells how far up or down the point is from the hori- 


zontal axis, as shown in Fig 


A positive x-coordinate implies that the point lies to the 
axis; a negative x-coordinate implies that the point lies to th 


1 of the vertical 
t of the vertical 
in x-coordinate of zero implies that the point lies on the vertical axis. 


axis; a 


Similar st 


ments can be made about y-coordinates. A positive y-coord 


nate ir 


ove the horizontal axis; a negative y-coordinate 


es that the point lies 


es that the point the horizontal axis: and a y-coordinate 


zero implies that the poir the horizontal axis. 
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60 Chapter 1 Linear Equations and Inequalities 


BD Solve a linear equation in 
nonstandard form. 


Study Tip 


Remember that the goal in solv- 
ing any linear equation is to 
rewrite the given equation so 
that all the variable terms are 
on one side of the equal sign 
and all constant terms are on 
‘the other side. 


Applications 


Solving Linear Equations in Nonstandard Form 


Linear equations often occur in nonstandard forms that contain symbols of group- 
ing or like terms that are not combined. Here are some examples. 


x+2=2x-6, 6(y-1)=2y- 


The next three examples show how to solve these linear equations. 


iste) Solving a Linear Equation in Nonstandard Form 


x+2=2x-6 
—x+x+2= —2v+ 2x —6 
=x = —6 
=Kit- 2) 2 —6 — 2 
=x=-8 
(—1X=x) = (—1X-8) 


xr=8 


Original equation 
Add ~2x to oth sides 
Combine like terms, 
Subtract 2 from both sides. 
Combine like terms. 
Multiply both sides by ~1. 


Simplify, 


The solution is 8. Check this in the original equation. 


In most cases, it helps to remove symbols of grouping as a first step in soly- 
ing an equation. This is illustrated in Example 5. 


tScuijs)(jele Solving a Linear Equation That Contains Parentheses 


6(y — 1) = 2y —3 
6y = 6 =2y'—3 
6y = 2y= 6) = 2y = 2y=3 
ay it ie 
4y -6+6=-3+6 
4y 


Original equation 
Distributive Property 
Subtract 2y from both sides. 
Combine like terms. 

Add 6 to both sides 


Combine like terms, 


Divide both sides by 4. 


Simplify. 


The solution is 3 Check this in the original equation. 


A wide variety of real-life applications are 
integrated throughout the text in examples and 
exercises. These applications demonstrate the 
relevance of algebra in the real world. Many of 
the applications use current, real data. The 


icon indicates an example that involves a 


real-life application. 


Examples 


Each example was carefully chosen to illustrate 

a particular mathematical concept or problem- 
solving technique. The examples cover a wide 
variety of problems and are titled for easy refer- 
ence. Many examples include detailed, step-by- 
step solutions with side comments, which explain 
the key steps of the solution process. 


Chapter 2. Graphs and Functions 


As a consumer today, you are presented almost daily with vast amounts of 
data given in yarious forms. Data are given in numerical form using lists and tables 
and in graphical form using scatter plots, lines, circle graphs, and bar graphs. 
Graphical forms are more visual and make wide use of Descartes’s rectangular 
coordinate system to show the relationship between two variables. Today, 
Descartes’s ideas are commonly used in virtually every scientific and business- 
related field. 


Representing Data Graphicaly @ 


The population (in millions) of California from 1982 through 1997 is listed in the 
table. Plot these points on a rectangular coordinate system. (Source: U.S. 
Bureau of the Census) 


Solution 


Begin by choosing which variable will be plotted on the horizontal axis and 
which will be plotted on the vertical axis. For these data, it seems natural to plot 
the years on the horizontal axis (which means that the population must be plotted 
on the vertical axis). Next, use the data in the table to form ordered pairs. 
For instance, the first three ordered pairs are (1982, 24.8), (1983, 25.4), and 
(1984, 25,8). All 16 points are shown in Figure 2.5. Note that the break in the 
x-axis indicates that the numbers between 0 and 1982 have been omitted. The break 
in the y-axis indicates that the numbers between 0 and 24 have been omitted. 


Population of California 


Population (in millions) 


ao 


1983 1985 1987 1989 1991 1993 1995 


Year 


80 Chapter 1 Linear Equations and Inequalities 


a Use a mathematical model to 
solve a mixture problem. 


Study Tip 


When you set up a verbal 
model, be sure to check that 
you are working with the same 
type of units in each part of the 
model, For instance, in Example 
4 note that each of the three 
parts of the verbal model mea- 
sures cost. (If two parts mea- 
sured cost and the other part 
measured pounds, you would 
know that the model was 
incorrect.) _ 


Geometry 


Coverage and integration of geometry in examples 


Rates in Mixture Problems 


Many real-life problems involve combinations of two or more quantities that 
make up new or different quantities. Such problems are called mixture prob- 
lems. They are usually composed Of the sum of two or more “hidden products” 
that involve rate factors. Here is the generic form of the verbal model for mixture 
problems, 


First - Amount + Second - Amount = Final - Final 
rate rate rate amount 


A Mixture Problem @) 


A nursery wants to mix two types of lawn seed. Type A sells for $10 per pound 
and type B sells for $15 per pound. To obtain 20 pounds of a mixture at $12 per 
pound, how many pounds of each type of seed are needed? 

Solution 

The rates are the unit prices for each type of seed 


Verbal Total cost 4 Totalcost — Total cost 
Model: of $10 seed of $15 seed of $12 seed 


Labels: Unit price of type A = 10 (dollars per pound) 

Pounds of $10 seed = x (pounds) 

Unit price of type B= 15 (dollars per pound) 

Pounds of $15 seed = 20 — x (pounds) 

Unit price of mixture = 12 (dollars per pound) 

Pounds of $12 seed = 20 (pounds) 

Equation: \Ox + 15(20 — x) = 12(20) 
10x + 300 — 15x = 240 
300 — Sx = 240 


—Sx = —60 


Distributive Propeny 
Combine like terms. 

Subtract 3100 from both sides. 
x=12 Divide both sides by —5, 


The mixture should contain 12 pounds of the $10 seed and 20 — 12 = 8 pounds 
of the $15 seed. 


Remember that when you have found a solution, you should always go back 
to the original statement of the problem and check to see that the solution makes 
sense—both algebraically and from a practical point of view. For instance, you 
can check the result of Example 4 as follows. 


$10 seed SIS seed $12 seed 


$10 per) (12 a ae) 8 )= ae 20 ) 
pound pounds pound pounds pound pounds 


$120 + $120 = $240 


and exercises have been enhanced throughout the 


Third Edition. 


Features 


Problem Solving 


This text provides many opportunities for students 


to sharpen their problem-solving skills. In both 


the examples and the exercises, students are asked 


to apply verbal, numerical, analytical, and 
graphical approaches to problem solving. In the 
spirit of the AMATYC and NCTM standards, 


students are taught a five-step strategy for solving 
applied problems, which begins with constructing 


a verbal model and ends with checking the 


answer. 


Chapter 1 


Study Tip 

When solving problems such as 
the one in Example 8, you may 
find it helpful to draw and label 
a diagram. : : 


Figure 1.2 


Linear Equations and Inequalities 


Uae Rewriting a Formula 


In the perimeter formula P = 2/ + 2w, solve for w. 


Solution 
P=21 + 2w Original formula 
P—2l=2w Subtract 2/ from both sides. 
Pi=2t 


=w Divide both sides by 2 


IS etusce-m Using a Geometric Formula @ 


A local streets department plans to put sidewalks along the two streets that bound 
your comer lot, which is 250 feet long on one side with an area of 30,000 square 
feet. Each lot owner is to pay $1.50 per foot of sidewalk bordering his or her lot. 


a. Find the width of your lot 
b. How much will you have to pay for the sidewalks put on your lot? 
Solution 


Figure 1.2 shows a labeled diagram of your lot. 


a. Verbal Area = Length - Width 


Model: 
Labels: Area of lot = 30,000 (square feet) 
Length of lot = 250 (feet) 
Width of lot = w (feet) 
Equation: 30,000 = 250 - w 
30,000 _ 
20 eae 
120 = w 
Your lot is 120 feet wide. 
b. Verbal Cost’ = Rate per foot - Length of sidewalk 
Model: 
Labels: Cost of sidewalks = C (dollars) 
Rate per foot = 1.50 (dollars per foot) 
Total length of sidewalk = 120 + 250 (feet) 


Equation: C = 1.S0(120 + 250) 
© = 150-370 
C= 555 
You will have to pay $555 to have the sidewalks put on your lot 


SaYNLVsAs 
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Chapter 2 Graphs and Functions 


To develop a general formula for the distance between two points, let (x, y,) 
and (x5, y3) represent two points in the plane (that do not lie on the same hori- 


zontal or vertical line). With these two points, a right triangle can be formed, as Defi ni ti ons an d Ru | es 


shown in Figure 2.9. Note that the third vertex of the triangle is (x,, y,). Because 
(x,, y,) and (x,, y2) lie on the same vertical line, the length of the vertical side of 


Dats Erie a eee at sre of ais vers 9) All important definitions, rules, formulas, proper- 
ae tele in eae ties, and summaries of solution methods are 
Because the distance d must be positive, you can choose the positive square root highlighted for emphasis a Each of these features 


and write 


Figure 2.9 Distance Betveon d= Jig tek is also titled for easy reference. 
Two Points Finally, replacing |x, —x,|? and |y,—y,|? by the equivalent expressions 
(x, — x,)? and (y, — y,)? gives you the Distance Formula. 


Graphics 


P The Distance Formula 
The distance d between two points (x), y,) and (x, y2) is 


d= JS — x)? + ( — 9) 


Visualization is a critical problem-solving skill. 
CC REcecal I) He Dios GaGa GAM poke Boiatncd ating th To encourage the development of this skill, stu- 


Distance Formula to the points (2, —2) and (2, 4) produces 


d= JO=WF T= COE = VE =6 dents are shown how to use graphs to reinforce 
hoe. ca algebraic and numeric solutions and to interpret 
Finding the Distance Between Two Points data. The numerous figures in examples and exer- 
eee a ata see cises throughout the text were computer generated 
Let (x;..y,) = (—1, 2) and (x, y3) = (2, 4), and apply the Distance Formula for accuracy. 


d= ¥(2=—(-)P + (4- 2 Substitute coordinates of points, 
= /2? +2 Simplify. 


= J13 Simplify. 


Figure 2.10 ~ 3.61 Use a calculator. 


When using the Distance Formula, it does not matter which point is consid- 
ered (x, y)) and which is (x,, y,), because the result will be the same. For 
instance, in Example 7, let (x,, y,) = (2, 4) and (x, y,) = (—1, 2). Then 


d= —/\(— i= 2h (2 =" = (= 3) (= 2)? = 13 = 3.61 
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Solve a rational equation Equations Containing Variable Denominators 
containing variable denominators. 
Remember that you always exclude those values of a variable that make the 


Tec h no | ogy Ti ps denominator of a rational expression zero. This is especially critical for solving 


equations that contain variable denominators. You will see why in the examples 
that follow. 


Point-of-use instructions for using graphing 
utilities appear in the margins. They provide 
convenient reference for students using graphing 
technology. In addition, they encourage the use : F) solution 

of graphing technology as a tool for visualization i cadecteceinnae Sn wal aakaane ae 
of mathematical concepts, for verification of other a ax esciniemats 

solution methods, and for facilitation of computa- ° Eas Maliply Boh sides by LCD of Ax 
tions. The Technology Tips can easily be omitted 2x _ ee 


without loss of continuity in coverage. a Sin 


‘Combine like terms and divide both sides by 8. 


An Equation Containing Variable Denominators 


Solve the equation. 


Distributive Property 


Simplify. 


Original equation 
Substitute § for x 
Invert and multiply. 
Simplify. 

Combine like terms. 


Solution checks. 


Section 2.2 Graphs of Equations 


> The Point-Plotting Method of Sketching a Graph 
1. If possible, rewrite the equation by isolating one of the variables. 
2. Make up a table of values showing several solution points. 


3. Plot these points on a rectangular coordinate system. 


4, Connect the points with a smooth curve or line 


Sketching the Graph of a Nonlinear Equation 


_ Sketch the graph of —x? + 2x + y = 0. 
Solution 
Begin by solving the equation for y. 
—x?+2x+y=0 Original equation 
2x + y = x? Add x? to both sides, 
y=x? -— 2x Subtract 2x from both sides, 


Next, create a table of values. 


Now, plot the seven solution points, as shown in Figure 2.13(a), Finally, connect 
Study Tip the points with a smooth curve, as shown in Figure 2.13(b). 
Example 2 shows three common 
‘ways to represent the relationship 
between two variables. The 
equation y = x? — 2y is the 
analytical or algebraic represen- 
tation. The table of values is the 
numerical representation, And 
the graph in Figure 2.13(b) is the 
graphical representation, You 
will see and use analytical, 
numerical, and graphical 
representations throughout this 
course, 


Figure 2.13, 


The graph of the equation given in Example 2 is called a parabola. You will 
study this type of graph in detail in Section 7.3. 


Study Tips 


Study Tips offer students specific point-of-use 
suggestions for studying algebra, as well as point- 
ing out common errors and discussing alternative 
solution methods. They appear in the margins. 


Discussing the Concept 


Each section concludes with a Discussing the 
Concept feature. Designed as a section wrap-up 
activity to give students an opportunity to think, 
talk, and write about mathematics, each of these 
activities encourages students to synthesize the 
mathematical concepts presented in the section. 
Discussing the Concept can be assigned as an 
independent or collaborative activity or can 

be used as a basis for a class discussion. 


Features 


Technology Discovery 


Utilizing the power of technology (scientific 
calculators and graphing utilities), Technology 
Discovery invites students to engage in active 
exploration of mathematical concepts and 
discovery of mathematical relationships. These 
activities encourage students to use their critical 
thinking skills and help them develop an intuitive 
understanding of theoretical concepts. Technology 
Discovery features can easily be omitted without 
loss of continuity of coverage. 


62 


Chapter 1 Linear Equations and Inequalities 


Study Tip Some equations in nonstandard form have no solution or infinitely many 
solutions. These cases are illustrated in Example 8. 

Avoid the temptation to first 

divide an equation by x. You 

may obtain an incorrect solution, Solving Linear Equations: Special Cases 

as in the following example. 

Solve the following equations. 


Tx = —4% Onginal equation 
a. 2x — 4 = 2(x — 3) 
Tx _ _ 4X _ Divide both 
x x sides by:x, b, 3x + 2 + 2x — 6) = 5(x — 2) 


7 = —4 False statement Solution 


The false statement indicates a. 2x — 4 = 2(x — 3) 
that there is no solution. 
However, when the equation is 


Original equation 


dk -4=2r-6 Distritutive Property 


solved correctly, the solution is -4=-6 Subtract 2x from both sides. 
a=; a fee 
Because the last equation is a false statement, you can conclude that the orig- 
Tx = —4x inal equation has no solution. 


Tx + 4x = —4x + 4x . Bx + 2 + A(x — 6) = 5(x — 2) Original equation 


llx=0 3x + 2+ 2x — 12 =5x — 10 Distributive Property 


dix _ 0 Sx — 10 = Sx ~ 10 


i 


Combine like terms. 
Dx x, — 10 = Sx on 00 


—10 = -10 


Subtract Six from both sides 


Simplify 


Because the last equation is true for any value of x, the equation is an identity, 
and you can conclude that the onginal equation has infinitely many solutions. 


Analyzing and Interpreting 
Equations 


Classify each of the following equations as an identity, a conditional 
equation, or an equation with no solution, Compare your conclusions 
with those of the rest of your class and discuss the reasons for each 
conclusion. 


ek 3 = —44 
b. x + 0.05x = 37.75 
ce Sx(3 +2) = 15x + SE 

Discuss possible realistic situations in which the equations you 
classified as an identity and 2 conditional equation might apply. Write 
a bref description of these situations and explain how the equations 
could be used. 


Xi 


n 
4 
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Features 


Section 1.4 Linear Inequalities 


"Integrated Review we Concepts, “Skills, and Problem Sia ¥ 


“Kee eep_ iathemadieallya in shape by doing these ¥ pee 10. 0+ om 3 
_ exercises before the problems of this section, — fe * isp tee : 


(143, w=als 


Properties and Definitions Fea dai ate ~ 9 
inBxercises 1 -4, name the property illustrated. 


1. 3yx = 3xy 
fe 6(x = 2) = 6x — or 


Problem Solving x 


Bey = hy = [0th Beercises Aland 12, find the area ofthelrape: 
4, xt 0 = 3x _ zoid, The area of a trapezoid \ with parallel bases 
br eas ey and b and height his A = 206, + b,)h. iM 
Evaluating Egos Se eat ee ee ai ge 
In Exercises 5-10, evaluate the algebraic expres: 
sion for the specified ‘values of the variables. Ifnot 
possible, state the reason. — 


Win 


6 ds + Ge 2 
s=3, 1=-4 
ae eat 


Developing Skills Ye 


In Exercises 1-4, determine whether each value of 
x satisfies the inequality. 6-5-4-3-2-10123456 
Inequality Values 

—10>0 é (b) 


(d) 2 


-6-5-4-3-2-10123456 


6-S5S4-3-2-10123456 
5.x24 
7.-4<x<4 


(b) 2 


6. x< —4orx 24 
fae 6. x or x 


Bx<4 

(b) x 

(d) x In Exercises 9-14, match the inequality with its graph. 
; [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) f 1 : 


= Si ) 1 2 


x=0 (b) x 
©) x=9 (d) 


In Exercises 5-8, match the inequality with its graph. 
[The graphs are labeled (a), (b), (c), and (d)]. 
(a) -atEn cooeenenenaenmees EEE 


~6-5-4-3-2-10 123456 


(e) ——+—— +: 


Exercises 


The exercise sets have been reorganized in the 
Third Edition. Each exercise set is grouped 

into three categories: Developing Skills, Solving 
Problems, and Explaining Concepts. The exercise 
sets offer a diverse variety of computational, 
conceptual, and applied problems to accommodate 
many teaching and learning styles. Designed to 
build competence, skill, and understanding, each 
exercise set is graded in difficulty to allow students 
to gain confidence as they progress. Detailed 
solutions to all odd-numbered exercises are given 
in the Student Solutions Guide, and answers to all 


odd-numbered exercises are given in the back of 
the book. 


Integrated Review 


Each exercise set (except in Chapter P) is preceded 
by Integrated Review exercises. These exercises 
are designed to help students keep up with 
concepts and skills learned in previous chapters. 
Answers to all Integrated Review problems are 
given in the back of the book. 


90 


81. Simple Interest 


82. 


83. 


Oxo. 


87. 
88, 


89. 


Chapter 1 Linear Equations and Inequalities 
An inheritance of $40,000 is 
divided into two investments earning 8% and 10% 
simple interest. (The 10% investment has a greater 
tisk.) What is the smallest amount that can be invest- 

ed in the 10% fund if the total annual interest from 
both investments is at least $3500? 


Simple Interest An investment of $7000 is divided 
into two accounts earning 5% and 7% simple inter- 
est. (The 7% investment has a greater risk.) What is 
the smallest amount that can be invested in the 7% 
account if the total annual interest from both invest- 
ments is at least $400? 

Average Wage The average hourly wage for bus 
drivers at public schools in the United States from 
1990 through 1997 can be approximated by 
y=9,24 + 0.307, O< t<7 

where y represents the hourly wage (in dollars) and ¢ 
represents the year, with ¢ = 0 corresponding to 
1990 (see figure). 
Service) 


(Source: Educational Research 


Hourly wage (in dollars) 


io ES es ea ee 
Year (0 — 1990) 

(a) Use the graph to determine the year when 
the average hourly wage was $10.15. Would 
the result be the same if you used the 
model? Explain. 


Explaining Concepts 
Answer parts (a)—(e) of Motivating the Chapter on 
page 55. 
Explain the difference between markup rate and 
markup. 


Explain how to find the sale price of an item when 
you are given the list price and the discount rate. 

If it takes you s hours to complete a task, what 
portion of the task can you complete in | hour? 


90. 


91. 


92. 


Chapter feature at the beginning of the chapter. 


. Comparing Wage Increases 


(b) What was the average annual hourly raise for 
bus drivers during this 8-year period? Explain 
how you determined your answer. 


. Average Wage The average hourly wage for cafete- 


nia workers at public schools in the United States 
from 1990 through 1997 can be approximated by the 
linear model 


y = 6.88 + 0.209, Osts7 
where y represents the hourly wage (in dollars) andr 
represents the year, with 1 = 0 corresponding to 


1990 (see figure). (Source: Educational Research 
Service) 


Hourly wage (in dollars) 


Year (0 € 1990) 


(a) Use the graph to determine the year when the 
average hourly wage was $7.72. Would the result 
be the same if you used the model? Explain. 

(b) What was the average annual hourly raise for 
cafeteria workers during this 8-year period? 
Explain how you determined your answer. 


Use the information 
given in Exercises 83 and 84 to determine which of 
the two groups’ average salaries was increasing at a 
greater annual rate during the 8-year period from 
1990 to 1997. 


If the sides of a square are doubled, does the perime- 
ter double? Explain. 


If the sides of a square are doubled, does the area 
double? Explain. 


If you forget the formula for the volume of a right 
circular cylinder, how can you derive it? 


© indicates an exercise that relates to the Motivating the 


SS SSSSESSSnSSnanesnssSeannnneseenes 


CHAPTER SUMMARY 


emer 


Review Exercises 


The Review Exercises at the end of each chapter 
have been reorganized in the Third Edition. They 
are grouped into two categories: Reviewing Skills 
and Solving Problems. Exercises under Reviewing 
Skills are correlated to sections in the chapter. 
The Review Exercises offer students additional 
practice in preparation for exams. Answers to all 
odd-numbered exercises are given in the back of 
the book. 


Chapter Summary 


Features 


The Chapter Summary has been completely 
revised in the Third Edition. Designed to be an 
effective study tool for students preparing for 
exams, it highlights the Key Terms (referenced 
by page) and the Key Concepts (referenced by 
section) presented in the chapter. 


REVIEW EXERCISES 


Reviewing Skills 
3.41 Exercises 1 and 2, state why the algebraic 
expression is not a polynomial. 


Bie ee Ps oeshedle peer e 


In Exercises 3-6, write the polynomial in standard form. 
Then identify the leading coefficient and the degree of 
the polynomial. 
SOx? 4x Sxt xs 42x83 — 7 
S14 = (6x 3x2 7x6. 9x — 23 -F x5 — 8x7 


In Exercises 7-10, give an example of a polynomial in x 
that satisfies the conditions. (Note: Each problem 
has many correct answers.) 

7. A binomial of degree 4 

8. A trinomial of degree 5 and leading coefficient —6 

9. A monomial of degree 3 and leading coefficient 5 
10. A binomial of degree 2 and leading coefficient 7 


In Exercises 11-22, perform the operations and simplify. 
11. (Sx + 3x7) + (6 — x — 4x) 
12. (6x + 1) + (e — 4x) 
13, (5x8 — 6x + 11) + (5 + 6x — PF — 8x) 
14. (7 — 12x7 + 88) + (ct — 6° + 72 — 5) 
1S. (3¢ — 5) — (@ - 1-5) 
16. (10)? + 3) — (2 + 4y — 9) 
17, (Qx5 + 4x7 — &x + 12) — (2x5 + x) + 
(Gx? — 4x3 — 9) 
18. (7x4 — 10x + 4x) + (x — 3x) — (ax* — Sx? + 1) 
19. (=x — 3x) — 4(2¢ — 3x + 1) 
20. (72 + 62) — 3(Sz? + 22) 
21. 3y? — [2y + 3(y? + 5)] 
22, (16a? + Sa) — S[a + (2a* — 1)] 
In Exercises 23-36, use the rules for exponents to 
simplify the expression. 
Boe 24. —3y? + y* 
25. (w)* 26. (v4)? 


2. (-2P 28. (—3y)*(2) 
29. —(wv)?(—4u°v) 30. (12x2y)(3x2y4)? 


In Exercises 37-50, perform the multiplication and 
simplify. 

37. (—2x)(x + 4) 

39, 3x(2x* — Sx + 3) 

41. (x — 2)(x + 7) 

43. (Sx + 3)(3x — 4) 

45. (4° + 3)(6x* + 1) 

46. (3y7 + 2)(4y7 — 5) 

47, (2° — 3x + 2)(2x + 3) 
48. (Ss? + 4s — 3)(4s — 5) 
49. 2u(u — 7) — (uw + 1)(u — 7) 
50. (3v + 2)(—Sy) + Sv(3v + 2) 


38. (—4y)*(y — 2) 
40. —2y(S5y° — y — 4) 
42. (x + 6)(x — 9) 
44, (4x — 1)(2x — 5) 


In Exercises 51-60, use special product formulas to find 
the product. 

$1. (4x — 7 52. (8 — 3x}? 

53. (2x + 3y)? 54. (u + 4vP 

5S. (Su — 8)(Su + 8) 56. (7a + 4)(7a — 4) 
57. (2u + v)(2u — v) 

58. (Sx — 2y)(Sx + 2y) 

59. [(u — 3) + v[(u — 3) — ¥] 

60. [(m — 5) + nF 


3.3% Exercises 61-64, factor out the greatest 
common factor. 

61. 6¢ + 15S 

62. Sy — 12y* 

63. 28(x + 5) — 70(x + SP 

64. (u — 9v)(u — v) + Wu — 9) 


SSYNLVsA 


Features 


Chapter 3 Polynomials and Factoring 


Take this quiz as you would take a quiz in class. After you are done, check your 
work against the answers given in the back of the book. 


1, Determine the degree and leading coefficient of the polynomial 


32: 4r — ot 


2. Explain why 2x — 3x!/? + 5 is not a polynomial. 


In Exercises 3-18, perform the indicated operations and simplify. 

3. Add 2° + 3F — 2toP +9, 4. (3 — Ty) + (7° + 2y - 3) 
5, (18 — 32 + 1) - (2 - 28) 6. (5 — u) — 213 — We + 1) 
7. (—5n?)(—2n) 8. (—2x)(x4) 


4x? 4y/? 
* ae me) 


11. 74 — 3y) 12. (x — 7)(x + 3) 

13. (4x — y)(6x — Sy) 14, 22(z + 5) — 7(z + 5) 

15, (6r + 5)(6r — 5) 16. (2x — 3)? 

17. (x + IG -—x+ 1) 18. (x2 — 3x + 2)(2 + Sx — 10) 


In Exercises 19-22, factor the expression completely. Figure for 12 
19, 28a? — 2la 20, 25 — 4x° 
21 oe — 94 — 27 22, 4° — 32° 


23. Find all possible products of the form (Sx + m)(2x + n) such that mn = 10. 
24. Find the area of the shaded portion of the figure. 


| sy 


25. An object is thrown downward from the top of a 100-foot building with an 
initial velocity of —5 feet per second, Use the position function 
A(t) = —16P — St + 100 to find the height of the object when = | and 
t=2, 

. A manufacturer can produce and sell x T-shirts per week. The total cost (in 
dollars) for producing the T-shirts is given by C = Sx + 2000 and the total 
revenue is given by R = 19x. Find the profit obtained by selling 1000 T-shirts 
per week. 


Mid-Chapter Quiz 


Each chapter contains a Mid-Chapter Quiz. This 
feature allows students to perform a self- 
assessment midway through the chapter. Answers 
to all Mid-Chapter Quiz exercises are given in the 
back of the book. 


Chapter Test 


Each chapter ends with a Chapter Test. This fea- 
ture allows students to perform a self-assessment 
at the end of the chapter. Answers to all Chapter 
Test exercises are given in the back of the book. 


Figure for 10 


Cumulative Test 


The Cumulative Tests that follow Chapters 3, 6, 
and 9 provide a comprehensive self-assessment 
tool that helps students check their mastery of 
previously covered material. Answers to all 


Cumulative Test exercises are given in 
the back of the book. 


Chapter Test 193 


Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


. Determine the quadrant in which the point (x, y) lies if x > 0 and y < 0. 

. Plot the points (0, 5) and (3, 1). Then find the distance between them. 

Find the x- and y-intercepts of the graph of the equation y = —3(x + 1). 
Sketch the graph of the equation y = |x — 2|. 

. Find the slope (if possible) of the line passing through each pair of points. 
(a) (—4,.7), (2,3) (b) (3, —2), G, 6) 

Sketch the graph of the line passing through the point (0, —6) with slope 
m=z 

Plot the x- and y-intercepts of the graph of 2x + Sy — 10 = 0. Use the 
results to sketch the graph. 

. Write the equation Sx + 3y — 9 = 0 in slope-intercept form. Find the slope 
of the line that is perpendicular to this line. 

. Find an equation of the line through the points (25, —15) and (75, 10). 
Find an equation of the line with slope —2 that passes through the point 
(2, =4). 

. Find an equation of the vertical line through the point (—2, 4). 

. The graph of y7(4 — x) = 2° is shown at the left. Does the graph represent y 
as a function of x? Explain your reasoning. 

. Determine whether the relation represents a function. Explain. 

(a) {(2, 4), (—6, 3), (3.3), (1, =2)} (6) {(0, 0), (1, 5), (=2, 1), 0, —4)} 

. Evaluate g(x) = x/(x — 3) for the indicated values. 

(@) g2) =) eG) ©) gfe +2) 

. Find the domain of each function. 

@ k= VI=7F fy == 
Sketch the graph of the function g(x) = ./2 — x. 

. Describe the transformation of the graph of f(x) = x° that would produce 
the graph of g(x) = —(x — 2? + 1. 

After 4 years, the value of a $26,000 car will have depreciated to $10,000. 
Write the value V of the car as a linear function of #, the number of years 


since the car was purchased, When will the car be worth $16,000? Explain 
your reasoning. 


. Use the graph of f(x) = |x| to write an equation for each graph. 


Cumulative Test: Chapters P-3 


Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 
1, Place the correct symbol (<, >, or =) between the two numbers. 
(a) -2 5 (b) 4 4 () [23] -|-4.5] 
2. Write an algebraic expression for the statement, “The number 7 is tripled and 
the product is decreased by 8.” 


In Exercises 3-5, perform the operations and simplify. 
3. (a) 131 — 1) — 2n(t + 4) (Bb) x(P — 2) — x(? + 5) 
4y2)\2 


2 2\2 2x’ 
4. (a) (2a°b)*(—ab?)? (b) ( 


5. (a) (2x + 1)(x — 5) (>) (2+ @ -— y)F 


In Exercises 6-8, solve the equations or inequalities. 
x+2 
4 
7. (a) [ax — 5] =7 (b) 227 — S¢- 3 =0 
. (a) 31 — x) > 6 (b) -12 s 4x-6< 10 


6 (a) 12-53 -—x)=x+3 (b) 1- 


Your annual automobile insurance premium is $1225, Because of a driving 
Violation, your premium is increased 15%, What is your new premium? 
The tangles at the left are similar. Solve for x by using the fact that 
corresponding sides of similar triangles are proportional. 

+ Solve |x — 2| > 3 and sketch its solution. 


The revenue from selling x units of a product is R = 12.90x. The cost of 
producing x units is C = 8.50x + 450. To obtain a profit, the revenue must 
be greater than the cost. For what values of x will this product produce a 
profit? Explain your reasoning. 


|. Determine whether the equation x — y° = 0 represents y as a function of x. 
}. Find the domain of the function f(x) = ./x — 2. 
Given f(x) = x* — 3x, find (a) f(4) and (b) f(c + 3). 


ind the slope of the line passing through (—4, 0) and (4, 6). Then find the 
distance between the points. 


. Determine the equation of a line through the point (—2, 1) (a) parallel to 
2x — y = 1 and (6) perpendicular to 3x + 2y = 5. 
In Exercises 18 and 19, factor the polynomials. 
18. (a) 3° — 8x — 35 (b) 9x7 — 144 
19. (a) y° — 3y° — 9y + 27 (b) Sr — 401? + SOr 


In Exercises 20 and 21, graph the equation. 
20. 4x + 3y — 12 =0 Ay = 1 = &= oF 


Supplements xvii 


Intermediate Algebra, Third Edition, by Larson and Hostetler is accompanied by 
a comprehensive supplements package, which includes resources for both stu- 
dents and instructors. All items are keyed to the text. 


Printed Resources 


For the Student 


Study and Solutions Guide by Gerry C. Fitch, Louisiana State University 

(0-395-97662-6) 

* Detailed, step-by-step solutions to all Integrated Review exercises and to all 
odd-numbered exercises in the section exercise sets and in the review exercises 

* Detailed, step-by-step solutions to all Mid-Chapter Quiz, Chapter Test, and 
Cumulative Test questions 


Graphing Calculator Keystroke Guide by Benjamin N. Levy and Laurel 

Technical Services 

(0-395-87777-6) 

¢ Keystroke instructions for the following graphing calculators: (Texas 
Instruments) 77-80, TI-81, TI-82, TI-83, TI-85, and TI-92; (Casio) fx-7700GE, 
Jx-9700GE, and CFX-9800G; (Hewlett Packard) HP-38G; and (Sharp) 
EL-9200/9300 

¢ Examples with step-by-step solutions 

¢ Extensive graphics screen output 

¢ Technology tips 


For the Instructor 


Instructor’s Annotated Edition 

(0-395-97663-4) 

¢ Includes entire student edition 

e Instructor’s answer section, which includes answers to all even-numbered 
exercises, Technology Discovery boxes, Technology Tip boxes, and 
Discussing the Concept activities 

e Annotations at point of use that offer strategies and suggestions for teaching 
the course and point out common student errors 


Test Item File and Instructor’s Resource Guide by Ann R. Kraus, The 

Pennsylvania State University, The Behrend College 

(0-395-97661-8) 

¢ Printed test bank with approximately 3300 test items, coded by level of diffi- 
culty 

¢ Technology-required test items, coded for easy reference 

¢ Chapter test forms with answer key 

¢ Two final exams 

¢ Transparency masters 
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Supplements 


Notes to the instructor, which include information on standardized tests such 

as the Texas Academic Skills Program (TASP), the Florida College Level 
Academic Skills Test (CLAST), and the California State University Entry Level 
Mathematics (ELM) Exam. A list of skills covered by the test and the corre- 
sponding sections in the text where the topics are covered are also provided. 

¢ Alternative assessment strategies 


’ 


Media Resources 


For Students and Instructors 


Website (www.hmco.com) 

Contains, but is not limited to, the following student and instructor resources: 

¢ Study guide (for students), which includes section summaries, additional exam- 
ples with solutions, and starter exercises with answers 

¢ Chapter projects and additional real-life applications 

¢ Geometry review 

¢ ACE Algebra Tutor 

¢ Graphing calculator programs 

¢ Math Matters and Career Interviews 


HM? Tutor 

(Instructor’s version Windows: 0-618-04208-3) 

This networkable, interactive tutorial software offers the following features: 

e Algorithmically generated practice and quiz problems 

e A variety of multiple-choice and free-response questions, varying in degree of 
difficulty 

¢ Animated examples and interactivity within lessons 

Hints and full solutions available for every problem 

Integrated classroom management system (for instructors), which includes a 

syllabus builder and the capability to track and report student performance 

¢ Non-networkable student version (Windows: 0-395-97656-1) 


For the Student 


Videotape Series by Dana Mosely 

(0-395-97670-7) 

¢ Comprehensive section-by-section coverage 

¢ Detailed explanations of important concepts 

¢ Numerous examples and applications, often illustrated by means of computer- 
generated animations 

¢ Discussion of study skills 


For the Instructor 


Computerized Test Bank 

(Windows: 0-395-97665-0; Macintosh: 0-395-97666-9) 
 Test-generating software for IBM and Macintosh computers 
¢ Approximately 3300 test items 

¢ Also available as a printed test bank 
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How to Study Algebra 


How to Study Algebra 


Your success in algebra depends on your active participation both in class 
and outside of class. Because the material you learn each day builds on the 
material you learned previously, it is important that you keep up with the 
course work every day and develop a clear plan of study. To help you learn 
how to study algebra, we have prepared a set of guidelines that highlight key 
study strategies. 


The syllabus your instructor provides is an invaluable resource that outlines 
the major topics to be covered in the course. Use it to help you prepare. As a 
general rule, you should set aside two to four hours of study time for each 
hour spent in class. Being prepared is the first step toward success in algebra. 
Before class, 


[J Review your notes from the previous class. 


J Read the portion of the text that will be covered in class. 


J Use the objectives list at the beginning of each section to keep you focused 
on the main ideas presented in the section. 


Oj Pay special attention to the definitions, rules, and concepts highlighted in 
boxes. Also, be sure you understand the meanings of mathematical symbols 
and of terms written in boldface type. Keep a vocabulary journal for easy 
reference. 


© Read through the solved examples. Use the side comments given in the 
solution steps to help you follow the solution process. Also, read the Study 
Tips given in the margins. 

O Make notes of anything you do not understand as you read through the 
text. If you still do not understand after your instructor covers the topic in 
question, ask questions before your instructor moves on to a new topic. 


© If you are using technology in this course, read the Technology Tips and try 
the Technology Discovery exercises. 


So ANSI BA UE the oe at 8 
Another important step toward success in algebra involves your ability to keep 


up with the work. It is very easy to fall behind, especially if you miss a class. 
To keep up with the course work, be sure to 


© Attend every class. Bring your text, a notebook, and a pen or pencil. If you 
miss a class, get the notes from a classmate as soon as possible and review 
them carefully. 


QO} Take notes in class. After class, read through your notes and add explana- 
tions so that your notes make sense to you. 


Oj Reread the portion of the text that was covered in class. This time, work 
each example before reading through the solution. 


How to Study Algebra xxi 


O Do your homework as soon as possible, while concepts are still fresh in 
your mind. 


© Use your notes from class, the text discussion, the examples, and the Study 
Tips as you do your homework. Many exercises are keyed to specific 
examples in the text for easy reference. 


It can be very frustrating when you do not understand concepts and are unable 
to complete homework assignments. However, there are many resources avail- 
able to help you with your study of algebra. 


© Your instructor may have office hours. If you are feeling overwhelmed and 
need help, make an appointment to discuss your difficulties with your 
instructor. 


©) Find a study partner or a study group. Sometimes it helps to work through 
problems with another person. 


©) Arrange to get regular assistance from a tutor. Many colleges have math 
resource centers available on campus. 


O Consult one of the many ancillaries available with this text: the Student 
Solutions Guide, tutorial software, videotapes, and additional study 
resources available at our website at www.hmco.com. 


The last step toward success in algebra lies in how you prepare for and 
complete exams. If you have followed the suggestions given above, then 

you are almost ready for exams. Do not assume that you can cram for the 
exam the night before: this seldom works. As a final preparation for the exam, 


© Read the Chapter Summary, which is keyed to each section, and review all 
pertinent concepts and terms. 

© Work through the Review Exercises if you need extra practice on material 
from a particular section. 


O Take the Mid-Chapter Quiz and the Chapter Test as if you were in class. 
You should set aside at least one hour per test. Check your answers against 
the answers given in the back of the book. 


© Review your notes and the portion of the text that will be covered on the 
exam. 


© Avoid studying up until the last minute. This will only make you anxious. 


© Once the exam begins, read through the directions and the entire exam 
before beginning. Work the problems that you know how to solve first, to 
avoid spending too much of the allotted time on any one problem. Time 
management is extremely important when taking an exam. 


© If you finish early, use the remaining time to go over your work. 


NV1d AGNLS 


O When you get an exam back, review it carefully and go over your errors. 
Rework the problems you answered incorrectly. Discovering the mistakes 
you made will help you improve your test-taking ability. 
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The Universal Product 


Code first appeared on 
supermarket products 

in 1973. Since that time 
other types of bar codes 
have been used for 
identification purposes 

in factories, hospitals, 
libraries, and warehouses. 


Motivatin g the Chapter 


Depa P RSENS RANTS 


@ The Wriwarcal Product Code 


Packaged products in the United States have a Universal Product Code (UPC) 
or bar code, as shown at the right. When the UPC is scanned and verified at a | | 


} checkout counter, the manufacturer and the product are identified. Then a 
F i 1 ae * ° . 
1 database in the store provides the retail price. 


| To verify a UPC, the first 11 digits are evaluated according to the algorithm 


| given below. The result should equal the 12th digit, called the check digit. First digit Check digit 


PAE 7 2 es 4 Bee 
1. Add the numbers in the odd-numbered positions together. Multiply by 3. 


[== 


2. Add the numbers | in the even- numbered positions together. 
3. Add the results of Steps 1 and 2. 

4. Subtract the result of Step 3 from the next-highest multiple of 10. 
‘Using the a algorithm on the UPC at the right produces the following. 


Ao) Se eee ee 


| 1. @+5+1+0+6+8)x3=60 
712. Oa S+44+5= 18 


3 3. 60 + 18 = 78 | 
A. The next-highest multiple of 10 is 80. So, 80 — 78 = 2, is the check digit. 


eee 


| Here are some types of questions you will be able to answer as you study this 
_| chapter. You will be asked to answer parts (a)-(c) in Section P.2, Exercise 135. 


eee Sy 


oe a. One Sadcht decides to combine Steps 1, 2, and 3 with the following results. 

—@FSt1404648)x3+ (242454445) 

Bot 18 = 20 x 21 = 420 

es ‘The next-highest multiple of 10 is 430, so 430 — 420 = 10. 

: = What did the student do wrong? 

_ b. Does a UPC of 0 76737 20012 9 check? Explain. 

~ ¢. Does a UPC of 0 41800 48700 3 check? Explain. 

You will be asked to answer parts (d) and (e) in Section P.4, Exercise 111. 

d. The UPC below is missing the 10th-place digit. Write an algebraic expres- 
sion for this UPC that represents the result of Step 3 of the algorithm. 

"0.43819 23647 4 


e. Evaluate the expression in part (e) and do Step 4 of the algorithm for the 
digits 0 through 9. What is the value of the missing digit? Could there be 
more than one value for this digit? Explain. 


2 Chapter P_ Prerequisites: Fundamentals of Algebra 


Review the set of real numbers 
and the subsets of real numbers. 


NALS a 


Sets and Real Numbers 


This chapter reviews the basic definitions, operations, and rules that form the fun- 
damental concepts of algebra. The chapter begins with real numbers and their 
representation on the real number line. Sections P.2 and P.3 review operations and 
properties of real numbers, and Sections P.4 and P.5 review algebraic expressions. 

The formal term that is used in mathematics to talk about a collection of 
objects is the word set. For instance, the set 


rid Bees a A set with three members 


contains the three numbers 1, 2, and 3. Note that the members of the set are 
enclosed in braces {_ }. Parentheses( )andbrackets[ | are used to represent 
other concepts. 

The set of numbers that is used in arithmetic is called the set of real num- 
bers. The term real distinguishes real numbers from imaginary or complex num- 
bers—a type of number that you will study later in this text. 

If all members of a set A are also members of a set B, then A is a subset of 
B. One of the most commonly used subsets of real numbers is the set of natural 
numbers or positive integers. 


NPs Shee w 8 The set of positive integers 


Note that the three dots indicate that the pattern continues. For instance, the set 
also contains the numbers 5, 6, 7, and so on. 

Positive integers can be used to describe many quantities that you encounter 
in everyday life—for instance, you might be taking four classes this term, or you 
might be paying 240 dollars a month for rent. But even in everyday life, positive 
integers cannot describe some concepts accurately. For instance, you could have 
a zero balance in your checking account. To describe such a quantity you need to 
expand the set of positive integers to include zero, forming the set of whole num- 
bers. To describe a quantity such as — 10° (10 degrees below zero), you need to 
expand the set of whole numbers to include negative integers. This expanded set 
is called the set of integers. 


Whole numbers 


fe ees eee MOT SE. af The set of integers 
See ee 
Negative integers Positive integers 


The set of integers is also a subset of the set of real numbers. 


ws 
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Even with the set of integers, there are still many quantities in everyday life 
that you cannot describe accurately. The costs of many items are not in whole 
dollar amounts, but in parts of dollars, such as $1.19 or $39.98. You might work 
85 hours, or you might miss the first half of a movie. To describe such quantities, 
you can expand the set of integers to include fractions. The expanded set is called 
the set of rational numbers. Formally, a real number is rational if it can be 
written as the ratio p/gq of two integers, where g # 0 (the symbol # means does 
not equal). For instance, 

| 1 125 
2 =>, .— 520: Re eo | are Y PE te 
ar 0.333 3 0.125, and TT 1.126126 
are rational numbers. The decimal representation of a rational number is either 
terminating or repeating. For instance, the decimal representation of i = 0.25 is 
terminating, and the decimal representation of 
4 a 

== — 0.363636... = 0:3 

11 
is repeating. (The line over “36” indicates which digits repeat.) A real number that 
cannot be written as a ratio of two integers is irrational. For instance, the numbers 


Ve WALAQI 3500 9 on ander 31415926. 


are irrational. 

The decimal representation of an irrational number neither terminates nor 
repeats. When you perform calculations using decimal representations of nonter- 
minating decimals, you usually use a decimal approximation that has been 
rounded to a certain number of decimal places. The rounding rule used in this 
text is to round up if the succeeding digit is 5 or more and round down if the 
succeeding digit is 4 or less. For example, to one decimal place, 7.35 would round 
up to 7.4. Similarly, to two decimal places, 2.364 would round down to 2.36. 
Rounded to four decimal places, the decimal approximations of the rational 
number and the irrational number 7 are 


; = 0.6667 and 7 ~ 3.1416. 


The symbol ~ means is approximately equal to. Figure P.1 shows several 
commonly used subsets of real numbers and their relationships to each other. 


Negative 


Irrational integers 
numbers Integers -+2573,-2,-1 Natural 
Real ...,—3,-2, -l, numbers 
numbers OES ate Whole bi; 2ABS esse 
Rational numbers 
numbers 2 Aces 


Noninteger 
fractions 
(positive and 
negative) 


Figure P.1 Subsets of the Set of Real Numbers 


4 Chapter P_ Prerequisites: Fundamentals of Algebra 


Use the real number line to 
order real numbers. 


Figure P.4 


The Real Number Line 


The picture that represents the real numbers is called the real number line. It 
consists of a horizontal line with a point (the origin) labeled as 0. Numbers to the 
left of zero are negative and numbers to the right of 0 are positive, as shown in 
Figure P.2. 


' 


Origin 


Figure P.2. The Real Number Line 


The real number zero is neither positive nor negative. So, to describe a real 
number that might be positive or zero, you can use the term nonnegative real 
number. 


Each point on the real number line corresponds to exactly one real number, 
and each real number corresponds to exactly one point on the real number line, 
as shown in Figure P.3. When you draw the point (on the real number line) that 
corresponds to a real number, you are plotting the real number. 


Each point on the real number line Each real number corresponds to a 
corresponds to a real number. point on the real number line. 
Figure P.3 


=e} (-iilee, Plotting Points on the Real Number Line 


Plot the points that represent the real numbers. 


5 9 
a 3 DeZ3 c. mn Gk =O3 
Solution 


All four points are shown in Figure P.4. 


a. The point representing the real number 3 = 5-1-6006 =. Pilies Detweenkaa:, 
and — 1, but closer to — 2, on the real number line. 


b. The point representing the real number 2.3 lies between 2 and 3, but closer to 
2, on the real number line. 

c. The point representing the real number i = 2.25 lies between 2 and 3, but 
closer to 2, on the real number line. Note that the point representing ; lies 
slightly to the left of the point representing 2.3. 


d. The point representing the real number —0.3 lies between —1 and 0, but 
closer to 0, on the real number line. 


(d) 
Figure P.6 
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The real number line provides a way of comparing any two real numbers. For 
instance, if you choose any two (different) numbers on the real number line, one 
of the numbers must be to the left of the other. You can describe this by saying 
that the number to the left is less than the number to the right, or that the num- 
ber to the right is greater than the number to the left, as shown in Figure P.5. 


——_-——_—__.—_—-__—_ 
a b 
a<b 


Figure P.S = a is to the left of b. 


> Order on the Real Number Line 


If the real number a lies to the left of the real number b on the real 
number line, then a is less than b, which is written as 


Ob << Iay. 


This relationship can also be described by saying that b is greater than 
a and writing b > a. The symbol a < b means that a is less than or 
equal to b, and the symbol b = a means that b is greater than or 
equal to a. The symbols < , > , < , and = are called inequality symbols. 


When asked to order two numbers, you are simply being asked to say which 
of the two numbers is greater. 


= elisle)(-waee Ordering Real Numbers 


Place the correct inequality symbol (< or >) between the two numbers. 


a. —4 0 D.-33 ae) c 


nl 
Wil 


Solution 


a. Because —4 lies to the left of 0 on the real number line, as shown in Figure 
P.6(a), you can say that —4 is less than 0, and write —4 < 0. 


b. Because — 3 lies to the right of —5 on the real number line, as shown in Figure 
P.6(b), you can say that —3 is greater than —5, and write —3 > —S. 


c. Because : lies to the left of 3 on the real number line, as shown in Figure P.6(c), 
you can say that = is less than - and write ~ < ~ 
d. Because —} lies to the right of —} on the real number line, as shown in Figure 


P.6(d), you can say that —} is greater than —, and write -} > —}. 


One effective way to order two fractions such as 5/12 and 9/23 is to 
compare their decimal equivalents. Because 3 = 0.416 and a ~ 0.391, you can 
write 
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Find the distance between two 
real numbers using the number line. 


Study Tip 

Recall that when you subtract a 

negative number, as in Example 
3(a), you add the opposite of the 
second number to the first. 


Because the opposite of —2 is 
2, you add 2 to 3. 


Distance on the Real Line 


Once you know how to represent real numbers as points on the real number line, 
it is natural to talk about the distance between two real numbers. Specifically, 
if a and b are two real numbers such that a < b, then the distance between a and 
b is defined to be b — a. 


» Distance Between Two Real Numbers 


If a and b are two real numbers such that a < b, then the distance 
between a and b is given by 


(Distance between a and b) = b — a. 


Note from this definition that if a = b, the distance between a and b is zero. 
If a # b, the distance between a and b is positive. 


elise) (seje| Finding the Distance Between Two Real Numbers 


Find the distance between each pair of real numbers. 


d. 1 and on 


by = PDENIEL 
a an 5 


b. O and 4 c. —4and0 


Solution 
All four distances are shown in Figure P.7. 
a. Because —2 < 3, the distance between —2 and 3 is 
Sf (2) 3 = Distance between —2 and 3 
b. Because 0 < 4, the distance between 0 and 4 is 
4-0=4. Distance between 0 and 4 
c. Because —4 < 0, the distance between — 4 and 0 is 
0-(-4)=0+4=4. 


Distance between —4 and 0 


d. Because —5 < 1, the distance between | and —} is 


Distance between | and -3 


5 units 4 units 
or a 
—+_+—__ + _ + _ + _4 > —¢—__} —_} —_}—_¢_> 

To 4! 0 1 2 3 0 1 2 3 4 
(a) (b) 
4 units 12 units 
a 2 
es ers; 
eee ee —t+-—}-e—}—__—_ +> 


(c) (d) 
Figure P.7 


Determine the absolute value of 
a real number. 


Study Tip 

Be sure you see from this defi- 
nition that the absolute value of 
a real number is never negative. 
For instance, if a = —3, then 
|—3| = —(—3) = 3. Moreover, 
the only real number whose 
absolute value is zero is 0. That 
is, |O| = 0. 


Opposite numbers 


= Se eT Tas 


| Opposite numbers | 
Ga STE 4 


—4 —3 —2 =! 0 1-2 3 4 


Figure P.8 
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Absolute Value 


The distance between a real number a and 0) (the origin) is called the absolute 


value of a. Absolute value is denoted by double vertical bars, |__|. For example, 
|5| = “distance between 5 and 0” = 5 

and 
|—8| = “distance between —8 and 0” = 8. 


> Absolute Value of a Real Number 


The absolute value of a real number a is the distance between a and 0 
on the real number line. 


1. Ifa > 0, then |a] =a —-O=a. 


2. If a = 0, then |a| = 0 — 0 


3. Ifa < 0, then ja] =0 —a 


Two real numbers are called opposites of each other if they lie the same 
distance from, but on opposite sides of, 0 on the real number line. For instance, 
— 2 is the opposite of 2. (See Figure P.8.) Because opposite numbers lie the same 
distance from 0 on the real number line, they have the same absolute value. So, 
|5| = 5 and |—5| = 5. The use of a negative sign to denote the opposite of a 
number gives meaning to expressions such as —(—3) and —|—3], as follows. 


—(—3) = (opposite of —3) = 3 
—|—3] = (opposite of |—3|]) = —3 


Opposite numbers are also referred to as additive inverses because their sum is 
zero. For instance, 3 + (—3) = 0, or, in general, b + (—b) = 0. 


Finding Absolute Values 


Evaluate each expression. 


3 
a. |-10] A Ee (a9 ds 16 


Solution 

a. |= 10| = 10 The absolute value of — 10 is 10. 
3 3 : 

b. F = 4 The absolute value of 3 is 3 

Cs = 3.2| = 3.2 The absolute value of —3.2 is 3.2. 

d. —|—6| = —(6) = -6 The opposite of |—6] is —6. 


Note that part (d) does not contradict the fact that the absolute value of a number 
cannot be negative. The expression —|—6]| calls for the opposite of an absolute 
value and so it must be negative. 
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For any two real numbers a and b, exactly one of the following orders must 
be true. 
G@=— 0, 2—Db, Of G.> v- 


This property of real numbers is called the Law of Trichotomy. In words, this 
property tells you that if a and b are any two real numbers, then a is less than b, 
a is equal to b, or a is greater than b. 


Example 5 Comparing Real Numbers 


Place the correct symbol (<, >, or = ) between each pair of real numbers. 


a2 1 b. —4 Be -|-4| 
ce. |12| (a1 5| dala 5 

e. 2 iP) Bel -—3 
Solution 


a. |—2| > 1, because |—2| = 2 and 2 is greater than 1. 


b. -4= 4| = —4 and —4 is equal to —4. 

c. |12| = 12 and |—15| = 15, and 12 is less than 15. 
d. |—3| < 5, because |—3] = 3 and 3 is less than S. 

Cpe ae |e e —|—2| = —2 and 2 is greater than — 2. 

f= |= 3| = = 3, because —|—3| = > 3 and —3 is equal tor 3: 


When the distance between the two real numbers a and b was defined to be 
b — a, we specified that a was less than or equal to b. Using absolute value, you 
can generalize this definition. That is, if a and b are any two real numbers, then 
the distance between a and b is given by 


(Distance between a and b) = |a — DI. 


For instance, the distance between —2 and | is given by 


[2 = 1| = [a = 3, Distance between —2 and 1 


For each of the following lists of real numbers, arrange the entries in 
increasing order. Compare your lists with SS of others in your class 
and resolve any differences. so 


3, -J/7, /2, 7, -3, 1, ¥, - a 


a. 
Oe eee ee ae 
Pee le eG 


? 


-4-I 


Exercises 


pce Skills 


In Exercises 1-4, which of the real numbers in the set 


are (a) natural numbers, (b) integers, (c) rational num- - 


bers, and (d) irrational numbers? 


1. {-10, — V5, -3, -4,0,3, 1, V3, 4,27, 6} 
2: {-3.- 6a 7 = 0, /15, 1, 245| 
3. {-3.5, - V4, -4, -0.3, 0, 3, V5, 37, 25.2} 
4, {- 25, — 6, —0.1, -3, 0, 0.85, 3, io] 


In Exercises 5-8, list all members of the set. 


5. The integers between —5.8 and 3.2 

6. The even integers between —2.1 and 10.5 
7. The odd integers between 0 and 37 

8. All prime numbers between 0 and 25 


In Exercises 9 and 10, plot the points that represent the 
real numbers on the real number line. See Example 1. 


Dea) 37) syne) ape 2 

10. (a) 8 (b) $ (c) -6.75 (d) -3 

In Exercises 11-14, approximate the numbers and order 
them. 


11. a b 


12. a b 


13. a b 
Je NS er ee 
14. a b 
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In Exercises 15-30, place the correct inequality symbol 
(< or >) between the two numbers. See Example 2. 


15. 2 Ge 5 16. 8 3 
17. 10 Bae 4 18. 3:5 8.5 
19. -7 > -2 20. —2 —5 
21. —5 —2 22. -8 3 
23 nix ri 240; l 

25. -3 5 26. —3 3 
27. —; a -2 28. —3 3 
29. 2.75 7 30. —7 —3.1 


In Exercises 31-42, find the distance between each pair 
of real numbers. See Example 3. 


31. 4 and 10 32. 75 and 20 
33. 12 ands). 34. —54 and 32 
35015 and 32 36. 14 and —6 
37. —8 and 0 38. 0 and 125 
39. 0 and 35 40. —35 and 0 
41. —6and—9 A2.0—12 and —7 


In Exercises 43-56, evaluate each expression. See 
Example 4. 


43. |10| 44. |62| 

45. |—225| 46. |—14| 
47. —|-85| 48. —|-36.5| 
49. —|16| 50. —|—25| 
51. -|-} 52. —|3| 

53. — |3.5| 54. |-1.4| 
55. |— 7 56. —|7| 


In Exercises 57-64, place the correct symbol (<, >, or =) 
between the two real numbers. See Example 5S. 


57. |—6| a (2 58. |—2| BE [2] 
59. |47| |-27| 60. |150| |—310| 
61. —|-16.8| —|16.8| 

62. |12.5| —|—25| 

3[-ajme-k a lm -H 
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In Exercises 65-74, find the opposite and the absolute 
value of the given number. 


65 
67 


34 66. 225 
. —160 68. —52 
—3 70a 

= 1s 
4.7 74. —0.4 


In Exercises 75-86, plot the number and its opposite on 


the real number line. Determine the distance of each 
from 0. 

Thee I 16, =3 

Ti > 78. 6 

79. —2 80. 7 


Explaining Concepts — 


In Exercises 95-100, decide whether the statement is 
true or false. If the statement is false, give an example 
of a real number that makes the statement false. 


a5: 
96. 
Oe 
98. 


99: 


100 


Every integer is a rational number. 
Every real number is either rational or irrational. 
Every rational number is an integer. 


Because |a| is a nonnegative real number for any 

real number a, there exists no real number a such 

that |a| = —a. 

If x and y are real numbers, 
1 

be = Oi 


x + yl = |x| + [yl 


81. 
83. 
85. 


3) 
2 $2.5 2 
—4,25 84. 3.5 
0.7 Xi Hdl 


In Exercises 87-94, write the statement using inequality 
notation. 


87. 
89. 
91. 
92. 


93. 
94. 


101. 


102. 


103. 


104. 


105. 


88. y is more than 25. 
90. u is at least 16. 


x is negative. 

x is nonnegative. 
z is greater than 2 and no more than 10. 

The tire pressure p is at least 30 pounds per square 
inch and no more than 35 pounds per square inch. 
The price p is less than $225. 

The Dow Jones Average A will exceed 10,000. 


Describe the difference between the set of natural 
numbers and the set of integers. 


Describe the difference between the rational num- 
bers 0.15 and 0.15. 


Is there a difference between saying that a real 
number is positive and saying that a real number is 
nonnegative? Explain your answer. 


Which real number lies farther from —4: —8 or 6? 
Explain your answer. 


If you are given two real numbers a and b, how can 
you tell which is greater? 
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Operations with Real Numbers 


Hl Review addition, subtraction, Operations with Real Numbers 


multiplication, and division of real 
_ numbers. This section reviews the four basic operations of arithmetic: addition, subtrac- 
tion, multiplication, and division. 


> Addition of Two Real Numbers 


1. To add two real numbers with like signs, add their absolute values 
and attach the common sign to the result. 


. To add two real numbers with unlike signs, subtract the smaller 
absolute value from the greater absolute value and attach the sign 
of the number with the greater absolute value. 


The result of adding two real numbers is the sum of the two numbers, 
and the two real numbers are the terms of the sum. 


Adding Integers and Decimals 


a. —84+ 14 = —(84 — 14) Choose negative sign. 
= —70 Subtract absolute values. 
b. —138 + (—62) = —(138 + 62) Use common sign. 
= —200 Add absolute values. 
c. 3.2 + (—0.4) = +(3.2 — 0.4) Choose positive sign. 
= 2.8 Subtract absolute values. 


Subtraction of Two Real Numbers 


To subtract the real number b from the real number a, add the opposite 
o of b to a. That is, 


a-—-b=at+t(-b). 


The result of this subtraction is the difference of a and b. 
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| Sein. 4 | Subtracting Integers and Decimals 


a. —25 — (—27) = —25 + 27 Add the opposite of — 27. 
= +O7%— 25) Choose positive sign. 
=2 Subtract absolute values. 


be 13.8702 = 138 (7.02) = (13 S02 te e0.82 


Study Tip » Addition and Subtraction of Fractions 


Here is an alternative method 1. Like Denominators: The sum and difference of two fractions with 
for adding and subtracting frac- like denominators are as follows. 
tions with unlike denominators. 


Ce MOD PM EAD 
oe bee ad + be Cc @ Ge Cc 
Cae. cd 
2. Unlike Denominators: To add or subtract two fractions with unlike 
a_b_ad—be denominators, first rewrite the fractions so that they have the same 
c d cd denominator and apply the first rule. 


For example, 


f 2 ce 1(8) x 3(6) To find the least common denominator (LCD) for two or more fractions, 
Gi (8)  8(6) find the least common multiple (LCM) of their denominators. For instance, the 
8 18 LCM of 6 and 8 is 24. To see this, consider all multiples of 6 (6, 12, 18, 24, 30, 
= 48 = a 36, 42, 48, . . .) and all multiples of 8 (8, 16, 24, 32, 40, 48,. . .). The 
numbers 24 and 48 are common multiples, and the number 24 is the smallest of 
pe = 18 the common multiples. To add : and 2 proceed as follows. 
- Um Gom GAS Ee gome 41.9. 13 
20 68) 64) SSB) 24s 324 24 24 
48 
Bole Peet 6) | Adding and Subtracting Fractions 
OAs : 
Note that an additional step is Ay 2 i tae Ona Kad neice ae 
needed to simplify the fraction eee, 17 
after the numerators have been 14 
added. = 7 Simplify. 
b 3) 5) &. 3(3) _ 52) 
° 8 12 8(3) 12(2) Least common denominator is 24. 
2 AW sas 
7A > 74 Simplify. 
He Ie 
AA Subtract numerators. 
— 1 . 
77 94 Simplify. 


Study Tip 

A quick way to convert the 
mixed number Ie into the 
fraction 2 is to multiply the 
whole number by the denomina- 
tor of the fraction and add the 
result to the numerator, as 
follows. 


3 5 5 


Study Tip 


To find the product of more than 
two numbers, first find the prod- 
uct of their absolute values. If 
there is an even number of nega- 
tive factors, as in Example 5(c), 
‘the product is positive. If there 
is an odd number of negative 
factors, the product is negative. 


Section P.2 Operations with Real Numbers 13 


1 Re 
ellie Pa eb 8 Write 13 as 2. 

=m = a L denomi is 35 
5( ) 7(5) east common denominator is 35. 
63) oe = 

a5 " 35 Simplify. 

ee oa - 7 

35 numerators. 

— 118 Sj lif 

35 implify. 


Multiplication of two real numbers can be described as repeated addition. 
For “instances 7ox Gracaneabemdeseribed: cas yGrhiohi > Resi kao: 
Multiplication is denoted in a variety of ways. For instance, 

USS AES) GER ei AGA) 


all denote the product “7 times 3.” 


> Multiplication of Two Real Numbers 


The result of multiplying two real numbers is their product, and each of 
the two numbers is a factor of the product. 


1. To multiply two real numbers with like signs, find the product of 
their absolute values. The product is positive. 


. To multiply two real numbers with unlike signs, find the product of 
their absolute values, and attach a minus sign. The product is negative. 


. The product of zero and any other real number is zero. 


> etile)(y 8) Multiplying Integers 


Unlike signs 


1 | 


Da O19 ae 4 
Like signs 


The product is negative. 


b. (—5)(—7) = 35 
Like signs 


The product is positive. 


ce. 5(—3)(—4)(7) = 420 


The product is positive. 


Like signs 
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Study Tip > Multiplication of Two Fractions 


When operating with fractions, The product of the two fractions a/c and b/d is given by 
you should check to see whether 
your answers can be simplified 
by canceling (or dividing out) 
factors that are common to the 
numerator and denominator. For 


LO a iS etet | Multiplying Fractions 
written in simplified form as 


a,b _ab 
Cond mecas 


1 
x = 2° 2 = 2 (-2)(2) = a) Multiply numerators and denominators. 
5273 3 8/\ 6 8(6) 
: : 3(11) 
Note that canceling a common =- 8(2)(3 Factor and cancel common factor. 
factor is the division of a number (2)(3) 
by itself, and that what remains Page ht — 
is a factor of 1. amc siunptey, 
Study Tip > Division of Two Real Numbers 


Division by 0 is not defined 
because 0 has no reciprocal. If 
0 had a reciprocal value b, then 


To divide the real number a by the nonzero real number b, multiply a by 
the reciprocal of b. That is, 


you would obtain the false result py ae 7 
uf = h The reciprocal of 
O° zero is b. The result of dividing two real numbers is the quotient of the numbers. 


The number a is the dividend and the number b is the divisor. Using the 


1=b-:0 Multiply both sides by 0. a: ; : 
eles Ame asin symbols a/b or —, a is the numerator and b is the denominator. 


b 
1=0. False result, 1 # 0 
=><luile)(1748 | Division of Real Numbers 
‘ 1 
an 30) 0s 5 Invert divisor and multiply. 

aU Multipl 

a ultiply. 
5 ply 
6°33 

=— ee Factor and cancel common factor. 

= —-6 Simplify. 
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BD write repeated multiplication in Positive Integer Exponents 

exponential form and evaluate an 

exponential expression. Just as multiplication by a positive integer can be described as repeated addition, 
repeated multiplication can be written in what is called exponential form. Here 
is an example. 


Repeated Multiplication Exponential Form 
{FONE CA | = EE 
Se 


4 factors of 7 


3 factors of 2%) 


> Exponential Notation 


Let n be a positive integer and let a be a real number. Then the product 
of n factors of a is given by 


a’ —=G4:-a@°a--- a. 
Meneses Sy 
n factors 


In the exponential form a”, a is the base and n is the exponent. Writing 
the exponential form a” is called “raising a to the nth power.’ 


When a number is raised to the first power, you do not need to write the 
exponent 1. For instance, write 5 rather than 5!. Raising a number to the second 
power is called squaring the number. Raising a number to the third power is 
called cubing the number. 


> <lis}e)(esse Evaluating Exponential Expressions 


a. (—3)* = (—3)(]3)(— 3) 3) = 31 Negative sign is part of the base. 
. SelEEN CEs) = 
2\2 ANP 
= (5) x (5)(5 Gz 125 
ee) ea) 2) (= 2) (2) (ai 32 
= 2)? = (=2)(—2)(—2)(—2)(=2)(— 2) ='64 


ims 
| 

Ise) 
fs 
| 


1 Negative sign is not part of the base. 


® 


In parts (a) and (b) of Example 8, be sure you see the distinction between the 
expressions (—3)* and — 34. Here is a similar example. 


(= 5)? = (-— 5) (= 5)= = 25 Negative sign is part of the base. 


—52 = —(5)(5) = —25 Negative sign is not part of the base. 
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Use order of operations to eval- Order of O erations 
p 


uate an expression. 


Study Tip 


The order of operations for mul- 
tiplication applies when multi- 
plication is written with the 
symbols x or - . When multipli- 
cation is implied by parentheses, 
it has a higher priority than the 
Left-to-Right Rule. For instance, 


$= 42) =8 +8 =1 
but 
8=+=4°-2=2°:2=4. 


One of your goals in studying this book is to learn to communicate about algebra 
by reading and writing information about numbers. One way to help avoid con- 
fusion when communicating algebraic ideas is to establish an order of opera- 
tions. This is done by giving priorities to different operations. First priority is 
given to exponents, second priority is given to multiplication and division, and 
third priority is given to addition and subtraction. To distinguish between opera- 
tions with the same priority, use the Left-to-Right Rule. 


> Order of Operations 


To evaluate an expression involving more than one operation, use the 
following order. 


1. First do operations that occur within symbols of grouping. 
2. Then evaluate powers. 
3. Then do multiplications and divisions from left to right. 


4. Finally, do additions and subtractions from left to right. 


Order of Operations Without Symbols of Grouping 
a. 20 — 2" 3* = 20 —2.-.9 = 20 —J8 
ib SO 2 SG OS Sila Ee 
CAS 22 "(8i 2) = as 


II 
i) 


When you want to change the established order of operations, you must use 
parentheses or other symbols of grouping. Part (d) in the next example shows that 
a fraction bar acts like a symbol of grouping. 


Example ul) Order of Operations with Symbols of Grouping 


a. 7 — 3(44—2) =7-32)=7-6=1 
b. 4 — 3(2)3 = 4 — 3(8) = 4 — 24 = -20 
ec 1-[4-(5-3))=1-(4-2)=1-2=-1 


5 0 ; Het 
d. R57 a a (@ 3 oy = 10) a (3 = 4) Rewrite using parentheses. 
heck (50 et 10) oe (9 ~ 4) Evaluate powers and multiply within 
symbols of grouping. 
= 40 +5 Subtract within symbols of grouping. 
o Divide. 
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Evaluate an expression using a Calculators and Order of Operations 
calculator and order of operations. 
When using your own calculator, be sure that you are familiar with the use of 


each of the keys. For each of the calculator examples in the text, we will give two 
possible keystroke sequences: one for a standard scientific calculator, and one for 
a graphing calculator. 


Study Tip >< luls](-siliee Evaluating Expressions on a Calculator 


Be sure you see the difference 


between the change sign key a. To evaluate the expression 7 — (5 - 3), use the following keystrokes. 


and the subtraction key Keystrokes Display 
(Jon a scientific calculator. 7H 05W308 =¢ Scientific 
Also notice the difference 
_ between the minus key (©) 7 ©) © 5 &) 3 © CENTER) Te Graphing 
and the subtraction key (=) on b. To evaluate the expression (—3)? + 4, use the following keystrokes. 
a graphing calculator. 
Keystrokes Display 
3 (+/-) z) (+) 4 &) 13 Scientific 
5) (x?) (+) 4 (ENTER 13 Graphing 
c. To evaluate the expression 5/(4 + 3 - 2) use the following keystrokes. 
Keystrokes Display 
5 fe) 4 3 2 (=) 0.5 Scientific 
5 (=) 4 3 (x) 2 D) (ENTER 5 Graphing 


Some calculators follow the established order of operations and some do not. 
To see whether yours does, try entering 30 — 5 x 4. If your calculator follows the 
established order of operations, it will display 10. If it does not, it will display 
100. 


The Granger Collection 


Evaluating Expressions 


Decide which of the following expressions are equal to 27 when you 
follow the standard order of operations. 


a. 40 -10+3 b. 52+35°4 
e655 F320 = 2 G7 eee 
Ease @5 4 i? f.7-4-4-5 
of th et ne _ For the expressions that are not equal to 27, see if you can discover a 


way to insert symbols of grouping (parentheses, brackets, and absolute 
value symbols) that make the expression equal to 27. Discuss the value 


fies fa) 
£ aie eG ae ee pe eee 
3 ve ce i‘ at he dee ae of symbols of grouping in mathematical communication. 


peaks: 
See Aw Ok ee ee. 
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Developing Skills 


In Exercises 1-30, evaluate the expression. See 
Examples 1-4. 


1. 13 + 32 2. 16 + 84 
3. —13 + 32 4. —16 + 84 
5. 13 + (—32) 6. 16 + (—84) 
7. -7- 15 8. —22 — 6 
9, —13 + (-8) 10. —5 + (—52) 
11. 4 — 16 + (-8) 12. —15 + (—6) + 32 
13. 5.8 —62+ 1.1 14. 46.08 — 35.1 — 16.25 
15.3+4 16.2 +2 
172-3 18. 3-3 
19, 2+ (—4) 20. 2-3 
2 3-5 
21. Pig cars Jap Tl 5, 
23. 53 + 73 24. 85 — 45 
25. 85 — |—25| 26. —36 + |-8| 


27. —(—11.325) + |34.625| 
28. |—16.25| — 54.78 
29, —|—15.667| — 12.333 


30. —|-153] — 124 
In Exercises 31-34, write the expression as a repeated 
addition. 


31. 4(5) 
33. 3(=4) 


32. 5(2) 
34. 6(—2) 


In Exercises 35-38, write the expression as a multiplica- 
tion problem. 


35.5 +5 t+5t+qt+ati 

36.429 4-9 9 + 9 

37. (—15) + (—15) + (—15) + (—15) 
38. (3) + (—z) + (-z) 


In Exercises 39-52, evaluate the product. See Examples 
5 and 6. 


39 5(—6) 
41. (—8)(—6) 


40. —7(3) 
42. (—4)(—7) 


43. —6(12) 44. 7(10) 

45. |=2)(—3) 46. (73)(—3) 
47. —3(5) 48. (—3)(—3) 
49. 3(5) 50. 3(5) 

51. —§(35)(3) 5245 ( lar) 


In Exercises 53-66, evaluate the expression. See 
Example 7. 


Sy, ae 54. 

55. —48 + 16 56. —27 + (-9) 
57. 63 + (-7) 58. —72 + 12 
Sh 2 See 6059 = 

61. (—3) + (-§) 62. —i3 + i 
63. 5; + 25 64. —32 + —23 
65. 45 + 33 66. 265 + 102 


In Exercises 67-72, write the expression as a repeated 
multiplication problem. 


67. 43 68. (—6)° 
69. (—3)° 70. (3)° 
71. (—0.8)¢ 72. (0.67)4 


In Exercises 73-78, write the expression using exponen- 
tial notation. 


1B ET a 7 

74. (—4)(—4)(—4)(—4)(—4)(-4) 
75alG 5)G)(=5)(S0) 

76. (g) (3) - (3): @) 

TT ae (Tea) 

78. -(6-5-5:5-5-5) 


In Exercises 79-92, evaluate the expression. See 
Example 8. 


79, (—2)4 80. (—3) 
81. (—2) 82. (-3)3 
83. —43 84, —34 

8s. (3) 86. —(2) 


a7. -(-4) 88. () 
89. (0.3)3 90. (0.2)4 
91. 5(—0.4)3 92. —3(0.8) 


In Exercises 93-114, evaluate 


Examples 9 and 10. 


the expression. See 


93. 16 — 6 — 10 CH Wat Bop dues 

95. 24-— 5-22 96. 18 + 32 — 12 
O78 54. 3-~ 5 980657 6: 4 
99. 14 — 2(8 — 4) 10072157 — 5) 
101. 45 + 3(16 + 4) 102. 72 — 8(6 + 9) 
10372 [8 "(14 = 2}! 

TOe IS (417 12)| 

105. 5? — 2[9 — (18 — 8)] 106. 8 - 32 — 4(12 + 3) 


Circle Graphs 
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107. 53 + |-14 + 4| 


108. |(—2)5| — (25 + 7) 


8+7 9 + 6(2) 
109. [wae 
aes MD CRs 
g-5 53 — 50 
111. 7 7 iW Be 5 ae ad 
692212 7 — 211) 
(yee ps 
3G 114. + 8(—2) 


In Exercises 115-120, evaluate the expression using a 
calculator. Round the result to two decimal places. See 


Example 11. 


115. 5.6[13 —26(6.3)] 


117. 56 — 3(400) 


116. 35(1032 — 4650) 
118. 300(1.09)!° 


_ Solving Problems 


In Exercises 121 and 122, find the 


unknown fractional part of the circle graph. 


121. 


123. Balance in an Account 


124. 


122. 


During one month, you 
made the following transactions in your checking 
account. 


Initial Balance: $2618.68 
Deposit: $1236.45 
Withdrawal: $25.62 
Withdrawal: $455.00 
Withdrawal: $125.00 
Withdrawal: $715.95 


Find the balance at the end of the month. 
(Disregard any interest that may have been earned.) 
Company Profit The midyear financial statement 
of a company showed a profit of $1,415,322.62. At 
the close of the year, the financial statement showed 
a profit for the year of $916,489.26. Find the profit 
(or loss) of the company for the second 6 months of 
the year. 


500 
bb A Aero papeesecr : =i 3:07) ca 
(1.055) 120, 5(100 — 3.6") = 41 
125. Organizing Data On Monday you purchased 


$500 worth of stock. The value of the stock during 
the remainder of the week is shown in the bar 
graph. 


Stock value (in dollars) 


Monday | Wednesday 


Friday 


Tuesday Thursday 


(a) Use the graph to complete the table. 


Tuesday 
Wednesday 
Thursday 


Friday 


(b) Find the sum of the daily gains and losses. 
Interpret the result in the context of the problem. 
How could you determine this sum from the 
graph? 
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126. Organizing Data The annual profits for a compa- 
ny (in millions of dollars) for the years 1994 to 
1999 are shown in the bar graph. Use the graph to 


create a table that shows the yearly gains or losses. 


aN 


aeeuaeccesnecescauecseceacceernecesce +: (MMMM « 220000 


WwW 


Company profit 
(in millions of dollars) 
re 


— 


1998 
1995 ie 1997 1999 


Year 


1994 


127. Savings Plan 


(a) If you save $50 per month for 18 years, how 
much money will you set aside during the 18 
years? 

(b) If the money in part (a) is deposited in a savings 
account earning 9% interest compounded 
monthly, the total amount in the fund after 18 
years will be 


O09 \2t6 12 
sf (x +2)" a] 2) 


Use a calculator to determine this amount. 

(c) How much of the amount in part (b) is earnings 
from interest? 

128. Savings Plan 

(a) If you save $75 per month for 30 years, how 
much money will you set aside during the 30 
years? 

(b) If the money in part (a) is deposited in a savings 
account earning 8% interest compounded 


monthly, the total amount in the fund after 30 
years will be 


0.08 \36° 12 
75} (1 =I “8 = f(s + aa). 


Use a calculator to determine this amount. 


(c) How much of the amount in part (b) is earnings 
from interest? 


Area \n Exercises 129-132, find the area of the figure. 
(The area of a rectangle is A = Iw, and the area of a 
triangle is A = 5 bh. 


130. | 
c 


132. 


[-———== 110 it} == | 


Volume \n Exercises 133 and 134, use the following 
information. A bale of hay is a rectangular solid having 
the dimensions shown in the figure and weighing 
approximately 50 pounds. (The volume of a rectangu- 
lar solid is V = /wh.) 


133. Find the volume of a bale of hay in cubic feet if 
1728 cubic inches equals | cubic foot. 


134. Approximate the number of bales in a ton of hay. 


Then approximate the volume of a stack of baled 
hay that weighs 12 tons. 


|<————-_ 42 in, ————> 


Figure for 133 and 134 


@ 135. 


True or False? 


Explaining Concepts 


Answer parts (a)—(c) of Motivating the Chapter on 
page 1. 


In Exercises 136-140, determine 


whether the statement is true or false. Explain your 


reasoning. 

136. The reciprocal of every nonzero integer is an integer. 

137. The reciprocal of every nonzero rational number is 
a rational number. 

138. If a negative real number is raised to the 12th 
power, the result will be positive. 

139. If a negative real number is raised to the 11th 
power, the result will be positive. 

140.a+b=b-+a 

141. Can the sum of two real numbers be less than either 
number? If so, give an example. 

142. Explain how to subtract one real number from 


another. 
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143. 


144. 


145. 


Error Analysis 


In your own words, describe the rules for determin- 
ing the sign of the product or the quotient of two 
real numbers. 


If a > O, state the values of n such that 
(—a)" = —a". 


In your own words, describe the established order 
of operations. Without these priorities, explain why 
the expression 6 — 5 — 2 would be ambiguous. 


In Exercises 146-149, explain the error. 


2 
M6 ae! 


147. 


Sas 
tee = 12 


28 
Me SG 


149, 3 P17? 
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Properties of Real Numbers 


Identify and use the properties Basic Properties of Real Numbers 


of real numbers. : ee: 
The following list summarizes the basic properties of addition and multiplication. 


Although the examples involve real numbers, you will learn later that these 
properties can also be applied to algebraic expressions. 


> Properties of Real Numbers 


Let a, b, and c represent real numbers, variables, or algebraic expressions. 


Property Example 
Commutative Property of Addition: 
a b= Dba a) iS Fes3 
Commutative Property of Multiplication: 
ab = ba 
Associative Property of Addition: 
(a+b) +c=a+t+(b+ 0c) (44+2)+3=4+(2+3) 
Associative Property of Multiplication: 
(ab)c = abc) QS) s/ 2 ore) 
Distributive Property: 
a(b + c) = ab +c 4(7+3)=4-7+4- 
(a + b)c = ac + be (2 +5)3 = 2=3 456 
a(b — c) = ab — ac 6(5 — 3) =6-5—6- 
me . (a — b)c = ac — be C= 4 =] 54 oe 
EG PENS = eS, : 
a ( ; 3 ( he Additive Identity Property: 
(20+ (4+ 2) # (20 Seas at+0=a 4+0=4 


Multiplicative Identity Property: 
Osa) -ra a 


Additive Inverse Property: 
+) (=a) = 0 


Multiplicative Inverse Property: 
aF0 
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><) (aile Identifying Properties of Real Numbers 


Name the property of real numbers that justifies the statement. 


a. 4(a+3)=4-a+4-3 b. 6+ 2=1 
ce. —3+ (2+ b) =(-3+2)+5) 
d. (b6+8)+0=b+8 


Solution 

a. This is an example of the Distributive Property. 

b. This is an example of the Multiplicative Inverse Property. 
c. This is an example of the Associative Property of Addition. 


d. This is an example of the Additive Identity Property, where (b + 8) is an 
algebraic expression. 


The properties of real numbers make up the third component of what is 
called a mathematical system. These three components are a set of numbers 
(Section P.1), operations with the set of numbers (Section P.2), and properties of 
the operations with the numbers (Section P.3). 


Set of ie Operations with Properties of 
Numbers the Numbers = the Operations 


Be sure you see that the properties of real numbers can be applied to variables and 
algebraic expressions as well as to real numbers. 


=> elui9)(-4e Using the Properties of Real Numbers 


Complete each statement using the specified property of real numbers. 
a. Multiplicative Identity Property: (4a)1 = 

b. Associative Property of Addition: (b + 8) + 3 = 

c. Additive Inverse Property: 0 = 5c + 

d. Distributive Property: 4° b+4:°-5= 


Solution 

a. By the Multiplicative Identity Property, (4a)1 = 4a. 

b. By the Associative Property of Addition, (b + 8) + 3 = b + (8 + 3). 
c. By the Additive Inverse Property, 0 = Sc + (—Sc). 

d. By the Distributive Property, 4-b + 4-5 = 4(b + 5). 


To help you understand each property of real numbers, try stating the prop- 
erties in your own words. For instance, the Associative Property of Addition can 
be stated as follows: When three real numbers are added, it makes no difference 
which two are added first. 
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Develop additional properties 
of real numbers. 


Study Tip 


When you are using the proper- 
ties of real numbers in actual 
applications, the process is usu- 
ally less formal than it would 
appear from the list of properties 
on this page. For instance, the 
steps shown at the right are less 
formal than those shown in 
Examples 5 and 6 on page 26. 
The importance of the properties 
is that they can be used to justify 
the steps of a solution. They do 
not always need to be listed for 
every step of the solution. 


Additional Properties of Real Numbers 


Once you have determined the basic properties (or axioms) of a mathematical sys- 
tem, you can go on to develop other properties. These additional properties are 


theorems, and the formal arguments that justify the theorems are proofs. 


i 


Additional Properties of Real Numbers 


Let a, b, and c be real numbers, variables, or algebraic expressions. 


Properties of Equality 
Addition Property of Equality: 


Multiplication Property of Equality: 


Cancellation Property of Addition: 


Cancellation Property of Multiplication: 


Properties of Zero 
Multiplication Property of Zero: 


Division Property of Zero: 
Division by Zero Is Undefined: 
Properties of Negation 


Multiplication by — 1: 


Placement of Negative Signs: 


Product of Two Opposites: 


Ifa =b,thenat+c=b+e. 
If a = b, then ac = be. 
Ifa+c=b+c,thena = b. 
If ac = be andc # O, then 


0-a=0 

. =0, a#O0 

5i8 undefined. 

(AG "=a, 

[Mea = ¢ 

(—a)(b) = — (ab) = (a) ) 
(—a)(—b) = ab 


In Section 1.1, you will see that the properties of equality are useful for solv- 
ing equations, as shown below. Note that the Addition and Multiplication 
Properties of Equality can be used to subtract or divide both sides of an equation 


by the same nonzero quantity. 


5x +4 = —2x + 18 


St Al 4 Sex 18 
5x-= 2x14 
OMe tet eh 
7x = 14 
ix _ 14 
7 7 
x=2 


Original equation 

Subtract 4 from both sides. 
Simplify. 

Add 2x to both sides. 


Simplify. 


Divide both sides by 7. 


Simplify. 
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Each of the additional properties in the list on page 24 can be proved using 
the basic properties of real numbers. Examples 3 and 4 illustrate such proofs. 


= <tusle) (eee Proof of the Cancellation Property of Addition 


Prove that ifa + c= b+, thena = b. 


Solution 


Notice how each step is justified from the previous step by means of a property 
of real numbers. 


a C= b We Original equation 
(a+ c) + (-c) = (b+ c) + (-oc) Addition Property of Equality 
a+ [c+ (-c)] =b + [ce + (-o)] Associative Property of Addition 
a+0=b+0 Additive Inverse Property 
a=b Additive Identity Property 


Seluile)(- am ~Proof of a Property of Negation 


Prove that (—1)a = —a. 


Solution 


At first glance, it is a little difficult to see what you are being asked to prove. 
However, a good way to start is to consider carefully the definitions of the three 
numbers in the equation. 


a = given real number 


—1 = the additive inverse of 1 


I 


—a = the additive inverse of a 


Now, by showing that (— 1)a has the same properties as the additive inverse of a, 
you will be showing that (— 1)a must be the additive inverse of a. 


(— lata= (— Da + (1)(a) Multiplicative Identity Property 
= (—-1+ l)a Distributive Property 
= (O)a Additive Inverse Property 


= Multiplication Property of Zero 


Because (— 1)a + a = 0, you can use the fact that -a + a = 0 to conclude that 
(—l)a + a = —a + a. From this, you can complete the proof as follows. 


(-lhat+a=-at+a Shown in first part of proof 


(= la Se Cancellation Property of Addition 
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The list of additional properties of real numbers on page 24 forms a very 
important part of algebra. Knowing the names of the properties is useful, but 
knowing how to use each property is extremely important. The next two exam- 
ples show how several of the properties can be used to solve equations. (You will 
study these techniques in detail in Section 1.1.) 


Applying the Properties of Real Numbers 


In the solution of the equation b + 2 = 6, identify the property of real numbers 
that justifies each step. 


Solution 
b+2=6 Original equation 
(b + 2) + (—2) = 6 + (—2) Addition Property of Equality 
b+ (2+ (—2)]=6-2 Associative Property of Addition 
b+0=4 Additive Inverse Property 
b=4 Additive Identity Property 


Setlist Applying the Properties of Real Numbers 


In the solution of the equation 3x = 15, identify the property of real numbers that 
justifies each step. 


Solution 
3x = 15 Original equation 

1 1 
3 3x = 3 U3) Multiplication Property of Equality 

1 

3 *3)x=5 Associative Property of Multiplication 
(1)(x) =5 Multiplicative Inverse Property 

x=5 Multiplicative Identity Property 


: i Error Analysis 


One stout classmates argues that the following statement is true 
because of the Associative Property of Addition. 


(7 = 3) 4 =F = FF) 


Discuss why this statement is incorrect. Can you explain how to alter 
the statement so that the Associative Property of Addition can be 
correctly applied? 


Developing Skills 


In Exercises 1-28, name the property of real numbers 
that justifies the statement. See Example 1. 


1.3 + (-5)=-5+3 2. —5(7) =7E5) 


3. 25 - 25=0 4.5+0=5 

5. 6(—10) = —10(6) 6. 2(6 - 3) = (2 - 6)3 
hs, ie Weal S471= | 

9, 25 + 35 = 35 + 25 


10. (—4 - 10) - 8 = —4(10- 8) 
Pls (12 9) = (30 12) — 9 
12. (16+ :8) — 5 = 16+ (8 —5) 
13. (8 —5)(10)' = 8-10 — 5 10 
14. 79 + 15) =7°-9+7- 15 
15. (10 + 8) + 3 = 10 + (8 + 3) 
16. (5 + 10)(8) = 8(5 + 10) 
172524) = (5 2)a 

18: 10(2x) = (10 - 2)x 

19. 1.- (52) = 5¢ 
1 
me 
QA. 3x0 =-3x 
22 2 — 2x = 0 
23.4 + (3'— x) = (4 + 3) —x 
2423(2 +x) = 3-2 + 3x 

25. 3(6 + b) =3-6+3-b 
26. (x + 1) — (x + 1) =0 

Oe + 3) =6- x 63 
28. (6 + x) -m=6+ (x —m) 


20. 10x-- i 


In Exercises 29-38, use the property of real numbers to 
fill in the missing part of the statement. See Example 2. 


29. Associative Property of Multiplication: 
Gy) = 
30. Commutative Property of Addition: 
' 10+ (—6) = 
31. Commutative Property of Multiplication: 
15(—3) = 
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32. Associative Property of Addition: 
6+(5+y= 

33. Distributive Property: 
5(6 + z) = 

34. Distributive Property: 
(8 — y)(4) = 

35. Commutative Property of Addition: 
25 + (—x) = 

36. Additive Inverse Property: 
13x%.+ (—13x). = 

37. Multiplicative Identity Property: 
@W+ 8)-1= 

38. Additive Identity Property: 
(8x) + 0= 


In Exercises 39-46, give (a) the additive inverse and (b) 
the multiplicative inverse of the quantity. 


39. 10 40. 18 

41. —16 AZ sD 

43. 6z, z#0 44. 2y, y#0 
AS eal seb 46. y-—4, y#4 


In Exercises 47-54, rewrite the expression using the 
Associative Property of Addition or the Associative 
Property of Multiplication. 


AT Ge 48. (c + 6) + 10 
49, 32 + (4+ y) 50. 15 + (3 — x) 
51. 3(4 - 5) 52. (10-8): 5 
53. 6(2y) 54. 8(3x) 


In Exercises 55-62, rewrite the expression using the 


Distributive Property. 


55. 20(2 + 5) 56.4—3(4— 8) 
57. 5(3x — 4) 587 6(2*% + 5) 
59. (x + 6)(—2) 60. (z — 10)(12) 
61. —6(2y — 5) 6254 1b) 
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In Exercises 63-66, the right side of the equation is not 
equal to the left side. Change the right side so that it 
does equal the left side. 


63. 3(x + 5) # 3x+5 
64. 4 + 2) #4x4+2 
65. —2(x + 8) # —2x + 16 
66. —9(x + 4) # —9x + 36 


In Exercises 67 and 68, use the basic properties of real 
numbers to prove the statement. See Examples 3 and 4. 


67. If ac = be and c # 0, then a = b. 
68. (—1)(—a) = a. 
In Exercises 69-72, identify the property of real num- 
bers that justifies each step. See Examples 5 and 6. 
69. x+5=3 
a Sie = 5) = 83 at 5) 
x +[5 + (—5)] = -2 
x+0Q0= —-2 


Original equation 


eas =, 

70. x—8 = 20 
(x — 8) +8=20+ 8 

x + (—8 + 8) = 28 


Original equation 


x+ 0 = 28 
x = 28 
yA DE Ss ey M9) Original equation 


(2x -5)+5=6+5 
2x +(-5+5)=11 


Dee > (0) = iil 
Dig lth 
3(2x) = 3(11) 
(5+ 2)x=7 
l-x= oy 

11 


WP 3x +4= 10 
(3x + 4) + (—4) = 10 + (—4) 
3x + [4 + (—4)] = 6 


Original equation 


3x + 0 = 6 
3x)='6 
3(3x) = 3(6) 
G3) 
he x= 2 
x=2 


Mental Math \n Exercises 73-78, use the Distributive 
Property to perform the required arithmetic mentally. 
For example, suppose you work in an industry where 
the wage is $14 per hour with “time and a half” for 
overtime. So, your hourly wage for overtime Is 


- 
TAGS) 14( + i) = 14-7 $20 


73. 16(1.75) = 16(2 — 4) 

74, 15(13) = 15(2 — 4) 

75. 7(62) = 7(60 + 2) 
765661) 5650-711) 

77. 9(6.98) = 9(7 — 0.02) 

78. 12(19.95) = 12(20 — 0.05) 


ao: 


80. 


85. 


86. 


87. 


Solving Problems 


Geometry The figure shows two adjoining rectan- 
gles. Demonstrate the Distributive Property by fill- 
ing in the blanks to express the total area of the two 
rectangles in two ways. 


Geometry The figure shows two adjoining rectan- 
gles. Demonstrate the “subtraction version” of the 
Distributive Property by filling in the blanks to 
express the area of the left rectangle in two ways. 


_ Explaining Concepts 


In your own words, give a verbal description of the 
Commutative Property of Addition. 

What is the additive inverse of a real number? Give 
an example of the Additive Inverse Property. 

What is the multiplicative inverse of a real number? 
Give an example of the Multiplicative Inverse 


- Property. 
88. 


Does every real number have a multiplicative 
inverse? Explain. 
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Dividends \n Exercises 81-84, the dividend paid per 
share of common stock by the Gillette Company for the 
years 1990 through 1997 is approximated by the model 


Dividend per share = 0.08t + 0.21. 


In this model, the dividend per share is measured in 
dollars and t represents the year, with t = 0 corre- 
sponding to 1990 (see figure). (Source: The Gillette 
Company 1997 Annual Report) 


Dividend per share 
(in dollars) 


0) 1 2 3 4 5 6 y 
Year (0 < 1990) 


81. Use the graph to approximate the dividend paid in 
1995. 


82. Use the model to approximate the annual increase in 
the dividend paid per share. 


83. Use the model to forecast the dividend per share in 
2000. 


84. In 1996, the actual dividend paid per share of com- 
mon stock was $0.72. Compare this with the approx- 
imation given by the model. 


89. State the Multiplicative Property of Zero. 


90. Explain how the Addition Property of Equality can 
be used to allow you to subtract the same number 
from both sides of an equation. 


91. Suppose you define a new mathematical operation 
using the symbol ©. This operation is defined 
asa©Ob=2:a+ b. Give examples to show that 
neither the Commutative Property nor the Associative 
Property is true for this operation. 
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Figure for 21 


Take this quiz as you would take a quiz in class. After you are done, check your 
work against the answers given in the back of the book. 


¢ 


In Exercises 1 and 2, show each real number as a point on the real number line 
and place the correct inequality symbol (< or >) between the real numbers. 


1. -4.5 —6 2 ; 


In Exercises 3 and 4, evaluate the expression. 


3. |-3.2| 4. —|5.75| 


In Exercises 5 and 6, find the distance between the two real numbers. 


Soe 1S andy] 6. —10.5 and —6.75 


In Exercises 7-16, evaluate the expression. Write fractions in simplified form. 


TaslrF (18) leit) 
9.344 10. 3 -: 

1M. (—12)(—4) 12.. (—$)(2) 

123.5 +2 14. (—3)° 
(503g) 5-15 ig ee) 


62 = (12 272 410) 


In Exercises 17 and 18, name the property of real numbers that justifies the 
given statement. 


17. (a) 8u— 5) =8-u-—8-5 (b) 10x = 10x = 0 
AS CET oie yeeci =a) (y= 1z)) (by aad amex 


19. At the beginning of a certain month, the initial balance in your checking 
account is $1522.76. During the month, you make the following transactions. 
Withdrawal $328.37 
Withdrawal $65.99 
Withdrawal $50.00 
Deposit $413.88 
Find the balance at the end of the month. (Disregard any interest that may 
have been earned.) 


20. If you deposit $30 in a retirement account twice each month, how much will 
you deposit in the account in 5 years? 


21. Determine the unknown fractional part of the circle graph at the left. Explain 
how you were able to make this determination. 
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Algebraic Expressions 


Z 


Identify the terms of an Algebraic Expressions 


algebraic expression. 


One of the basic characteristics of algebra is the use of letters (or combinations 
of letters) to represent numbers. The letters used to represent the numbers are 
called variables, and combinations of letters and numbers are called algebraic 
expressions. Here are some examples. 


Bae, se ae 2, 


a of BAD 
Srey enV oy) 


> Algebraic Expression 


A collection of letters (called variables) and real numbers (called 


constants) combined using the operations of addition, subtraction, 
multiplication, and division is called an algebraic expression. 


The terms of an algebraic expression are those parts that are separated by 
addition. For example, the algebraic expression x* — 3x + 6 has three terms: x?, 
— 3x, and 6. Note that — 3x is a term, rather than 3x, because 


x7 — 3x +6=x7 + (—3x) + 6. Terms are separated by addition. 


The terms x? and — 3x are the variable terms of the expression, and 6 is the con- 
stant term. The numerical factor of a variable term is called the coefficient. For 
instance, the coefficient of the variable term — 3x is —3, and the coefficient of the 
variable term x? is 1. 


Identifying the Terms of an Algebraic Expression 


Algebraic Expression Terms 
1 1 
a. 30 3 x5 a5 
Daya 6% =) 9 4y, 6x, —9 
Coe 4x — Sx] a Ce eae a | 


d. E + 5x4 a 5x* 
x 56 
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Use the rules of exponents to Rules of Exponents 
Pp 


simplify an algebraic expression. 
When multiplying two exponential expressions that have the same base, you add 


exponents. To see why this is true, consider the product a? - a*. Because the first 
expression represents a - a « aand the second represents a - a, it follows that the 
product of the two expressions is represented by a: a+ a: a: a. Thatis, 
a-a=(a:a-a)-(a‘a=(@:a:asa:a=a@**?=a@ 
Se =) ee 
Three Two Five 


factors factors factors 


This and one other rule of exponents are summarized below. 


D> Rules of Exponents 


Let m and n be positive integers, and let a and b be real numbers, 
variables, or algebraic expressions. 


1. To multiply two exponential expressions that have the same base, 
add the exponents. 


a™-q@e= qmrtn 


2. To raise a product to a power, raise each factor to the power and 
multiply the results. 


(ab)” = gpm 


See 


The rules of exponents extend to three or more factors. For example, 


aq™-q"- ak = qntntk 
and 
ARS! SOE 


The next two examples illustrate the use of these rules. 


Study Tip Applying the Rules of Exponents 


In the expression x + 5, the a ee aly ee ee 
coefficient of x is understood a sp : i Gee kt) Soe eee 
to be 1. Similarly, the power Di ae 
(or exponent) of x is also under- c. 42x? + x = (42)(2 - x) = 16x 

a d. (—3x?y)(Sxy)(2y?) = (—3)(5)(2)@? + x)(y - y + y2) = — 30x34 


x4 “x x2 = xtt1+2 = x’. 


Note such occurrences in clule[e) | Applying the Rules of Exponents 
Example 2. 
a, (Gx) = 3 


b. (HA) (Ge 57) = Eee 
¢. (=x)02) = 2 ee = ee 
d. 3x? - (—5x)> = 3 + x? +» (—5)3 + x8 = 3(—195)2 43 = — 37555 


3 | Simplify algebraic expressions 
by combining like terms and remov- 
ing symbols of grouping. 
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Simplifying Algebraic Expressions 


In an algebraic expression, two terms are said to be like terms if they are both 
constant terms or if they have the same variable factor. For example, the terms 4x 
and — 2x are like terms because they have the same variable factor x. Similarly, 
2x’y, — xy, and 5(x2y) are like terms because they have the same variable factor 
xy. Note that 4x*y and — xy? are not like terms because their variable factors x2y 
and x*y? are different. 

One of the most common uses of the basic rules of algebra is to rewrite an 
algebraic expression in a simpler form. One way to simplify an algebraic expres- 
sion is to combine like terms. 


=> elile)(a ~Combining Like Terms 


Simplify each expression by combining like terms. 


RWWA dan mine ied y | Db: = 3:4 eis ly CG; Ok oy ae 


Solution 

ak ok 4 = 0 3) 4 Distributive Property 

=5x-4 Simplify. 

Date Ore yaa te) te Distributive Property 

= 2-—-5y Simplify. 

Ci Ge SV a Ay tie eX Commutative Property 
= 3y + (6x — 4x) Associative Property 
= 3y + 6 — 4)x Distributive Property 
=3y+x Simplify. 


As you gain experience with the rules of algebra, you may want to combine 
some of the steps in your work. For instance, you might feel comfortable listing 
only the following steps to solve Example 4(c). 


5x + oy — 4x = 3yeeiOxuar4e) —oy + x 


Combining Like Terms 


a. 7x + Ty — 4x — y = (7x — 4x) + (Jy — y) Group like terms. 
= 3x + 6y Combine like terms. 
b. 2x2 + 3x — 5x2 — x = (2x? — 5x?) + (3x — x) Group like terms. 


= —3x* + 2x Combine like terms. 
c. 3xy? — 4x2y? + 2xy? + (xy)? 
= (3xy? + Dxye) + (—4x2y? + xy’) Group like terms. 


= Sxye — an ye Combine like terms. 
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Another way to simplify an algebraic expression is to remove symbols of 
grouping. When removing symbols of grouping. remove the innermost symbols 
first and combine like terms. Then repeat the process for any remaining symbols 
of grouping. 

A set of parentheses preceded by a minus sign can be removed by changing 
the sign of each term inside the parentheses. For instance, 


3x — (2x — 7) = 3x — 2x + 7. 


This is equivalent to using the Distributive Property with a multiplier of — 1. That 
is, 


3x — (2x — 7) = 3x + (—1)(2x — 7) = 3x — 2x + 7. 


A set of parentheses preceded by a plus sign can be removed without changing 
the sign of each term inside the parentheses. For instance, 


3x + (2x — 7) = 3x + 2x — 7. 


Removing Symbols of Grouping 


Simplify each expression. 


a. 3(x — 5) — (2x — 7) b. —4(2 + 4) + em + 4) 


Solution 
a. 3(z — 5) — x — 7) = 3x — 15. — 2x47 Distributive Property 
= (8x — 2x) + (—15 + 7) Group like terms. 
=x-—8 Combine like terms. 
b. —407 + 4) + P(x + 4) = —42 - 1644+ 42 Distributive Property 
=x+ (4¢ — 42) - 16 Group like terms. 
=x+0-16 Combine like terms. 
=x) — 16 Simplify. 


=u wae Removing Symbols of Grouping 


a. 5x — 2x[3 + 2(x — 7)] = 5x — 2x(3 + 2x — 14) Distributive Property 
= 5x — 2x(2x — 11) Combine like terms. 
= 5x — 47 + 22x Distributive Property 
= —4x7 + 27x Combine like terms. 
b. —3x(Sx*) + (2x)) = —152° + (25 Ye) Properties of exponents 
= —15x + 32x Simplify. 
= 17x Combine like terms. 
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Evaluate an algebraic expression Evaluating Algebraic Expressions 
by substituting a value for the 


variable. To evaluate an algebraic expression, substitute numerical values for each of the 
variables in the expression. Here are some examples. 
Value of Value of 
Expression Variable Substitute Expression 
es ae x=2 CIOs . 6+2=8 
4x 2x — 1 x=-1 A 1)? 2(— ia See es Na | 
2x(x + 4) Key? 2(=2)(= 2 4) 2(—2)(2) = -8 


Note that you must substitute the value for each occurrence of the variable. 


Evaluating Algebraic Expressions 


Evaluate each algebraic expression when x = —2 and y = S. 
IA ed b. 5 + x tA 


Solution 
a. When x = —2 and y = 5, the expression 2y — 3x has a value of 


2(5) — 3(-2) = 10 + 6 = 16. 

b. When x = —2, the expression 5 + x? has a value of 
Sick (2)? = 5 sae, 

c. When x = —2, the expression 5 — x* has a value of 


5 — (-22 =5-4=1. 


Selle Evaluating Algebraic Expressions 


Evaluate each algebraic expression when x = 2 and y = —1. 
ayo x Darya Calero | 

Solution 

a. When x = 2 and y = —1, the expression y — x has a value of 


(= 2) 


b. When x = 2 and y = —1, the expression |y — x| has a value of 
ee (2) |e. 

c. When x = 2 and y = —1, the expression |y? — x?| has a value of 
(1? - @ = [1-41 = |-31 =3. 


Craig Aurness/Corbis 
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In 1997, the mining industry in the 
United States employed about 
592,000 people. 


Sette} (itil Using a Mathematical Model @ 


From 1986 to 1997, the average hourly wage for miners in the United States can 
be modeled by 


Hourly wage = 0.000672 + 0.3 + 12.3, Ost 11 


where t = 0 represents 1986. Create a table that shows the average hourly wages 
for these years. (Source: U.S. Bureau of Labor Statistics) 


Solution 


To create a table of values that shows the average hourly wages for the years 1986 
to 1997, evaluate the expression 


0.00067? + 0.3t + 12.3 


for each integer value of t from t = O tot = 11. 


1987 1988 1989 1990 1991 


l 2 3 - 5 
$12:600" $12.90 || $13.21 | SIS Sie esisse 


1993 1994 1995 1996 1997 
d 8 ) 10 1] 
$14.43 | $14.74 | $15.05 | $15.36 | $15.67 


Discussing the Concept _ Using a Graphing Utility 
Most graphing utilities can evaluate an algebraic expression for several 
values of x and display the results in a table. For instance, to evaluate 
2x? — 3x + 2 when x is.0, 1, 2, 3, 4,5, and 6, you can use the following 
steps. 

Enter the expression into the graphing utility. 

. Set the minimum value of the table to 0. 


. Set the table step or table increment to 1. _ 


fh wn = 


. Display the table. 


The results are shown at the left. Consult the user’s guide for your 
graphing utility for specific instructions. Then complete the table below 
for the expression — 4x + 5x — 8 when xis 0, 1, 2, 3,4, Sand 6. 


—P.4 


Developing Skills 


In Exercises 1-8, identify the terms of the algebraic 
expression. See Example 1. 


2. 1OxKsr-5 Da Gla 
3. —3y? + 2y = 8 Aor — 4:87 
Sree oy tx +) 2y 6. 14u2 + 25uv — 3y? 
a 0 sy fee oh 

aS t t 


In Exercises 9-12, determine the coefficient of the term. 


9, 5y3 10. 4x 
11. -37 12. —8.4x 


In Exercises 13-16, identify the property of algebra that 
is illustrated by the equation. 

13. 4 — 3x = —3x + 4 

14.°(10 + x) — y = 10'+ (x —y) 

aS. — 5(2x)-— (—5 2)x 

16.-(x — 2)G) =3@ = 2) 


In Exercises 17-20, use the given property to rewrite the 
expression. 
17. Distributive Property 
5(x + 6) = 
18. Commutative Property of Multiplication 
5(x + 6) = 
19. Distributive Property 
6x +6 = 
20. Commutative Property of Addition 
6x +6 = 


In Exercises 21-24, write the expression as repeated 
multiplication. 
OM ie hem 
Dae = 


22. —2x* 
24. (—2x)? 


In Exercises 25-28, write in exponential notation. 


25. (—5x)(—5x)(—5x)(— 5x) 
26. (—9t)(—9t)(—9t)(—9t)(—92)(— 92) 
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7 Fl 6 oo 3 3) Tae Bo?) 
28. AY ya 9 Vy) 


In Exercises 29-54, simplify the expression. See 
Examples 2 and 3. 


29. —2? - 24 30. —47 = 4° 
Sire ae S20 ir 
S357 y. ye S46 

35. (—4x)? 36 (— 45) 

37. —4(2x) 38. —2(—4x)3 
IST (eo 40 40. (—5z°)? 

41. (2xy)(3x’y3) 42. (—5a*b>)(2ab*) 
43. (Sy*)(—y*)(2y?) 44. (3y)(2y’) 

45. —5z*(—5z)4 46. (—6n)(—3n?)? 
47. (—2a*)?(—8a) 48. (—2a)?(—2a)? 
49. (3uv)?(— 6u3v) 50. (10x’y)3(2x+y) 
Sie (x)! 52a): 

53a! a Ca 54. oy" Feky? 


In Exercises 55-66, simplify the expression by combin- 
ing like terms. See Examples 4 and S. 

55, 3h AX RO rs oo 
57. 9y — Sy + 4y 53, Sy ty — ¥ 
SO Oe Vay a uy 

6024) 24) a1 b 

61, 7x7 = 24 = x 62. 9y + y? — by 
637-37) 4 62a 8 tz 

645) —5y 1 3y — 6)? + 8y tt yi 4 

655 Juv eye — Wye (uy) 

66. Tx2y + 8x2y" + 2xy? — Gy)? 


In Exercises 67-70, use the Distributive Property to 
rewrite the expression. 

C1407 5) 

68. 8(2? — 422 + 2) 

69. —3(6y* — y — 2) 

70. —5(—x? + 2y + 1) 
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In Exercises 71-86, simplify the expression. See 


Examples 6 and 7. 


71. 10@—3)+2x-—5 72. 3(x+1)+x-6 
73. —3(@y — 1) + 2(y — 5) 

74. 5(a + 6) — 4(2a — 1) 

75. —3(y* — 2) + yO + 3) 

76. x(x2 — 5) — 4(4 — x) 

77. y-(y + 1) + yo? + 1) 78. x(e + 3) — 3(x + 4) 
79, 3[2x — 4(x — 8)] 80. 4[5 — 3(2 + 10)] 
81. 8x + 3x[10 — 4(3 — x)] 

82. Sy — y[9 + 6(y — 2)] 

$3. 2[3(b — 5) — (2 + b + 3)] 

$4. 5[3(z +. 2) — (2 + z= 2)] 

85. 2x(527) — 44(x + 15) 

SG.) (— sy A(x — 1) 

In Exercises 87-100, evaluate the expression for the 


specified values of the variable(s). If not possible, state 
the reason. See Examples 8 and 9. 


Expression Values 
87. 5 — 3x G) x, bp oe — 
88. $x — 2 (a x=6 (bd) x=-3 
89. 10 — 4 


(aQ)x=-1 (&) x=} 


DUS 2c et on — 3 (a) x =2 (b) x= —-3 


Solving Problems 


Geometry _\n Exercises 101 and 102, find an expression 
for the area of the figure. Then evaluate the expression 


for the given value of the variable. 


101. b= 15 
+ She i] 


Geometry _\n Exercises 103 and 104, find an expression 
for the area of the region. Then simplify the expression. 


"1 "d- 


2x+3 


Expression Values 
x = 
91. aay (a) x=0 () x=3 
92 s-= (a) x=0 (6) x=-6 
93. Sx 2p (a) x=1, y=5 
(b) x= -—6, y=-9 
94. 6x — Sy (a) x =-—2, y="—3 
(b)x=1, y=l1 
95525 xy ty (ay) x=2; y=-I1 
(b) x = —-3 =-2 
6. — (a) x=0, y=10 
Erte (bt) x=4, y=4 
97. ly — | (a) x=2, y=5 
(b) x= -2, y=-2 
98. |x? — y| (a) x=0. y 2 
(b) x=3, y=15 
99. Distance traveled: rt (a) r=40, r= 5; 
(b) r=35, r=4 
100. Simple interest: Prt (a) P = $5000, 
r= 0.085, t= 10 
(b) P = $750 


Using a Model In Exercises 105 and 106, use the 
model, which approximates the annual sales (in mil- 
lions of dollars) of exercise equipment in the United 
States from 1990 to 1996 (see figure). 

Sales = 193.89 + 1830.89, 0<t<6 


In this formula, t= 0 represents 1990. 
National Sporting Goods Association) 


(Source: 


Annual sales 


(in millions of dollars) 


Year (0 <& 1990) 


105. Graphically approximate the sales of exercise 
equipment in 1995. Then use the model to confirm 
your estimate algebraically. 


106. Use the model and a calculator to complete the 
table showing the sales from 1990 to 1996, 


a 1991) 1992"), 1993 
= 


1994 | 1995 | 1996 


Using a Model \n Exercises 107 and 108, use the 
model, which approximates the median sale price (in 


thousands of dollars) for homes in the Midwest from 
1990 to 1997 (see figure). 


Bale-price — 9.9f + 106.0, Os t<7 


In this formula, t = 0 represents 1990. (Source: U.S. 
Bureau of the Census, U.S. Department of Housing and 
Urban Development) 


yy 


Median sale price 
(in thousands of dollars) 


0 1 2 3 4 5 6 7 
Year (0 <— 1990) 


Explaining the Concepts 


> 111. Answer parts (d) and (e) of Motivating the Chapter 
on page 1. 
112. Explain the difference between terms and factors in 
an algebraic expression. 
113. In your own words, explain how to combine like 
“” terms. Give an example. 
114. State the procedure for removing nested symbols 
of grouping. Nested symbols of groupings are sym- 
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107. Graphically approximate the median sale price for 
homes in the Midwest in 1995. Then use the model 
to confirm your estimate algebraically. 


108. Use the model to complete the table showing the 
median sale price for homes in the Midwest from 
1990 to 1997. 


1992 ) 1993 


1996 | 1997 


109. Geometry The roof shown in the figure is made 
up of two trapezoids and two triangles. Find the 
total area of the roof. 


|B 


<0 as 


110. Exploration 
(a) A convex polygon with n sides has 
oS 2) 7 a n2=4 


diagonals. Verify the formula for a square, a 
pentagon, and a hexagon. 

(b) Explain why the formula in part (a) will always 
yield a natural number 


bols of groupings within symbols of groupings such 
as 5[1 + 4(3x + 2)]. 

115. Explain how the Distributive Property can be used 
to simplify the expression 5x + 3x. 

116. Explain how to rewrite [x — (3 - 4)] + 5 without 
using symbols of grouping. 

117. Is it possible to evaluate (x + 2)/(y — 3) when 
x = Sand y = 3? Explain. 
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Translate a verbal phrase into Translating Ph rases 


an algebraic expression. ; 
In this section, you will study ways to construct algebraic expressions. When you 


translate a verbal sentence or phrase into an algebraic expression, it helps to 
watch for key words and phrases that indicate the four different operations of 
arithmetic. 


> Translating Key Words and Phrases 


Key Words Verbal Algebraic 
and Phrases Description Expression 


Addition: 

Sum, plus, greater than, The sum of 5 and x Spek 
increased by, more than, 

exceeds, total of Seven more than y 


Subtraction: 

Difference, minus, b is subtracted from 4. 
less than, decreased by, 

subtracted from, Three less than z 
reduced by, the remainder 


Multiplication: 
Product, multiplied by, Two times x 
twice, times, percent of 


Division: 
Quotient, divided by, The ratio of x and 8 
ratio, per 


fe tiie(8 3) Translating Verbal Phrases 


a. Verbal Description: Seven more than three times x 
Algebraic Expression: 3x + 7 

b. Verbal Description: Four less than the product of 6 and n 
Algebraic Expression: 6n — 4 

c. Verbal Description: The quotient of x and 3 decreased by 6 


Algebraic Expression: 5 S165 
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TI 


relies) (wa Translating Verbal Phrases 


a. Verbal Description: Eight added to the product of 2 and n 
Algebraic Expression: 2n + 8 

b. Verbal Description: Four times the sum of y and 9 
Algebraic Expression: 4(y + 9) 


c. Verbal Description: The difference of a and 7, divided by 9 
a | 


Algebraic Expression: 


In Examples | and 2, the verbal description specified the name of the vari- 
able. In most real-life situations, however, the variables are not specified and it is 
your task to assign variables to the appropriate quantities. 


yell (eomeg Translating Verbal Phrases 


mM 


a. Verbal Description: The sum of 7 and a number 
Label: The number = x 
Algebraic Expression: 7 + x 
b. Verbal Description: Four decreased by the product of 2 and a number 
Label: The number = x 
Algebraic Expression: 4 — 2x 


A good way to learn algebra is to do it forward and backward. For instance, 
the next example translates algebraic expressions into verbal form. Keep in mind 
that other key words could be used to describe the operations in each expression. 


Translating Expressions into Verbal Phrases 


Without using a variable, write a verbal description for each expression. 


3) AP 3E 
4 


ase 10 b. 


4 
2 ata oad 
C 2G 44) d. se 


Solution 

a. 10 less than the product of 5 and a number 
b. The sum of 3 and a number, divided by 4 
c. Twice the sum of 3 times a number and 4 


d. Four divided by a number reduced by 2. 
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Construct an algebraic expres- 
sion with hidden products. 


Study Tip 


Most real-life problems do not 
contain verbal expressions that 
clearly identify the arithmetic 
operations involved in the 
problem. You need to rely on 
past experience and the physical 
nature of the problem in order 
to identify the operations hidden 
in the problem statement. 


Constructing Mathematical Models 


Translating a verbal phrase into a mathematical model is critical in problem solv- 
ing. The next four examples will demonstrate three steps for creating a mathe- 
matical model. 

1. Construct a verbal model that represents the problem situation. 

2. Assign labels to all quantities in the verbal model. 

3. Construct a mathematical model (algebraic expression). 


When verbal phrases are translated into algebraic expressions, products are often 
overlooked. Watch for hidden products in the next two examples. 


Seliile)(4)) Constructing a Mathematical Model 


A cash register contains x quarters. Write an algebraic expression for this amount 
of money in dollars. 


Solution 

Verbal Value | Number 

Model: of coin of coins 

Labels: Value of coin = 0.25 (dollars per quarter) 


Number of coins = x (quarters) 


Expression: 0.25x 


=> <lile)(-sien@ Constructing a Mathematical Model 


A cash register contains n nickels and d dimes. Write an algebraic expression for 
this amount of money in cents. 


Solution 

Verbal Value _ Number Value | Number 

Model: of nickel __ of nickels of dime of dimes 

Labels: Value of nickel = 5 (cents per nickel) 
Number of nickels = n (nickels) 
Value of dime = 10 (cents per dime) 
Number of dimes = d (dimes) 


Expression: 5n + 10d 


In Example 6, the final expression 5n + 10d is measured in cents. This 
makes “sense” in the following way. 
5 cents 10 cents 


eke ORS ea - d dimes 


Note that the nickels and dimes “cancel,” leaving cents as the unit of measure for 


each term. This technique is called unit analysis, and it can be very helpful in 
determining the final unit of measure. 
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> <Tis)(-wae Constructing a Mathematical Model 


Write an algebraic expression showing how far a person can ride a bicycle in f 
hours if the person travels at a constant rate of 12 miles per hour. 


Solution 


For this problem, use the formula (distance) = (rate)(time). 


Verbal , 
Afoaiis Rate - Time 
Labels: Rate = 12 (miles per hour) 


Time = ¢ (hours) 


Expression: 12t 


Using unit analysis, you can see that the expression in Example 7 has miles 
as its unit of measure. 


miles 


12 : 
heur 


t hours 


When translating verbal phrases involving percents, be sure you write the 
percent in decimal form. For instance, 25% should be written as 0.25. Remember 
that when you find a percent of a number, you multiply. For instance, 25% of 78 
is given by 


0.25(78) = 19.5. 25% of 78 


Constructing a Mathematical Model 


A person adds k liters of fluid containing 55% antifreeze to a car radiator. Write 
an algebraic expression that indicates how much antifreeze was added. 


Solution 

Verbal Percent - Number of liters 

Model: antifreeze 

Labels: Percent of antifreeze = 0.55 (in decimal form) 


Number of liters = k (liters) 


Expression: 0.55k 


Note that the algebraic expression uses the decimal form of 55%. That is, you 
compute with 0.55 rather than 55%. 
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Study Tip 


You can check that your alge- 
braic expressions are correct 
for even, odd, or consecutive 
integers by substituting an 
integer for n. For instance, let 
= 5 and you can see that 
2n = 2(5) = 10 is an even 
integer, Jn — It = 2(5) — 1 = 9 
is an odd integer, and 
2n + 1 = 2(5) + 1 =11 is an 
odd integer. 


Hidden operations are often involved when labels are assigned to two 
unknown quantities. For example, suppose two numbers add up to 18 and one of 
the numbers is assigned the variable x. What expression can you use to represent 
the second number? Let’s try a specific case first, then apply it to a general case. 


Specific case: If the first number is 7, the second number is 18 — 7 = 11. 


General case: If the first number is x, the second number is 18 — x. 


The strategy of using a specific case to help determine the general case is often 
helpful in applications. Observe the use of this strategy in the next example. 


Using Specific Cases to Model General Cases 


a. A person’s weekly salary is d dollars. Write an expression for the person’s 
annual salary. 


b. A person’s annual salary is y dollars. Write an expression for the person’s 
monthly salary. 


Solution 
a. Specific Case: If the weekly salary is $300, the annual salary is 52(300) dollars. 


General Case: If the weekly salary is d dollars, the annual salary is 52 - d or 
52d dollars. 


b. Specific Case: If the annual salary is $24,000, the monthly salary is 24,000 + 
12 dollars. 


General Case: If the annual salary is y dollars, the monthly salary is y + 12 
or y/12 dollars. 


In mathematics it is useful to know how to represent certain types of integers 
algebraically. For instance, consider the set {2,4,6,8,. . .} of even integers. 
Because every even integer has 2 as a factor, 


= 2001, $422, 6 Sis 8 = ied =e 


it follows that any integer n multiplied by 2 is sure to be the even number 2n. 
Moreover, if 2n is even, then 2n — | and 2n + | are sure to be odd integers. 

Two integers are called consecutive integers if they differ by 1. For any 
integer n, its next two larger consecutive integers are n + 1 and (n + 1) + 1 or 
n + 2. So, you can denote three consecutive integers by n, n + 1, andn + 2. 
These results are summarized below. 


> Labels for Integers 


Let n represent an integer. Then even integers, odd integers, and consec- 
utive integers can be represented as follows. 


1, 2n denotes an even integer forn = 1,2,3,.... 


2. 2n — 1 and 2n + 1 denote odd integets for 7? —1 2 oe 


3. {n,n + 1,n+2,. . .} denotes a set of consecutive integers. 


| Figure P.9 
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Constructing a Mathematical Model 


Write an expression for the following phrase. 


The sum of two consecutive integers, the first of which is n 


Solution 


The first integer is n. The next consecutive integer is n + 1. So the sum of two 
consecutive integers is 


n+(n + 1) >2n + 1. 


Sometimes an expression may be written directly from a diagram using a 
common geometric formula, as shown in the next example. 


=<luil2)(a ie =A Geometric Application 


For Figure P.9, write expressions for the following. Simplify your results. 
a. The perimeter of the figure b. The area of the figure 


Solution 
a. The perimeter P is 


P=3x+3+2x+x+2+(¢+ 3) 
= 7he ar tee Combine like terms. 


b. Using the dotted line, there are two rectangles with areas A, and A,, so the area 
of the figure is A, + A). 


Ane tel (2x) (OSX) Substitute values for A, and A. 
= 2x + 9x Multiply. 
= 1lx Combine like terms. 
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Developing Skills 


In Exercises 1-24, translate the verbal phrase into an 
algebraic expression. See Examples 1-3. 


1. The sum of 8 and a number n 


SAN HADNm BR WH NY 


—_ 
—) 


—_= —_ 
Nn 


= = 
nn be WwW 


_ 
nN 


17. 
18. 
19. 
20. 
21. 


22. 
23. 


24. 


. Five more than a number n 

. The sum of 12 and twice a number n 

. The total of 25 and three times a number n 

. Six less than a number n 

. Fifteen decreased by three times a number n 

. Four times a number n minus 3 

. The product of a number y and 10 is decreased by 35. 
. One-third of a number n 

. Seven-fifths of a number n 


. The quotient of a number x and 6 
. The ratio of y to 3 


. Eight times the ratio of N and 5 
. Twenty times the ratio of x and 9 


. The number c is quadrupled and the product is 


increased by 10. 


. The number u is tripled and the product is increased 


by 250. 

Thirty percent of the list price L 

Forty percent of the cost C 

The sum of a number and 5, divided by 10 

The sum of 3 and four times a number x, divided by 8 


The absolute value of the difference between a num- 
ber and 5 


The absolute value of the quotient of a number and 4 


The product of 3 and the square of a number is 
decreased by 4. 


The sum of 10 and one-fourth the square of a number 


In Exercises 25-40, write a verbal description of the 
algebraic expression without using the variable. See 


Example 4. 

I, ff = 2D 2650) 
IDE, Sar OO) 25.1 2yi + 3 
295 3% 2 Bt, abe = & 
Le 2902 


2, 8 


33. $x B48: 
35.08%) 36. —3(x + 2) 
se ce NO daa 

£y/3 os 38. 3 
39. x(x + 7) 40. x? + 2 


In Exercises 41-64, write an algebraic expression that 
represents the specified quantity in the verbal state- 
ment, and simplify if possible. See Examples 5-10. 


41. The amount of money (in dollars) represented by n 
quarters 


42. The amount of money (in dollars) represented by x 
nickels 

43. The amount of money (in dollars) represented by m 
dimes 

44. The amount of money (in cents) represented by x 
nickels and y quarters 

45. The amount of money (in cents) represented by m 
nickels and n dimes 

46. The amount of money (in cents) represented by m 
dimes and n quarters 


47. The distance traveled in ¢t hours at an average speed 
of 55 miles per hour 


48. The distance traveled in 5 hours at an average speed 
of r miles per hour 


49. The time to travel 100 miles at an average speed of r 
miles per hour 


50. The average rate of speed when traveling 360 miles 
in ¢ hours 

51. The amount of antifreeze in a cooling system con- 
taining y gallons of coolant that is 45% antifreeze 

52. The amount of water in g quarts of a food product 
that is 65% water 

53. The amount of wage tax due for a taxable income of 
I dollars that is taxed at the rate of 1.25% 

54. The amount of sales tax on a purchase valued at L 
dollars if the tax rate is 6% 


55. The sale price of a coat that has a list price of L dol- 
lars if it is a “20% off” sale 
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56. The total cost for a family to stay one night at a 
campground if the charge is $18 for the parents plus 
$3 for each of the n children 

57. The total hourly wage for an employee when the 
base pay is $8.25 per hour plus 60 cents for each of 
q units produced per hour 


58. The total hourly wage for an employee when the 
base pay is $11.65 per hour plus 80 cents for each of 
q units produced per hour 


59. The sum of a number n and three times the number 


Solving Problems 


Geometry \n Exercises 65-68, write an expression for 
the area of the region. 


67. 68. 


4 
sh 12 


In Exercises 69-72, write expressions for the perimeter 
and area of the region. Simplify the expressions. See 
Example 11. 


60. The sum of three consecutive integers, the first of 
which is n 


61. The sum of two consecutive odd integers, the first of 
which is 2n + 1 

62. The sum of two consecutive even integers, the first of 
which is 2n 

63. The product of two consecutive even integers, divid- 
ed by 4 


64. The difference of two consecutive integers, divided 
by 2 


73. Geometry Write an expression that represents the 
area of the top of the billiard table in the figure. What 
is the unit of measure for the area? 


(1-6 
Seeman 
74. Geometry Write an expression that represents the 


area of the advertising banner in the figure. What is 
the unit of measure for the area? 


_}-< ANNUAL PICNIC TOMORROW 


—————- & ti >| 


|~ 1 ft 


ra, 
N59862 


tw ft 


75. Finding a Pattern Complete the table. The third 
row contains the differences between consecutive 
entries of the second row. Describe the pattern of the 
third row. 


Differences _ 
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76. 


79: 
80. 
81. 


82. 
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Finding a Pattern Complete the table. The third 


row contains the differences between consecutive 
entries of the second row. Describe the pattern of the 
third row. 


Explaining Concepts 


The phrase reduced by implies what operation? 
The word ratio indicates what operation? 
Which are equivalent to 4x? 

(a) x multiplied by 4 

(b) x increased by 4 

(c) the product of x and 4 

(d) the ratio of 4 and x 


When each phrase is translated into an algebraic 
expression, is order important? Explain. 


(a) y is multiplied by 5 
(b) 5 is decreased by y 
(c) y divided by 5 

(d) the sum of 5 and y 


TT 


78. 


83. 


84. 


Finding a Pattern Using the results of Exercises 
75 and 76, guess the third-row difference that would 
result in a similar table if the algebraic expression 
were an + b. 


Think About It Find a and b such that the expres- 


sion an + b would yield the following table. 


(=) 


bi fi 


i 


ene | 4 5 
11 | 15) 19 | 23 


OW 


When translating a statement into an algebraic 
expression, explain why it may be helpful to use a 
specific case before writing the expression. 


If n is an integer, how are the integers 2n — 1 and 
2n + | related? Explain. 


Key Terms 


set, p.2 nonnegative real number, 
real numbers, p.2 p.4 

subset, p.2 inequality symbols, p.5 
natural numbers, p.2 absolute value, p.7 
integers, p.2 opposites, p.7 


~ whole numbers, p.2 
fractions, p.3 

rational numbers, p.3 
irrational numbers, p.3 
real number line, p.4 
origin, p.4 


additive inverses, p.7 
sum, p.11 
difference, p.717 
least common 
denominator, p.12 
product, p.13 


Key Concepts 


_ Order on the real number line 


If the real number a lies to the left of the real number Db 
~ on the real number line, then a is less than b, which is 
written asa < Db. 


Distance between two real numbers 


If a and b are two real numbers such that a < b, then 
_ the distance between a and b is given by 


(Distance between a and b) = b — a. 


Addition of two real numbers 


. To add two real numbers with like signs, add their 
absolute values and attach the common sign to the 
result. 


. To add two real numbers with unlike signs, subtract 
the smaller absolute value from the greater absolute 
value and attach the sign of the number with the 
greater absolute value. 


_ Subtraction of two real numbers 


To subtract the real number b from the real number a, 
add the opposite of b to a. That is, 


a b). 


2 Addition and subtraction of fractions 


1. Like Denominators: The sum and difference of two 
fractions with like denominators are as follows. 


factor, p.13 

reciprocal, p.14 

quotient, p.74 

dividend, p.74 

divisor, p.14 

numerator, p.14 
denominator, p.14 
exponential form, p.75 
base, p.75 

exponential notation, p.75 


variables, p.37 

algebraic expressions, p.37 
variable terms, p.31 
constant term, p.37 
coefficient, p.37 

like terms, p.33 

simplify, p.33 


consecutive integers, p.44 


2. Unlike Denominators: To add or subtract two frac- 
tions with unlike denominators, first rewrite the frac- 
tions so that they have the same denominator and 
then apply the first rule. 


Multiplication of two real numbers 


1. To multiply two real numbers with like signs, find 
the product of their absolute values. The product is 
positive. 

2. To multiply two real numbers with unlike signs, find 
the product of their absolute values, and attach a 
minus sign. The product is negative. 

3. The product of zero and any other number is zero. 


Multiplication of two fractions 

The product of the two fractions a/c and b/d is given by 
22 2 

ed vcd 


- Division of two real numbers 


To divide the real number a by the nonzero real number 
b, multiply a by the reciprocal of b. That is, 
1 


oo at 


Order of operations 


To evaluate an expression involving more than one 
operation, use the following order. 


1. Do operations that occur within symbols of grouping. 
2. Evaluate powers. 
3. Do multiplications and divisions from left to right. 


4. Do additions and subtractions from left to right. 
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CHAPTER SUMMARY 


Key Concepts (continued) 


g P.3 Properties of real numbers 
Let a, b, and c represent real numbers, variables, or 
algebraic expressions. 

Commutative Property of Addition: 
atb=bta 

Commutative Property of Multiplication: 
ab = ba 

Associative Property of Addition: 
(at+b)+c=at(bt+oc) 
Associative Property of Multiplication: 
(ab)c = a(bc) 

Distributive Property: 


a(b + c) = ab+ac a(b — c) = ab — ac 


(a + b)c = ac + bc (a — ble = ac — be 
Additive Identity Property: 
a+O=a 


Multiplicative Identity Property: 
a:le1-*a=a 


Additive Inverse Property: 


a + (—a) =0 
Multiplicative Inverse Property: 
a Ae 1 azF.0 

a 


Addition Property of Equality: 

Ifa =b,thnat+c=b+c. 
Multiplication Property of Equality: 

If a = D, then ac = be. 
Cancellation Property of Addition: 

Ifa+c=b+c,thena =b. 
Cancellation Property of Multiplication: 

If ac = be andc # 0, thena = b0-a=0 
Multiplication Property of Zero: 


50 


0 
Division Property of Zero: os 0, azFO0 
Division by Zero Is Undefined: ; is undefined. 


Multiplication by — 1: 

(Die) = a; (ii-a) 
Placement of Negative Signs: 

(—a)(b) = —(ab) = (a)(—b) 
Product of Two Opposites: 

(—a)(—b) = ab 


P.4 Rules of exponents 


Let m and n be positive integers, and let a and b be real 
numbers, variables, or algebraic expressions. 


1. To multiply two exponential expressions that have 
the same base, add the exponents. 


m 1 TT tt 
(8 ers 9 cree & 


2. To raise a product to a power, raise each factor to the 
power and multiply the results. 


(ab) = q"pm 


PS Translating key words and phrases 


Addition: sum, plus, greater than, increased by, more 
than, exceeds, total of 


Subtraction: difference, minus, less than, decreased by, 
subtracted from, reduced by, the remainder 


Multiplication: product, multiplied by, twice, times, 
percent of 


Division: quotient, divided by, ratio, per 


eS Labels for integers 


Let n represent an integer. Then even integers, odd inte- 
gers, and consecutive integers can be represented as fol- 
lows. 

1. 2n denotes an even integer for n = 1, 2,3 


gee ore! eure 


2. 2n — | and 2n + | denote odd integers for 
Nid 22 oes a 


3 in, n+1,n+2,. . .} denotes a set of consecutive 
integers. 


REVIEW EXERCISES 


Review Exercises 51 


Reviewing Skills~ 


In Exercises 1-4, plot the real numbers on a real 
number line and place the correct inequality symbol 
(< or >) between them. 


1, —5 3 
8 2 
oes oh 


Diy Bi = 5 
4. 8.4 12 


In Exercises 5-8, find the distance between each pair of 
real numbers. 


5. 9 and —2 
jee rand 612 


6. —7 and 4 
8. —8.4 and —0.3 


In Exercises 9-12, determine the absolute value of the 


expression. 
9, |-5| 10. |6| 
| 722 | 123 —5.6| 


In Exercises 13-34, evaluate the expression. If it is 
not possible, state the reason. Write all fractions in sim- 


plified form. 


13215 +:(-4) 14 1243 
15s 340) 2115) 1-5 16. — 154 + 86 — 240 
7. —O35eH2157, 18. 14.35 — 10.3 
Ist 20 snot te 
aoe 1 DD gsr: 
23. 83 — 63 24. -2% + 55 
Doce fe 4 26. (—8)(—3) 
Hie, 104 Nie en 28. (— 16)(—15)(—4) 
29. 5° (—i5) 30. 31° 5 
= 50 85 
31. re 32. 7 
3. -& = (-B 34, Fo 
In Exercises 35-40, evaluate the exponential expression. 
35. (—6)° 3610 G3)! 
aT ea 38. 2° 
39 —(=2)° 40. (—3) 


In Exercises 41-44, use the order of operations to eval- 
uate the expression. 


41. 120 — (52-4) 42. 45 — 45 + 3? 


43. 8 + 3/62 — 2(7 —4)] 
44, 24 — [10 + 6(1 — 3)?] 


In Exercises 45-50, name the property of real 
numbers that justifies the statement. 


45. 13 —13=0 46. 7(4) = 1 
47.7199 + 3)=7-94+7-3 

48. 15(4) = 4(15) 
49.5+(4-y)=(5+4)-y 

50. 6(4z) = (6 - 4)z 


In Exercises 51-54, identify the property of real num- 
bers that is illustrated by the equation. 


51. (u — v)(2) = 2(u — v) 
52. 4+ y)+0=x+y 
53. 8 —y) = 8= x — 8 = 
54. x(yz) = (w)z 


In Exercises 55-58, expand the expression by using the 
Distributive Property. 


55. —(-—u + 3y) 
Sie voy 10) 


56. —5(2x — 4y) 
58. x(3x + 4y) 


In Exercises 59-64, use the rules of exponents to 
simplify the algebraic expression. 

59. x2 -x*x 60. 6x? + x 

61. (xy)(—3x’y’) 62. (12x*y)(3x2y*) 

63. (Sab)(25a°) 64. 3ur(— 2uv’)? 


In Exercises 65-68, simplify the algebraic expression by 
combining like terms. 


(Ssh. [be = Bye 
67. 310 = DVEe Ty = 3 


66. 25y + 32y 
68. 7r —-4-—9 + 3r 


In Exercises 69-74, simplify the algebraic expression 
using the Distributive Property. 

69. 5(x — 4) + 10 OPIS = tet 2) 

th BPS aad We 3) 72. 30x — (10x + 80) 
73:03 +4 5(bi—ra) | 742 en Si Gi tie of 
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In Exercises 75 and 76, evaluate the algebraic expres- 
sion for the specified values of the variable(s). If not 
possible, state the reason. 


Expression Values 
They 32 hp) (anes 039 (Db) a0 
x 
; = 0, = 3 
76 aaror (Qy) a y 
(ee sh hae 


‘i= \n Exercises 77-80, translate the verbal phrase 
into an algebraic expression. (Let n represent the arbi- 
trary real number.) 


77. Two hundred decreased by three times a number 

78. One hundred increased by the product of 15 and a 
number 

79. The sum of the square of a number and 49 


80. The absolute value of the sum of a number and 10, 
divided by 2 


Solving Problems 


Graphical Interpretation \n Exercises 89 and 90, use 
the figure, which shows the expenditures (in billions of 
dollars) for advertising for various media in 1996. 
(Source: McCann-Erickson, Inc.) 


89. Determine the combined expenditures for advertis- 
ing for the five media. 


90. What is the difference between expenditures for tele- 
vision and for radio? 


Yellow 
pages 


A Newspapers 
Radio 


Television Magazines 


Numerical Interpretation \n Exercises 91-94, use the 
following information. The numbers (in millions) of 
revenue passengers enplaned in 1996 in the top six air- 
ports in the United States are Atlanta/Hartsfield 
(30.8), Chicago/O’Hare (30.5), Dallas/Ft. Worth 


In Exercises 81-84, write a verbal description of the 
algebraic expression without using the variable. 


81. 2y + 7 Ww, Sa = 3 
y= S 


4 84. —3(a — 10) 


83. 


In Exercises 85-88, construct an algebraic expression 
that represents the quantity given by the verbal state- 
ment. 


85. The amount of income tax on a taxable income of J 
dollars when the tax rate is 18% 


86. The distance traveled when you travel 8 hours at the 
average speed of r miles per hour 


87. The area of a rectangle whose length is / inches and 
whose width is 5 units less than the length 


88. The sum of three consecutive odd integers, the first 
of which is 2n + 1 


(26.6), Denver International (15.2), Los Angeles 
International (22.7), and San Francisco International 
(15.2). (Source: U.S. Bureau of Transportation 
Statistics) 


91. Find the volume difference between the airports with 
the greatest and smallest passenger volumes. 


92. Determine the total number of passengers using the 
Six airports. 

93. Rank the airports from greatest to smallest passenger 
volume. Sketch a bar graph of the data. 


94. There were approximately 381,000 aircraft depar- 
tures from O’ Hare in 1996. Approximate the average 
number of passengers per plane. 


95. Total Charge You purchase a product and make a 
down payment of $239 plus nine monthly payments 
of $45 each. What is the total amount you paid for 
the product? 


96. Total Charge You purchase a product and make a 
down payment of $387 plus 12 monthly payments of 
$68 each. What is the total amount you paid for the 
product? 
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Figure for 19 


alte 


ke this test as you would take a test in class. After you are done, check your 


work against the answers given in the back of the book. 


1. Place the correct symbol (< or >) between the numbers. 


3 


@ —; Rl —|-3| ©) -; a -3 


2. Find the distance between — 6.2 and 5.7. 


In Exercises 3-10, evaluate the expression. 
3. -14+9-15 . 2+ (-2) 
Sa 22253150) 6. (—3)(4)(—5) 
7 8 ieree ts 
7. (~76)(—3) Sig eae, 
Bile ne ie 
Plea ae 
» (2) w £=S4 15 
11. Name the property of real numbers demonstrated by the equation. 


12. 


In 


13. 
14. 
15. 
16. 


17. 


18. 


19. 


20. 


21. 


22. 


1 
(OES) PSO SNe 
. Rewrite the expression 5(2x — 3) using the Distributive Property. 


Exercises 13-16, simplify the expression. 
(Gx yay) 

3x2 — 2x — 5x2 + Tx - 1 

a(5a — 4) — 2(2a* — 2a) 

At — [3t — (10t + 7)] 


Explain the meaning of “evaluating an expression.” Evaluate the expression 
4 — (x + 1)? for the given value of x. 


(ae ==. (b) x = 3 
Translate the following statement into an algebraic expression. 
“The product of a number n and 5 is decreased by 8.” 
Write algebraic expressions for the perimeter and area of the rectangle shown 


at the left. Then simplify the expressions. 


Write an algebraic expression for the sum of two consecutive even integers, 
the first of which is 2n. 

It is necessary to cut a 144-foot rope into nine pieces of equal length. What 
is the length of each piece? 

A cord of wood is a pile 4 feet high, 4 feet wide, and 8 feet long. The volume 
of a rectangular solid is its length times its width times its height. Find the 
number of cubic feet in 5 cords of wood. 


SAHIN NATE SESS SEEN A 


Pe dear nips Se 


«t 


a 
g- 
vy 
ie] 
aQ 
~ 
(=) 
g 
m7) 
ay 
a 
ne) 
< 
he 
U 
3 
o 
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Motivating the Chapter 


rie 


wy Cable Television and You 


You are having cable television installed in your house. You need to decide if 
you will purchase one or more premium movie channels or pay-per-view 
movies. You will not have both. Standard service is $31.20 per month and is 
required if you want a premium movie channel or pay-per-view movies. Each 

| premium movie channel is $11.91 per month, and pay-per-view is $2.99 per 
month plus $3.95 per movie. 


See Section 1.3, Exercise 86 


a. Write a verbal model that gives the monthly cost of cable television based 
on the number of premium movie channels that you order. 


_ b. Write an algebraic equation for your verbal model from part (a). Create a 
table that shows the amount paid per month for one, two, three, four, and 
five premium movie channels. 


. Write a verbal model that gives the monthly cost of cable television based 
on the number of pay-per-view movies you watch. 


. Write an algebraic equation for your verbal model from part (c). Create a 
table that shows the amount paid per month for one, two, three, four, five, 
six, seven, and eight pay-per-view movies. 

. If you are paying for two premium movie channels, what percent of your 

_ bill goes to paying for these movie channels? 


See Section 1.4, Exercise 121 


f. Your budget allows you to spend at most $50 per month on cable televi- 
sion. Use the algebraic model from part (b) to determine the number of 
premium movie channels you could purchase each month. 


g. Your budget allows you to spend at most $50 per month on cable televi- 
sion. Use the algebraic model from part (d) to determine the number of 
pay-per-view movies that you could watch each month. Compare this with 

_your answer to part (f). Which option would you choose, and why? 


55 


56 Chapter 1 Linear Equations and Inequalities 


Check the solution of an 
equation. 


Study Tip _ 


: gest you write a question 


en checking a solution, we 


introduction 


An equation is a statement that equates two mathematical expressions. Some 
examples are 


x= 4, 43 = 15, - 2x1 =) 8i= 24), and eee on 


Solving an equation involving a variable means finding all values of the variable 
for which the equation is true. Such values are solutions and are said to satisfy 
the equation. For instance, 3 is a solution of 4x + 3 = 15 because 4(3) + 3 = 15 
is a true statement. 

The solution set of an equation is the set of all solutions of the equation. 
Sometimes, an equation will have the set of all real numbers as its solution set. 
Such an equation is an identity. For instance, the equation 


2x — 8 = 2(x — 4) Identity 


is an identity because the equation is true for all real values of x. Try values such 
as 0, 1, —2, and 5 in this equation to see that each one is a solution. 

An equation whose solution set is not the entire set of real numbers is called 
a conditional equation. For instance, the equation 


2716 0 Conditional equation 


is a conditional equation because it has only two solutions, 4 and — 4. Example 1 
shows how to check whether a given value is a solution. 


@eluyetaa| |) Checking a Solution of an Equation — 


Decide whether —3 is a solution of —3x — 5 = 4x + 16. 


Solution 
moe 4x + 16 Original equation 
=3(=3) —5 a 4(—3) + 16 Substitute —3 for x. 
Oo] 5 ts = 12-516 Simplify. 
A= 4 Solution checks, / 


Because both sides turn out to be the same number, you can conclude that —3 is 
a solution of the original equation. Try checking to see whether —2 is a solution. 


SRE ITED SALINE 


Section 1.1 Linear Equations 57 


It is helpful to think of an equation as having two sides that are “in balance.” 
Consequently, when you try to solve an equation, you must be careful to main- 
tain that balance by performing the same operation(s) on both sides. 

Two equations that have the same set of solutions are equivalent equations. 
For instance, the equations x = 3 and x — 3 = 0 are equivalent equations 
because both have only one solution—the number 3. When any one of the four 
techniques in the following list is applied to an equation, the resulting equation is 
equivalent to the original equation. 


> Forming Equivalent Equations: Properties of Equality 


A given equation can be transformed into an equivalent equation using 
one or more of the following procedures. 


Original Equivalent 
Equation Equation 
1. Simplify Each Side: Remove sym- 4x -—x=8 3x = 8 
bols of grouping, combine like 
terms, or simplify fractions on one 
or both sides of the equation. 
2. Apply the Addition Property of r= 3= x=8 
Equality: Add (or subtract) the 
same quantity to (from) both sides 
of the equation. 
3. Apply the Multiplication Property of 3x = 12 x=4 
Equality: Multiply (or divide) both 
sides of the equation by the same 
nonzero quantity. 
4. Interchange Sides: Interchange the ioc pt 


two sides of the equation. 


When solving an equation, you can use any of the four techniques for form- 
ing equivalent equations to eliminate terms or factors in the equation. For exam- 
ple, to solve the equation 


x +4 =2, 


you need to remove the term +4 from the left side. This is accomplished by sub- 
tracting 4 from both sides. 


x+4=2 Original equation 
x+4-4=2-4 Subtract 4 from both sides. 
ect mena Combine like terms. 
x=-2 Simplify. 


Although this solution involved subtracting 4 from both sides, you could just as 
easily have added —4 to both sides. Both techniques are legitimate—which one 
you decide to use is a matter of personal preference. 
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Solve a linear equation in 
standard form. 


Study Tip 


Be sure you see that solving an 
equation such as the one in 
Example 2 has two basic steps. 
The first step is to find the 
solution(s). The second step is 
to check that each solution you 
find actually satisfies the origi- 
nal equation. You can improve 
your accuracy in algebra by 
developing the habit of checking 
each solution. 


Solving Linear Equations in Standard Form 


The most common type of equation in one variable is a linear equation. 


> Definition of Linear Equation 


A linear equation in one variable x is an equation that can be written in 
the standard form 


ax +b=c Standard form 


where a, b, and c are real numbers with a # 0. 


A linear equation in one variable is also called a first-degree equation 
because its variable has an implied exponent of 1. Some examples of linear equa- 
tions in the standard form ax + b = c are 3x + 2 = O and 5x — 4 = —6. 

Remember that to solve an equation in x means that you are to find the val- 
ues of x that satisfy the equation. For a linear equation in the standard form 


ax +b=c 
the goal is to isolate x by rewriting the standard equation in the form 
x = (a number). 


Beginning with the original equation, you write a sequence of equivalent equa- 
tions, each having the same solution as the original equation. 


Example 2 Solving a Linear Equation in Standard Form 


Solve the equation 4x — 2 = 10. 


Solution 
4x —-2 = 10 Original equation 
4y a? = 10-2 Add 2 to both sides. 
4x = 12 Combine like terms. 
4x 12 
ue = ra Divide both sides by 4. 
x=3 Simplify. 


It appears that the solution is 3. You can check this as follows. 


Check 
4x -2= 10 Original equation 
AC) as 10 Substitute 3 for x. 
(eee. 10 Simplify. 
100 Solution checks. / 
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You know that 3 is a solution of the equation in Example 2, but at this point 
you might be asking, “How can I be sure that the equation does not have other 
solutions?” The answer is that a linear equation in one variable always has 
exactly one solution. You can show this with the following steps. 


ax+b=c Original equation, with a # 0 
ax +. b—b=e>b Subtract b from both sides. 

ax=c-—b Combine like terms. 
aie = Io) 
ie a ae Divide both sides by a. 

a a 

eed Simplif 
x= implify. 
a pity 


It is clear that the last equation has only one solution, x = (c — b)/a. Because the 
last equation is equivalent to the given equation, you can conclude that every 
linear equation written in standard form in one variable has exactly one solution. 


Solving a Linear Equation in Standard Form 


Solve the equation 2x — 3 = —S. 
Solution 
Die = 3) = Original equation 
24 SBP B= = 5 3 Add 3 to both sides. 

2xi aii Combine like terms. 
a = eee Divide both sides by 2. 
2 2 
x=-1 Simplify. 


The solution is — 1. Check this in the original equation, as follows. 


Check 


De = 3S = 5) Original equation 
X= 1) a 6) Z =) Substitute —1 for x. 
== ¥ =D Simplify. 
=== 5 Solution checks. / 


As you gain experience in solving linear equations, you will probably be able 
to perform some of the solution steps in your head. For instance, in Example 3, 
you might write only the following steps. 


De = — 5 Original equation 
i — Add 3 to both sides. 


x=-1 Divide both sides by 2. 
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2 . : . 
Solve a linear equation in 
nonstandard form. 


Study Tip 


Remember that the goal in solv- 
ing any linear equation is to 
rewrite the given equation so 
that all the variable terms are 
on one side of the equal sign 
and all constant terms are on 
the other side. 


Linear Equations and Inequalities 


Solving Linear Equations in Nonstandard Form 


Linear equations often occur in nonstandard forms that contain symbols of group- 


ing or like terms that are not combined. Here are some examples. 


x+2=2x—6, 61) =2y =3, 0-2 


The next three examples show how to solve these linear equations. 


et elta7) | Solving a Linear Equation in Nonstandard Form 


Kah 2px 2 O Original equation 
=O Kiaes Gat i ete Add — 2x to both sides. 
= 0 Combine like terms. 
X14. 2a = Oa Subtract 2 from both sides. 
=x = —8 Combine like terms. 
(S)(]x) =.) 8) Multiply both sides by —1. 
x= 8 Simplify. 


The solution is 8. Check this in the original equation. 


In most cases, it helps to remove symbols of grouping as a first step in solv- 
ing an equation. This is illustrated in Example 5. 


Solving a Linear Equation That Contains Parentheses 


6(y — 1) =2y —3 
6y— 6 = 2y — 3 
OVE e2 yr 6 ==) yea ys 


Original equation 
Distributive Property 


Subtract 2y from both sides. 


AY ee Ore) Combine like terms. 
4y-6+6=-3+6 Add 6 to both sides. 
ay = 3 Combine like terms. 
eee ms ; 
A a Divide both sides by 4. 
3 
ie 4 Simplify. 


The solution is a Check this in the original equation. 


Study Tip 

A different approach to Example 
7 would be to begin by multiply- 
ing both sides of the equation 

by 100. This would clear the 
equation of decimals to produce 


12x + 9(5000 — x) = 51,300. 


Try solving this equation to 
see that you obtain the same 
solution. 


Section 1.1. Linear Equations 61 
If a linear equation contains fractions, we suggest that you first clear the 


equation of fractions by multiplying both sides of the equation by the least com- 
mon denominator (LCD) of the fractions. 


5 


= LG OR 23 
Example 6 


Solving a Linear Equation That Contains Fractions 


Xx X 
Solve th KOS =P Sr 
olve the equation ig’ 4 2 
Solution 
Be Go™ 55 2 
i8 Zh Original equation 
a Sh 
oS + *) = 36(2) Multiply both sides by LCD of 36. 
x Ox 
36-— "+ 36 — = 36(2) Distributive Property 
18 4 
Die LIS = [7 Simplify. 
29x = 72 Combine like terms. 
DON ve _ ; 
979 = 29 Divide both sides by 29. 
x= ee Simplif, 
39 implify. 


The solution is 2 Check this in the original equation. 


The next example shows how to solve a linear equation involving decimals. 
The procedure is basically the same, but the arithmetic can be messier. 


| Example Z Solving a Linear Equation Involving Decimals 
Solve the equation 0.12x + 0.09(5000 — x) = 513. 


Solution 
0.12x + 0.09(5000 — x) = 513 


Osl25 74505010978 — 513 
0.03x + 450 = 513 
0.030542 450% 450! ="513-— 450 


Original equation 
Distributive Property 
Combine like terms. 


Subtract 450 from both sides. 


0.03x = 63 Combine like terms. 

OO =. OF Divide both sides by 0.03 

0.03 0.03 ivide both sides by U.U5. 
x = 2100 Simplify. 


The solution is 2100. Check this in the original equation. 
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Study Tip Some equations in nonstandard form have no solution or infinitely many 
solutions. These cases are illustrated in Example 8. 

Avoid the temptation to first 

divide an equation by x. You 

may obtain an incorrect solution, iS etiys){s.3 | Solving Linear Equations: Special Cases 


as in the following example. 
Solve the following equations. 


7x = —4x Original equation 
a. 2x — 4 = 2(x — 3) 
7x _ _ 4X Divide both 
Xo a Sides-by x. b. 3x + 2 + 2(x — 6) = 5(x — 2) 
7 = —4 _ False statement Solution 
The false statement indicates a, 2x — 4 = 2(x — 3) Original equation 
that there is no solution. 
; 5 -—-4= = Distributive P rt 
However, when the equation is 2x — 4 = 2x — 6 Sy Laem 
solved correctly, the solution is —4=—-6 Subtract 2x from both sides. 
ae Because the last equation is a false statement, you can conclude that the orig- 
= an inal equation has no solution. 
7x + 4x = —4x + 4x b. 3x + 2 + 2(x — 6) = 5(x — 2) Original equation 
fixe 0) Oi 42 eee le — x 10 Distributive Property 
dix. 9: 5X = 10)— 5x = 10 Combine like terms. 
a u Sue = Sie = 10 = Ser = Sep =A 11) Subtract 5x from both sides. 
os 0 = 10 Simplify. 


Because the last equation is true for any value of x, the equation is an identity, 
and you can conclude that the original equation has infinitely many solutions. 


Analyzing and Interpreting 
_ Equations 


Classify each of the following equations as an identity, a conditional 
equation, or an equation with no solution. Compare your conclusions 
with those of the rest of your class and discuss the reasons for each 
conclusion. 


a. 2k ~ 3 = 4 2x 

b. x + 0.05x = 37.75 

, 5x(3. + x)= 15x 4 5x2 

Discuss possible realistic situations in which the equations you 
classified as an identity and a conditional equation might apply. Write 


a brief description of these situations and explain how the equations 
could be used. 
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Section 1.1 


Linear Equations 


Integrated Review 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 


In Exercises 1-4, identify the property illustrated 
by the equation. 


1. 5t+x=x+5 Le sere a 
3. Gly —12)ee Or 16 2 

“As i3-+ (4 x) = (3 t 4) + x 
Simplifying Expressions 

In Exercises 5-10, evaluate the expression. 


75, 4 — |=3| 6-10 4 — 18) 


Developing Skills 


~ In Exercises 1-8, decide whether each value of the vari- 
able is a solution of the equation. See Example 1. 


Equation Values 
3x = a — 2 (a) x = 0 
(b) x =3 
2.5x+9=4 (a) x= -1 
(b) x = 
3. x + 8 = 3x (a) x = 
(b) x = -—4 
4° [04 —3-="]x (a) x= 
(Ox — I 
53x + 3= 2(x - 4) (GE) SS 
(b) x =5 
67a ee 5) (a) x =2 
(b) x = 13 
1. 1x =3 (a) x= -4 
(b) x = 12 
ee 2) = 5 (@) y= 3 
(b) y = —5.5 


Concepts, Skills, and Problem Solving 


7. 3 e 20) ; 
9. 6(73) 
Problem Solving 
11. You plan to save $75 per month for 20 years. 


How much money will you set aside during the 
20 years? 


12. It is necessary to cut a 135-foot rope into 15 
pieces of equal length. What is the length of 
each piece? 


In Exercises 9-12, identify the equation as a condition- 
al equation, an identity, or an equation with no 
solution. 

O38 

10. 2x + 8 = 6x 

11. 5% + 3) = 2x + 3@ +5) 

12. 3x+4=4x4 12 


In Exercises 13-16, determine whether the equation is 
linear. If not, state why. 


13. 3x + 4 = 10 14.2+3=8 
IS. = -3=5 16. 3(x — 2) = 4x 


In Exercises 17-20, justify each step of the solution. 


a7: axe 10 Original equation 
Seth She los shake 
3x == 15 
Bh dasil 
3 3 
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18. 


19. 


20. 


Chapter 1 Linear Equations and Inequalities 
(be FA ae) Original equation 
ie PAR eS PAL Oe 2A 
1S SPM 
dz 
q/ 7 
BS 8 
Se aye 1p Original equation 
reuters 2a 2) 
ig ea 
ee 2 le 
pr? 
et 
2 
Tidy "085 Fas NY) d Original equation 
ip) = Bye hee ae oh 
pes econ ahs 
Zo =10=— 10 + 3x > 10 
ls) Si 
(Wat 
5 3) 
=X 


In Exercises 21-80, solve the equation and check the 
result. (If it has no solution, state the reason.) See 


Examples 2-8. 

21x — 35=20 19 te a a) 

23. 3x = 12 24. —14x = 28 
25. —6y = 4.2 26. 0.5t = 7 

27. ox + 4=0 28. 8z — 10 = 0 
292 ST 30. 3 — 2y=5 
314y— 7 = —11 32, Sy 2-6 


81. 


82. 


83. 


Solving Problems 


Number Problem The sum of two 
integers is 251. Find the integers. 


consecutive 


Number Problem The sum of two 
integers is 137. Find the integers. 


consecutive 


Number Problem The sum of two 
even integers is 166. Find the integers. 


consecutive 


SRE 
35. 
SIE 
39. 
41. 
43. 
45. 
47. 
49. 
Si: 
53. 
See 
Sie 
59. 
60. 
61. 
62. 


63. 
65. 


67. 


69. 
71. 


TES 


74. 


76. 
78. 
79. 
80. 


84. 


85. 


—5(x — 10) = 6(x — 10) 
A(x + 7) —9 = 5(x — 4) 
A(x) = —2(x + 7) — 2% 


23x —-4= 42 34. 15x — 18 = 27 

Sf 8 = 2 36.010 — 645 
Sra OF 20) ob 38. 3y + 14 = y+ 20 
A ps Sd x od 40. 8 — 7y = 5y -4 
Te = Be = ISK 4252s 16 = 9345 

Ay — 3 = 4y 44, 24—-2x =x 
=f = —16r 46. 4x = —12x 

—9y —4= -9y 48. 6a + 2 = 6a 

8(x — 8) = 24 50. 6(x + 2) = 30 
—4(t + 2) =0 52. 8(z — 8) =0 

3(x — 4) = 7x + 6 54.°—2(¢ 3) = 9 — Se 
8x — 3(x — 2) = 12 56,112 = 6(y -1) — Sy 
5 — (2y — 4) = 15 58. 26 — (3x — 10) = 6 
12(% + 3) = 7(x + 3) 


ine psf fn 
5 10 64. 5 7 
i 3 
f= 5 66.2 +75 =-ip 
t t t t 
ese .-t+== 
5 ep 1 68. 3 1 
OES 11x 1 
2 SSS i aS SS 
5 4 5 70 6 3 2x 
Ix t1=3x-4 72. 
WS = in Sip se 2 
= ~ 
3 4 . 
fi == Shir i 
A nh Tks Ohsue se 1.6) = BA! 
NO3 = O22 = 7.1 Ts L2G p= Os 
65(1 = 2x) = 13 


$(2x — 4) =3(x +3) -4 
(6 — x) =3(4x +5) +2 


Number Problem The sum of two consecutive 


even integers is 626. Find the integers. 


Car Repair The bill for the repair of your car was 
$210. The cost for parts was $162. The cost for labor 
was $32 per hour. How many hours did the repair 
work take? 


86. 


87. 


88. 


89. 


90. 


91. 


Appliance Repair The bill for the repair of your 
refrigerator was $172. The cost for parts was $74. 
The cost for the service call and the first half hour of 
service was $50. The additional cost for labor was 
$16 per half hour. How many hours did the repair 
work take? 


Maximum Height of a Fountain Consider the 
fountain shown in the figure. The initial velocity 
of the stream of the water is 48 feet per second. The 
velocity v of the water at any time f¢ (in seconds) is 
given by v = 48 — 32r. Find the time for a drop of 
water to travel from the base to the maximum height 
of the fountain. (Hint: The maximum height is 


reached when v = 0.) 


sa V = 0 ft/sec 


a 
| oe Ry 
i 


Si 


ti 
i 
i 


4 
A 
4 
: 
a a 
i 


= 48 ft/sec 


ees 


Maximum Height of an Object The velocity v of 
an object projected vertically upward with an initial 
velocity of 64 feet per second is given by 
vy = 64 — 321, where f¢ is time in seconds. When 
does the object reach its maximum height? 


Work-Rate Problem Two people can complete a 
task in t hours, where ¢ must satisfy the equation 
t t 
as dk a 
LOM 15 : 


Find the required time f. 


Work-Rate Problem Two people can complete a 
task in t hours, where t must satisfy the equation 


t t 
oe ag 0 


Find the required time ¢. 


Investigation The length of a rectangle is ¢ times 
its width. So, the perimeter P is given by 
P = 2w + 2(tw), where w is the width of the rectan- 
gle. The perimeter of the rectangle is 1200 meters. 
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Figure for 91 


(a) Complete the table of widths, lengths, and areas 
of the rectangle for the specified values of t. 


(b) Use the table to write a short paragraph describ- 
ing the relationship among the width, length, and 
area of a rectangle that has a fixed perimeter. 


92. Geometry The length of a rectangle is 10 meters 


greater than its width. If the perimeter is 64 meters, 
find the dimensions of the rectangle. 


93. Using a Model The average annual expenditures 


per student for primary and secondary public schools 
in the United States from 1990 to 1997 can be 
approximated by the model 


y = 207 + 4962, 051457 


where y represents expenditures in dollars and ¢ rep- 
resents the year, with t = 0 corresponding to 1990 
(see figure). According to this model, during which 
year did the expenditures first reach $5500? Explain 
how to answer the question graphically, numerically, 
and algebraically. (Source: National Education 
Association) 


Annual expenditures 
per student (in dollars) 


2 3 4 5 
Year (0 < 1990) 


66 


94. 


95. 


96. 


OF; 


98. 
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Using a Model The number of cable television 
subscribers in the United States from 1990 to 1997 
can be approximated by the model 


y=" 4934-1 1.93t a0 laa 


where y represents the number of subscribers (in 
millions) and t represents the year, with t = O corre- 
sponding to 1990 (see figure). According to this 
model, during which year were there 57 million 
subscribers? Explain how to answer the question 
graphically, numerically, and algebraically. (Source: 
Television & Cable Factbook) 


Ra 


warbnlaining Goncen mma 


Explain the difference between a conditional equa- 
tion and an identity. 


Explain how you can decide whether a real number 
is a solution of an equation. 


Explain the difference between evaluating an expres- 
sion and solving an equation. 


Give the standard form of a linear equation. Why is 
a linear equation sometimes called a first-degree 
equation? 
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Total subscribers (in millions) 


102. 


What is meant by equivalent equations? Give an 
example of two equivalent equations. 


In your own words, describe the steps used to trans- 
form an equation into an equivalent equation. 


True or False? Multiplying both sides of an 
equation by 0 yields an equivalent equation. 


True or False? Subtracting 0 from both sides of 
an equation yields an equivalent equation. 
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é Linear Equations and Problem Solving 


1] Use mathematical modeling 
to write an algebraic equation 
representing a real-life situation. 


g on write ae ee 
ms of the problems. 


ymplicated problems in which 


; _ solution. 


ater, you will encounter more 


gebra i is a oe pat of the 


Mathematical Modeling 


In this section you will see how algebra can be used to solve problems that occur 
in real-life situations. This process is called mathematical modeling, and its 
basic steps are shown below. 


Vert Verbal E> Assign ea Algebraic 
‘Dé script n [> Model Labels Equation 


=e Tire) (aul ~Mathematical Modeling ® 


Write an algebraic equation that represents the following problem. Then solve the 
equation and answer the question. 


You have accepted a job at an annual salary of $27,630. This salary 
includes a year-end bonus of $750. If you are paid twice a month, what 
will your gross pay be for each paycheck? 


Solution 


Because there are 12 months in a year and you will be paid twice a month, it fol- 
lows that you will receive 24 paychecks during the year. Construct an algebraic 
equation for this problem, as follows. Begin with a verbal model, then assign 
labels, and finally form an algebraic equation. 


Verbal ped 
2 an 
Model ck Bonus 
Labels: Income for year = 27,630 (dollars) 
Amount of each paycheck = x (dollars) 
Bonus = 750 (dollars) 
Equation: 27,630 = 24x + 750 
27,630 — 750 = Mase se ISO = 150) Subtract 750 from both sides. 
26,880 = 24x Combine like terms. 
26,880 _ 24x Retr ee a 
ae Vv oth sides by 24. 
A AA ivide 1 sides by 
1120 = x Simplify. 


Each paycheck will be $1120. Check this in the original statement of the problem. 
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Solve a percent problem using a Percent Problems 


percent equation. 


Rates that describe increases, decreases, and discounts are often given as per- 
cents. Percent means per hundred, so 40% means 40 per hundred or, equivalent- 
ly, = The word “per” occurs in many other rates, such as price per ounce, miles 
per gallon, revolutions per minute, and cost per share. In applications involving 
percents, you need to convert the percent number to decimal or fraction form 
before performing any arithmetic operations. Some examples are listed below. 


20% | 25% | 334% | 50% | 663% | 75% 


Oz OPP hoes whale eten pe Ubs | 0.66... o> 
yo [aeons peer 


AIH 


The primary use of percents is to compare two numbers. For example, you 
can compare 3 and 6 by saying that 3 is 50% of 6. In this statement, 6 is the base 
number, and 3 is the number being compared to the base number. The following 
model, which is called the percent equation, is helpful. 


Verbal Compared _ Percent _ Base 
Model: number (decimal form) number 


Labels: | Compared number = a 
Percent = p (decimal form) 
Base number = b 


Equation: a= p+ b Percent equation 


Remember to convert p to a decimal value before multiplying by b. 


Solving a Percent Problem 


The number 15.6 is 26% of what number? 


Solution 
Verbal Compared _ Percent _ Base 
Model: number (decimal form) number 


Labels: | Compared number = 15.6 


Percent = 0.26 (decimal form) 
Base number = b 


Equation: 15.6 = 0.26b 


15.6 
noe = Divide both sides by 0.26. 
60 = b Simplify. 


Check that 15.6 is 26% of 60 by multiplying 60 by 0.26 to get 15.6. 


TEST SELES 
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Solving a Percent Problem 


The number 28 is what percent of 80? 


Solution 
Verbal Compared _ Percent _ Base 
Model: number (decimal form) number 


Labels: | Compared number = 28 
Percent = p (decimal form) 
Base number = 80 


Equation: 28 = p(80) 


28 = 
go. 
0.35 =p 


So, 28 is 35% of 80. Check this solution by multiplying 80 by 0.35 to see that you 
obtain 28. 


In most real-life applications, the base number b and the number a are much 
more disguised than in Examples 2 and 3. It sometimes helps to think of a as the 
“new” amount and b as the “original”? amount. 


A Percent Application @ 


A real estate agency receives a commission of $8092.50 for the sale of a $124,500 
house. What percent commission is this? 


Example 4 


Solution 


A commission is a percent of the sale price paid to the agency for their services. 
To determine the percent commission, start with a verbal model. 


Verbal aes _ Percent _ Sale 
Model: (decimal form) __ price 
Labels: | Commission = 8092.50 (dollars) 
Percent = p (decimal form) 
Sale price = 124,500 (dollars) 
Equation: 8092.50 = p(124,500) 
8092.50 _ 
124,500? 
0.065 = p 


The real estate agency receives a commission of 6.5%. Check this solution by 
multiplying 124,500 by 0.065 to see that you obtain 8092.50. 
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Use a ratio to compare unit 
prices for particular products. 


Study Tip 


Conversions for common units 
of measure can be found on the 
inside back cover. 


Ratios and Unit Prices 


You know that a percent compares a number with 100. A ratio is a more generic 
rate form that compares one number with another. Specifically, if a and b have the 
same units of measure, then a/b is called the ratio of a to b. Note the order implied 
by a ratio. The ratio of a to b means a/b, whereas the ratio of b to a means b/a. 


S>eclius(weee Using a Ratio 


Find the ratio of 4 feet to 8 inches. 


Solution 


Because the units of feet and inches are not the same, you must first convert 4 feet 
into its equivalent in inches or convert 8 inches into its equivalent in feet. You can 
convert 4 feet to 48 inches (by multiplying by 12) to obtain 


4feet_ _ 48inehes _ 48 _ 6 


Sinches S8inehes 8 1 


Or, you can convert 8 inches to 4 feet (by dividing by 12) to obtain 


4 feet oe Tee aCe ey eat. 20 
Sinches ~ feet 2 ea 


12 


The unit price of an item is the quotient of the total price divided by the total 
units. That is, unit price = total price/total units. To state unit prices, use the 
word “per.” For instance, the unit price for a particular brand of coffee might be 
4.79 dollars per pound. 


>< liile)(-emm Comparing Unit Prices @ 


Which is the better buy, a 12-ounce box of breakfast cereal for $2.79 or a 16- 
ounce box of the same cereal for $3.59? 


Solution 
The unit price for the smaller box is 


total price — $2.79 
total units 12 ounces 


Unit price = ~ $0.2325 per ounce. 


The unit price for the larger box is 


total price $3.59 


Unit price = = = 
total units 16 ounces 


=~ $0.2244 per ounce. 


The larger box has a slightly smaller unit price, and so it is the better buy. 


BRITE TREE 


Solve a proportion. 


Figure 1.1 
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Solving Proportions 


A proportion is a statement that equates two ratios. For example, if the ratio of 
a to bis the same as the ratio of c to d, you can write the proportion as a/b = c/d. 
In typical problems, you know three of the values and need to find the fourth. 


=e Uils) (wae Solving a Proportion in Geometry 


The triangles shown in Figure 1.1 are similar triangles. They have the same shape, 
but are different in size. Because they are similar triangles, their corresponding 
sides are proportional. Use this fact to find the length of the unknown side x of 
the bottom triangle. 


Solution 
4 x g 
poe — etu roportion. 
ey p prop 
4 oy 
63:2 = 64> Multiply both sides by 6. 
3 6 
8 =x Simplify. 


So, x = 8. Check this in the original statement of the problem. 


>elule)(aeee An Application of Proportion @ 


You are driving from Arizona to New York, a trip of 2750 miles. You begin the 
trip with a full tank of gas and after traveling 424 miles, you refill the tank for 
$22.00. Approximately how much should you expect to spend on gasoline for the 
entire trip? 


Solution 
Verbal Cost of gas for trip _ Miles for trip 
Model: Cost of gas for tank Miles for tank 
Labels: Cost of gas for entire trip = x (dollars) 
Cost of gas for tank = 22 (dollars) 
Miles for entire trip = 2750 (miles) 
Miles for tank = 424 (miles) 
Pp me Ley 
roportion: ~~ = “ay4q 
2750 
mat ( 424 
x ~ 142.69 


You should expect to spend approximately $142.69 for gasoline on the trip. 
Check this in the original statement of the problem. 
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The following list summarizes the strategy for modeling and solving a real- 
life problem. 


> Strategy for Solving Word Problems 


1. Ask yourself what you need to know to solve the problem. Then 
write a verbal model that will give you what you need to know. 


2. Assign labels to each part of the verbal model—numbers to the known 
quantities and letters (or expressions) to the variable quantities. 


3. Use the labels to write an algebraic model based on the verbal 
model. 


4. Solve the resulting algebraic equation. 


5. Answer the original question and check that your answer satisfies the 
original problem as stated. 


In previous mathematics courses, you studied several other problem-solving 
strategies, such as drawing a diagram, making a table, looking for a pattern, and 
solving a simpler problem. Each of these strategies can also help you to solve 
problems in algebra. 
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Integrated Review Concepts, Skills, and Problem Solving 

Keep mathematically in shape by doing these y fe tas Brgy 2h 

exercises before the problems of this section. es: ’ 2 i 
9. (12 — 15) 10. (2) 


Properties and Definitions ; 
Problem Solving 
1. In your own words, define an algebraic expres- 
Sion. In Exercises 11 and 12, find an expression for the 


2. State the definition of the terms of an algebraic Reametenontne fears Simple: plete i 


expression. 11. 


Xoo 
3. Complete the property of exponents: 
os x Xx 
4. Complete the property of exponents: 3x2 
(ab)" = 
12. 4x+1 
Algebraic Operations i 
In Exercises 5-10, perform the indicated opera- 3x 
tions. ig oe 
5. —360 + 120 6. 5(57 — 33) x+2 
Developing Skills 
Mathematical Modeling _\n Exercises 1-4, construct a In Exercises 5-10, complete the table showing the 
verbal model and write an algebraic equation that rep- equivalent forms of various percents. 
resents the problem. Solve the equation. See Example 1. 
Parts out 
1. Find a number such that the sum of the number and 30 Percent of 100 Decimal Fraction 
is 82. 5. 30% 
2. Find a number such that the difference of the number 6. 75% 
and 18 is 27. 7. 0.075 
3. You have accepted a job offer at an annual salary of 8 2 
$30,500. This salary includes a year-end bonus of : ; 
$2300. If you are paid every 2 weeks, what will your 9. 8 
gross pay be for each paycheck? 10. 100 


4, You have a job on an assembly line for which you are 
paid $10 per hour plus $0.75 per unit assembled. Find 
the number of units produced in an 8-hour day if your 
earnings for the day are $146. 


74 


Chapter 1 


In Exercises 11-26, solve using a percent equation. See 
Examples 2 and 3. 


11. 
12. 
13° 
14. 
15. 
16. 


17: 
18. 
19, 
20. 
21. 
22. 
23. 
24. 
25. 


26. 


45. 


46. 


47. 


48. 


49, 


What is 35% of 250? 

What is 68% of 800? 

What is 8.5% of 816? 

What is 333% of 816? 

What is 0.4% of 150,000? 
What is 300% of 16? 

84 is 24% of what number? 
416 is 65% of what number? 
42 is 105% of what number? 
168 is 350% of what number? 
96 is 0.8% of what number? 
496 is what percent of 800? 
1650 is what percent of 5000? 
2.4 is what percent of 480? 
2100 is what percent of 1200? 
900 is what percent of 500? 


Solving Problems 


College Enrollment Thirty-eight percent of the 
students enrolled at a college are freshmen. 
Determine the number of freshmen if the enrollment 
of the college is 3000. 


Pension Fund Your employer withholds 65% of 
your gross income for your retirement. Determine 
the amount withheld each month if your gross 
monthly income is $3800. 


Passing Grade There are 40 students in your class. 
On one test, 95% of the students received passing 
grades. How many students failed the test? 


Number of Eligible Voters The news media report- 
ed that 7387 votes were cast in the last election and 
that this represented 63% of the eligible voters in the 
district. Assuming that this is true, how many eligi- 
ble voters are in the district? 


Company Layoff Because of slumping sales, a 
small company laid off 25 of its 160 employees. 
What percent of the work force was laid off? 
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In Exercises 27-34, write the verbal expression as a 
ratio. Use the same units in both the numerator and 
denominator, and simplify. See Example S. 


27. 
28. 
29. 
30. 
31. 
32. 
33; 
34. 


120 meters to 180 meters 
12 ounces to 20 ounces 

36 inches to 48 inches 

125 centimeters to 2 meters 
40 milliliters to 1 liter 

1 pint to 1 gallon 

5 pounds to 24 ounces 


45 minutes to 2 hours 


In Exercises 35-44, solve the proportion. See Example 7. 


50. 


ak 


52. 


So: 


54. 
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Monthly Rent If you spend $748 of your monthly 
income of $3400 for rent, what percent of your 
monthly income is your monthly rent payment? 


Tip Rate A customer left $10 for a meal that cost 
$8.45. Determine the tip rate. 


Tip Rate A customer left $40 for a meal that cost 
$34.73. Determine the tip rate. 


Real Estate Commission A real estate agency 
receives a commission of $12,250 for the sale of a 
$175,000 house. What percent commission is this? 


Real Estate Commission A real estate agency 
receives a commission of $20,400 for the sale of a 
$240,000 house. What percent commission is this? 


Quality Control A quality control engineer report- 
ed that 1.5% of a sample of parts were defective. The 
engineer found three defective parts. How large was 
the sample? 


56. 


<4 


58. 


59. 


60. 


Section 1.2 


Price Inflation A new van costs $29,750, which is 
approximately 115% of what a comparable van cost 
3 years ago. What did it cost 3 years ago? 


Floor Space You are planning to build a tool shed, 
but you are undecided about the size. The two sizes 
you are considering are 12 feet by 15 feet and 16 feet 
by 20 feet. The floor space of the larger is what 
percent of the floor space of the smaller? The floor 
space of the smaller is what percent of the floor 
space of the larger? 


Geometry The floor of a room that measures 10 
feet by 12 feet is partially covered by a circular rug 
with a radius of 4 feet (see figure). What percent of 
the floor is covered by the rug? (Hint: The area of a 
circle is A = mr.) 


| 


12 ft 


Reading a Circle Graph The populations of six 
counties are shown in the circle graph. What percent 
of the total population is each county’s population? 


Monroe 457,500 


Washington 89,100 
Clark 321,300 Z 


Howard 167,700 


West 189,400 Spring 258,700 

Energy Use The circle graph shows the sources 
of the approximately 90.6 quadrillion British 
thermal units (Btu) of energy consumed in the United 
States in 1995. How many quadrillion Btu were 
obtained from coal? (Source: Energy Information 


Administration) 
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Petroleum 


i Renewable 


Figure for 60 


Graphical Estimation 


In Exercises 61-64, use the bar 


graph to answer the questions. The graph shows the 
per capita food consumption of selected meats for 


1980, 1990, and 1995. 


(Source: U.S. Department of 


Agriculture) 


Per capita consumption 


61. 


62. 


63. 


64. 


65. 


66. 


(in pounds) 


Beef 


Pork Chicken Fish 
Approximate the decrease in the per capita 
consumption of beef from 1980 to 1995. Use this 


estimate to approximate the percent decrease. 


Approximate the increase in the per capita consump- 
tion of chicken from 1980 to 1995. Use this estimate 
to approximate the percent increase. 


Approximate the total number of pounds of pork 
consumed in 1990 if the population of the United 
States was approximately 250 million. 


Of the four categories of meats shown in the table, 
what percent of the meat diet was met by fish in 
19952 


State Income Tax You have $12.50 of state tax 
withheld from your paycheck per week when your 
gross pay is $625. Find the ratio of tax to gross pay. 


Price-Earnings Ratio The ratio of the price of a 
stock to its earnings is called the price-earnings 
ratio. Find the price-earnings ratio of a stock that 
sells for $56.25 per share and earns $6.25 per share. 


76 Chapter 1 


67. Compression Ratio The compression ratio of a 
cylinder is the ratio of its expanded volume to its 
compressed volume (see figure). The expanded 
volume of one cylinder of a small diesel engine is 
425 cubic centimeters, and its compressed volume is 
20 cubic centimeters. Find the compression ratio of 
this engine. 


Expanded 
volume 


Compressed 
volume 


68. Gear Ratio The gear ratio of two gears is the 
number of teeth in one gear to the number of teeth in 
the other gear. If two gears in a gearbox have 60 teeth 
and 40 teeth (see figure), find the gear ratio. 


60 teeth 


69. Geometry Find the ratio of the areas of the two cir- 
cles in the figure. (Hint: The area of a circle is 


A = mr’) 
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Unit Prices \n Exercises 71-74, find the unit price (in 
dollars per ounce) of the product. 

71. A 20-ounce can of pineapple for 95¢ 

72. A 64-ounce bottle of juice for $1.29 

73. A 1-pound, 4-ounce loaf of bread for $1.69 

74. An 18-ounce box of cereal for $3.49 


Comparison Shopping \n Exercises 75-78, use unit 
prices to determine the better buy. See Example 6. 
75. (a) A 14}-ounce bag of chips for $2.32 
(b) A 55-ounce bag of chips for $0.99 
76. (a) A 104-ounce package of cookies for $1.79 
(b) A 16-ounce package of cookies for $2.39 
77. (a) A 4-ounce tube of toothpaste for $1.69 
(b) A 6-ounce tube of toothpaste for $2.39 
78. (a) A 2-pound package of hamburger for $3.49 
(b) A 3-pound package of hamburger for $5.29 


Geometry __|n Exercises 79-82, solve for the length x of 
the side of the triangle by using the fact that corre- 
sponding sides of similar triangles are proportional. See 
Example 7. 


79. 


55 a 


70. Geometry Find the ratio of the areas of the two 
triangles in the figure. 


——— 6 — 


82. 
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83. Geometry A man who is 6 feet tall walks directly 


84. 


ome 


91. 
92. 


93. 
94. 
95. 


toward the tip of the shadow of a tree. When the man 
is 75 feet from the tree, he starts forming his own 
shadow beyond the shadow of the tree (see figure). 
Find the height of the tree if the length of the shadow 
of the tree beyond this point is 11 feet. 


| 
/ 


Geometry Find the length of the shadow of a man 
who is 6 feet tall and is standing 15 feet from a 
streetlight that is 20 feet high (see figure). 


_ Explaining Concepts 


Explain the meaning of the word percent. 

Explain how to change percents to decimals and 
decimals to percents. Give examples. 

Is it true that $% = 50%? Explain. 

Define the term ratio. Give an example of a ratio. 
You are told that the ratio of the number of boys 
to the number of girls in a class is 2 to 1. Is this 
sufficient information to determine the number of 
students in the class? Explain your reasoning. 


85. 


86. 


87. 


88. 


89. 


90. 


96. 


97. 


ro 


Fuel Usage A tractor uses 5 gallons of diesel fuel 
to plow for 105 minutes. Assuming conditions 
remain the same, determine the number of gallons of 
fuel used in 6 hours. 


Spring Length A force of 32 pounds stretches a 
spring 6 inches. Determine the number of pounds of 
force required to stretch it 9 inches. 


Property Tax The tax on a property with an 
assessed value of $110,000 is $1650. Find the tax on 
a property with an assessed value of $160,000. 


Recipe Proportions Three cups of flour are 
required to make one batch of cookies. How many 
cups are required to make 35 batches? 


Quality Control A quality control engineer finds 
one defective unit in a sample of 75. At this rate, 
what is the expected number of defective units in a 
shipment of 200,000? 


Public Opinion Poll Ina public opinion poll, 870 
people from a sample of 1500 indicate they will vote 
for a certain candidate. Assuming this poll to be a 
correct indicator of the electorate, how many votes 
can the candidate expect to receive from 80,000 
votes cast? 


During a year of financial difficulties, your company 
reduces your salary by 7%. What percent increase in 
this reduced salary is required to raise your salary to 
the amount it was prior to the reduction? Why isn’t 
the percent increase the same as the percent of the 
reduction? 


In your own words, describe the meaning of math- 
ematical modeling. Give an example. 


The Granger Collection 


78 Chapter 1 Linear Equations and Inequalities 


Use a mathematical model to 
solve business-related problems. 


In 1874, Levi Strauss designed the 
first pair of blue jeans. Today, 
billions of pairs of jeans are sold 
each year throughout the world. 


Rates in Business Problems 


Many business problems can be represented by mathematical models involving 
the sum of a fixed term and a variable term. The variable term is often a hidden 
product in which one of the factors is a percent or some other type of rate. Watch 
for these occurrences in the discussions and examples that follow. 

The markup on a consumer item is the difference between the cost a retail- 
er pays for an item and the price at which the retailer sells the item. A verbal 
model for this relationship is as follows. 


Selling price = Cost + Markup Markup is a hidden product. 
The markup is the hidden product of the markup rate and the cost. 
Markup = Markup rate - Cost 


Finding the Markup Rate 


A clothing store sells a pair of jeans for $42. If the cost of the jeans is $16.80, 
what is the markup rate? 


Solution 
Verbal Selling we 
Model: price ses) + a 
Labels: Selling price = 42 (dollars) 
Cost = 16.80 (dollars) 
Markup rate = p (percent in decimal form) 
Markup = p(16.80) (dollars) 
Equation: 42 = 16.8 + p(16.8) 
42 — 16.8 = p(16.8) Subtract 16.8 from both sides. 
25.2 = p(16.8) Combine like terms. 
Loewe at 
168 = |p Divide both sides by 16.8. 
1.5 = Dp Simplify. 


Because p = 1.5, it follows that the markup rate is 150%. Check this in the 
original statement of the problem. 


oo he a oon NTN ( Se 
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Study Tip 


Although markup and discount 
are similar, it is important to 
remember that markup is based 
on cost and discount is based on 
list price. 
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The model for a discount is similar to that for a markup. 


Selling price = List price — Discount Discount is a hidden product, 


The discount is the hidden product of the discount rate and the list price. 


Finding the Discount and the Discount Rate @ 


A compact disc player is marked down from its list price of $820 to a sale price 
of $574. What is the discount rate? 


Solution 

Verbal Discount. — Discount . List 

Model: rate price 

Labels: Discount = 820 — 574 = 246 (dollars) 
List price = 820 (dollars) 


Discount rate = p 


Equation: 246 = p(820) 


(percent in decimal form) 


246 _ 
820? 
0.30 = p 


The discount rate is 30%. Check this in the original statement of the problem. 


In Example 3, the price of labor is a hidden product. 


Finding the Hours of Labor Ke 


An auto repair bill of $338 lists $170 for parts and the rest for labor. If it took 6 
hours to repair the auto, what is the hourly rate for labor? 


Solution 

Verbal Total _ Price Price 

Model: pill of parts of labor 

Labels: Total bill = 338 (dollars 
Price of parts = 170 (dollars 


Hours of labor = 6 
Hourly rate for labor = x 
Price of labor = 6x 


Equation: 338 = 170 + 6x 


168 = 6x 
168 
6 

28 =x 


(dollars per hour 
(dollars 


) 
) 
(hours) 
) 
) 


Subtract 170 from both sides. 
Divide both sides by 6. 


Simplify. 


The hourly rate for labor is $28 per hour. Check this in the original problem. 
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Use a mathematical model to 
solve a mixture problem. 


Study Tip 


When you set up a verbal 
model, be sure to check that 
you are working with the same 
type of units in each part of the 
model. For instance, in Example 
4 note that each of the three 
parts of the verbal model mea- 
sures cost. (If two parts mea- 
sured cost and the other part 
measured pounds, you would 
know that the model was 
incorrect.) 


Linear Equations and Inequalities 


Rates in Mixture Problems 


Many real-life problems involve combinations of two or more quantities that 
make up new or different quantities. Such problems are called mixture prob- 
lems. They are usually composed of the sum of two or more “hidden products” 
that involve rate factors. Here is the generic form of the verbal model for mixture 
problems. 


Final 
amount 


First - “Amount + Second - Amount = Final - 
rate rate rate 


Example FA Mixture Problem 'e) 


A nursery wants to mix two types of lawn seed. Type A sells for $10 per pound 
and type B sells for $15 per pound. To obtain 20 pounds of a mixture at $12 per 
pound, how many pounds of each type of seed are needed? 

Solution 


The rates are the unit prices for each type of seed. 


Verbal Total cost. 4 Totalcost — Total cost 
Model: of $10 seed of $15 seed of $12 seed 
Labels: Unit price of type A = 10 (dollars per pound) 


Pounds of $10 seed = x (pounds) 
Unit price of type B= 15 (dollars per pound) 
Pounds of $15 seed= 20 — x (pounds) 
Unit price of mixture = 12 (dollars per pound) 
Pounds of $12 seed= 20 (pounds) 


Equation: 10x + 15(20 — x) = 12(20) 
10x +300 = )15x%= 240 


Distributive Property 


300) ox — 240 Combine like terms. 
—5x = —60 Subtract 300 from both sides. 
x=12 Divide both sides by —5. 


The mixture should contain 12 pounds of the $10 seed and 20 — 12 = 8 pounds 
of the $15 seed. 


Remember that when you have found a solution, you should always go back 
to the original statement of the problem and check to see that the solution makes 
sense—both algebraically and from a practical point of view. For instance, you 
can check the result of Example 4 as follows. 


$10 seed $15 seed $12 seed 


(eam ae a fi 
($2 Fs (cs f (3 a 8 ay S12 penal 20 
pound pounds pound pounds pound pounds 


$120 + $120 = $240 


3 | Use a mathematical model to 
solve classic rate problems. 


Study Tip 
To convert minutes to hours, 
use the fact that there are 60 
minutes in each hour. So, 45 
“minutes is equivalent to - of 1 
_ hour. In general, x minutes is 
_x/60 of 1 hour. 
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Classic Rate Problems 


Time-dependent problems such as distance traveled at a given speed and work 
done at a specified rate are classic types of rate problems. The distance-rate-time 
problem fits the verbal model 


Distance = Rate - Time. 


For instance, if you travel at a constant (or average) rate of 55 miles per hour for 
45 minutes, the total distance you travel is given by 


miles \/ 45 ; 
(ss ae (2 hour) = 41.25 miles. 


As with all problems involving applications, be sure to check that the units in the 
verbal model make sense. For instance, in this problem the rate is given in miles 
per hour. Therefore, in order for the solution to be given in miles, you must con- 
vert the time (from minutes) to hours. In the model, you can think of the two 
“hours” as canceling, as follows. 


(ss mies ( bout) = 41.25 miles 


Distance-Rate-Time Problem @ 


If you ride your bike at an average rate of 18 kilometers per hour, how long will 
it take you to ride 30 kilometers? 


Solution 

Verbal Distance = Rate - Time 

Model: 

Labels: Distance = 30 (kilometers) 


Rate = 18 
Time = t 


(kilometers per hour) 
(hours) 


Equation: 30 = 18t 
some 
18 


sa 
3 


It will take you 3 hours (or 1 hour and 40 minutes). You can check this in the 
original statement of the problem, as follows. 


Check 


(1s idlometers 5 hours = 30 kilometers 
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Study Tip 


Notice the hidden products, 
rate + time, in the portion of 
work done by each machine 
in Example 6. Watch for such 
products in the exercise set. 


In work-rate problems, the rate of work is the reciprocal of the time needed 
to do the entire job. For instance, if it takes 5 hours to complete a job, then the per 
hour work rate is = In general, 


1 


Per hour work rate = = ———_____________ .. 
Total hours to complete a job 


The next example involves two rates of work and so fits the model for 
solving mixture problems. 


elute © Work-Rate Problem @ 


Consider two machines in a paper manufacturing plant. Machine 1 can produce 
2000 pounds of paper in 4 hours. Machine 2 is newer and can produce 2000 
pounds of paper in 23 hours. How long will it take the two machines working 
together to produce 2000 pounds of paper? 


Solution 
Verbal Work _ Portion done Portion done 


Model: done by machine 1 by machine 2 


Labels: | Work done by both machines = 1 (job) 
Time for each machine = t¢ (hours) 
Per hour work rate for machine 1= ; (job per hour) 
Per hour work rate for machine 2= : (job per hour) 
: 1 2 
Equation: 1 = rn (t) + 5 (t) Rate - time + rate - time 
4 5 Distributive Property 
13 
i (32) Simplify. 
ae t Divide both sides by 5 
13/20 Ya. 
MY 
B =i Simplify. 


It would take 28 hours (or about 1.5 hours) for both machines to complete the job. 
Check this solution in the original statement of the problem. 


Note in Example 6 that the “2000 pounds” of paper was unnecessary 
information. We simply represented the 2000 pounds as one job. This type of 
unnecessary information in an applied problem is sometimes called a red herring. 


4 Use a formula to solve an 
application problem. 
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Formulas 


Many common types of geometric, scientific, and investment problems use 
ready-made equations called formulas. Knowing formulas such as those in the 
following list will help you translate and solve a wide variety of real-life 
problems involving perimeter, area, volume, temperature, interest, and distance. 


> Common Formulas for Area, Perimeter, and Volume 


Square Rectangle Circle Triangle 


A=s A = lw Ae = bh 


P=2]1 + 2w P=a+be+e 


t 
ah 


Rectangular Circular 
Cube Solid Cylinder Sphere 


V = lwh 


> Miscellaneous Common Formulas 


Temperature: | F = degrees Fahrenheit, C = degrees Celsius 


F=2C+32 


Simple Interest: I = interest, P = principal, r = interest rate, t = time 


I = Prt 


Distance: d = distance traveled, r = rate, t = time 


d=rt 


When working with applied problems, you often need to rewrite one of the 
common formulas, as shown in the next example. 
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Study Tip 


When solving problems such as 


_ the one in Example 8, you may 
find it helpful to draw and label 
adiagram. 


Figure 1.2 
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Rewriting a Formula 


In the perimeter formula P = 2/ + 2w, solve for w. 


Solution 
P=21+ 2w Original formula 
P — 21 = 2w Subtract 2/ from both sides. 
iP = Dy 
) = yy Divide both sides by 2. 


Example 8 


Using a Geometric Formula ) 


A local streets department plans to put sidewalks along the two streets that bound 
your corner lot, which is 250 feet long on one side with an area of 30,000 square 
feet. Each lot owner is to pay $1.50 per foot of sidewalk bordering his or her lot. 


a. Find the width of your lot. 


b. How much will you have to pay for the sidewalks put on your lot? 


Solution 
Figure 1.2 shows a labeled diagram of your lot. 


a. Verbal Area = Length - Width 
Model: " ee 
Labels: Area of lot = 30,000 (square feet) 
Length of lot = 250 (feet) 
Width of lot = w (feet) 
Equation: 30,000 = 250 + w 
30,000 _ 
250 
120 =w 
Your lot is 120 feet wide. 
b. Verbal - RCE 
Model: Cost = Rate per foot - Length of sidewalk 
Labels: Cost of sidewalks = C (dollars) 
Rate per foot = 1.50 (dollars per foot) 
Total length of sidewalk = 120 + 250 (feet) 


Equation: C = 1.50(120 + 250) 
C = 1.50 - 370 
C = 555 


You will have to pay $555 to have the sidewalks put on your lot. 


SESE RTE ST MDE TES 
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> etlel(eem Simple Interest @ 
A deposit of $8000 earned $300 in interest in 6 months. 
a. What was the annual interest rate for this account? 
b. At this rate, how long would it take to earn $800 in total interest? 
Solution 
a. Verbal ii ‘ 
Interest = P . . 
Model: nteres rincipal - Rate - Time 
Labels: Interest = 300 (dollars) 
Principal = 8000 (dollars) 
Time = ; (year) 
Annual interest rate = r (percent in decimal form) 


Equation: 300 = 3000(0)(5) 


300 _ 
4000.” 
OWS: S iF 


The annual interest rate is r = 0.075 (or 7.5%). 


. Using the same verbal model as in part (a) with ¢ representing time, you obtain 


the following equation. 


800 = 8000(0.075)(z) 


800 


8000(0.075) | 


So, it would take years, or 3 x 12 = 16 months. 


- Translating a Formula 


Use the information provided in the following statement to write a 
mathematical formula for the 10-second pulse count. 

“The target heart rate is the heartbeat rate a person should have 
during aerobic exercise to get the full benefit of the exercise for cardio- 
vascular conditioning . . . Using the American College of Sports 
Medicine Method to calculate one’s target heart rate, an individual 
should subtract his or her age from 220, then multiply by the desired 
intensity level (as a percent—sedentary persons may want to use 60% 
and highly fit individuals may want to use 85 to 95%) of the workout. 
Then divide the answer by 6 for a 10-second pulse count. (The 10-sec- 
ond pulse count is useful for checking whether the target heart rate is 
being achieved during the workout. One can easily check one’s pulse— 
at the wrist or side of the neck—counting the number of beats in 10 
seconds.)” (Source: Aerobic Fitness Association of America) 

Calculate your own 10-second pulse count. 
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Integrated Review | 


: Keep mathematically in shape by doing these — 
exercises before the problems of this section. | 


Properties and Definitions 


~ 1. What is the sign of the sum o Tate)? State | 
the rule used. : 
2. What is the sign of the sum — mateo oh State the 


rule used. 
the tule used. 


rule used. | 
Solving emueCae 
In Exercises 5-10, solve the equation. 


52K = 4 9" 6. 6x + 8 


Developing Skills 


In Exercises 1-8, find the missing quantities. (Assume 
the markup rate is a percent based on the cost.) See 
Example 1. 


Selling Markup 
Cost Price Markup Rate 
1. $45.97 $64.33 
2. $84.20 $113.67 
3. & $250.80 $98.80 
4. $603.72 $184.47 
5. $26,922.50 $4672.50 
6. $16,440.50 $3890.50 
Tao2 2500) 85.2% 
8. $732.00 334% 
Solving Problems 
17. Mathematical Modeling The selling price of a 


jacket in a department store is $85. The cost of the 
jacket to the store is $62.95. What is the markup? 


Concepts, Stilts, and Problem Solving we | | ‘ «* as 


. What is the sign of the product f 6)(— 2? State 


. What is the sign of the produ. 6(—2)? State the — 


= 8 — 2x 


3) a 3 iy a f 2 : he ae . 2 aa 
Me ‘Ore oT 
9. 0.35% = 70. 10. 0.60x = = A 4 oe 
Problem Solving. ee 


11, The length of a relay race is 2. 5 miles. The last ‘ 
change of runners occurs at the 1.8-mile mark- 
er. How far does the last person run? — 


| 12. During the months of January, February, and ; 
Be March, a farmer bought 345 tons, 185 tons, and 
O52. tons of soybeans, respectively. Find the 

total amount of soybeans purchased during the 
first a of the year. 


In Exercises 9-16, find the missing quantities. (Assume 
the discount rate is a percent based on the list price.) 
See Example 2. 


List Sale Discount 
Price Price Discount Rate 
9. $49.95 $25.74 
10. $119.00 $79.73 
11. $300.00 $189.00 
12. $345.00 $134.55 
13. $95.00 65% 
14. $15.92 20% 
15. $893.10 $251.90 
16. $257.32 $202.18 
18. Mathematical Modeling A shoe store sells a pair 


of shoes for $35. The cost of the shoes to the store is 
$18.75. What is the markup? 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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28. 


29. 


30. 


Mathematical Modeling A jewelry store sells a 
pair of earrings for $25. The cost of the earrings to the 
store is $15. What is the markup rate? 


Mathematical Modeling A department store sells a 
sweater for $60. The cost of the sweater to the store 
is $35. What is the markup rate? 


Mathematical Modeling A shoe store sells a pair 
of athletic shoes for $75. The shoes go on sale for 
$50. What is the discount? 


Mathematical Modeling A bakery sells a dozen 
rolls for $1.75. You can buy day-old rolls for $0.75. 
What is the discount? 


Mathematical Modeling An auto store sells a pair 
of car mats for $20. On sale, the car mats sell for $16. 
What is the discount rate? 


Mathematical Modeling A department store sells a 
beach towel for $14. On sale, the beach towel sells for 
$10. What is the discount rate? 


Long-Distance Rates The weekday rate for a 
telephone call is $0.75 for the first minute plus $0.55 
for each additional minute. Determine the length of 
a call that cost $5.15. What would have been the cost 
of the call if it had been made during the weekend, 
when there is a 60% discount? 


Insurance Premiums The annual insurance premi- 
um for a policyholder is $862. Find the annual pre- 
mium if the policyholder must pay a 20% surcharge 
because of an accident. 


Tire Cost An auto store gives the list price of a tire 
as $79.42. During a promotional sale, the store is 
selling four tires for the price of three. The store 
needs a markup on cost of 10% during the sale. What 
is the cost to the store of each tire? 


Price per Pound The produce manager of a super- 
market pays $22.60 for a 100-pound box of bananas. 
From_past experience, the manager estimates that 
10% of the bananas wili spoil before they are sold. 
At what price per pound should the bananas be sold 
to give the supermarket an average markup rate on 
cost of 30%? 

Amount Financed A customer bought a lawn 
tractor for $4450 plus 6% sales tax. Find the amount 
of the sales tax and the total bill. Find the amount 


~ financed if a down payment of $1000 was made. 


Weekly Pay The weekly salary of an employee is 
$375 plus a 6% commission on the employee’s total 
sales. Find the weekly pay for a week in which the 
sales are $5500. 
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3. 


32. 


O35 


34. 


Mixture Problem 
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Labor Charges An auto repair bill of $216.37 lists 
$136.37 for parts and the rest for labor. If the labor 
rate is $32 per hour, how many hours did it take to 
repair the auto? 


Labor Charges An appliance repair store charges 
$50 for the first hour of a service call. For each 
additional 5 hour of labor, there is a charge of $18. 
Find the length of a service call for which the charge 
is $104. 


Mathematical Modeling The bill for the repair of 
an automobile is $380. Included in this bill is a 
charge of $275 for parts, and the remainder of the 
bill is for labor. If the charge for labor is $35 per 
hour, how many hours were spent in repairing the 
automobile? 


Mathematical Modeling The bill for the repair of 
an automobile is $648. Included in this bill is a 
charge of $315 for parts, and the remainder of the 
bill is for labor. If it took 9 hours to repair the auto- 
mobile, what was the charge per hour for labor? 


In Exercises 35-38, determine the 


number of units of solutions 1 and 2 needed to obtain 
the desired amount and concentration of the final 
solution. 


Concentration Concentration Concentration Amount 


of Solution 1 — of Solution 2 of Final of Final 
Solution Solution 

35. 20% 60% 40% 100 gal 

36. 50% 75% 60% 10L 

S750 60% 45% 24 qt 

38. 60% 80% 75% 55 gal 

39. Seed Mixture A nursery wants to mix two types of 


40. 


41. 


lawn seed. One type sells for $12 per pound and the 
other type sells for $20 per pound. To obtain 100 
pounds of a mixture at $14 per pound, how many 
pounds of each type of seed are needed? 


Nut Mixture A grocer mixes two kinds of nuts 
costing $3.88 per pound and $4.88 per pound to 
make 100 pounds of a mixture costing $4.13 per 
pound. How many pounds of each kind of nut are put 
into the mixture? 


Ticket Sales Ticket sales for a play total $2200. 
There are three times as many adult tickets sold as 
children’s tickets. The prices of the tickets for adults 
and children are $6 and $4, respectively. Find the 
number of children’s tickets sold. 
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42. 


43. 


44. 


Distance 
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Ticket Sales Ticket sales for a spaghetti dinner 
total $1350. There are four times as many adult 
tickets sold as children’s tickets. The prices of the 
tickets for adults and children are $6 and $3, respec- 
tively. Find the number of children’s tickets sold. 


Antifreeze Coolant The cooling system on a truck 
contains 5 gallons of coolant that is 40% antifreeze. 
How much must be withdrawn and replaced with 
100% antifreeze to bring the coolant in the system to 
50% antifreeze? 


Fuel Mixture You mix gasoline and oil to obtain 
25 gallons of mixture for an engine. The mixture is 
40 parts gasoline and | part two-cycle oil. How much 
gasoline must be added to bring the mixture to 50 
parts gasoline and | part oil? 


In Exercises 45-50, determine the unknown 


distance, rate, or time. See Example 5. 


45. 
46. 
47. 
48. 
49. 
50. 


51. 


52. 


<b 


54. 


55. 


Time, t 
35 hr 
10 sec 


Rate, r 
650 mi/hr 
45 ft/sec 
110 km/hr 
32 ft/sec 


Distance, d 


1000 km 
250 ft 
1000 ft 
385 mi 


3 
3 sec 
7 hr 


Time You ride your bike at an average of 12 miles 
per hour. How long will it take you to ride 30 miles? 


Time You ride your bike at an average of 8 miles 
per hour. How long will it take you to ride 12 miles? 


Distance Two planes leave an airport at approxi- 
mately the same time and fly in opposite directions. 
How far apart are the planes after il hours if their 
speeds are 480 miles per hour and 600 miles per 
hour? 


Distance Two trucks leave a depot at approximate- 
ly the same time and travel the same route. How far 
apart are the trucks after 45 hours if their average 
speeds are 52 miles per hour and 56 miles per hour? 


Time Determine the time for a space shuttle to 
travel a distance of 5000 miles in orbit when its 
speed is 17,000 miles per hour (see figure). 


5900 Miles 
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56. 


ihe 


59. 


60. 


Speed Determine the time for light to travel from 
the sun to the earth if the distance between the sun 
and the earth is 93,000,000 miles and the speed of 
light is 186,282.369 miles per second (see figure). 


aly, 


~ 
~= 
~ 
a“ 


~ 
/i\\ 


93,000,000 miles 


Time On the first part of a 317-mile trip, a sales 
representative averaged 58 miles per hour. The sales 
representative averaged only 52 miles per hour on 
the remainder of the trip because of an increased 
volume of traffic (see figure). Find the amount of 
driving time at each speed if the total time was 5 
hours and 45 minutes. 


|[<——— SS — 8 les | 


. Time Two cars start at a given point and travel in 


the same direction at average speeds of 30 miles per 
hour and 45 miles per hour. How much time must 
elapse before the two cars are 5 miles apart? 


Work Rate Determine the work rate for each task. 
(a) A printer can print 8 pages per minute. 
(b) A machine shop can produce 30 units in 8 hours. 


Work-Rate Problem You can complete a typing 
project in 5 hours, and a friend estimates that it 
would take him 8 hours. 


(a) What fractional part of the task can be accom- 
plished by each person in | hour? 


(b) If you both work on the project, in how many 
hours can it be completed? 


61. Work-Rate Problem You can mow a lawn in 3 
hours, and your friend can mow it in 4 hours. 


(a) What fractional part of the lawn can each of you 
mow in | hour? 


(b) How long will it take both of you to mow the 
lawn working together? 


62. Work-Rate Problem It takes 30 minutes for a 
pump to empty a water tank. A larger pump can 
empty the tank in half the time. If both pumps were 
operating, how long would it take to empty the tank? 


In Exercises 63-68, solve for the specified variable. See 
Example 7. 
63. Ohm’s Law Solve for R in 
E = IR. 
64. Simple Interest Solve for r in 
A =P + Prt. 


65. Discount Solve for L in 


Sh ah. 
66. Markup Solve for Cin 
S=C+rc. 


67. Free-Falling Body Solve for a in 
h = 48t + L at? 
= 5 at. 
68. Area of a Trapezoid Solve for b in 


ie AG eV 


Geometry \n Exercises 69 and 70, use the closed 
rectangular box shown in the figure. 


|=<—— 4 >| 


69. -Find the volume of the box. 


70. Find the surface area of the box. (Hint: The surface 
area is the combined area of the six surfaces.) 
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71. Geometry Find the volume of the circular cylinder 
shown in the figure. 


1 
35 cm 


72. Geometry Find the volume of the sphere shown in 
the figure. 


73. Geometry A rectangular picture frame has a 
perimeter of 3 feet. The width of the frame is 0.62 
times its height. Find the height of the frame. 


74. Geometry A rectangular stained-glass window has 
a perimeter of 18 feet. The height of the window is 
1.25 times its width. Find the width of the window. 


75. Geometry A “Slow Moving Vehicle” sign has the 
shape of an equilateral triangle. The sign has a 
perimeter of 129 centimeters. Find the length of each 
side. Include a labeled diagram with your model. 


76. Geometry The length of a rectangle is three times 
its width. The perimeter of the rectangle is 64 inches. 
Find the dimensions of the rectangle. 


77. Simple Interest Find the interest on a $5000 bond 
that pays an annual percentage rate of 95% for 6 
years. 


78. Simple Interest Find the annual interest rate on a 
certificate of deposit that accumulated $400 interest 
in 2 years on a principal of $2500. 


79. Simple Interest Find the principal required to earn 
$500 in interest in 2 years if the annual interest rate is 
7%. 

80. Simple Interest You borrow $36,000 for 6 months. 
You agree to pay back the principal and the interest 
(finance charges) in one lump sum. What will be the 
amount of the payment if the interest rate is 13%? 
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81. 


82. 


83. 


O86. 


87. 


88. 


89. 
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Simple Interest An inheritance of $40,000 is 
divided into two investments earning 8% and 10% 
simple interest. (The 10% investment has a greater 
risk.) What is the smallest amount that can be invest- 
ed in the 10% fund if the total annual interest from 
both investments is at least $3500? 


Simple Interest An investment of $7000 is divided 
into two accounts earning 5% and 7% simple inter- 
est. (The 7% investment has a greater risk.) What is 
the smallest amount that can be invested in the 7% 
account if the total annual interest from both invest- 
ments is at least $400? 


Average Wage The average hourly wage for bus 
drivers at public schools in the United States from 
1990 through 1997 can be approximated by 


y= 924+ 0.307t, Os ts7 
where y represents the hourly wage (in dollars) and t 
represents the year, with t = 0 corresponding to 


1990 (see figure). (Source: Educational Research 
Service) 


Hourly wage (in dollars) 


0 1 2D 3 4 5 6 7 


Year (0 © 1990) 

(a) Use the graph to determine the year when 
the average hourly wage was $10.15. Would 
the result be the same if you used the 
model? Explain. 


Explaining Concepts 
Answer parts (a)—(e) of Motivating the Chapter on 
page 55. 
Explain the difference between markup rate and 
markup. 
Explain how to find the sale price of an item when 
you are given the list price and the discount rate. 


If it takes you t hours to complete a task, what 
portion of the task can you complete in 1 hour? 


Linear Equations and Inequalities 


84. 


85. 


90. 


91. 


oe 


(b) What was the average annual hourly raise for 
bus drivers during this 8-year period? Explain 
how you determined your answer. 

Average Wage The average hourly wage for cafete- 


ria workers at public schools in the United States 
from 1990 through 1997 can be approximated by the 


‘linear model 


y = 6.88 F 0:2097, OS 7 s 7 


where y represents the hourly wage (in dollars) and t 
represents the year, with t = 0 corresponding to 
1990 (see figure). (Source: Educational Research 
Service) 


Hourly wage (in dollars) 


1 2 3 4 5 6 i 
Year (0 © 1990) 


(a) Use the graph to determine the year when the 
average hourly wage was $7.72. Would the result 
be the same if you used the model? Explain. 


(b) What was the average annual hourly raise for 
cafeteria workers during this 8-year period? 
Explain how you determined your answer. 


Comparing Wage Increases Use the information 
given in Exercises 83 and 84 to determine which of 
the two groups’ average salaries was increasing at a 
greater annual rate during the 8-year period from 
1990 to 1997. 


If the sides of a square are doubled, does the perime- 
ter double? Explain. 


If the sides of a square are doubled, does the area 
double? Explain. 


If you forget the formula for the volume of a right 
circular cylinder, how can you derive it? 


The symbol S indicates an exercise that relates to the Motivating the 
Chapter feature at the beginning of the chapter. 


Mid-Chapter Quiz 91 


Figure for 20 


Take this quiz as you would take a quiz in class. After you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-8, solve the equation and check the result. (If it is not possible, 
state the reason.) 


ib, Ce atiee= Tee 2. —3(¢ — 2) =0 

3. 2(y + 3) = 18 — 4y 4 5647 = 7-4 1) 2 
1 3 We ip 

phe ae =-x- oo — = 

5 4* 6 a 1 6 ees 1 

7. 2245-2 8.-02x + 0.3 = 1.5 


In Exercises 9 and 10, solve the equation and round your answer to two 
decimal places. (A calculator may be helpful.) 


9. 3x+h=% 10. 0.42x + 6 = 5.25x — 0.80 


11. Explain how to write the decimal 0.45 as a fraction and as a percent. 
12. 500 is 250% of what number? 


13. Find the unit price (in dollars per ounce) of a 12-ounce box of cereal that sells 
for $2.35. 


14. A quality control engineer for a manufacturer finds one defective unit in a 
sample of 300. At this rate, what is the expected number of defective units in 
a shipment of 600,000? 


15. A store is offering a discount of 25% on a computer with a list price of 
$1750. A mail-order catalog has the same machine for $1250 plus $24.95 for 
shipping. Which is the better buy? 


16. Last week you earned $616. Your regular hourly wage is $12.25 for the first 
40 hours, and your overtime hourly wage is $18. How many hours of over- 
time did you work? 


17. Fifty gallons of a 30% acid solution is obtained by combining solutions that 
are 25% acid and 50% acid. How much of each solution is required? 


18. On the first part of a 300-mile trip, a sales representative averaged 62 miles per 
hour. The sales representative averaged 46 miles per hour on the remainder of 
the trip because of an increased volume of traffic. Find the amount of driving 
time at each speed if the total time was 6 hours. 


19. You can paint a room in 6 hours, and your friend can paint it in 8 hours. How 
long will it take both of you to paint the room? 

20. The accompanying figure shows three squares. The perimeters of squares I 
and II are 20 inches and 32 inches, respectively. Find the area of square III. 


92 Chapter 1 Linear Equations and Inequalities 


Sketch the graph of an 
inequality. 


intervals on the Real Number Line 


In this section you will study algebraic inequalities, which are inequalities that 
contain one or more variable terms. Some examples are 


x4, xe —3, x1 + 2.< 7 oeandin4 = Of ens. 


As with an equation, you solve an inequality in the variable x by finding all 
values of x for which the inequality is true. Such values are called solutions and 
are said to satisfy the inequality. The set of all solutions of an inequality is the 
solution set of the inequality. The graph of an inequality is obtained by plotting 


its solution set on the real number line. Often, these graphs are intervals—either 


bounded or unbounded. 


» Bounded Intervals on the Real Number Line 


Let a and b be real numbers such that a < b. The following intervals on 
the real number line are called bounded intervals. The numbers a and b 
are the endpoints of each interval. A bracket indicates that an endpoint 
is included in the interval, and a parenthesis indicates that the endpoint 
is excluded. 


Notation Interval Type Inequality Graph 
[a, b] Closed Geb 


(a, b) Open 


La, b) 


(a, b] 


The length of the interval [a, b] is the distance, b — a, between its endpoints. 
The lengths of [a, b], (a, b), [a, b), and (a, b] are the same. The reason that these 
four types of intervals are called “bounded” is that each has a finite length. An 
interval that does not have a finite length is unbounded (or infinite). 


es 


a ay 


ee dh oan een 50y ee ence aes: 


The Granger Collection 


1616-1703)" " === 
pee eS See 2 

Wallis, an English mathemati- 

cian, introduced the symbol 

: 00 for infi nity. He was an early 

- historian of mathematics, and 

his T Treatise on in Algebra (1685) 

é broug! rs the work of Thomas 

~ Harriot (1560-1621) to 

pee: | Harriot’s 
work included research c on the 

a ory of equations. Aside 

: se his contributions to. 
mathematics, Wallis was an 

i "expert in cryptography and 

ss devisec a system for teachin, la 


-deafmute. 
se ae 


Mea 
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> Unbounded Intervals on the Real Number Line 


Let a and b be real numbers. The following intervals on the real number 
line are called unbounded intervals. 


Notation Interval Type _ Inequality Graph 


La, 0) eek oe 


(a, co) Open Ga=x wr = 


(—00, b] TD ee 
b 

(—00, b) Open x<b a 
b 

(—00, co) Entire real line pe Se a 


The symbols co (positive infinity) and —oo (negative infinity) do not 
represent real numbers. They are simply convenient symbols used to describe the 
unboundedness of an interval such as (1, 00). 


- Example 1 Graphs of Inequalities 


Sketch the graph of each inequality. 


a, =3 KH S Il Ds OR—ue—er CG =3 <x da 

Solution 

a. The graph of-3 < x < 1 isa b. The graph of 0 < x < 2isa 
bounded interval. bounded interval. 


Sih Sy =) =i Ok we =a JOY idee ete et 
c. The graph of —3 < x is an d. The graph of x < 2 is an 
unbounded interval. unbounded interval. 


Pio oe cio! x 


4 -3 2 -1 0 1 ie) al 0 1 2 3 * 
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Identify the properties of 
inequalities that can be used to 
create equivalent inequalities. 


Properties of Inequalities 


Solving a linear inequality is much like solving a linear equation. To isolate the 
variable, you make use of properties of inequalities. These properties are 
similar to the properties of equality, but there are two important exceptions: when 
both sides of an inequality are (1) multiplied by a negative number or (2) divided 
by anegative number, the direction of the inequality symbol must be reversed. Here 
is an example. 


eee) Original inequality 
(= 3)(— 2) S50 3)(5) Multiply both sides by —3 and reverse the inequality. 
Gs Sills Simplify. 


Two inequalities that have the same solution set are equivalent inequalities. 
The following list describes operations that can be used to create equivalent 
inequalities. 


> Properties of Inequalities 


1. Addition and Subtraction Properties 


Adding the same quantity to, or subtracting the same quantity from, 
both sides of an inequality produces an equivalent inequality. 


lh a & |p, tinein @ ak C Se DSF C. 
ind <b, tena = @< b=. 


2. Multiplication and Division Properties: Positive Quantities 
Multiplying or dividing both sides of an inequality by a positive 
quantity produces an equivalent inequality. 


If a < band c is positive, then ac < be. 


: me Game, 
If a < band c is positive, then — < —. 
c 


3. Multiplication and Division Properties: Negative Quantities 
Multiplying or dividing both sides of an inequality by a negative 


quantity produces an equivalent inequality in which the inequality 
symbol is reversed. 


Ifa < band c is negative, then ac > be. Reverse inequality 
; : @ I 

Ifa < band c is negative, then — > -. Reverse inequality 
GaaG 


4. Transitive Property 


Consider three quantities for which the first quantity is less than the 
second, and the second is less than the third. It follows that the first 
quantity must be less than the third quantity. 


Ifa < bandb < cc, thena < c. 


These properties remain true if the symbols < and > are replaced by < and >. 
Moreover, a, b, and c can represent real numbers, variables, or expressions. Note 
that you cannot multiply or divide both sides of an inequality by zero. 
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Solve a linear inequality. Solving a Linear Inequality 


An inequality in one variable is a linear inequality if it can be written in one of 
the following forms. 


axes 0, axt+b< 0: axv+b=0, ax+ b> 0 


The solution set of a linear inequality can be written in set notation. For the solu- 
tion x > I, the set notation is {x|x > 1} and is read “the set of all x such that x is 
greater than 1.” 

As you study the following examples, pay special attention to the steps in 
which the inequality symbol is reversed. Remember that when you multiply or 
divide an inequality by a negative number, you must reverse the inequality symbol. 


iB Study Tip 


Checking the solution set of an 

inequality is not as simple as 

_ checking the solution set of an Wasa Ora O76 Subtract 6 from both sides. 
equation. (There are usually too 
‘many x-values to substitute back 


into the original inequality.) You The solution set consists of all real numbers that are less than 3. The solution set 
can, however, get an indication in interval notation is (—oo, 3) and in set notation is {x|x < 3}. The graph is 
_ of the validity of a solution set shown in Figure 1.3. 
_ by substituting a few convenient 
_values of x. For instance, in 
_ Example 2, try checking that 
x = 0 satisfies the original 
inequality, whereas x = 4 does 
not. Figure 1.3 


Solving a Linear Inequality 


var © <= & Original inequality 


56 << Combine like terms. 


3 = ay < WW Original inequality 
Seeeoua vex 20.— 7S Subtract 8 from both sides. 
= 37 S 2 Combine like terms. 
ms 12 Divide both sides by —3 and reverse 
Oa the inequality symbol. 
Kio 4 Simplify. 


The solution set in interval notation is [—4, oo) and in set notation is {x|x > —4}. 
The graph is shown in Figure 1.4. 


Figure 1.4 
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Figure 1.5 


Study Tip 


An inequality can be cleared 

of fractions in the same way 

an equation can be cleared of 
fractions—by multiplying both 
sides by the LCD. This is shown 
in Example 5. 


Figure 1.6 


Solve a compound inequality. 


Solving a Linear Inequality 


eer! labo nte ty mis Original inequality 
9x — 4.4 4-> 5xatw +54 Add 4 to both sides. 
Ox NO Combine like terms. 
OR 5 OX 6 = Subtract 5x from both sides. 
Ax > 6 Combine like terms. 
= > . Divide both sides by 4. 
x > ; Simplify. 


: 3 : 
The solution set consists of all real numbers that are greater than 5. The solution 


: . : : : 3 : 
set in interval notation is 3, 00) and in set notation is {x|x > 3} The graph is 
shown in Figure 1.5. 


ctle(eye Solving a Linear Inequality 


2X x 
oe ap WO 6 +18 Original inequality 
2x a 
OF 3 ip WBZ Ke oy 6 alls Multiply both sides by LCD of 6. 
Age ae Wa < 55 ar [Os Distributive Property 
Age = 5 <& IOS = 7 Subtract x and 72 from both sides. 
She << SO Combine like terms. 
eal Divide both sides by 3. 


The solution set consists of all real numbers that are less than 12. The solution set 
in interval notation is (— oo, 12) and in set notation is {x|x < 12}. The graph is 
shown in Figure 1.6. 


Solving a Compound Inequality 


Two inequalities joined by the word and or the word or constitute a compound 
inequality. When two inequalities are joined by the word and, the solution set 
consists of all real numbers that satisfy both inequalities. The solution set for the 


compound inequality —4 < 5x — 2 and 5x — 2 < 7 can be written more simply 
as the double inequality 


= ASS Sha eee 


A compound inequality formed by the word and is called conjunctive and is 
the only kind that has the potential to form a double inequality. A compound 


inequality joined by the word or is called disjunctive and cannot be reformed into 
a double inequality. 
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Solving a Double Inequality 


Solve the double inequality -7 < 5x — 2 < 8. 


Solution 
Se ON ee eG Original inequality 
Sy is OL RS ab aaa aeons oa a on PA Add 2 to all three parts. 
5S Spec AC Combine like terms. 
zs a ge! Divide each part by 5 
ee ee et a art 3 
—2 -1 0 1 2 3 5 5 5 pai ce Sia 
Figure 1.7 =I 3s pe << Simplify. 


The solution set consists of all real numbers that are greater than or equal to — 1 
and less than 2. The interval notation for the solution set is [—1, 2). The graph is 
shown in Figure 1.7. 


The double inequality in Example 6 could have been solved in two parts, as 
follows. 


= S ye =D and Sip = ees 
ape < ANG 


| 
Nn 
lA 
Nn 
= 


ee, 


| 
— 
lA 
ad 


The solution set consists of all real numbers that satisfy both inequalities. In other 
Intersection of two sets words, the solution set is the set of all values of x for which —1 < x < 2. 

Compound inequalities can be written using set notation. In set notation, the 
word and is represented by the symbol MN, which is read as intersection. The 
word or is represented by the symbol U, which is read as union. A graphical 
representation is shown in Figure 1.8. If A and B are sets, then x is in Af B if it 
is in both A and B. Similarly, x is in A U B if it is in A or B, or possibly both. 


Selle (wae Writing a Solution Set Using Union 


A solution set is shown on the number line in Figure 1.9. 


Union of two sets 
Figure 1.8 a. Write the solution set as a compound inequality. 


b. Write the solution set using set notation and union. 


Solution 
; B a. As a compound inequality, you can write the solution set as x < —lorx > 2. 
x p, Using set notation, you can write the left interval as A = {x|x < —1} and 
te Old ng diy 3. 4s the right interval as B = {x|x > 2}. So, using the union symbol, the entire 
Figure ee solution set can be written as A U B. 
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| Example 8 | Writing a Solution Set Using Intersection | 
Write the compound inequality —3 < x < 4 using set notation and intersection. — 
Solution 
Consider the two sets A = {x|x < 4} and B = {xx > —3}. These two sets over || 
lap, as shown on the’ number line in Figure 1.10. The compound inequality | 
—3 <x < 4consists of all numbers that are inx < 4 and x = —3, which means 
that it can be written as AN B. 


Solving a Conjunctive Inequality 


> = 


Solve the compound inequality — 1 < 2x — 3 and 2x — 3 < 5. 
Solution 

Begin by writing the conjunctive inequality as a double inequality. 
Double inequality 

Add 3 to all three parts. 


> - 


—J=2e—-—3<5 


ool Wey mie Pass cect tim te Tee on Gee 


2<2x<8 Combine like terms. 
Die Din) ae : 

— Sta Divide each part by 2. 
=x <4 Solution set 


The solution set is 1 < x < 4 or, in set notation, {x]] < x < 4}. The graph of the 
solution set is shown in Figure 1.11. 


Solving a Disjunctive Inequality 


Solve the compound inequality 
i or —3x+6> 7. 
Solution 
32 4-6:<'2 or —set & > 7 Original inequality 
Oy lee ea Ne EP Ey Py ase Subtract 6 from all 
aa 6— 64> 7—6 parts. 
Serre Ss! a? a | Combine like temas. 
eee e235. Divide all parts by —3 
4 > x= Ss 7 and reverse both 
S a & ——- IneQr nality symbols 
ae - 
= x< “3 Simplify. 


medi Karan cee Oe i ae = ~ 
The solution set is x < —; or x > F or, in set notation, {axlx < —jorx> 3\. The ; 


graph of the solution set is shown in Figure 1.12. | “a 


Solve an application problem 
involving inequalities. 


PRIORITY 
OVERNIGHT 


— ee — 06 in: 
Figure 1.13 


—~ 
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Applications 
Linear inequalities in real-life problems arise from statements that involve phras- 


es such as “at least,’ “no more than,” “minimum value,” and so on. Study the 
meanings of the key phrases in the next example. 


>t) (mie Translating Verbal Statements 


Verbal Statement Inequality 
: “at most” means “less than 
< 
a. x is at most 3. 3g SS ee eatin 
b. x is no more than 3. Xie3 
c. xis atleast 3 Pe “at least’ means “greater 
: , = than or equal to.” 

d. x is no less than 3. kero 
e. x is more than 3. bee 
f. x is less than 3. j aaah, 
g. x does not exceed 3. r=3 
h. x is at least 2, but less than 7. WES 5 GF 
i. x is greater than 2, but no more than 7. Pee oT 


To solve real-life problems involving inequalities, you can use the same 
“verbal-model approach” you use with equations. 


Sele vae Finding the Maximum Width of a Package (e) 


An overnight delivery service will not accept any package whose combined 
length and girth (perimeter of a cross section) exceeds 132 inches. Suppose that 
you are sending a rectangular package that has square cross sections. If the length 
of the package is 68 inches, what is the maximum width of the sides of its square 
cross sections? 


Solution 


Begin by making a sketch. In Figure 1.13, notice that the length of the package is 
68 inches, and each side is x inches wide because the package has a square cross 
section. 


Verbal Tength + Girth < 132 inches 
Model: 
Labels: | Width of a side = x (inches) 
Length = 68 (inches) 
Girth = 4x (inches) 
Inequality: 68 + 4x < 132 
4x < 64 
x=. 16 


The width of each side of the package must be less than or equal to 16 inches. 
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Selle aie Comparing Costs @ 


A subcompact car can be rented from Company A for $240 per week with no 
extra charge for mileage. A similar car can be rented from Company B for $100 
per week plus 25 cents for each mile driven. How many miles must you drive in 
a week so that the rental fee for Company A is less than that for Company B? 


Solution 


Verbal 
Model: 


Labels: 


v 


Number of miles driven in one week = m (miles) 


Weekly cost for Company A= 240 (dollars) 

Weekly cost for Company B= 100 + 0.25m (dollars) 
Inequality: 100 + 0.25m > 240 
0.25m > 140 
m > 560 


The car from Company A is cheaper if you drive more than 560 miles in a week. 
A table helps confirm this conclusion. 


[24000 e400 | 4000] Soaoo0 | s4000| 4000 


| $230.00 $232.50 | $235.00 | $237.50 | $240.00 | $242.50 


_ a! 5 D = ° = 2» os as 


Section 1.4 Linear Inequalities 101 


Integrated Review Concepts, Skills, and Problem Solving 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 

In Exercises 1-4, name the property illustrated. 
1. 3yx = 3xy 2. 3xy — 3xy = 0 
3.£60 6s 2) = 6x 16 22 5 345. 3x-4.0,= 3x 
Evaluating Expressions 


In Exercises 5-10, evaluate the algebraic expres- 
sion for the specified values of the variables. If not 
possible, state the reason. 


Sie ey 6. 4s + st 
x=4 y=3 s=3, t=-4 

x g 2 t2 

"x2 + y Se at | 
x=0, y=3 C2 o= —1 


Developing Skills 


In Exercises 1-4, determine whether each value of 
x satisfies the inequality. 


Inequality Values 

A, Ix 10.> 0 (a) x =3 (b) x = -2 
@©me= @iz eh 

2 3xt2<2 (a) x =0 (b) x =4 
(c) x= -4 (d)sx Saou 

3.0<*2? <2 (a)x=10 (b)x=4 
(c) x=0 (d) x = —6 

6, by Ee ge eM (b) x =3 


(c) x =9 d)jwe= —12 


In Exercises 5-8, match the inequality with its graph. 
[The graphs are labeled (a), (b), (c), and (d)]. 


(a) 


x 


—6§-5-4-3-2-1 0 12 3 4 5 6 


a 


9 10. 2] + 2w 


eile—er 
Ose 2 ee Lae imo 
Problem Solving 


In Exercises 11 and 12, find the area of the trape- 
zoid. The area of a trapezoid with parallel bases 
b, and b, and height h is A = 5(b, + b,)h. 


11. 12. 
16 ft 


ft 
: 10 ft 


10 ft 


(b) a 
6G oa 3 8 ey es was eG 
(c) aw 
-6-5-4-3-2-10123 45 6 
(d) a 
6-5 34> 1 nO BED 3) 56 
By, ue 2 a! 6. x% <—40rx 24 
7. 4a y= 4 Se —4 


In Exercises 9-14, match the inequality with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) — Fj —-. 


a ee 
—y) Al 0 l 2 
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d mY ae ny eae 
(d) F ) ” Ane 52. & 7 
2 -1 0 1 2 
a= al G Har oh. 2 
3 ASS 54. cy eae I 
(e) SES TER, aa 
pk} — : 
9) SS ee ik ne en Peat reap ae Car 
(f) 5 3 7 Pi Ail 
SS tts pes 57.0 <2x-5<9 58. —6 < 3x -9 <0 
a ey 6? 59.8 <6 - 2x < 12 60.-10 < 4— 7x < 10 
Ch Le oP 107 ax I be Aig en 
11. -1<x<1 12.-1<x<2 Pens Te ee 
- a 1 — =i 
13. -2<x<1 14. -2<x< Fee eel Pps egies) 
In Exercises 15-28, sketch the graph of the inequality. ares ieee ed 
See Example 1. 65. 1 > 3 > tae 66. Aes ¢ $3 
IS. x= 2 165 ee 67. 2x-4<4 and 2x+8>6 
Whos 5 Sie 18. x < —2.5 68.8—3x>5 and x—5 > —10 
eS a3 20. -l<xs5 69.7+4x<—-5+xand 2x+10< -2 
21.4>x2 1 22,9 2x23 70.9-—x <3+2x and 3x-7< -22 
23.3 2x>0 24. -B<x< -3 3 5 
Deka Or xy 2 1 26. x5 =4 or x >.0 LO eer ee Were tae 
a = 
DIeXE SOR OL > |. 29. iS Ones ok m.%-221 ne Stix<-4 
29. Write an inequality equivalent to 5 — oes > 8 by 5 3 
multiplying both sides by —3. T3.e1e oles Aaa oe a | oe os 4* 
30. Write an inequality equivalent to 5 — ae > 8 by 5 
adding +x to both sides. 743x710 =) 5 6 or 5 ee eee 
In Exercises 31-78, solve the inequality and sketch the 75. —3(y + 10) = 4(y + 10) 
solution on the real number line. See Examples 2-6, 9, 76. 2(4 — z) = 8(1 + z) 
and 10. Wh he Oe eee Ne Th 
lige 41.0) rece ew) 78. 16 < 4(y +2) — 522 — y) 
SE Se ae fo) 34.z-4>0 
35. 2x <8 36. 3x > 12 In ehh ee ae the ee set as a 
Al A compound inequality. Then write the solution using set 
37. 2 2 36 38. oF < 24 notation and union or intersection. See Example 7. 
39 = 0 40. —3x >= 


79. 
41.5-x<-2 42. 1-—y>-—-5 tt ttt 


43. 2x ~ 5 > 9 44. 3x + 4 < 22 es 

45. 5— 3x <7 46. 12 — 5x > 5 Sl Oa a ea 
<a fea Ok 2 8 a 5 OG 7 

47. 3x— M1 >—x+7 48. 2x11 Sor +19 


49, —3x +7 < 8x — 13 50. 6x —1 > 3x-11 ob 
-6-5-4-3-2-1 0123 45 6 


-10-9 -8 -7 -6 -5 -4-3 -2-1 0 1 


4 -3 2-1 ° 0 1 2 
84. F j 
x 
6-5-4 -3 -2-1 0 1 2 3 


In Exercises 85-90, write the compound inequality 
using set notation and union or intersection. See 
Example 8. 


os =I Sse < iy xe 58 
S/n) Of 8S 88. x => —1 or x < —-6 
89. —3<x< -} 90. x <0 orx2>§ 


Solving Problems 


103. Travel Budget A student group has $4500 
budgeted for a field trip. The cost of transportation 
for the trip is $1900. To stay within the budget, all 
other costs C must be no more than what amount? 


104. Monthly Budget You have budgeted $1800 per 
month for your total expenses. The cost of rent per 
month is $600 and the cost of food is $350. To stay 
within your budget, all other costs C must be no 
more than what amount? 


105. Comparing Average Temperatures Miami’s 
average temperature is greater than the average 
temperature in Washington, DC, and the average 
temperature in Washington, DC is greater than the 
average temperature in New York City. How does 
the average temperature in Miami compare with the 
average temperature in New York City? 


106. Comparing Elevations The elevation (above sea 
level) of San Francisco is less than the elevation of 
Dallas, and the elevation of Dallas is less than the 
elevation of Denver. How does the elevation of San 
Francisco compare with the elevation of Denver? 


107. Operating Costs A utility company has a fleet of 
vans. The annual operating cost per van is 


C = 0.35m + 2900, 


where m is the number of miles traveled by a van 
in a year. What is the maximum number of miles 
that will yield an annual operating cost that is less 
than $12,000? 


a 
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In Exercises 91-96, rewrite the statement using inequal- 
ity notation. See Example 11. 


91. x is nonnegative. 
93. zis at least 2. 


92. y is more than —2. 
94. m is at least 4. 

95. nis at least 10, but no more than 16. 

96. x is at least 450, but no more than 500. 


In Exercises 97-102, write a verbal description of the 
inequality. 


oF. Hae 98.1 <4 
99.3<y<5 100. -4<1<4 
101.0 <z<7 MWe =D FS 56 SS 


108. Operating Costs A fuel company has a fleet of 
trucks. The annual operating cost per truck is 


C = 0.58m + 7800, 


where m is the number of miles traveled by a truck 
in a year. What is the maximum number of miles 
that will yield an annual operating cost that is less 
than $25,000? 


Profit \n Exercises 109 and 110, the revenue R for sell- 
ing x units and the cost C of producing x units of an 
item are given. In order to obtain a profit, the revenue 
must be greater than the cost. For what values of x will 
this item produce a profit? 


109. R = 89.95x 
C = 61x + 875 


110. R = 105.45x 
C = 78x + 25,850 


111. Long-Distance Charges The cost of an interna- 
tional long-distance telephone call is $0.96 for the 
first minute and $0.75 for each additional minute. If 
the total cost of the call cannot exceed $5, find the 
interval of time that is available for the call. 


112. Long-Distance Charges The cost of an interna- 
tional long-distance telephone call is $1.45 for the 
first minute and $0.95 for each additional minute. If 
the total cost of the call cannot exceed $15, find the 
interval of time that is available for the call. 
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113. Geometry The perimeter of the rectangle in the 
figure must be at least 36 centimeters and not more 
than 64 centimeters. Find the interval for x. 


16cm 
114. Geometry The perimeter of the rectangle in the 


figure must be at least 100 meters and not more 
than 120 meters. Find the interval for x. 


14m es 


x 


115 Four times a number n must be at least 12 and no 
more than 30. What interval contains this number? 


116. Determine all real numbers n such that ; n must be 
more than 7. 


117. Hourly Wage Your company requires you to 
select one of two payment plans. One plan pays a 
straight $12.50 per hour. The second plan pays 
$8.00 per hour plus $0.75 per unit produced per 
hour. Write an inequality for the number of units 
that must be produced per hour so that the second 
option yields the greater hourly wage. Solve the 
inequality. 

118. Vonthly Wage Your company requires you to 
select one of two payment plans. One plan pays a 
straight $3000 per month. The second plan pays 


Explaining Concepts 


@ 121. Answer parts (f) and (g) of Motivating the Chapter 
on page 55. 


122. Is adding — S to both sides of an inequality the same 
as subtracting 5 from both sides? Explain. 


123. Is dividing both sides of an inequality by 5 the same 
as multiplying both sides by eh Explain. 


124. Give an example of a linear inequality that has an 
unbounded solution set. 


Linear Equations and Inequalities 


$1000 per month plus a commission of 4% of your 
gross sales. Write an inequality for the gross sales 
per month for which the second option yields the 
greater monthly wage. Solve the inequality. 


Air Pollutant Emissions \n Exercises 119 and 120, use 
the following equation, which models the air pollutant 
emissions of carbon monoxide in the continental 
United States from 1987 to 1995 (see figure). 


Vi= 3.090 027 65 OP Sete 


In this model, y represents the amount of pollutant in 
parts per million and ¢ represents the year, with t = 0 
corresponding to 1990. (Source: U.S. Environmental 
Protection Agency) 


Pollutant (in parts per million) 


—2 0 1 2} 
Year (0 © 1990) 


3 J 5 


119. During which years was the air pollutant emission 
of carbon monoxide greater than 6 parts per million? 


120. During which years was the air pollutant emission 
of carbon monoxide less than 5 parts per million? 


125. Describe any differences between properties of 
equalities and properties of inequalities. 

126. Give an example of “reversing an inequality 
symbol.” 

127. If —5 < t < 8, then —t¢ must be in what interval? 


128. If —3 < x < 10, then —x must be in what interval? 
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: Objectives | 


Solve an absolute value 
equation. 


SSS eee 
te See ee el eS 4 


Figure 1.14 


Study Tip 


The strategy for solving abso- 
lute value equations is to rewrite 
the equation in equivalent forms 
that can be solved by previously 
learned methods. This is a com- 
mon strategy in mathematics. 
That is, when you encounter a 
new type of problem, you try to 
rewrite the problem so that it 
can be solved by techniques you 
already know. 


a Solve an absolute value equation. 


42 | Solve an inequality involving absolute value. 


Solving Equations Involving Absolute Value 


Consider the absolute value equation 
|x| = 3. 


The only solutions of this equation are —3 and 3, because these are the only two 
real numbers whose distance from zero is 3. (See Figure 1.14.) In other words, 
the absolute value equation |x| = 3 has exactly two solutions: x = —3 and 
x= 3. 


P Solving an Absolute Value Equation 


Let x be a variable or a variable expression and let a be a real number 
such that a > 0. The solutions of the equation |x| = a are given by 
x= =a@ and x = a: Thatis; 


kxjJ=a MP x=-a oo x=a. 


elle) Solving Absolute Value Equations 


Solve each absolute value equation. 


a. |x| = 10 
b. |x| = 0 
Calida 
Solution 


a. This equation is equivalent to the two linear equations 
x= -10 and x = 10. Equivalent linear equations 
So, the absolute value equation has two solutions: — 10 and 10. 
b. This equation is equivalent to the two linear equations 
x=0 and x= 0. Equivalent linear equations 


Because both equations are the same, you can conclude that the absolute value 
equation has only one solution: 0. 

c. This absolute value equation has no solution because it is not possible for the 
absolute value of a real number to be negative. 
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Solving Absolute Value Equations 


Solve |3x + 4| = 10. 


Solution 
|3x + 4| = 10 Original equation 
3x +4=—-10 © or 3x +4= 10 Equivalent equations 
3x +4-4=-10-4 3x +4 —-4=10—4 Subtract 4 from both sides. 
3x = —-14 3x = 6 Combine like terms. 
x= -" x=2 Divide both sides by 3. 
Check 
|3x + 4| = 10 |3x + 4| = 10 
faa) |3(2) + 4| 2 10 
|-14 + 4| = 10 16 + 4] = 10 
|=10| = 10 ¥ [10] = 10 ¥ 


When solving absolute value equations, remember that it is possible that they 
have no solution. For instance, the equation |3x + 4| = —10 has no solution 
because the absolute value of a real number cannot be negative. Do not make the 
mistake of trying to solve such an equation by writing the “equivalent” linear 
equations as 3x + 4 = —10 and 3x + 4 = 10. These equations have solutions, 
but they are both extraneous. 

The equation in the next example is not given in the standard form 


\@a epi ac ct O) 


Notice that the first step in solving such an equation is to write it in standard form. 


= <etes)(-6) | An Absolute Value Equation in Nonstandard Form 


Solve |2x — 1] + 3 = 8. 


Solution 
\2re al erGhes 8 Original equation 
Pe = 1| =5 Standard form 
2x =| —="=5 or 20— i= Equivalent equations 
2x = —4 2x = Add 1 to both sides. 
x=-2 x= Divide both sides by 2. 


The solutions are —2 and 3. Check these in the original equation. 
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If two algebraic expressions are equal in absolute value, they must either be 
equal to each other or be the opposites of each other. So, you can solve equations 
of the form 


lax + b| = |cx + d| 


by forming the two linear equations 


Expressions equal Expressions opposite 
a ee 
ax+b=cx+d and ax+b=-—-—(cx+d). 


Example 4 Solving an Equation Involving Two Absolute Values 


Solve [3x — 4| = |7x — 16]. 


Solution 
|3x — 4| = |7x — 16| Original equation 
3x— 4 =7x- 16 or 3x-'4 = —(7x — 16) Equivalent equations 
BS IX AD Sx AS = Tet 6 
=A4y == 12 10x = 20 
x=3 x=2 Solutions 


The solutions are 3 and 2. Check these in the original equation. 


Study Tip <lual2}( Solving an Equation Involving Two Absolute Values 
When solving equations of the Solve |x + 5] = |x + 11]. 


form 


Soluti 
lax + b| = |cx + d| Lee 


By equating the expression (x + 5) to the opposite of (x + 11), you obtain 
it is possible that one of the 
resulting equations will not have 
a solution. Note this occurrence Se Distributive Property 
in Example 5. 


x¥+5=-(x+ 11) Equivalent equation 


eS He = IC Subtract 5 from both sides. 
Ms = SANS Add x to both sides. 
x= —-8. Divide both sides by 2. 


However, by setting the two expressions equal to each other, you obtain 


t= vere Equivalent equation 
eo Subtract 5 from both sides. 
O56 Subtract x from both sides. 


which is a false statement. So, the original equation has only one solution: —8. 
Check this solution in the original equation. 
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Solve an inequality involving Solving Inequalities Involving Absolute Value 


absolute value. » te 
To see how to solve inequalities involving absolute value, consider the following 


comparisons. 
|x| = 2 (eles. ole ee 
x= —-2andx =2 ee ae Kee X <a Ol Kae 
2 2 
Je SS + ts 


— 325 let Oe «3 = 25 OR ee aes 


These comparisons suggest the following rule for solving inequalities involving 
absolute value. 


» Solving an Absolute Value Inequality 


Let x be a variable or an algebraic expression and let a be a real number 
such that a > 0. 


1. The solutions of |x| < a are all values of x that lie between —a and 
a. That is, 


a= Gai and only ai ads 7a. 


2. The solutions of |x| > a are all values of x that are less than —a or 
greater than a. That is, 


[altenaeeitiand onlyuil sta —@ Obceraa, 


These rules are also valid if < is replaced by < and > is replaced by >. 


ui))(s001 | Solving an Absolute Value Inequality 


SOLveu umes) |n<po- 


Solution 
ket 5| qm Original inequality 
= DK = Src) Equivalent double inequality 
LG OCS i mah we Sle AS | Add 5 to all three parts. 


Pe | 3 <a <7 Combine like terms. 
1 


The solution set consists of all real numbers that are greater than 3 and less than 


7. The interval notation for this solution set is (3, 7). The graph of this solution 
Figure 1.15 set is shown in Figure 1.15. 


SS 


To verify the solution of an absolute value inequality, you need to check 
values in the solution set and outside of the solution set. For instance, in Example 


6 you can check that x = 4 is in the solution set and that x = 2 and x = 8 are not 
in the solution set. 
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Study Tip 


In Example 6, note that an abso- 
lute value Bae) of the form 


<li) Solving an Absolute Value Inequality 


Solve |3x — 4| = 5 


|x| < a (or |x| < a) can be Solution 
solved with a Parse inequality. 

An inequality of the form |3x = 4| >5 Original inequality 

|x| >a (or |x| = a) cannot be Shit = AS 5) or BS eel he Equivalent inequalities 

solved with a double inequality. 

Instead, you must solve two 1 ei ees era i 3x-4+425+4 Add 4 to all parts. 

separate inequalities, as demon- oi ay | 3x > 9 Combine like terms. 
- Strated in Example 7. 

se one Divide both sides by 3 
: Bee ao ivide both sides by 3. 
a 1 
OS aN to Simplify. 


The solution set consists of all real numbers that are less than or equal to -} 
or greater than or equal to 3. The interval notation for the solution set i 
oa, —3| U [3, co). The graph is shown in Figure 1.16. 


x 
bP ~3 < 0.01 Original inequality 
x . . . 
=O.0l <2 = 3 < 0.01 Equivalent double inequality 
x 7 
a OMWUG SS cn Ss 1,99 Subtract 2 from all three parts. 
Multiply all three parts by —3 and reverse both 
6.03 2x 25.97 inequality symbols. 
DOJ e= nes 6.03 Solution set in standard form 


The solution set consists of all real numbers that are greater than or equal to 5.97 
and less than or equal to 6.03. The interval notation for the solution set is 
[5.97, 6.03]. The graph is shown in Figure 1.17. 


197 6.03 
i ee | 
i 
5.9 6.0 6.1 
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ace (ee) Creating a Model 


To test the accuracy of a rattlesnake’s “pit-organ sensory system,” a biologist 
blindfolded a rattlesnake and presented the snake with a warm “target.” Of 36 
strikes, the snake was on target 17 times. In fact, the snake was within 5 degrees 
of the target for 30 of the strikes. Let A represent the number of degrees by which 
the snake is off target. Then A = 0 represents a strike that is aimed directly at the 
target. Positive values of A represent strikes to the right of the target and negative 
values of A represent strikes to the left of the target. Use the diagram shown in 
Figure 1.18 to write an absolute value inequality that describes the interval in 
which the 36 strikes occurred. 


Solution 


From the diagram, you can see that the snake was never off by more than 15 
degrees in either direction. As a compound inequality, this can be represented by 


sal SyseAys< 115: 


As an absolute value inequality, the interval in which the strikes occurred can be 
represented by 


S 
& 
S 
) 
S 
a 


Figure 1.18 |Alsse15, 
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Exercises 


111 


Integrated Review 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 


1. If n is an integer, how do the numbers 2n and 
2n + 1 differ? Explain. 


2. Are — 2x4 and (—2x)* equal? Explain. 

3. Explain how to write a in simplified form. 
4. Explain how to divide 2 by 5 
Order of Real Numbers 


In Exercises 5-10, place the correct inequality 
symbol (< or >) between the two real numbers. 


5. 312, 2 6202-3. 4> 451 
Developing Skills 

In Exercises 1-4, determine whether the value is a solu- 
tion of the equation. 

Equation Value 
1. |4x + 5| = 10 cae 3 
Zale 6| = 10 x=3 
3. |6 — 2w| = 2 w=4 
4. [ir +4] =8 t= 6 


In Exercises 5-8, transform the absolute value equation 
into two linear equations. 


5. |x — 10| = 17 6. |7 — 2t| =5 
Pela 1( = 8. |22k + 6| =9 

In Exercises 9-46, solve the equation. (Some of the 
equations have no solution.) See Examples 1-S. 

9. |x| =4 10. |x| =3 

11."|¢| = —45 12. |s| = 16 

13. |h| = 0 14. |x| = —82 

15. |5x| = 15 16. |}x| =2 

17. |x — 16| = 18. |z — 100| = 100 


1 
21. 
23. 
25. 


Zils 
29: 
31. 
53: 
35; 
SHE 
38. 
39: 
40. 
41. 
42. 
43. 
44. 
45. 
46. 


Concepts, Skills, and Problem Solving 


9: 7, —3 


Problem Solving 


In Exercises 11 and 12, determine whether there is 
more or less than a $500 variance between the 
budgeted amount and the actual expense. 


11. Wages 
Budgeted: $162,700 
Actual: $163,356 
12. Taxes 


Budgeted: $42,640 
Actual: $42,335 


|2s + 3| = 25 20. |7a + 6| = 8 

|32 — 3y| = 16 22. |3 — 5x| = 13 

lax + 4| = -16 24. |20 — 5¢| = 50 

|4 — 3x| = 0 26. [3x — 2| = —5 
ax+4| =9 28. |3 - $2] =1 
|0.32x — 2| = 4 30. |2 — 1.054x| = 2 
\sx — 3] + 8 = 22 32. |ox — 4-7 =3 
jax+9|-12=-8 34. [5 —2x| + 10=6 
-2\7-4x}=-16 36. 4[5x + 1] = 24 


3\2x — 5) +4 =7 
2/4 — 3x| — 6 = -2 
|x + 8] = |2x + 1| 
[10 = 3x |= |x + Z| 
x2) ="|3x = 1] 
ee eg lo 
[45 "4x |=" (82 = 3x] 
[5x 4] = |3x4+ 25| 
|4x — 10| = 2|2x + 3] 
3|2 — 3x| = |9x + 21] 
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Think About It \n Exercises 47 and 48, write an abso- 69. |y — 2| < 4 70. |x = 3| < 6 
lute value equation that represents the verbal statement. 71. |x + 6| > 10 72. |x — 4| = 3 
47. The distance between x and 5 is 3. 732k el eat 74. \3x + 4| <2 
48. The distance between t and —2 is 6. 5. 167 + 15) 2.30 76, |3t 1s 
UNTER eg) > =a 7824|30 2 \kos 0 
In Exercises 49-52, determine whether each x-value is a 79, |3x + ‘pee ea 80. \4x A 5| aii, 
solution of the inequality. 
eater 2 [Se3 
Inequality Values 81. a. < 8 82. rey >4 
49. |x| <3 (a) x = (Dt =e eG ly — 16| la + 6| 
(Cjix=—4 (d) x=—-1 83. mn = 3) 84. 5 se 1K) 
50.0|x|'55 (CN se == sy) (b) x = —4 : . 
(Cer — 4 (dix 9 85. |79 > 8 #6. [E+ 1] <0 
Sl. |x—7/23 @x=9 Oe Sees 87. |0.2x — 3| < 4 88. |1.5¢ — 8| < 16 
(@) = iil (d) x = 3 - 
52. |x = 3| > 5 (a) x = 16 (b) x = 89. 6 = = < 0.4 90. B = 4 S OWS 
(C) em 2h (4) ie? 91. —2|3x + 6| <4 92. —4|2x — 7| > -12 
In Exercises 53-56, transform the absolute value 93. p alles ToenA 94. s 2 2. 60 
inequality into a double inequality or two separate 2 3 


inequalities. 
Sse yar | <3 
55, |) — 2h| 2 9 


54.)|0xte Tiese5 
56. |8 — x| > 25 


In Exercises 57-60, sketch a graph that shows the real 
numbers that satisfy the statement. 
57. All real numbers greater than —2 and less than 5 


58. All real numbers greater than or equal to 3 and less 
than 10 


59. All real numbers less than or equal to 4 or greater 
than 7 


60. All real numbers less than —6 or greater than or 
equal to 6 


In Exercises 61-94, solve the inequality. See Examples 
6-8. 


61. |y| < 4 62. |x| < 6 

63. |x| = 6 64. |y| > 4 

65. |2x| < 14 66. |4z| < 9 
y t 

Oh lees SS 

6 3 5 68 Ae - 


The symbol & indicates an exercise in which you are to use a 
graphing utility. 


== In Exercises 95-100, use a graphing utility to solve the 


inequality. 

95. [3x +.2| <4 
O72 Sina. 9 
99 | one 


96... | 2x) ss 
98. |7r — 3| > 11 
100. ja + 1| -4 <0 


In Exercises 101-104, match the inequality with its 
graph. [The graphs are labeled (a), (b), (c), and (d).] 
(a) 


x 


oO 7 % @ 


=1 HO LS 2 i304 eS) SOEe ie OmeS 


sales oe 1025 [4 lal 


.a|x — 4] > 4 104. |2(x — 4)| > 4 
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In Exercises 105-108, write an absolute value inequality 
that represents the interval. 


105. 


106. 


107. 


108. 


SPh ii 0 ] z 
eS O- 
Se) te | 0) 1 2 3 4 


__ Solving Problems 


113. 


114. 


Temperature The operating temperature of an 
electronic device must satisfy the inequality 


(ae 10 


where ¢ is given in degrees Fahrenheit. Sketch the 
graph of the solution of the inequality. 


Time Study A time study was conducted to deter- 
mine the length of time required to perform a par- 
ticular task in a manufacturing process. The times 
required by approximately two thirds of the work- 
ers in the study satisfied the inequality 


P—715.6 


1.9 <1 


where ¢ is time in minutes. Sketch the graph of the 
solution of the inequality. 


_ Explaining Concepts 


a 


. Give a graphical description of the absolute value 


of a real number. 


. Give an example of an absolute value equation that 


has only one solution. 


. In your own words, explain how to solve an abso- 


lute value equation. Illustrate your explanation with 


an example. 


120. 
121. 


Describe the solution of the inequality |x| > 3. 
The graph of the inequality |x — 3| < 2 can be 
described as all real numbers that are within 2 units 
of 3. Give a similar description of Wa |< 
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In Exercises 109-112, write an absolute value inequality 
that represents the verbal statement. 


109. 


110. 


111. 


112. 


115. 


116. 


122. 


123. 


124. 


The set of all real numbers x whose distance from 0) 
is less than 3. 


The set of all real numbers x whose distance from 0 
is more than 2. 


The set of all real numbers x whose distance from 5 
is more than 6. 


The set of all real numbers x whose distance from 
16 is less than 5. 


Accuracy of Measurements In woodshop class, 
you must cut several pieces of wood to within * 
inch of the teacher’s specifications. Let (s — x) 
represent the difference between the specification s 
and the measured length x of a cut piece. 


(a) Write an absolute value inequality that describes 
the values of x that are within specifications. 


(b) The length of one piece of wood is specified to 
bes = oh inches. Describe the acceptable 
lengths for this piece. 


Think About It When you buy a 16-ounce bag of 
chips, you probably expect to get precisely 16 
ounces. Suppose the actual weight w (in ounces) of 
a “l6-ounce” bag of chips is given by 
|w — 16| < 5. If you buy four 16-ounce bags, what 
is the greatest amount you can expect to get? What 
is the least? Explain. 


The graph of the inequality |y — 1| > 3 can be 
described as all real numbers .that are more than 3 
units from I. Give a similar description of 
ly + 2| > 4. 
Complete |x — 3| < 
On 6) 
Complete |2x — 6| < 
OfS = ..61 


so that the solution is 


so that the solution is 
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CHAPTER SUMMARY 


Teel = a! 
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Key Terms 


equation, p. 56 percent equation, p. 68 solution set of an equivalent inequalities, 
solutions (equation), ratio, p. 70 inequality, p. 92 p. 94 

p. 56 unit price, p. 70 graph of an inequality, linear inequality, p. 95 
solution set, p. 56 proportion, p. 71 Pp o2 compound inequality, 
identity, p. 56 markup, p. 78 bounded intervals, p. 92 p. 96 
conditional equation, p.56 markup rate, p. 78 endpoints, p. 92 intersection, p. 97 
equivalent equations, p.57 discount, p. 79 length of [a, 6], p. 92 union, p. 97 
linear equation, p. 58 discount rate, p. 79 unbounded (infinite) absolute value equation, 
mathematical modeling, rate of work, p. 82 intervals, p. 93 p. 105 

p. 67 algebraic inequalities, p.92 positive infinity, p. 93 standard form (absolute 
percent, p. 68 solutions (inequality), p.92 negative infinity, p. 93 value equation), p. 106 


Key Concepts 


Forming equivalent equations: properties 2. Multiplication/division properties: positive quantities 
of le If a < band cis positive, then ac < be. 

A given equation can be transformed into an equivalent a a8 

equation using one or more of the following procedures. Ifa < band cis positive, then oe 

1. Simplify each side. 3. Multiplication/division properties: negative quantities 


2. Apply the Addition Property of Equality. 


If a < band cis negative, then ac > be. 
3. Apply the Multiplication Property of Equality. 


te |, 
b | 


: : a E- 
4. Interchange sides, If a < b and c is negative, then 7 Sos 1 
4. Transitive proper 4 
Strategy for solving word problems ee ; 
1. Ask yourself what you need to know to solve the oe i 
problem. Then write a verbal model that will give Solving an absolute value equation e | 
you what you need to know. 7, a : * 
2. Assign labels to each part of the verbal model— chy Neo erie ors ae or me ange 
= real number such that a = 0. The solutions of the equa- 9 
numbers to the known quantities and letters (or ; ae : se i : 
: a tion |x| = a are given by x = —a and x = a. That is, 
expressions) to the variable quantities. 


3. Use the labels to write an algebraic model based on l= @ == tse oF tea 
the verbal model. 


Solving an absolute value inequality 


4. Solve the resulting algebraic equation. 


5. Answer the original question and check that your ae ee a es expression and let a 
answer satisfies the original problem as stated. Me a 


1. The solutions of |x| < a are all values of x that lie 


1%, Common formulas between —a and a. That is, 


See the summary boxes on page 83. 


EWE p : : = : 
roperties of inequalities 2. The solutions of |x| > @ are all values of x that are 
1. Addition /subtraction properties less than — a or greater than a. That is, 
Ifa = b theha ce eb ic xl Sa 
If a-< btheha = ¢ < bc. 


|x| <a ifandonlyif -a<x <a. 


if and onlyif x < —a or x = a, 


These rules are also valid if < is replaced by < and > 
is replaced by >. 


sane Seer 5c oe He inane ra tee UMS pm ane ese Ma SE ies RE 
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REVIEW EXERCISES 


Review Exercises 115 


In Exercises 1-4, determine whether each value of 
the variable is a solution of the equation. 


Equation Values 
a5 xe = 3 (a) x =3 (b) x=6 
Dee x)= — x h(a) x = 2 (b) x = —4 
Xx Xx 
BGrubes su Ov pa OR 
tile = 
4 5 (a) t= -12 (b) t=19 


In Exercises 5-26, solve the linear equation and check 
the result. (Some of the equations have no solution.) 


Bea 2 = 5 6.x-7=3 
7. —3x = 36 8. 11x = 44 
9. —x =3 10. 4x =5 
11. 5x + 4=19 12,3 =2x= 9 
13. 17— 7x =3 14, 3 + 6x = 51 
15. 7x -5=3x4 11 16. 9 — 2x =4x-7 


17. 3Qy —1)=9+4+3y— 18. —2(¢+4)=2x-7 
19. 4y — 6(y — 5) =2 DOI Ur — x e=—"8 
wie asx — 5) = 6(2% + 3) 

m2. 8, — 2) = 3 — 2) 23. x — GS = 
Ms tie=3 25. 1.4 + 2.1 = 0.91 
26. 2.5x — 6.2 = 3.7x — 5.8 


NIW 


In Exercises 27 and 28, complete the table. 


in Exercises 29-34, solve the percent problem using the 
percent equation. 

29. What is 130% of 50? 

30. What is 0.4% of 7350? 


31. 645 is 215% of what number? 
32. 498 is 83% of what number? 
33. 250 is what percent of 200? 
34. 162.5 is what percent of 6500? 


In Exercises 35-38, express as a ratio. (Use the same 
units for the numerator and denominator.) 


35. 16 feet to 4 yards 
36. 3 quarts to 5 pints 
37. 45 seconds to 5 minutes 


38. 3 meters to 150 centimeters 


In Exercises 39-42, solve the proportion. 


(om) Reed 
Se Rae 4 ry lout? 

b 5+5b ae ero ool 
Al - 42. ee 


In Exercises 43-46, find the missing quantities. 
(Assume the markup rate is a percent based on the 
cost.) 


Selling Markup 
Cost Price Markup Rate 
43. $99.95 $149.93 
44. $23.50 $31.33 
45. $125.85 $44.13 
46. $895.00 $223.75 


In Exercises 47-50, find the missing quantities. 
(Assume the discount rate is a percent based on the list 


price.) 


List Sale Discount 
Price Price Discount Rate 
47. $71.95 $53.96 
48. $559.95 $279.98 
49. $1995.50 $598.65 
50. $39.00 $15.60 
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In Exercises 51-54, solve the equation for the specified 
variable. 

51. Solve for x in 2x — 7y +4 =0. 

52. Solve for v in 3u — 4v = 2v + 3. 

53. Solve for hin V = ah. 

54. Solve for h in S = 2ar? + 2arh. 


In Exercises 55-72, solve the linear inequality and 
sketch the solution on the real number line. 


=e ol Ys oo Sy 

57. —5x < 30 58. —1lx > 44 

eos ie 60. 3x — 11 <7 

Giese 10r— 11) 62,12 3x 2 4x0 2 

63.4-ty<12 64.2 -2< 245 
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69. 5x — 4 < 6and3x+1>—-8 

70. 6 — 2x < lor10 — 4x > —6 

Tie =4() x) = 30x — 6) 

TAL) Oy) 


In Exercises 73-76, write an inequality for the given 
statement. 


73. zisno more than 10. 74. x is nonnegative. 


Solving Problems 
97. Number Problem Find two consecutive positive 
integers whose sum is 147. 


98. Number Problem Find two consecutive even 


integers whose sum is 74. 


99. Real Estate Commission A real estate agency 
receives a commission of $9000 for the sale of a 


$150,000 house. What percent commission is this? 


Quality Control A quality control engineer 
reported that 1.6% of a sample of parts were defec- 
tive. The engineer found six defective parts. How 
large was the sample? 


100. 


101. Comparison Shopping A mail-order catalog has 
a plant stand with a list price of $24.95 plus 
$6.95 for shipping and handling. A local depart- 


ment store has the same plant stand for $35.95. The 


Linear Equations and Inequalities 


Hg 


75. y is at least 7 but less than 14. 
76. The volume V is less than 27 cubic feet. 


1.5 i Exercises 77-84, solve the absolute value 
equation. 
77. |x| = 6 
79. |4 — 3x| = 8 
81. |5x + 4| — 10 = —6 
83. |3x — 4| = |x + 2| 


78. 
80. 
82. |x -—2| -2=4 

84, |5x + 6| = |2x — 1| 


In Exercises 85-92, solve the absolute value inequality. 
85.4 4|(>3 86. |¢ + 3] > 2 


87. |3x| > 9 88. 


89. |2x — 7| < 15 
91. |b +2|-6>1 


90. [5x — 1| < 9 
92..|2y = 1| 424 


In Exercises 93 and 94, use a graphing utility to solve 
the inequality. 


93.9 |2xtenS zal 94, |(5(e= x) ys 225 
In Exercises 95 and 96, write an absolute value inequal- 
ity that represents the interval. 


—19 —18 -17 —16 —15 —14 —13 —-12 -11 


department store has a special 30% off sale. Which 
is the better buy? 


102. Pension Fund Your employer withholds $216 of 
your gross income each month for your retirement. 
Determine the percent of your total monthly gross 


income of $3200 that is withheld for retirement. 


103. Sales Tax The state sales tax on an item you 
purchase is 74%. If the item costs $34, how much 
sales tax will you pay? 


104. Property Tax The tax on a property with an 


assessed value of $105,000 is $1680. Find the tax 
on a property with an assessed value of $125,000. 


Recipe Enlargement One and one-half cups of 
milk are required to make one batch of pudding. 
How much milk is required to make 2; batches? 


105. 


106. 


107. 


Similar Triangles 


Map Scale One-third inch represents 50 miles on 
a map. Approximate the distance between two 
cities that are 34 inches apart on the map. 

Fuel Mixture The gasoline-to-oil ratio for a lawn 
mower engine is 50 to 1. Determine the amount of 


gasoline required if pint of oil is used in produc- 
ing the mixture. 


In Exercises 108 and 109, solve for 


the length x by using the fact that corresponding sides 
of similar triangles are proportional. 


108. 


109. 


110. 


111.. 


P|. «| 


|| 


ay 
A A 


|<x—_- 3 —> |< 4 ——> 


Geometry You want to measure the height of a 
flagpole. To do this, you measure the flagpole’s 
shadow and find that it is 30 feet long. You also 
measure the height of a 5-foot lamp post and find its 
shadow to be 3 feet long (see figure). How tall is the 
flagpole? 


|<— 30 ft —>| <3 ft 

Geometry You want to measure the height of a 
silo. To do this, you measure the silo’s shadow and 
find that it is 20 feet long. You are 6 feet tall and 
your shadow is iG feet long. How tall is the silo? 


112. 


113. 


114. 


115. 


116. 


ti. 


118. 


119. 


120. 


121. 


122. 


123. 
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Revenue Increase The revenues for a corpora- 
tion, in millions of dollars, in the years 1999 and 
2000 were $4521.4 and $4679.0, respectively. 
Determine the percent increase in revenue from 
1999 to 2000. 


Price Increase The manufacturer’s suggested 
retail price for a certain truck model is $25,750. 
Estimate the price of a comparably equipped truck 
for the next model year if it is projected that truck 
prices will increase by 55%. 


Retail Price A camera that costs a retailer 
$259.95 is marked up by 35%. Find the price to the 
consumer. 


Markup Rate A calculator selling for $175.00 
costs the retailer $95.00. Find the markup rate. 


Sale Price The list price of a coat is $259. Find 
the sale price of the coat if the price is reduced by 
29%. 


Comparison Shopping A mail-order catalog has 
an attaché case with a list price of $99.97 plus 
$4.50 for shipping and handling. A local depart- 
ment store has the same attaché case for $125.95. 
The department store has a special 20% off sale. 
Which is the better buy? 


Sales Goal The weekly salary of an employee is 
$150 plus a 6% commission on total sales. The 
employee needs a minimum salary of $650 per 
week. How much must be sold to produce this 
salary? 


Mixture Problem Determine the number of liters 
of a 30% saline solution and the number of liters of 
a 60% saline solution that are required to make 10 
liters of a 50% saline solution. 


Mixture Problem Determine the number of gal- 
lons of a 25% alcohol solution and the number of 
gallons of a 50% alcohol solution that are required 
to make 8 gallons of a 40% alcohol solution. 


Distance Determine the distance an Air Force jet 
can travel in We hours if its average speed is 1200 
miles per hour. 


Time Determine the time for a bus to travel 330 
miles if its average speed is 52 miles per hour. 


Speed A truck driver traveled at an average speed 
of 48 miles per hour on a 100-mile trip to pick up a 
load of freight. On the return trip with the truck 
fully loaded, the average speed was 40 miles per 
hour. Find the average speed for the round trip. 
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124. Speed For 2 hours of a 400-mile trip, your aver- 
age speed is only 40 miles per hour. Determine the 
average speed that must be maintained for the 
remainder of the trip if you want the average speed 
for the entire trip to be 50 miles per hour. 


125. Work-Rate Problem Find the time for two people 
working together to complete a task if it takes them 
4.5 hours and 6 hours working individually. 


126. Work-Rate Problem Find the time for two people 
working together to complete half a task if it takes 
them 8 hours and 10 hours to complete the entire 
task working individually. 


127. Simple Interest Find the total simple interest you 
will earn on a $1000 corporate bond that matures in 
4 years and has an 8.5% interest rate. 


128. Simple Interest Find the annual simple interest 
rate on a certificate of deposit that pays $37.50 per 
year in interest on a principal of $500. 


129. Simple Interest Find the principal required to 
have an annual interest income of $20,000 if the 
annual simple interest rate on the principal is 9.5%. 


130. Simple Interest A corporation borrows 3.25 mil- 
lion dollars for 2 years to modernize one of its 
manufacturing facilities. If it pays an annual simple 
interest rate of 12%, what is the total principal and 
interest that must be repaid? 


131. Simple Interest An inheritance of $50,000 is 
divided between two investments earning 8.5% and 
10% simple interest. (The 10% investment has a 
greater risk.) What is the smallest amount that can 
be invested in the 10% fund if the total annual inter- 
est from both investments must be at least $4700? 


132. Simple Interest You invest $1000 in a certificate 
of deposit that has an annual simple interest rate of 
7%. After 6 months, the interest is computed and 
added to the principal. During the second 6 months, 
the interest is computed using the original invest- 
ment plus the interest earned during the first 6 
months. What is the total interest earned during the 
first year of the investment? 


Linear Equations and Inequalities 


133. Geometry The area of the rectangle in the figure 
is 48 square inches. Find x. 


134. Geometry The perimeter of the rectangle in the 
figure is 110 feet. Find its dimensions. 


Uno 


135. Geometry The perimeter of the rectangle in the 
figure must be at least 50 feet and not more than 
100 feet. Find the interval for x. 


23 ft 


136. Long-Distance Charges The cost of an interna- 
tional long-distance telephone call is $0.99 for the 
first minute and $0.49 for each additional minute. If 
the total cost of the call cannot exceed $7.50, find 
the interval of time that is available for the call. 


137. Temperature The storage temperature of a com- 
puter must satisfy the inequality 


|i eau! 8:3 ets 8e3 
where f¢ is given in degrees Fahrenheit. Sketch the 
graph of the inequality. 

138. Temperature The operating temperature of a 

computer must satisfy the inequality 

ee AT xe De 
where f is given in degrees Fahrenheit. Sketch the 
graph of the inequality. 
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Figure for 8 


Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-4, solve the equation. 


A 


A 


6x — 5 = 19 2. 5x —6 = 7x - 12 
15 — 7(1 — x) = 3(x + 8) 4, Fat 44 


. What is 27% of 3200? 


6. 1200 is what percent of 800? 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
18. 


. A Store is offering a 20% discount on all items in its inventory. Find the list 


price on a tractor that has a sale price of $6400. 


. Which of the packages at the left is a better buy? Explain your reasoning. 
. The tax on a property with an assessed value of $90,000 is $1200. Estimate 


the tax on a property with an assessed value of $110,000. 


The bill (including parts and labor) for the repair of a home appliance was 
$165. The cost for parts was $85. How many hours were spent in repairing 
the appliance if the cost of labor was $16 per half hour? 


Two solutions—10% concentration and 40% concentration—are mixed to 
make 100 liters of a 30% solution. Determine the numbers of liters of the 
10% solution and the 40% solution that are required. 


Two cars start at a given time and travel in the same direction at average 
speeds of 40 miles per hour and 55 miles per hour. How much time must 
elapse before the two cars are 10 miles apart? 


Find the principal required to earn $300 in simple interest in 2 years if the 
annual interest rate is 7.5%. 


Solve each absolute value equation. 
a. |2x + 6| = 16 pa oie= |= l6x aaal| ec. |9 — 4x] - 10 = 1 
Solve each inequality and sketch its solution. 


ase 1222-6 Desig oat 


aT 8 


Be 29} dd. == AQr 23x) =220 
Solve each absolute value inequality. 


<0 


x 
a eee eee ba isk Sao ar Cit 2 
Rewrite the statement “tis at least 8” using inequality notation. 


A utility company has a fleet of vans. The annual operating cost per van is 
C = 0.37m + 2700 


where m is the number of miles traveled by a van in a year. What is the 
maximum number of miles that will yield an annual operating cost that is 
less than or equal to $11,950? 


——— 
r sehdihd P 
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Motivating the Chapter 
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CG Automobile Depreciation 


You are a sales representative for a pharmaceutical company. You have just 
paid $15,900 for a new car that you will use for traveling between clients. 
After 3 years, the car is expected to have a value of $10,200. Because you 
will use the car for business purposes, its depreciation is deductible from 
your taxable income. Let x represent the time, with x = 0 corresponding to 
the time of purchase and x = 3 to the time 3 years later. Let y represent the 
value of the car. Using the straight-line method of depreciation, answer the 
following. 


See Section 2.3, Exercise 85 
a. Plot the value of the car when new and the value 3 years later on a 
rectangular coordinate system. Connect the points with a straight line. 
b. Calculate the slope of the line. 
c. In the context of this problem, what is the meaning of the slope? 
See Section 2.4, Exercise 82 
. Make up a table of values showing the expected value of the car over the 
_ first 4 years (x = 0, 1, 2, 3, and 4) of its use. 
. Write a linear equation that models this depreciation problem. 
. Doesa fifth-year value (x = 5) of $7000 fit this model? Explain. 


| See Section 2.5, Exercise 91 


g. Write the linear equation from part (e) as a function of x. What is the 
value of the car after 7 years? 

h. Why might straight-line depreciation not be a fair model for automobile 
depreciation? Include a sketch of a graph that might better represent 
automobile depreciation. 


From a practical perspective, describe the domain and the range of the 
linear function in part (e). 
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= Out oo 
-1| Plot points on a rectan oe coordinate system. 
2 Ee Determine whether an 


ae 13 | Use the Distance Formula to determine the distance between two points. 


dered pair isa solution of an equation 


Plot points on a rectangular The Rectangular Coordinate System 


coordinate system. 


Just as you can represent real numbers by points on the real number line, you can 
represent ordered pairs of real numbers by points in a plane. This plane is called 
a rectangular coordinate system or the Cartesian plane, after the French 
mathematician René Descartes. 

A rectangular coordinate system is formed by two real number lines inter- 
secting at a right angle, as shown in Figure 2.1. The horizontal number line is 
usually called the x-axis, and the vertical number line is usually called the y-axis. 
(The plural of axis is axes.) The point of intersection of the two axes is called the 
origin, and the axes separate the plane into four regions called quadrants. 


Quadrant II 


Quadrant I 


Quadrant III _—3 Quadrant IV 


Figure 2.1 Figure 2.2 
see and his ee He! me 
: “think, the erefore | lam” hasbeen Each point in the plane corresponds to an ordered pair (x, y) of real numbers x 
- quoted c often. In mat themati . _ and y, called the coordinates of the point. The first number (or x-coordinate) 


wee See 
_ Descar ites is known as the zs oe tells how far to the left or right the point is from the vertical axis, and the second 


~ father of. f analytic g geometry. oF 
ve Prior rol Descartes’ ystime, ee 


-_ geometry and algebra were gre 


number (or y-coordinate) tells how far up or down the point is from the hori- 
zontal axis, as shown in Figure 2.2. 


A positive x-coordinate implies that the point lies to the right of the vertical 


o> 


"separate mathematical studies. 2 axis; a negative x-coordinate implies that the point lies to the /eft of the vertical 
‘ tt was Descartes’ 5 introduction | axis: and an x-coordinate of zero implies that the point lies on the vertical axis. 

- of ther rectan clay ‘coordinate a Similar statements can be made about y-coordinates. A positive y-coordi- 
YS system that brought the two. _ nate implies that the point lies above the horizontal axis; a negative y-coordinate 


= 


: _ studies s together. A oe gt implies that the point lies below the horizontal axis; and a y-coordinate of 
ae - - 


zero implies that the point lies on the horizontal axis. 


| Figure 2.3 


Figure 2.4 
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Locating a given point in a plane is called plotting the point. Example | 
shows how this is done. 


Plotting Points on a Rectangular Coordinate System 


Plot the points (—2, 1), (4, 0), (3, — 1), (4, 3), (0, 0), and (—1, —3) on a rectan- 
gular coordinate system. 

Solution 

The point (—2, 1) is 2 units to the /eft of the vertical axis and 1 unit above the 
horizontal axis. 


2 units to the left of 1 unit above the 
the vertical axis horizontal axis 


(=2, 1) 


Similarly, the point (4, 0) is 4 units to the right of the vertical axis and on the 
horizontal axis. (It is on the horizontal axis because its y-coordinate is 0.) The 
other four points can be plotted in a similar way, as shown in Figure 2.3. 


In Example 1, you were given the coordinates of several points and asked to 
plot the points on a rectangular coordinate system. Example 2 looks at the reverse 
problem. That is, you are given points on a rectangular coordinate system and are 
asked to determine their coordinates. 


Finding Coordinates of Points 


Determine the coordinates of each of the points shown in Figure 2.4. 


Solution 


Point A lies 2 units to the right of the vertical axis and | unit below the horizon- 
tal axis. So, point A must be given by the ordered pair (2, — 1). The coordinates 
of the other four points can be determined in a similar way. The results are 
summarized as follows. 


Point Position Coordinates 
A 2 units right, 1 unit down (2,—1) 
B 1 unit left, 5 units up (145) 
C 4 units right, 0 units up or down (4, 0) 
D 3 units left, 2 units down (—3, —2) 
E 2 units right, 4 units up (2, 4) 
F 1 unit left, 2 units up (—1, 2) 


In Example 2, note that point A(2, —1) and point F(—1, 2) are different 
points. The order in which the numbers appear in an ordered pair is important. 


124 Chapter 2. Graphs and Functions 


As a consumer today, you are presented almost daily with vast amounts of 
data given in various forms. Data are given in numerical form using lists and tables 
and in graphical form using scatter plots, lines, circle graphs, and bar graphs. 
Graphical forms are more visual and make wide use of Descartes’s rectangular 
coordinate system to show the relationship between two variables. Today, 
Descartes’s ideas are commonly used in virtually every scientific and business- 
related field. 


elii)>1(-36J9 Representing Data Graphically 


The population (in millions) of California from 1982 through 1997 is listed in the 
table. Plot these points on a rectangular coordinate system. (Source: U.S. 
Bureau of the Census) 


1982 | 1983 | 1984 | 1985 | 1986 | 1987 | 1988 1989 | 
2A.8e | 25:45\025,89 026.4) }- 27.0% 2758 2s 29.2 | 


1990) 1991 (19920) 19935) 199045 Osa o6 1997 | 
29.3 SUAS 309 3 102 e314 wie me slee 2g 


Solution 


Begin by choosing which variable will be plotted on the horizontal axis and 
which will be plotted on the vertical axis. For these data, it seems natural to plot 
the years on the horizontal axis (which means that the population must be plotted 
on the vertical axis). Next, use the data in the table to form ordered pairs. 
For instance, the first three ordered pairs are (1982, 24.8), (1983, 25.4), and 
(1984, 25.8). All 16 points are shown in Figure 2.5. Note that the break in the 
X-axis indicates that the numbers between 0 and 1982 have been omitted. The break 
in the y-axis indicates that the numbers between 0 and 24 have been omitted. 


Population of California 


Population (in millions) 


xX 


1983, 1985 1987 1989 1991 1993 1995 1997 


Year 


Figure 2.5 
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Determine whether an ordered Ordered Pairs as Solutions 

pair is a solution of an equation. 
In Example 3, the relationship between the year and the population was given by 
a table of values. In mathematics, the relationship between the variables x and y 
is often given by an equation. From the equation, you can construct your own 
table of values. 


elie) (a Constructing a Table of Values 


Construct a table of values for y = 3x + 2. Then plot the solution points on a 
rectangular coordinate system. Choose x-values of —3, —2, —1, 0, 1, 2, and 3. 


Solution 


For each x-value, you must calculate the corresponding y-value. For example, if 
you choose x = 1, then the y-value is 


Va (Le 25s 


The ordered pair (x, y) = (1, 5) is a solution point (or solution) of the equation. 


ea Satara 


x=-3 pe a ees ( 
x= =2 | y=3(-2) +2=—-4 (—3 4) 
ea ll y= (1) = at (—1, -1) 
sal) y=3(0)+2=2 (0, 2) 
x=1 WS eror = s (155) 
y i x=2 | y=3Q2)+2=8 (2, 8) 
meric at sulky =3G) 2nd (3, 11) 


Once you have constructed a table of values, you can get a visual idea of the 
relationship between the variables x and y by plotting the solution points on a 
* rectangular coordinate system, as shown in Figure 2.6. 


eae 08-4 Be 


= 


ie owe 


In many places throughout this course, you will see that approaching a prob- 
lem in different ways can help you understand the problem better. In Example 4, 
for instance, solutions of an equation are arrived at in three ways. 


> Three Approaches to Problem Solving 


1. Algebraic Approach Use algebra to find several solutions. 
2. Numerical Approach Construct a table that shows several solutions. 


3. Graphical Approach Draw a graph that shows several solutions. 
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> Guidelines for Verifying Solutions 


To verify that an ordered pair (x, y) is a solution of an equation with 
variables x and y, use the following steps. 


1. Substitute the values of x and y into the equation. 
2. Simplify both sides of the equation. 


3. If both sides simplify to the same number, the ordered pair is a 
solution. If the two sides yield different numbers, the ordered pair 
is not a solution. 


Setuys(26) | Verifying Solutions of an Equation 


Which of the ordered pairs are solutions of x7 — 2y = 6? 


a, fymb. (Or 3)" ‘cae ae 5) edeiaee | 


Solution 
a. For the ordered pair (2, 1), substitute x = 2 and y = 1 into the equation. 
(2)? — 2(1) Z 6 Substitute 2 for x and 1 for y. 
2#6 Is not a solution % 


Because the substitution does not satisfy the given equation, you can conclude 
that the ordered pair (2, 1) is not a solution of the given equation. 


b. For the ordered pair (0, —3), substitute x = 0 and y = —3 into the equation. 
? 
(0)? — 2(-—3) = 6 Substitute 0 for x and —3 for y. 
6=6 Is a solution J 


Because the substitution satisfies the given equation, you can conclude that the 
ordered pair (0, —3) is a solution of the given equation. 


c. For the ordered pair (—2, —5), substitute x = —2 and y = —5 into the 
equation. 


9) 
(=2)7 = 2(=5) =6 Substitute —2 for x and —5 for y. 
1446 Is not a solution 


Because the substitution does not satisfy the given equation, you can conclude 
that the ordered pair (—2, —5) is not a solution of the given equation. 


d. For the ordered pair fi, —3), substitute x = 1 and y = 3 into the equation. 
2 ay 
(1)? — 2(-3) =6 Substitute 1 for x and —3 for y. 
6=6 Is a solution / 


Because the SMAI satisfies the given equation, you can conclude that the 
ordered pair (1, —3) is a solution of the given equation. 


Use the Distance Formula to 
determine the distance between 
two points. 


me Vi 


as ee} 


Figure 2.8 Pythagorean Theorem 
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The Distance Formula 


You know from Section P.1 of the Prerequisites chapter that the distance d 
between two points a and b on the real number line is simply 


d= |b-al. 


The same “absolute value rule” is used to find the distance between two points 
that lie on the same vertical or horizontal line in the coordinate plane, as shown 
in Example 6. 


Finding Horizontal and Vertical Distances 


a. Find the distance between the points (2, —2) and (2, 4). 
b. Find the distance between the points (—3, —2) and (2, —2). 
Solution 


a. Because the x-coordinates are equal, you can visualize a vertical line through 
the points (2, —2) and (2, 4), as shown in Figure 2.7. The distance between 
these two points is the absolute value of the difference of their y-coordinates. 


Vertical distance = |4 — (—2)| Subtract y-coordinates. 
=6 Evaluate absolute value. 


b. Because the y-coordinates are equal, you can visualize a horizontal line 
through the points (— 3, — 2) and (2, — 2), as shown in Figure 2.7. The distance 
between these two points is the absolute value of the difference of their 
x-coordinates. 


Horizontal distance = |2 — (—3)| Subtract x-coordinates. 


=5 Evaluate absolute value. 


In Figure 2.7, note that the horizontal distance between the points (—3, —2) 
and (2, —2) is the absolute value of the difference of the x-coordinates, and the 
vertical distance between the points (2, — 2) and (2, 4) is the absolute value of the 
difference of the y-coordinates. 

The technique applied in Example 6 can be used to develop a general formula 
for finding the distance between two points in the plane. This general formula will 
work for any two points, even if they do not lie on the same vertical or horizon- 
tal line. To develop the formula, you use the Pythagorean Theorem, which states 
that for a right triangle, the hypotenuse c and sides a and 5 are related by the 
formula 


et+bh=c Pythagorean Theorem 


as shown in Figure 2.8. (The converse is also true. That is, if a2 + b? = c?, then 
the triangle is a right triangle.) 
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1 (%2, ¥2) 


x 
|x- x)| i 


Figure 2.9 Distance Between 
Two Points 


Figure 2.10 


To develop a general formula for the distance between two points, let CA) 
and (x, y>) represent two points in the plane (that do not lie on the same hori- 
zontal or vertical line). With these two points, a right triangle can be formed, as 
shown in Figure 2.9. Note that the third vertex of the triangle is (x,, yz). Because 
(x,, y,) and (x,, y,) lie on the same vertical line, the length of the vertical side of 
the triangle is |y, — y,|. Similarly, the length of the horizontal side is |x, — xj]. 
By the Pythagorean Theorem, the square of the distance between (x,, y,) and 


Ce. y>) is 


d? = |x, — x1)? + |v. — vi? 


Because the distance d must be positive, you can choose the positive square root 
and write 


di |x, = x,/? ate ly. eae li 


Finally, replacing |x, — x,|? and |y, — y,|? by the equivalent expressions 
(x, — x,)? and (y, — y,)? gives you the Distance Formula. 


» The Distance Formula 


The distance d between two points (x,, y,) and (x5, y) is 


Ce) (x, ay a: ae (y -_ y,)?. 


Note that for the special case in which the two points lie on the same vertical 
or horizontal line, the Distance Formula still works. For instance, applying the 
Distance Formula to the points (2, — 2) and (2, 4) produces 


d= J@-2 +14 - OF = VE =6 


which is the same result obtained in Example 6. 


setuls(74 | Finding the Distance Between Two Points 


Find the distance between the points (— 1, 2) and (2, 4), as shown in Figure 2.10. 


Solution 
Let (x,, y,) = (-1, 2) and (x, y,) = (2, 4), and apply the Distance Formula. 
d= ./2 —- (-1)P + @ — 2/ Substitute coordinates of points. 
= ./32 + 22 Simplify. 
= /13 Simplify. 
= 3.61 Use a calculator. 


When using the Distance Formula, it does not matter which point is consid- 
ered oe y) and which is (x5, y,), because the result will be the same. For 
instance, in Example 7, let (x,, y,) = (2, 4) and (x, y.) = (—1, 2). Then 


d= (C1) —2P + @ —4P = /((-3P + @2) = 13 = 3.61. 


+ 
4 
B 
= 
a 
a 
a 
= 
= 
Z 
= 
eo 
Se 


We is ss 


perms UY AMS aS 


mEeeyyrew 


eee Da eed ve Sa <a KOS al na ie 


Figure 2.11 
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The Distance Formula has many applications in mathematics. For instance, 
the next example shows how you can use the Distance Formula and the converse 


of the Pythagorean Theorem to verify that three points form the vertices of a right 
triangle. 


An Application of the Distance Formula 


Show that the points (1, 2), (3, 1), and (4, 3) are vertices of a right triangle. 
Solution 


The three points are plotted in Figure 2.11. Using the Distance Formula, you can 
find the lengths of the three sides of the triangle. 


d= J@-1F + 0-2 = Var 1 = V5 
d= JG-=3F +G- IP = VIF4= V5 
d= J@-1" + B-2 = V9F1 = Vi0 


Because 
died am + 
= 10 
= d,? 


you can conclude from the converse of the Pythagorean Theorem that the triangle 
is a right triangle. 
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Integrated | Review 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 


1. Is3x=7a linear equation? Explain. 
Is x? + 3x = 2a linear equation? Explain. 


2. Explain how to check if x = 3 is a solution of 
the equation 5x -4= We 


Simplifying Expressions. 


In Exercises 3-10, simplify the expression. 


3.56x(2x2) oA BA at as 

5. t= 32 ley OA y2)(— 2xy)) 

TA 3Q2x +1) 8 Se+ 2) — 42x 3) 
Developing Skills 


In Exercises 1-8, plot the points on a rectangular coor- 
dinate system. See Example 1. 


Concepts, Skills, and Problem Solving 


e 9: <9, 22 +2) - 


10. 0.12x + 0.05(2000 — 2x) 
Problem Solving 


11. You can mow a lawn in 4 hours, and your 
friend can mow it in 5 hours. What fractional — 

part of the lawn can each of you mow in 1 

_ hour? Working together, how fone will it take — 

to mow the lawn? ’ 


12. 


A truck driver traveled at an average speed of 
50 miles per hour on a 200-mile trip. On the © 
return trip with the truck fully loaded, the aver- — 
age speed was 42 miles per hour. Find the aver- 
age speed for the round trip. 


11. 


eae) le 03) (yee) 

O28.) e\a-2) = 5), (355) 5 
Bb (SS, =D, =A) 

4. (0, 4), (0, 0), (3, 0) 

5. (, -2), (-2,4), @, -4) 

6. (- z 3), G, —3), (- 5,- i) In Exercises 13-20, plot the points and connect them 
7. 3 1), y= 3), (-4 4 3) with line segments in such a way as to form the figure. 
8. (—3, —5), rs 3) 6 5 —2) ae eae, : parallelogram whose sides are all 


13. 
14. 
15; 
16. 
17. 
18. 
19. 
20. 


In Exercises 9-12, determine the coordinates of the 
points. See Example 2. 


Square: (0, 6), (3, 3), (0, 0), (—3, 3) 
Rectangle: (7, 0), (9, 1), (4, 6), (6, 7) 
Triangles (—1, 2), (2, 0). (3,5) 
Triangle: (1, 4), (0, —1), (5, 9) 
Parallelogram: (4, 0), (6, —2), (0 
Parallelogram: (—1, 1), (0, 4), (4, — 
Rhombus: (0, 0), (3, 2), (2, 3), (5, 5) 
Rhombus: (—3, —3), (—2, —1), (— 


pat) ee) 
2), (5, 1) 


a 
pie: 2), (020) 
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In Exercises 21-28, find the coordinates of the point. 


21. The point is located 5 units to the left of the y-axis 
and 2 units above the x-axis. 


22. The point is located 10 units to the right of the y-axis 
and 4 units below the x-axis. 


23. The point is located 3 units to the right of the y-axis 
and 2 units below the x-axis. 


24. The point is located 2 units to the right of the y-axis 
and 5 units above the x-axis. 


25. The coordinates of the point are equal, and the point 
is located in the third quadrant 10 units to the left of 
the y-axis. 

26. The coordinates of the point are equal in magnitude 
and opposite in sign, and the point is located 7 units 
to the right of the y-axis. 


27. The point is on the positive x-axis 10 units from the 
origin. 

28. The point is on the negative y-axis 5 units from the 
origin. 


In Exercises 29-36, determine the quadrant of the point 
without plotting it. 


99:7(—37—5) 30. (4, —2) 
31. (3, -3) 32. (—3, -3) 
33. (200, 1365.6) > 34. (—6.2, 8.05) 


35-(, y), x>0,y < 0 
36. (x,y), x>0,y > 0 


In Exercises 37-42, determine the quadrants in which 
the point could be located. (x and y are real numbers.) 


37x54) 38. (— 10, y) 

39) (—3.y) 40. (x, 5) 

41. (x,y), xy >0 42. (x,y), xy <0 

In Exercises 43-46, plot the points whose coordinates 
are given in the table. See Example 3. 


43. Exam Score The table gives the time x in hours 
invested in concentrated study for five different 
algebra exams and the resulting score y. 


Wee eae 


5 
81 | 71 88 | 92 | 86 
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44. Net Sales The net sales y (in billions of dollars) of 
Wal-Mart for the years 1991 through 1997 are given 
in the table. The time in years is given by x. 
(Source: Wal-Mart 1998 Annual Report) 


1991} 1992 | 1993| 1994 | 1995} 1996 | 1997 


[26 [89 [555 [73 [ws [936 1089 


45. Average Temperature The table gives the average 
temperature y (in degrees Fahrenheit) for Duluth, 
Minnesota for each month of the year, with x = 1 
representing January. (Source: NOAA) 


1 
63 | 120] 229 


7 aes i 10 Bs | 12 
65.3 | 63.2 | 54.0 | 44.2 28.2 | 13.8 


46. Fuel Efficiency The table gives the speed x of 
a car in miles per hour and the approximate fuel effi- 
ciency y in miles per gallon. 


50] 55 | 60 | 65 | 70 


28 | 26.4 | 24.8 | 23.4 | 22 


Shifting a Graph _\|n Exercises 47 and 48, the figure is 
shifted to a new location in the plane. Find the coordi- 
nates of the vertices of the figure in its new location. 


47. 


48. (Soe 
wcescbapasad x5 Rage 


wy 5 
3 units aca a 
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In Exercises 49-52, complete the table of values. Then In Exercises 61-68, plot the points and find the dis- 
plot the solution points on a rectangular coordinate tance between them. State whether the points lie on a 
system. See Example 4. horizontal or vertical line. See Example 6. 

61. (3, —2), (3, 5) 62x (—2, 8), (=2, 1) 

63. (3, 2), (10, 2) 64. (—120, —2), (130; —2) 

3 3 
65, (—3,3).(-3.4) 66. (3, 1), ( —10) 
(set 1 52\ if Bed 
67. (~4,3), (3,3) 68. (5,8), (3.3) 
In Exercises 69-78, find the distance between the 


points. See Example 7. 


69. (3, 7), (4, 5) 70. (5, 2), (8, 3) 

71. (1,3), (5, 6) 72. (3, 10), (15, 5) 
73. (—3, 0), (4, -3) 74. (0, —5), (2, -8) 
75. (—2, —3), (4,2) 76. (—5, 4), (10, —3) 
77. (1,3), (3, —2) 78. (4,1), (3, 2) 


In Exercises 79-82, show that the points are vertices of 
"= In Exercises 53 and 54, use the table feature of a graph- a right triangle. See Example 8. 
ing utility to complete the table of values. 


In Exercises 55-60, determine whether the ordered 
pairs are solutions of the equation. See Example 5. 


55. x7 + 3y = —5 56. y? — 4x = 8 
(a)n(37—2) (a) (0, 6) 
(Oi as) (b) (—4, 2) 
foe) (cjm(=1, 3) 
(d) (4, -7) (d) (7, 6) 
Sie ayi— x) to =0 58. 5x — 2y + 50 =0 In Exercises 83-86, use the Distance Formula to deter- 
(a) (0, 0) (a) (—10, 0) mine whether the three points lie on the same line. 
(b) (3, 0) (b) (—5, 5) 83. (2, 3), (2, 6), (6, 3) 
Clea (c) (0, 25) 84. (2, 4), (—1, 6), (-3, 1) 
(@) (1, —3) (dyn20 2) 85. (8, 3), (5, 2), (2, 1) 
59. y=ix+3 60. y =3x-2 86. (2, 4), (1, 1), (0, —2) 
(a) (, 4) (a) (0, 0) 
(b) (8, 10) (b) (8, 3) 
(c) (0, 0) OMI = 7) 
(a) (—16, 14) (Oiler) 
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In Exercises 87-90, plot the points and the midpoint of 
the line segment joining the points. The coordinates of 
the midpoint of the line segment joining the points 


(Ks 4) and (5s Vs) are 


+ + 
Midpoint = (“22 “2 


91. 


92. 


93: 


Pare Fo 
Solving Problems 


Numerical Interpretation The cost C for produc- 
ing x units is given by C = 28x + 3000. Use a 
table to help write a paragraph that describes the 
relationship between x and C. 


Numerical Interpretation When an employee 
produces x units per hour, the hourly wage y is 
given by y = 0.75x + 8. Use a table to help write a 
paragraph that describes the relationship between x 
and y. 


Housing Construction A house is 30 feet wide 
and the ridge of the roof is 7 feet above the tops 
of the walls (see figure). The rafters overhang the 
edges of the walls by 2 feet. How long are the 
rafters? 


_ Explaining Concepts 


97, 


98. 


oo: 


100. 


161. 


102. 


Discuss the significance of the word ordered when 
referring to an ordered pair (x, y). 

When plotting the point (x,y), what does the x- 
coordinate measure? What does the y-coordinate 
measure? 

What is the x-coordinate of any point on the y-axis? 
What is the y-coordinate of any point on the x-axis? 
Explain why the ordered pair (— 3, 4) is not a solu- 
tion point of the equation y = 4x + 15. 

When plotting points on the rectangular coordinate 
system, is it true that the scales on the x- and y-axes 
must be the same? Explain. 

State the Pythagorean Theorem and give examples 
of its use. 


87. 
88. 
89. 
90. 


94, 


Geometry 
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(—2, 0), (4, 8) 
Eck) AA 
(1, 6), (6, 3) 
(2) ae!) 
Housing Construction Determine the length of 


the handrail over the stairs shown in the figure. 


1 
| 
| 
| 
| 
| 
| 
| 


In Exercises 95 and 96, find the perimeter 


of the triangle having the given vertices. 


95. 
96. 


103. 


104. 


(2 0) (05-5) flO) 
(son) 1 4) Ge) 


Conjecture Plot the points (2, 1),(—3,5), and 
(7, —3) on a rectangular coordinate system. Then 
change the sign of the x-coordinate of each point 
and plot the three new points on the same rectangu- 
lar coordinate system. What conjecture can you 
make about the location of a point when the sign of 
the x-coordinate is changed? 


Conjecture Plot the points (2, 1), (—3,5), and 
(7, —3) on a rectangular coordinate system. Then 
change the sign of the y-coordinate of each point 
and plot the three new points on the same rectangu- 
lar coordinate system. What conjecture can you 
make about the location of a point when the sign of 
the y-coordinate is changed? 
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Sketch the graph of an equation The Graph of an Equation 
using the point-plotting method. 
In Section 2.1, you saw that the solutions of an equation in x and y can be repre- 


sented by points on a rectangular coordinate system. The set of all solutions of an 
equation is called its graph. In this section, you will study a basic technique for 
sketching the graph of an equation—the point-plotting method. 


elute) (ilees Sketching the Graph of an Equation 


Sketch the graph of 3x — y = 2. 


Solution 
To begin, solve the equation for y. 


3x —y=2 Original equation 
=—yo= pox t 2 Subtract 3x from both sides. 
y=3x-2 Divide both sides by — 1. 


Next, create a table of values. The choice of x-values to use in the table is some- 
what arbitrary. However, the more x-values you choose, the easier it will be to 
recognize a pattern. 


6.7 


(b) 
Figure 2.12 


Now, plot the points, as shown in Figure 2.12(a). It appears that all six points lie 
on a line, so complete the sketch by drawing a line through the points, as shown 
in Figure 2.12(b). 


The equation in Example 1 is an example of a linear equation in two vari- 
ables—it is of first degree in both variables, and its graph is a straight line. By 


drawing a line through the plotted points, we are implying that every point on this 
line is a solution point of the given equation. 


Vis. ne 


_Study Tip 


Example 2 shows three common 
ways to represent the relationship 
between two variables. The 


equation y = x? — 2x is the 
analytical or algebraic represen-_ 
tation. The table of values is the 
numerical representation. And 


the graph in Figure 2.13(b) is the 


graphical representation. You 
will see and use analytical, 
numerical, and graphical 
representations throughout this 
course. 
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> The Point-Plotting Method of Sketching a Graph 


1. If possible, rewrite the equation by isolating one of the variables. 
2. Make up a table of values showing several solution points. 
3. Plot these points on a rectangular coordinate system. 


4. Connect the points with a smooth curve or line. 


Sketching the Graph of a Nonlinear Equation 


Sketch the graph of —x* + 2x + y = 0. 


Solution 

Begin by solving the equation for y. 
=f orn + ry = 0 Original equation 

2x + y= x? Add x? to both sides. 


y =x*—2x — Subtract 2x from both sides. 


Next, create a table of values. 


Now, plot the seven solution points, as shown in Figure 2.13(a). Finally, connect 
the points with a smooth curve, as shown in Figure 2.13(b). 


; Be a0 [oad ae a= 
oie Be le SnD eet ees 
Se a 
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é Be Eee le cee ee et 


rane) @hOeaOO)., 
i won om NRE Saal ena 


Figure 2.13 


The graph of the equation given in Example 2 is called a parabola. You will 
study this type of graph in detail in Section 7.3. 
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Example 3 shows the graph of an absolute value equation. Remember that 
the absolute value of a number is its distance from zero on the real number line 
and is always positive. For instance, |—5| = 5, |2| = 2, and |0| = 0. 


etuiytase 2 The Graph of an Absolute Value Equation 


Sketch the graph of y = |x — 2]. 


Solution 


This equation is already written in a form with y isolated on the left. So begin by 
creating a table of values. Be sure that you understand how the absolute value 1s 


evaluated. For instance, when x = —2, the value of y is 
y= | 22 | Substitute —2 for x. 
= |-4| Simplify. 
=4 Simplify. 


and when x = 3, the value of y is 


Vinee |3 2| Substitute 3 for x. 
= (ii Simplify. 
= all, Simplify. 


Next, plot the points, as shown in Figure 2.14(a). It appears that the points lie in 
a “V-shaped” pattern, with the point (2, 0) lying at the bottom of the “V.” Connect 
the points to form the graph shown in Figure 2.14(b). 


(a) (b) | 
Figure 2.14 


Find and use x- and y-intercepts 
as aids to sketching a graph. 


Study Tip 


When creating a table of values 
for a graph, choose a span of 
x-values that lie at least 1 unit 
to the left and right of the inter- 
cepts of the graph. This helps to 
give a more complete view of — 
the graph. 


Figure 2.15 
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Intercepts: An Aid to Sketching Graphs 


Two types of solution points that are especially useful are those having zero as the 
x-coordinate and those having zero as the y-coordinate. Such points are called 
intercepts because they are the points at which the graph intersects, respectively, 
the y- and x-axes. 


> Definition of Intercepts 


The point (a, 0) is called an x-intercept of the graph of an equation if it 
is a solution point of the equation. To find the x-intercepts, let y = 0 
and solve the equation for x. 


The point (0, b) is called a y-intercept of the graph of an equation if it 
is a solution point of the equation. To find the y-intercepts, let x = 0 
and solve the equation for y. 


Finding the Intercepts of a Graph 


Find the intercepts and sketch the graph of y = 2x — 3. 


Solution 
Find the x-intercept by letting y = 0 and solving for x. 


y=2x —-3 Original equation 
0= 2x -3 Substitute 0 for y. 
3 = 2x Add 3 to both sides. 
5 = oe Solve for x. 


Find the y-intercept by letting x = 0 and solving for y. 


y=2x-3 Original equation 
y= 20). = 3 Substitute 0 for x. 
y=-3 Solve for y. 


So, the graph has one x-intercept, which occurs at the point (3, 0), and one 
y-intercept, which occurs at the point (0, —3). To sketch the graph of the equa- 
tion, create a table of values. (Include the intercepts in the table.) Finally, using 
the solution points given in the table, sketch the graph of the equation, as shown 
in Figure 2.15. 


= \c6 eae as ey ase ee) 
= fig Re (CC | TU ae aa 
(-1,-5)| @-3)| @-)| 69/20/63 145) 
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Use a pattern to write an 
equation for an application 
problem, and sketch its graph. 


Value (in dollars) 


2d Oe 8 10 
Time (in years) 


Figure 2.16  Straight-Line 
Depreciation 


Real-Life Application of Graphs 


Newspapers and news magazines frequently use graphs to show real-life 
relationships between variables. Example 5 shows how such a graph can help you 
visualize the concept of straight-line depreciation. 


Ss etuts)(te) | Straight-Line Depreciation: Finding the Pattern @ 


Your small business buys a new printing press for $65,000. For income tax 
purposes, you decide to depreciate the printing press over a 10-year period. At the 
end of the 10 years, the salvage value of the printing press is expected to be $5000. 
Find an equation that relates the depreciated value of the printing press to the 
number of years since it was purchased. Then sketch the graph of the equation. 
Solution 


The total depreciation over the 10-year period is $65,000 — 5000 = $60,000. 
Because the same amount is depreciated each year, it follows that the annual 
depreciation is $60,000/10 = $6000. So, after 1 year, the value of the printing 
press is 


Value after 1 year = $65,000 — (1)6000 = $59,000. 
By similar reasoning, you can see that the values after 2, 3, and 4 years are 
Value after 2 years = $65,000 — (2)6000 = $53,000 
Value after 3 years = $65,000 — (3)6000 = $47,000 
Value after 4 years = $65,000 — (4)6000 = $41,000. 


Let y represent the value of the printing press after ¢ years and follow the pattern 
determined for the first 4 years to obtain 


y = 65,000 — 6000+. 


A sketch of the graph of this equation is shown in Figure 2.16. 


Straight-Line Depreciation 


In Example 5, suppose that you depreciated the printing press over 8 
years instead of 10 years. Write an equation that represents the depreci- 

ated value of the printing press during the 8-year period. Then graph 

both depreciation models on the same rectangular coordinate system = 

and compare the results. What are the advantages and disadvantages _ 

of each model? 
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Integrated Review Concepts, Skills, and Problem Solving 


Keep mathematically in shape by doing these Dotter oi Le ee eta 2 en he ee eee 

exercises before the problems of this section. . 
‘ ae §AS3 Ss ee 1 Bae ea ga 

Properties and Definitions - 

1. If t— 3 > 7 and c is an algebraic expression, Problem Solving 


then what is the relationship betweent-3+¢ 44, The price of a new van is approximately 112% 


and 7 + c? of what it was 3 years ago. What was the 
2. If t-3 <7 and c < 0, then what is the approximate price 3 years ago if the current 
relationship between (t — 3)c and 7c? price is $32,500? 
3. Complete the Multiplicative Inverse Property: 12. Your employer withholds 35% of your gross 
y(1/y) = : income for medical insurance coverage. 


Determine the amount withheld each month if 
your gross monthly income is $3100. 


4. Name the property illustrated by u + v =v + u. 
Simplifying Expressions 
In Exercises 5-10, solve the inequality. 


Seok ES 6.2437 5> 14 


Developing Skills 


In Exercises 1-6, match the equation with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(by 


1 y=2 Dog V = Diy 
3 y= 2x 4, y = x? 
Say = x= 4 6. y = |x| 


In Exercises 7-30, sketch the graph of the equation. See 


Examples 1-3. 

7. y = 3x 8. y = —2x 

9. y=4-~x 10. y= ~x +2 
ih Es Oe 2. 3x Vy — 2 
13.932 yi 22 14. 2y-x=4 


15. y = —x? 16. y = x? 
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Way =x 4 


199 ty 0 
2x — 2h — 7 = 1 


18222 
20,0. x7 se ye 10 
I SB 


23. y = |x| 24. y = —|z| 
25. y = |x| + 3 26. y = |x| — 1 
oy |x 8 | 28. y = |x — 1| 
29. y= -x? 30. y= xX? 


In Exercises 31-44, find the x- and y-intercepts (if any) 
of the graph of the equation. See Example 4. 


SiS = 6x 3 32. y= x +2 
33S + 15 34. y= 12 — 2x 
35244 2y = 10 36. 3x — 2y 12 =.0 
Rin One a9) aS) = 10) 38. 2x + 3y —-8 =0 
39.59 = |x| — 1 40. y = |x| +4 

41. y=|x+2| 42. y=|x-4| 


Beh siete = Ae &) 44, y= |x + 3] -1 


In Exercises 45-48, graphically estimate the x- and y- 
intercepts of the graph. 


45. 2x + 3y = 6 


46. 3x -y +9 =0 


_ Solving Problems > 


i 


10E 


depreciated value y after t years is given by 
y = 225,000 — 20,0007, O57 S78. 


Sketch a graph of this model. 
78. 


depreciated value y after t years is given by 
ve—= 20,000 3000 10 =-71— -G: 


Sketch a graph of this model. 


Straight-Line Depreciation A manufacturing plant 
purchases a new molding machine for $225,000. The 


Straight-Line Depreciation A manufacturing plant 
purchases a new computer system for $20,000. The 


> = 2 


yl eae he Bed 
+VO SGI) 


In Exercises 49-54, use a graphing utility to sketch a 
graph of the equation. Estimate the x- and y-intercepts 


(if any). 

49. y = 4x — 6 

Mh G2: SNCs =) 
53. y = |4x + 6| — 2 


50. y = 3x + 12 
52> y — (xP 2)0 = 3) 
54. y = [2x -— 4] +1 


In Exercises 55-76, sketch the graph of the equation 
and show the coordinates of three solution points 
(including intercepts). 


nih) SoS Se 56. y=x-—3 

i bp i Pg 58. y = —4x + 8 
59. 4x + y = 3 60. y — 2x = —4 
61. 2x — 3y = 6 62. 3x + 4y = 12 
63. x + Sy = 10 64. 5x — y = 10 
65. y=x*-—9 66. y=9 — x? 
Clay 68. y=x?-4 
69. y = x(x — 2) 70. y = —x(n + 4) 
TL. y = |x| -—3 72. y = |x| +2 
73. y= |x + 2| 74, y = |x — 3| 
Te bal celles 1 76. y = |x| + |x — 2| 


sEtese 


79. Straight-Line Depreciation Your company pur- 
chases a new delivery van for $40,000. For tax 
purposes, the van will be depreciated over a 7-year 
period. At the end of 7 years, the value of the van is 
expected to be $5000. Find an equation that relates 
the depreciated value of the van to the number of 
years since it was purchased. Then sketch the graph 
of the equation. 


80. 


81. 


82. 


85. 
86. 


87. 


88 


89 


Straight-Line Depreciation Your company pur- 
chases a new limousine for $55,000. For tax 
purposes, the limousine will be depreciated over a 
10-year period. At the end of 10 years, the value of 
the limousine is expected to be $10,000. Find an 
equation that relates the depreciated value of the 
limousine to the number of years since it was pur- 
chased. Then sketch the graph of the equation. 


Hooke’s Law The force F (in pounds) to stretch a 
spring x inches from its natural length is given by 


4 
eX 


3 ORSee<al2? 


(a) Use the model to complete the table. 


(b) Sketch a graph of the model. 


(c) Determine the required change in F if x is dou- 
bled. Explain your reasoning. 


Comparing Data with a Model The numbers of 
farms N (in thousands) in the United States for the 
years 1990 through 1996 are given in the table. 
(Source: U.S. Department of Agriculture) 


1994) 1995 1996 
2065] 2072 2063 


1990} 1991] 1992] 1993 
2146 | 2117| 2108 | 2083 


_ Explaining Concepts © 


ee he i a se s 


Define the graph of an equation. 

How many solution points make up the graph of 
y = 2x.— 1? Explain. 

Explain how to find the intercepts of a graph. Give 
examples. 

An equation gives the relationship between profit y 
and time ¢. Profit has been decreasing at a slower rate 
than in the past. Is it possible to sketch the graph of 
such an equation? If so, sketch a representative 


‘graph. 


The graph represents the distance d in miles that a 
person drives during a 10-minute trip from home to 
work. 


83. 


84. 
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A model for these data is 
N = —13.6t + 2134 


where f is time in years, with tf = 0 corresponding to 
1990. 


(a) Sketch a graph of the model and plot the data in 
the table on the same graph. 


(b) How well does the model represent the data? 
Explain your reasoning. 


(c) Use the model to predict the number of farms in 
the year 2000. 


(d) Explain why this model may not be accurate in 
the future. 


Misleading Graphs Graphs can help you visualize 
relationships between two variables, but they can 
also be misused to imply results that are not correct. 
The two graphs below represent the same data 
points. Why do the graphs appear different? Identify 
ways in which this could be misleading. 


(a) (b) 


_ Sales 
(in thousands) 
Sales 
(in thousands) 


20193; 
Year 


Exploration Graph the equations y = x? + 1 and 
y = —(x? + 1) on the same set of coordinate axes. 
Explain how the graph of an equation changes when 
the expression for y is multiplied by — 1. Justify your 
answer by giving additional examples. 


— 


VN FH COO 


24 6 8 10 
Time (in minutes) 


Distance (in miles) 


(a) How far is the person’s home from the person’s 
place of work? Explain. 


(b) Describe the trip for time 4 < t < 6. Explain. 


(c) During what time interval was the person’s 
speed greatest? Explain. 
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Determine the slope of a line 
through two points. 


The Slope of a Line 


The slope of a nonvertical line is the number of units the line rises or falls verti- 
cally for each unit of horizontal change from left to right. For example, the line 
in Figure 2.17 rises 2 units for each unit of horizontal change from left to right, 
and we say that this line has a slope of m = 2. 


Figure 2.17 Figure 2.18 


P Definition of the Slope of a Line 


The slope m of the nonvertical line passing through the points (x,, y,) 
and (x,, y>) is ; 


yo — Yi _ changeiny _ rise 


<7 <j) spChangeina a rin 


where x, # x, (see Figure 2.18). 


When the formula for slope is used, the order of subtraction is important. 
Given two points on a line, you are free to label either of them (x), y,) and the 
other (x, y,). However, once this is done, you must form the numerator and 
denominator using the same order of subtraction. 


Va Mi iu = 
eee Wee oy ee 1 
xy X ASS A5) xy 
SSS) SS Se 
Correct Correct Incorrect 


REA tyre QR Rp Re rte eae OPIATE AK, HPN, ES 


a 


THT 


aad a a as 


‘\ 


2s 


PAV D 


A 


(a) Positive Slope 


Figure 2.19 
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Finding the Slope of a Line Through Two Points 


Find the slope of the line passing through each pair of points. 


a. (1, 2) and (4, 5) b. (1, 4) and (3, 4) 

ec. (—F-4) and (2, 1) d. (3, 1) and (3, 3) 
Solution 

a. Let (x,, y,) = (1, 2) and (x,, y,) = (4, 5). 
ome CR Difference in y-values 


Ny oaks Keae Difference in x-values 


ei 
eal 
=| 


b. Let-(x,, y,) = (1, 4) and (x, y,) = @, 4). 


Voy ee SAI coat a Difference in y-values 
m = . . 
Xy — X1 GER Difference in x-values 


i Gh = 
Se Il 
= 
yy 
=0 
c. The slope of the line through (— 1, 4) and (2, 1) is 
= ee 
d. The slope of the line through (3, 1) and (3, 3) is 
_3-1_2 
ESS iG) 


Because division by zero is not defined, the slope of a vertical line is not 


defined. 


The graphs of the four lines are shown in Figure 2.19. 


(b) Zero Slope (c) Negative Slope 


(d) Slope is undefined. 
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From the slopes of the lines shown in Figure 2.19, you can make the follow- 
ing generalizations about the slope of a line. 


> Slope of a Line 
1. A line with positive slope (m > 0) rises from left to right. 
2. A line with negative slope (m < 0) falls from left to right. 
3. A line with zero slope (m = 0) is horizontal. 


4. A line with undefined slope is vertical. 


Using Slope to Describe Lines 


Describe the line through each pair of points. 
a. (2,—1), (2,3) b. (= 2,4), Gel), (153). (453) ds ra 


Solution 
a. Because the slope is undefined, the line is vertical. 


ao SIG) oe Undefined slope (See Figure 2.20 
a) 0 ndefined slope (See Figure 2.20(a).) 
b. Because the slope is negative, the line falls from left to right. 
Wee te as 6 eee 
Am e 2) 5 egative slope (See Figure 2.20(b).) 


c. Because the slope is zero, the line is horizontal. 


ne See , 
sea 3 Zero slope (See Figure 2.20(c).) 
d. Because the slope is positive, the line rises from left to right. 


sel 4 
a ee 0 Positive slope (See Figure 2.20(d).) 


(a) Vertical line (b) Line falls (c) Horizontal line (d) Line rises 
Undefined slope Negative slope Zero slope 


Figure 2.20 


Positive slope 


(b) 
Figure 2.21 
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Any two points on a nonvertical line can be used to calculate its slope. This 
is demonstrated in the next example. 


Finding the Slope of a Line 


Sketch the graph of the line given by 2x + 3y = 6. Then find the slope of the 
line. (Choose two different pairs of points on the line and show that the same 
slope is obtained from either pair.) 

Solution 

Begin by solving the equation for y. 


2x + 3y = 6 Original equation 
ay. = = 2x6 Subtract 2x from both sides. 
et at 10, es ; 
= Siena Divide both sides by 3. 
2 we 
A ie read Sl aie Simplify. 


3 


Then construct a table of values, as shown below. 


From the solution points shown in the table, sketch the graph of the line (see 

Figure 2.21). To calculate the slope of the line using two different sets of points, 

first use the points (— 3, 4) and (0, 2), as shown in Figure 2.21(a), and obtain 
24 2 


f= 0 (63). 23" 
Next, use the points (3, 0) and (6, —2), as shown in Figure 2.21(b), and obtain 


Try poue other pairs of points on the line to see that you obtain a slope of 
m= —$ regardless of which two points you use. 
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Write a linear equation in slope- Slope asa Graphing Aid 


intercept form and use it to sketch 
the graph of the equation. 


Figure 2.22 


You have seen that, before creating a table of values for an equation, you should 
first solve the equation for y. When you do this for a linear equation, you obtain 
some very useful information. Consider the results of Example 3. 


2x + 3y =6 Original equation 
Bye O Subtract 2x from both sides. 
2 oe 
y= ik ap 2 Divide both sides by 3. 


Observe that the coefficient of x is the slope of the graph of this equation (see 
Example 3). Moreover, the constant term, 2, gives the y-intercept of the graph. 


y= -Ex+ 2 


If 
Slope y-intercept (0, 2) 


This form is called the slope-intercept form of the equation of the line. 


> Slope-Intercept Form of the Equation of a Line 
The graph of the equation 
Wy gee seo) 


is a line whose slope is m and whose y-intercept is (0, b). (See Figure 
2.22.) 


Slope and y-Intercept of a Line 


Find the slope and y-intercept of the graph of the equation 
4x — 5y = 15. 


Solution 


Begin by writing the equation in slope-intercept form, as follows. 


4x — Sy = 15 Original equation 
—4x + 4x — Sy = —4x + 15 Add — 4x to both sides. 
Sy == 4x=F 15 Combine like terms. 
= aN el 
y= ——— Divide both sides by —5. 
y= 5% = 5) Slope-intercept form 
From the slope-intercept form, you can see that m = 5 ; and b = —3. So, the slope 


of the graph of the equation is 5 $ and the y-intercept is (0, —3). 


¥A NWS La Ek 
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So far, you have been plotting several points to sketch the equation of a line. 
However, now that you can recognize equations of lines (linear equations), you 
don’t have to plot as many points—two points are enough. (You might remember 
from geometry that two points are all that are necessary to determine a line.) 


Using the Slope and y-Intercept to Sketch a Line 


Use the slope and y-intercept to sketch the graph of 


= zy se i 
By, 3 fy 
Solution 


The equation is already in slope-intercept form. 


y=mxt+b 
Mimnak ae Tl Slope-intercept form 


So, the slope of the line is m = 3 and the y-intercept is (0, b) = (0, 1). Now you 
can sketch the graph of the line as follows. First, plot the y-intercept. Then, using 
a slope of ee 


_ 2 __ change in y 
pees change in x’ 

locate a second point on the line by moving 3 units to the right and 2 units up (or 

2 units up and 3 units to the right), as shown in Figure 2.23(a). Finally, obtain the 

Figure 2.23 graph by drawing a line through the two points, as shown in Figure 2.23(b). 


Using the Slope and y-Intercept to Sketch a Line 


Use the slope and y-intercept to sketch the graph of 


12x + 3y = 6. 
Solution 

Py aa Begin by writing the equation in slope-intercept form. 

Al +3 
2¥ ; 5 se 12x-F Sy 6 Original equation 
=: 1 “é By 12x + 6 Subtract 12x from both sides. 
mee po 
4 ss = 12x + 6 ue | 
| ve aaa Divide both sides by 3. 
if | es6 3 
t. i 
La st y= -4x+2 Slope-intercept form 

! 


= ie 


ha 

ee 
; a @ 
_ 
3 


So, the slope of the line is m = —4 and the y-intercept is (0, b) = (0, 2). Now 
you can sketch the graph of the line as follows. First, plot the y-intercept. Then, 
using a slope of —4, locate a second point on the line by moving | unit to the 
right and 4 units down (or 4 units down and | unit to the right). Finally, obtain the 
graph by drawing a line through the two points, as shown in Figure 2.24. 


le Fo 
a, ele 


a 


4 
od 


Figu re 2.24 eee Caer CE TERE 
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Use slope to determine whether Parallel and Perpendicular Lines 


two lines are parallel, perpendicu- 
lar, or neither. 


Figure 2.26 


You know from geometry that two lines in a plane are parallel if they do not 
intersect. What this means in terms of their slopes is suggested by Example 7. 


evi) +)(-s74ee) Lines That Have the Same Slope 


On the same set of axes, sketch the lines given by 
y = 2x and y = 2x — 3. 


Solution 

For the line given by y = 2x the slope is m = 2 and the y-intercept is (0, 0). For 
the line given by y = 2x — 3 the slope is also m = 2 and the y-intercept is 
(0, —3). The graphs of these two lines are shown in Figure 2.25. 


In Example 7, notice that the two lines have the same slope and appear to be 
parallel. The following rule states that this is always the case. That is, two (non- 
vertical) lines are parallel if and only if they have the same slope. 


> Parallel Lines 


Two distinct nonvertical lines are parallel if and only if they have the 
same slope. 


The phrase “if and only if” in this rule is used in mathematics as a way to 
write two statements in one. The first statement says that if two distinct nonverti- 
cal lines have the same slope, they must be parallel. The second statement says 
that if two distinct nonvertical lines are parallel, they must have the same slope. 

Another rule from geometry is that two lines in a plane are perpendicular 
if they intersect at right angles. In terms of their slopes, this means that two 
nonvertical lines are perpendicular if their slopes are negative reciprocals of each 
other. For instance, the negative reciprocal of 5 is —t so the lines 


y=5x+2 and y=-gx-4 


are perpendicular to each other, as shown in Figure 2.26. 


> Perpendicular Lines 


Consider two nonvertical lines whose slopes are m, and m,. The two 
lines are perpendicular if and only if their slopes are negative recipro- 
cals of each other. That is, 


il 
in = a or equivalently, 
2 


Mm, * Mm, = —f. 


; 
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Parallel or Perpendicular? 


Are the following pairs of lines parallel, perpendicular, or neither? 
ay= -2x+4,y=hx41 
b. y=45xt2,y=4x-3 
Solution 
a. The first line has a slope of 
m, = —2, 
and the second line has a slope of 


eek 
M, = >. 
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Because these slopes are negative reciprocals of each other, the two lines must 


be perpendicular, as shown in Figure 2.27. 


b. Each of these two lines has a slope of m = = So, the two lines must be paral- 


lel, as shown in Figure 2.28. 


Figure 2.27 Figure 2.28 


Total pay Piecework Number __ Fixed 


per hour rate of pieces * hourly rate 
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Integrated Review Concepts, Skills, and Problem Solving 


W7. 8@ = 14) = 32 
8. 1233 — x) =5 — 7(2x + 1) 
9. —(2x + 8) + #(6x + 5) =0 
10. (1 + r)500 = 550 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 


1. When two equations such as 2x — 3 = 5 and 
2x = 8 have the same set of solutions, the equa- 
tions are called 


2. Use the Addition Property of Equality to fill in 


the blank. 
125 = 95=13 
(se = 8h se 


Solving Equations 


In Exercises 3-10, solve the equation. 


x 1 
Se ee 4.3% 7+1= 10 
5. —4(x — 5) =0 6. gx +4 =2 
Developing Skills 


In Exercises 1-6, estimate the slope of the line from its 


graph. 


Dy 
hg 


Problem Solving 


11. The cost for an international telephone call is 
$1.10 for the first minute and $0.45 for each 
additional minute. If the total cost of the call 
cannot exceed $11, find the interval of time 
that is available for the call. 


12 


A fuel company has a fleet of trucks. The annu- 
al operating cost per truck is C = 0.65m + 
4500, where m is the number of miles traveled 
by a truck in a year. What is the maximum 
number of miles that will yield an annual oper- 
ating cost that is less than $20,000? 


In Exercises 7 and 8, identify the line that has the 
specified slope m. 


7. (a) m=a 
(b) m =0 


(c) m 


II 


II 
| 
oe) 
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5 


8. (a) m= —35 
(b) m is undefined. 
(c) m=2 


In Exercises 9-24, plot the points and, if possible, find 
the slope of the line passing through them. Then 
describe the line. See Examples 1 and 2. 


9(0..0),(7; 5) 10. (0, 0), (—3, —4) 
11. (0,0), (5, —4) 42; (00), (2, 1) 
eet 3) (=9, 5) 14. (7, 1), (4, -5) 
Tea 3)) (5, 4) 16. (9, 2), (9, 2) 
ie 2<— 5). 7. —)) 18. (—3, 4), (—3, 8) 
19-12), (5, —3) 20. (3, — 1), (3,5) 
21. (3,2), (-33) 22. (—3, —4), (5,3) 
23. (2.5, —2), (4.75,5.25) 24. (0, 4.5), (3, 4.5) 


In Exercises 25-30, sketch the graph of the line. Then 
find the slope of the line. See Example 3. 


23. ya= 274 26. y = 3x +2 
27. y= —-3x+4 28. y=3x-5 
29. 4x + Sy = 10 30. 3x — 2y = 8 


In Exercises 31 and 32, determine a value for x such that 
the line through the points has the given slope. 


31. (4, 5), (x, 7) Py EW) 
Mt, = —3 m= 3 


In Exercises 33 and 34, determine a value for y such that 
the line through the points has the given slope. 


33. 8) y), (9, 3) 34. (= 35 20), (2, y) 
m= : m= —6 


In Exercises 35-42, a point on a line and the slope of 
the line are given. Find two additional points on the 
line. 


A iS, 2) 36. (—4, 3) 
m = 0 m is undefined. 
37. (3, —4) 38. (—1, —5) 
m=3 ii) = 2 


39. (0, 3) 40. (—2, 6) 
m= -—l1 m= —3 

41. (—5,0) 42. (—1, 1) 
= 4 3 
m=3 m=-—7 


In Exercises 43-50, write the equation in slope-intercept 
form. 


43. 6x — 3y =9 
45. 4y-x=-4 
47, 2x + 5y—3 =0 
49. y=3x+2 


44. 2x + 4y = 16 
46. 3x — 2y = —10 
48. 8x — 6y + 1 =0 
50. y= —jx+4 


In Exercises 51-56, find the slope and y-intercept of the 
graph of the equation. See Example 4. 

SLiy = 3x2 52. ey Nx 

53. 3y = 2x = 3 54. 4x + 8y = -1 

55. OX ava 2G 56. 6y — 5x + 18 =0 


In Exercises 57-64, write the equation in slope-intercept 
form, and then use the slope and y-intercept to sketch 
the graph of the equation. See Examples 5 and 6. 

ST Ok Vi a) 59. ya ae () 
59.x+y=0 60. x -y=0 

Ole 3x ly — 2 0 622 5 2 yiee S 0 

63. x —4y+2=0 64. 8x + by —-3 =0 


In Exercises 65-70, sketch the graph of a line through 
the point (3, 2) having the given slope. 


65. m = 3 66. m = 3 
67. m= 3 68. m = 0 
69. m is undefined. 70. m = -4 


In Exercises 71-74, plot the x- and y-intercepts and 
sketch the graph of the line. 
71. 2x —-y+4=0 

Tau Okey 2 0 


Lee 3h ever Lea) 
14, 3X — ye 1D 0 


In Exercises 75-78, are the lines parallel, perpendicular, 
or neither? See Examples 7 and 8. 


To sglncayeme ieee 716. Ly: y = 3x — 2 
ee Seven ae Ley = 3x-F I} 
TT, lt oe a 93. da yg 


see |) 


bo}bo 


Lae —$x el L,: y = 


152 


79. 


80. 


81. 


82. 
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_ Solving Problems 
Road Grade When driving down a mountain road, 


you notice warning signs indicating a “12% down- 
grade.” This means that the slope of the road is is. 
Over a particular stretch of the road, your elevation 
drops 2000 feet (see figure). What is the horizontal 
change in your position? 


2000 ft | °°.< 


Slope of a Ramp A loading dock ramp rises 4 feet 
above the ground. The ramp has a slope of a5, What 
is the length of the ramp? 


Height of an Attic The slope, or pitch, of a roof 
(see figure) is such that it rises (or falls) 3 feet for 
every 4 feet of horizontal distance. Determine the 
maximum height of the attic of the house if the house 
is 30 feet wide. 


Figure for 81 and 82 


Height of an Attic The slope, or pitch, of a roof 
(see figure) is such that it rises (or falls) 4 feet for 
every 5 feet of horizontal distance. Determine the 
maximum height of the attic of the house if the house 
is 30 feet wide. 


Explaining Concepts 


. Answer parts (a)-(c) of Motivating the Chapter on 


page 121. 


. Can any pair of points on a line be used to calculate 


the slope of the line? Explain. 


. In your own words, give interpretations of a negative 


slope, a zero slope, and a positive slope. 


. The slopes of two lines are —3 and - Which is 


steeper? Explain. 


83. 


89. 


90. 


91. 


. Simple Interest 


gs SRS 


ee 3 


at 


Tuition Costs The average annual amount of 
tuition and fees y paid by an in-state student attend- 
ing a 4-year college in the United States from 1990 
to 1996 can be approximated by the model 


y Ss 92640 + 201579) 0 <a = 6 


where ¢ represents the year, with t = 0 correspond- 
ing to 1990. (Source: U.S. National Center for 
Education Statistics) 


(a) Use the equation to complete the table. 


(b) Graph the equation on a rectangular coordinate 
system. 


(c) On the average, how much did tuition and fees 
increase each year from 1990 to 1996? How does 
this relate to the slope of the graph? 


(d) If this increase continued at the current rate, 
predict the amount of tuition and fees that would 
be paid in the year 2005. 


An inheritance of $8000 is invested 
in two different accounts. One account pays 6% sim- 
ple interest and the other pays 15% simple interest. 


(a) If x dollars is invested in the account paying 6%, 
how much is invested in the account paying 
75%? 

(b) Use the result of part (a) to write the annual 
interest y in terms of x. ' 

(c) Use a graphing utility to graph the equation in 
part (b). 

(d) Explain why the slope of the line in part (b) is 
negative. 


In the form y = mx + b, what does m represent? 
What does b represent? 


What is the relationship between the x-intercept of 
the graph of the line y = mx + b and the solution to 
the equation mx + b = 0? Explain. 


Is it possible for two lines with positive slopes to be 
perpendicular to each other? Explain. 
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Take this quiz as you would take a quiz in class. After you are done, check your 
work against the answers given in the back of the book. 


1. Determine the quadrants in which the point (x, 4) must be located if x is a real 
number. Explain your reasoning. 


2. Find the coordinates of the point that lies 10 units to the right of the y-axis 
and 3 units below the x-axis. 


3. Determine whether the following ordered pairs are solution points of the 
equation 4x — 3y = 10. 


(a)-(2,1) (6) (1,-2) © (25,0) —@) (2, -3) 


In Exercises 4 and 5S, plot the points on a rectangular coordinate system and 
find the distance between them. 


4. L; 5), (3, 2) a: (—3, —2), 2} 10) 
6. Find the x- and y-intercepts of the graph of the equation 6x — 8y + 48 = 0. 


In Exercises 7-12, sketch the graph of the equation and show the coordinates 
of three solution points (including intercepts). 


Gly SL Dime Sou 60 
Oia OX) Xe 10. = 4 
11. y = |x| +1 IPAR ae  e: 


In Exercises 13-16, determine the slope of the line through the two points, if 
possible. Then describe the line. 


135553) 90,2) 14. (—3, 8), (7, 8) 
15:5(3;,0);, (6,5) 1621-4) (55 6) 


In Exercises 17-19, write the linear equation in slope-intercept form. State the 
slope and y-intercept and use them to sketch the graph of the equation. 


17. 3x + 6y = 6 18. —2x+ y=8 19 = 2y = 4 


In Exercises 20-22, determine whether the lines are parallel, perpendicular, or 
neither. 


20. y= 3x+2,y = —jx-4 
Divi 20 — 3; Vo ee 
22. y = 4x + 3, y = 3(8x + 5) 


23. Your company purchases a new printing press for $85,000. For tax purposes, 
the printing press will be depreciated over a 10-year period. At the end of 10 
years, the salvage value of the printing press is expected to be $4000. Find an 
equation that relates the depreciated value of the printing press to the num- 
ber of years since it was purchased. Then sketch the graph of the equation. 
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Write an equation of a line 
using the point-slope form. 


Figure 2.29 


The Point-Slope Equation of a Line 


In Sections 2.1 through 2.3, you have been studying analytic (or coordinate) 
geometry. Analytic geometry uses a coordinate plane to give visual representa- 
tions of algebraic concepts, such as equations or functions. 

There are two basic types of problems in analytic geometry. 


1. Given an equation, sketch its graph. 


Algebra, 


2. Given a graph, write its equation. 


Geometry 


In Section 2.3, you worked primarily with the first type of problem. In this sec- 
tion, you will study the second type. Specifically, you will learn how to write the 
equation of a line when you are given its slope and a point on the line. Before we 
give a general formula for doing this, consider the following example. 


Seluile(sgi Writing an Equation of a Line 


Write an equation of the line that has a slope of ; and passes through the point 
2,1). 


Solution 


Begin by sketching the line, as shown in Figure 2.29. You know that the slope of 
a line is the same through any two points on the line. So, to find an equation of 
the line, let (x, y) represent any point on the line. Using the representative point 
(x, y) and the point (—2, 1), it follows that the slope of the line is 


Difference in y-values 


Difference in x-values 


Because the slope of the line is m = = this equation can be rewritten as follows. 


s ve : Slope formula 
See 
400142) 3(y 1) Cross-multiply. 
divorces tiveve pe. 6) Distributive Property 
4x —3y = -11 Subtract 8 and 3y from both sides. 


An equation of the line is 4x — 3y = —11. 


Figure 2.30 
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Figure 2.31 
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The procedure in Example | can be used to derive a formula for the equation 
of a line, given its slope and a point on the line. In Figure 2.30, let (x,, y,) be a 
given point on the line whose slope is m. If (x, y) is any other point on the line, it 
follows that 


MET eek) 
—S= =m. 
ia x, 


This equation in variables x and y can be rewritten in the form 
Vi aye mn wy) 


which is called the point-slope form of the equation of a line. 


P Point-Slope Form of the Equation of a Line 


The point-slope form of the equation of the line that passes through the 
point (x,, y,) and has a slope of m is 


y— yy = mx — x). 


The Point-Slope Form of the Equation of a Line 


Write an equation of the line that passes through the point (2, —3) and has a slope 
One 2. 


Solution 
Use the point-slope form with (x,, y,) = (2, —3) and m = —2. 


Vee Va Tt es) Point-slope form 
y — (—3) = —2(@ — 2) Substitute y, = —3, x, = 2, and m= —2. 
yeti 2x4 Simplify. 
y= 20 t Subtract 3 from both sides. 
So, an equation of the line is y = —2x + 1. Note that this is the slope-intercept 


form of the equation. The graph of the line is shown in Figure 2.31. 


In Example 2, note that we conclude by saying that y = —2x + 1 is “an” 
equation of the line rather than saying it is “the” equation of the line. The reason 
for this is that every equation can be written in many equivalent forms. For 
instance, 


yale ule tlxer yt and 24 + y— b= 0 


are all equations of the line in Example 2. The first of these equations 
(y = —2x + 1) is the slope-intercept form 


y=mx+t+b Slope-intercept form 


and it provides the most information about the line. The last of these equations 
(2x + y — 1 = 0) is the general form of the equation of a line. 


ax + by +c=0 General form 
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The point-slope form can be used to find the equation of a line passing 
through two points (x,, y,) and (x,, y). First, use the formula for the slope of a 
line passing through two points. 

SSA 


mS | 
Then, substitute this value for m into the point-slope form to obtain the equation 


YR 
me i ‘ 


1 ; 
(= Xi) Two-point form 


This is sometimes called the two-point form of the equation of a line. 


An Equation of a Line Passing Through Two Points 


Write the general form of the equation of the line that passes through the points 
(42) rand (e253) 
Solution 


Let (x,, y,) = (4, 2) and (x,, y,) = (—2, 3). Then apply the formula for the slope 
of a line passing through two points, as follows. 


a 
ED 5 
enn hiat! 
=i 4 
peek 
6 
y Now, using the point-slope form, you can find the equation of the line. 
La y= y, = mo — x,) Point-slope form 
Vee -=( — 4) Substitute y, = 2, x, = 4, and m= -}, 
6(y — 2) = -@ = 4) Multiply both sides by 6. 
6y-12=-x+4 Distributive Property 
Ge Oy = 127="4 Add x to both sides. 
: Ket hOver 1 6:=.0 Subtract 4 from both sides. 
Figure 2.32 The general form of the equation of the line is x + 6y — 16 = 0. The graph of 


this line is shown in Figure 2.32. 


In Example 3, it does not matter which of the two points is labeled (x,, y,) 
and which is labeled (x, y,). Try switching these labels to 


Gy) = (2, 3) and "(Gay tan) 


and reworking the problem to see that you obtain the same equation. 


FARIA INTEROP 


A write the equation of a 
horizontal, vertical, parallel, or 
perpendicular line. 
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Other Equations of Lines 


From the slope-intercept form of the equation of a line, you can see that a hori- 
zontal line (m = 0) has an equation of the form 


y=(0)x+b or y=b. Horizontal line 


This is consistent with the fact that each point on a horizontal line through (0, b) 
has a y-coordinate of b, as shown in Figure 2.33. Similarly, each point on a ver- 
tical line through (a, 0) has an x-coordinate of a, as shown in Figure 2.34. So, a 
vertical line has an equation of the form 


Ae == Oh, Vertical line 


Figure 2.34 


Writing Equations of Horizontal and Vertical Lines 


Write an equation for each line. 


a. Vertical line through (—2, 4) 
b. Horizontal line through (0, —2) 
c. Line passing through (—2, 3) and (3, 3) 
d. Line passing through (—1, 2) and (—1, 3) 
Solution 
a. Because the line is vertical and passes through the point (—2, 4), you know 
that every point on the line has an x-coordinate of —2. So, the equation is 
Xo 2k 
b. Because the line is horizontal and passes through the point (0, —2), you know 
that every point on the line has a y-coordinate of —2. So, the equation of the 
line is 
V2. 
c. Because both points have the same y-coordinate, the line through (—2, 3) and 
(3, 3) is horizontal. So, its equation is y = 3. 
d. Because both points have the same x-coordinate, the line through (—1, 2) and 
(—1, 3) is vertical. So, its equation is x = —1. 
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In Section 2.3, you learned that parallel lines have the same slope and 
perpendicular lines have slopes that are negative reciprocals of each other. Use 
these facts to find an equation of a line parallel or perpendicular to a given line. 


Sette) (eee Parallel and Perpendicular Lines 


Write an equation of the line that passes through the point (3, —2) and is (a) par- 
allel and (b) perpendicular to the line x — 4y = 6, as shown in Figure 2.35. 


Solution 


By writing the given line in slope-intercept form, y = ax = = you can see that 
it has a slope of i So, a line parallel to it must also have a slope of i and a line 
perpendicular to it must have a slope of —4. 


a. Vie Vi m(x = sey) Point-slope form 
| 
y— —2)= ra — 3) Substitute y, = —2, x, = 3, and m = jz. 
: i E i f Hel li 
= — i= uation of parallel line 
yy 4 4 q Pp 
b yy, =m(x-x,) Point-slope form 
y= 2) == 4 — 3) Substitute y, = —2, x, = 3, and m= —4. 
Figure 2.35 y= —-4x+ 10 Equation of perpendicular line 


The equation of a vertical line cannot be written in slope-intercept form 
because the slope of a vertical line is undefined. However, every line has an equa- 
tion that can be written in the general form ax + by + c = 0 where a and b are 
not both zero. 


Study Tip > Summary of Equations of Lines 
Keep in mind that the general 
form of an equation is common- 1. Slope of a line through (x,, y,) and (x, y,): m= Poel 
ly used to write linear equation De 
problems or to express answers. 2G lf Pi be 
aie alope niereenr mim nives . General form of equation of line: ax + by+c=0 
the most information about the 3. Equation of vertical line: x=a 
graph of a line. And the point- 4” Rous : oe = 
Siaresony i ieee ofen uaa . Equation of horizontal line: y=b 
to create an equation for a line. Bh Slope-intercept form of equation of line: YY = 180 Se b 
6. Point-slope form of equation of line: y—y, =m(x —x)) 
7. Parallel lines (equal slopes): m, = mM, 


8. Perpendicular lines m, = —-— 
(negative reciprocal slopes): 


» 
3 | Use a linear model to solve an 
application problem. 


Total sales 
(in thousands of dollars) 


Figure 2.36 


Linear Interpolation 
Figure 2.37 
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Application 


Total Sales @ 


The total sales of a new computer software company were $500,000 for the 
second year and $1,000,000 for the fourth year. Using only this information, what 
would you estimate the total sales to be during the fifth year? 


Solution 


To solve this problem, use a linear model, with y representing the total sales (in 
thousands of dollars) and t representing the year. That is, in Figure 2.36, let 
(2, 500) and (4, 1000) be two points on the line representing the total sales for the 
company. The slope of the line passing through these points is 


_ 1000 — 500 = 550, 
Ai *2 
Now, using the point-slope form, the equation of the line is 
yi mbt.) Point-slope form 
y — 500 = 250(t — 2) Substitute y, = 500, t, = 2, and m = 250. 
y = 2500. Linear model for sales 


Finally, estimate the total sales during the fifth year (t = 5) to be 
y = 250(5) = $1250 thousand = $1,250,000. 


The estimation method illustrated in Example 6 is called linear extrapola- 
tion. Note in Figure 2.37 that for linear extrapolation, the estimated point lies to 
the right of the given points. When the estimated point lies between two given 
points, the procedure is called linear interpolation. 


e Mathematical Modeling 


You are asked to make sense of the following set of data, in which y 
represents the total expenditures (in billions of dollars) for public 

_ elementary and secondary schools in the United States and x represents 
ie the year from 1990 to 1997, with x = 0 corresponding to 1990. 
(Source: National Education Association) 


fo Ji ie pio ae tne realy 
j 210 | 227 | 237 | 249 | 262 | 277 | 292 | 308 


Plot the ordered pairs on a rectangular coordinate system. This is known 

| as a scatter plot. Draw a line through the points that seems to have the 
“best fit.” Do you think a linear model would represent the data well? If 
so, find an equation for your best-fitting line. Interpret the meaning of 
the slope in the context of the data. Use the model to predict the public 
school expenditures in the year 2005 (assuming the trend continues). 
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Integrated Review 


Keep mathematically in shape by doing these 


exercises before the problems of this section. 


Properties and Definitions 


1. State the definition of the ratio of the real num- 


ber a to the real number b. 
oem 


5 
What is this statement of equality called? 


Solving Percent Problems 


In Exercises 3-10, solve the percent problem. 


3. What is 73% of 25? 

4, What is 150% of 6000? 

5. 225 is what percent of 150? — 
6. 93 is what percent of 600? 


Developing Skills 


In Exercises 1-4, match the equation with its graph. 


[The graphs are labeled (a), (b), (c), and (d).] 
2 


Py =sr4 2 oe bys eS 
3. y= —3x+2 A. yi =o 3x + 2 


(a) eee Me ee ts 


122 Be sk 
= = — is a statement of equality of two ratios. 
u 


Concepts, Skills, and Problem Solving : 


7. What percent of 240 is 160? . 

8. 12% of what number is 42? 
9. 0.5% of what number is 400? 

10. 48% of what number is 132? 


io) 


Problem Solving 


11. The ratio of cement to sand in a 90-pound bag 
of dry mix is 1 to 4. Find the number of pounds © 
of sand in the bag. 


12. The velocity v of an object projected vertically 
upward with an initial velocity of 96 feet per 
second is given by v = 96 — 32r, where t is 
time in seconds and air resistance is neglected. 
‘Find the time when the maximum height 
(v = 0) of the object is attained. 


In Exercises 5-10, write an equation of the line with the 
specified slope that passes through the given point. See 
Example 1. 


BOAR) 6. (1, —4) 
m = 3 m=-—2 
hae 6548) 8. (6, 9) 
= 1 2 
ih =S 5) 15 
9. (3, -1) 10. (—2, 3) 
m= m=-% 


In Exercises 11-26, use the point-slope form of the 
equation of a line to write an equation of the line with 
the specified slope passing through the given point. See 
Example 2. 


11. (0, 0) 12. (0, 0) 
m=-} m = 2 

13. (0, —4) 14. (0, 2) 
m= 3 m= 

15. (0, 6) 16. (0, —3) 


17. (—2, 8) 18. (4, -1) 
i eareaane m = 3 
iy. (—4,-—7) 20. (6, —8) 
= 2 
m=, Pa a 
21. (—2, 3) 22. (1, -3) 
m= —4 m=1 
Beas) 24. (—3,3) 
eed 2 
AE a i = "Gg 
25. (2, -1) 26. (—8, 5) 
m=O m= 0 


In Exercises 27-42, write the general form of the 
equation of the line passing through the points. See 
Example 3. 


27. -(0;0),,(2:3) 28. (0, 0), (3, —5) 

29. (0, 4), (4, 0) 30. (0, —2), (2, 0) 
alee), 3), (4, 0) Spiga le) il Oe) 

33. (5, 2), (5, —2) 34. (5,4), 6.5) 
35. (3, 3), 6, 4) 36. (4,4), (—1,3) 

37. (10,5), (3, i. 38.455), (G.-5) 

39. (5, 9), (8, — 1.4) 40. (2, —8), (6, 2.3) 
a1 2.0.6), (8, —4.2) 42. 3(=155016) G0 3.4) 


In Exercises 43-46, write the equation of the line pass- 
ing through the two points in slope-intercept form. 


43. (—2, 2), (4, 5) 44. (0, 10), (5, 0) 
45. (—2, 3), (4, 3) 46. (—6, —3), (4, 3) 


In Exercises 47-52, write an equation for each line. See 
Example 4. 


47. Vertical line through (— 1, 5) 


67. Cost The cost C (in dollars) of producing x units of 
a certain product is given in the table. Find a linear 
model to represent the data. Estimate the cost of pro- 
ducing 400 units. 


fo =©|50 | 100 | 150 | 200 
€ | 5000 | 6000 | 7000 | 8000 | 9000 
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48. Vertical line through (2, —3) 

49. Horizontal line through (—4, 6) 

50. Horizontal line through (0, —3) 

51. Line through (—7, 2) and (—7, —1) 
52. Line through (6, 4) and (—9, 4) 


In Exercises 53-62, write an equation of the line that 
passes through the point and is (a) parallel and (b) per- 
pendicular to the given line. See Example 5. 


5301(2}4) 54. (—3, 4) 

6x — 2y = 3 x + 6y = 12 
Seale .4)) 56. (6, —4) 

5x + 4y = 24 3x + 10y = 24 
Sine 1) 58. (—5; —10) 

4x -y-3= 2X8 S¥p le U 
59. (3,3) 60. (5, ;) 

x-5=0 —5x + 4y =0 
61. (—1, 2) 62. (3, —4) 

y+5= x-10= 


In Exercises 63-66, write an equation of the line with 
intercepts (a, 0) and (0, 6) where the equation is given 


a0, b= 0. 


Q |x 
+ 

Shk< 
ll 


63. x-intercept: (3, 0) 
y-intercept: (0, 2) 
65. x-intercept: (-2, 0) 


64. x-intercept: (—6 
y-intercept: (0, 2) 
66. x-intercept: ( Z 


y-intercept: (0, —3) y-intercept: (0, —4) 


68. Temperature Conversion The relationship between 
the Fahrenheit F and Celsius C temperature scales is 
given in the table. Find a linear model to represent the 
data. Estimate the Celsius temperature when the 
Fahrenheit temperature is 72 degrees. 


41 | 50 | 59 
calc | 15 


68 | 77 
20 | 25 
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69. 


70. 


71. 


72. 


T3 
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Total Sales The total sales for a new camera equip- 
ment store were $200,000 for the second year and 
$500,000 for the fifth year. Find a linear model to 
represent the data. Estimate the total sales for the 
sixth year. 


Total Sales The total sales for a new sportswear 
store were $150,000 for the third year and $250,000 
for the fifth year. Find a linear model to represent the 
data. Estimate the total sales for the sixth year. 


Sales Commission The salary for a sales represen- 
tative is $1500 per month plus a commission of total 
monthly sales. The table gives the relationship 
between the salary S and total monthly sales M. 
Write an equation of the line giving the salary S$ in 
terms of the monthly sales M. What is the commis- 
sion rate? 


0 | 1000 | 2000 | 3000 | 4000 
1500 | 1530 1560 | 1590 | 1620 


Reimbursed Expenses A sales representative is 
reimbursed $125 per day for lodging and meals plus 
an amount per mile driven. The table below gives 
the relationship between the daily cost C to the 
company and the number of miles driven x. Write an 
equation giving the daily cost C to the company in 
terms of x, the number of miles driven. How much is 
the sales representative reimbursed per mile? 


| 50 | 100 | 150 | 200 
| 141 | 157] 173 | 189 


250 
205 


Discount Price A store is offering a 30% discount 
on all items in its inventory. 


(a) Write an equation of the line giving the sale 
price S for an item in terms of its list price L. 


(b) Use the equation in part (a) to find the sale price 
of an item that has a list price of $135. 


Reimbursed Expenses A sales representative is 
reimbursed $150 per day for lodging and meals plus 
$0.34 per mile driven. 


(a) Write an equation of the line giving the daily 
cost C to the company in terms of x, the number 
of miles driven. 


(b) Use a graphing utility to graph the line in part (a) 
and graphically estimate the daily cost to the 
company if the representative drives 230 miles. 
Confirm your estimate algebraically. 


Ts 


76. 


Tle 


78. 


(c) Use the graph in part (b) to estimate graphically 
the number of miles driven if the daily cost to 
the company is $200. Confirm your estimate 
algebraically. 

Straight-Line Depreciation A small business 

purchases a photocopier for $7400. After 4 years, its 


_ depreciated value will be $1500. 


(a) Assuming straight-line depreciation, write an 
equation of the line giving the value V of the 
copier in terms of time ¢ in years. 


(b) Use the equation in part (a) to find the value of 
the copier after 2 years. 


Straight-Line Depreciation A business purchases 
a van for $27,500. After 5 years, its depreciated value 
will be $12,000. 


(a) Assuming straight-line depreciation, write an 
equation of the line giving the value V of the van 
in terms of time ¢ in years. 


(b) Use the equation in part (a) to find the value of 
the van after 2 years. 


College Enrollment A small college had an enroll- 
ment of 1500 students in 1990. During the next 10 
years, the enrollment increased by approximately 60 
students per year. 


(a) Write an equation of the line giving the enroll- 
ment N in terms of the year ¢. (Let t = 0 corre- 
spond to the year 1990.) 


(b) (Linear Extrapolation) Use the equation in part 
(a) to predict the enrollment in the year 2005. 


(c) (Linear Interpolation) Use the equation in part 
(a) to estimate the enrollment in 1995. 


Soft Drink Sales When soft drinks sold for $0.80 
per can at football games, approximately 6000 cans 
were sold. When the price was raised to $1.00 per 
can, the demand dropped to 4000. Assume the rela- 
tionship between the price p and demand x is linear. 


(a) Write an equation of the line giving the demand 
x in terms of the price p. 


(b) (Linear Extrapolation) Use the equation in part 
(a) to predict the number of cans of soft drinks 
sold if the price is raised to $1.10. 


(c) (Linear Interpolation) Use the equation in part 
(a) to predict the number of cans of soft drinks 
sold if the price is $0.90. 


79. 


80. 


83. 


84. 


Data Analysis The table gives the expected num- 
ber of years of life E for a person of age A. 
(Source: U.S. National Center for Health Statistics) 


Birth | 10 | 20 | 40 | 60 | 80 | 
75.8 | 66.6 | 56.9 | 38.3 | 211 | 8.3 | 


(a) Plot the points. 


(b) Use a ruler to sketch the “best-fitting” line 
through the points. 


(c) Find an equation of the line sketched in part (b). 


(d) Use the equation in part (c) to estimate the life 
expectancy of a person who is 30 years old. 


Data Analysis An instructor gives 20-point quizzes 
and 100-point exams in a mathematics course. The 
average quiz and test scores for six students are 
given as ordered pairs (x, y) where x is the average 
quiz score and y is the average test score. The 
ordered pairs are (18, 87), (10, 55), (19, 96), (16, 79), 
(13, 76), and (15, 82). 


(a) Plot the points. 


(b) Use a ruler to sketch the “best-fitting’ line 
through the points. 


: Explaining Concepts 


. Answer parts (d)-(f) of Motivating the Chapter on 


page 121. 

Can any pair of points on a line be used to determine 
the equation of the line? Explain. 

Write the point-slope form, the slope-intercept form, 
and the general form of an equation of a line. 


81. 


85. 


86. 
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(c) Find an equation of the line sketched in part (b). 


(d) Use the equation in part (c) to estimate the aver- 
age test score for a person with an average quiz 
score of 17. 


Depth Markers A swimming pool is 40 feet long,, 
20 feet wide, 4 feet deep at the shallow end, and 9 
feet deep at the deep end. Position the side of the pool 
on a rectangular coordinate system as shown in the 
figure and find an equation of the line representing 
the edge of the inclined bottom of the pool. Use this 
equation to determine the distances from the deep 
end at which markers must be placed to indicate each 
1-foot change in the depth of the pool. 


In the equation y = 3x + 5, what does the 3 repre- 
sent? What does the 5 represent? 


In the equation of a vertical line, the variable y is 
missing. Explain why. 
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1 Identify the domain and range 
of a relation. 


Relations 


Many everyday occurrences involve two quantities that are paired or matched 
with each other by some rule of correspondence. The mathematical term for such 
a correspondence is a relation. 


> Definition of a Relation 


A relation is any set of ordered pairs. The set of first components in the 
ordered pairs is the domain of the relation and the set of second compo- 
nents is the range of the relation. 


4 


Selle (aee Analyzing a Relation 


Find the domain and range of the relation {(0, 1), (1, 3), (2, 5), (3, 5), (0, 3)}. 


Solution 


The domain is the set of all first components of the relation, and the range is the 
set of all second components. 


A graphical representation of this relation is given in Figure 2.38. 


NV 


Figure 2.38 


Determine if a relation is a 
function by inspection. 
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Functions 


In modeling real-life situations, you will work with a special type of relation 
called a function. A function is a relation in which no two ordered pairs have the 
same first component and different second components. For instance, (2, 3) and 
(2, 4) could not be ordered pairs of a function. 


Definition of a Function 


A function f from a set A to a set B is a rule of correspondence that 
assigns to each element x in the set A exactly one element y in the set B. 


The set A is called the domain (or set of inputs) of the function f, and 
the set B contains the range (or set of outputs) of the function. 


The rule of correspondence for a function establishes a set of “input-output” 
ordered pairs of the form (x, y), where x is an input and y is the corresponding 
output. In some cases, the rule may generate only a finite set of ordered pairs, 
whereas in other cases the rule may generate an infinite set of ordered pairs. 


seluile)(a) Input-Output Ordered Pairs for Functions 


Write a set of ordered pairs that represents the rule of correspondence. 


a. Winner of the Super Bowl in 1996, 1997, 1998, and 1999 
b. The squares of all positive integers les8 than 7 

c. The squares of all real numbers 

d. The equation y = x — 2 

Solution 


a. For the function that pairs the year from 1996 to 1999 with the winner of the 
Super Bowl, each ordered pair is of the form (year, winner). 


{(1996, Cowboys), (1997, Packers), (1998, Broncos), (1999, Broncos) } 


b. For the function that pairs the positive integers that are less than 7 with their 
squares, each ordered pair is of the form (n, n7). 


{(1, 1), (2, 4), (3, 9), (4, 16), (5, 25), (6, 36)} 


c. For the function that pairs each real number with its square, each ordered pair 
is of the form (x, x”). 


{All points (x, x”), where x is a real number} 


d. For the function given by y = x — 2, each ordered pair is of the form 
(9) 


{All points (x, x — 2), where x is a real number} 


In Example 2, the sets in parts (a) and (b) have only finite numbers of ordered 
pairs, whereas the sets in parts (c) and (d) have an infinite number of ordered 


pairs. 
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A function has certain characteristics that distinguish it from a relation. To 
determine whether a relation is a function, use the following list of characteristics 


of a function. 


> Characteristics of a Function 


1. Each element in the domain A must be matched with an element in 
the range, which is contained in the set B. 


2. Some elements in set B may not be matched with any element in the 
domain A. 


3. Two or more elements of the domain may be matched with the same 
element in the range. 


4. No element of the domain is matched with two different elements in 
the range. 


ime luile)(16) @ Test for Functions Represented by Ordered Pairs 


Let A = {a, b,c} and let B = {1, 2, 3, 4, 5}. Which relations represent a function 
from A to B? 


a. (4,2), (b, 3)S(e4)} bd. {(a,4); ©, 5). 1(@ 5); (6, 5) 2a 


Solution 


a. This set of ordered pairs does represent a function from A to B. Each element 
of A is matched with exactly one element of B. 


b. This set of ordered pairs does not represent a function from A to B. Not every 
element of A is matched with an element of B. 


c. This set of ordered pairs does not represent a function from A to B. The 
element a in A is matched with two elements, 1 and 5, in B. 


d. This diagram does represent a function from A to B. It does not matter that 
each element of A is matched with the same element in B. 


e. This diagram does not represent a function from A to B. The element a in A is 
matched with two elements, | and 2, in B. This is also true of b. 
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Representing functions by sets of ordered pairs is a common practice in the 
study of discrete mathematics, which deals mainly with finite sets of data or with 
finite subsets of the set of real numbers. In algebra, however, it is more common 
to represent functions by equations or formulas involving two variables. For 
instance, the equation 


= x? Squaring function 
ay 


represents the variable y as a function of the variable x. The variable x is the inde- 
pendent variable and the variable y is the dependent variable. In this context, 
the domain of the function is the set of all allowable real values for the indepen- 
dent variable x, and the range of the function is the resulting set of all values taken 
on by the dependent variable y. 


>elile)(gm Testing for Functions Represented by Equations 


Which of the equations represent y as a function of x? 
ay=xrttil bx—-y*= c. —2x + 3y =4 
Solution 
a. For the equation 

yl So ed 


there corresponds just one value of y for each value of x. For instance, when 
x = 1, the value of y is 


y= 1241 
=2 
So, y is a function of x. 
b. By writing the equation x — y? = 2 in the form 
ye ax =D 


you can see that there corresponds two values of y for some values of x. For 
instance, when x = 3, 


yas 
eel 
y= iyo y= 1 
So, the solution points (3, 1) and (3, — 1) show that y is not a function of x. 
c. By writing the equation —2x + 3y = 4 in the form 
yaar es 


you can see that there corresponds just one yee of y for each value of x. For 
instance, when x = 2, the value of y is 3 5 - ; = § So, y is a function of x. 


An equation that defines y as a function of x may or may not also define x as 
a function of y. For instance, the equation in part (a) of Example 4 does not define 
x as a function of y, but the equation in part (c) does. 


168 Chapter 2. Graphs and Functions 


Use function notation and 
evaluate a function. 


Function Notation 


When an equation is used to represent a function, it is convenient to name the 
function so that it can be easily referenced. For example, the function y = x? + 1 
in Example 4(a) can be given the name “f” and written in function notation as 


UACS) ube mail 


» Function Notation 
In the notation f(x): 


fis the name of the function, 
x is the domain (or input) value, and 


f(x) is a range (or output) value y for a given x. 


The symbol f(x) is read as the value of f at x or simply f of x. 


The process of finding the value of f(x) for a given value of x is called evaluat- 
ing a function. This is accomplished by substituting a given x-value (input) into 
the equation to obtain the value of f(x) (output). Here is an example. 


Function x- Value Function Value 
Sf Cite Sines Xs Mele pacers ly etl (ol) a Ae) 23 Sea 


Although f is often used as a convenient function name and x as the inde- 
pendent variable, you can use other letters. For instance, the equations 


iQ) 20 528 f(t) = 27 +53 sands e(sp=2s7 7 5 


all define the same function. In fact, the letters used are simply “placeholders,” 
and this same function is well described by the form 


fie) = 2( as)? + 5 


where the parentheses are used in place of a letter. To evaluate f(—2), simply 
place —2 in each set of parentheses, as follows. 


f= 2) 2(=2)7 + 5 
= 2(4) + 5 
=8+5 
= 13 


When evaluating a function, you are not restricted to substituting only numerical 
values into the parentheses. For instance, the value of f(3x) is 


f(3x) = 2x)? + 5 
2(9x7) + 5 
= 18x? + 5. 


Il 
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Evaluating a Function 


Let g(x) = 3x — 4 and find the following. 
a..g(1) 4. g(=2) | egy) d.g@+1) e g(x) + (1) 


Solution 
a. Replacing x by 1 produces g(1) = 3(1) -4 = 3 —4 = -1. 
Study Tip b. Replacing x by —2 produces g(—2) = 3(—2) - 4 = -6 —-4 = -10. 
Note that c. Replacing x by y produces g(y) = 3(y) — 4 = 3y — 4. 
i ® Replacing x byte + 1) produces g(x + 1) = 3 + 1) —4= 3x +3 —4= 


In general, g(a + b) is not equal 


e. Using the result of part (a), 
to g(a) + g(b). 


g(x) + g(1) = (x — 4) + (-1) = 3x —-4 -1 = 3x —-5. 


Sometimes a function is defined by more than one equation, each of which 
is given a portion of the domain. Such a function is called a piecewise-defined 
function. To evaluate a piecewise-defined function f for a given value of x, first 
determine the portion of the domain in which the x-value lies and then use the 
corresponding equation to evaluate f. This is illustrated in Example 6. 


A Piecewise-Defined Function 


= RIRNGY Pie 
Exampie 6 


2 a : 
Let f(x) = ( - i 3 Find the following. 


ait) eee Dey (0) Coy (2) aed (3) a4) 
Solution 
a. Because x = —1 < 0, use f(x) = x? + 1 to obtain 


f(-1) = (-1)2 +1=1+4+1=2. 
b. Because x = 0 = 0, use f(x) = x — 2 to obtain 


f(0) = (0) -2 = -2. 


c. Because x = —2 < 0, use f(x) = x* + 1 to obtain 
f(=2) = (—2)? +1 =441=5. 
d. Because x = —3 < 0, use f(x) = x? + | to obtain 


f(-3) = (-32 +1=94+1=10. 
Because x = 4 = 0, use f(x) = x — 2 to obtain 
f(4) = (4) -2=2. 
So, f(—3) + f(4) = 10 +2 = 12. 
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Identify the domain and range 
of a function. 


Finding the Domain and Range of a Function 


The domain of a function may be explicitly described along with the function, or 
it may be implied by the expression used to define the function. The implied 
domain is the set of all real numbers (inputs) that yield real number values for 
the function. For instance, the function given by 


1 
y= 8 


f(x) = Domain: all x # 3 

has an implied domain that consists of all real values of x other than x = 3. The 
value x = 3 is excluded from the domain because division by zero is undefined. 
Another common type of implied domain is that used to avoid even roots of neg- 
ative numbers. For instance, the function given by 


f(x) = a/x Domain: all x = 0 


is defined only for x = 0. So, its implied domain is the interval [0, oo). More will 
be said about the domains of square root functions in Chapter 5. 


fells) (. 74. Finding the Domain of a Function 


Find the domain of each function. 


Hi =o 


Solution 


a. The domain of f consists of all x such that 2x — 6 = 0. Solving this inequality 
yields 


2 6 = 0 Original equation 
2X6 Add 6 to both sides. 
2 3) Divide both sides by 2. 


So, the domain consists of all real numbers x such that x > 3. 


b. The domain of g consists of all x such that the denominator is not equal to 
zero. The denominator will be equal to zero when either factor of the denom- 
inator is zero. 


First Factor 


1 = 10 Set the first factor equal to zero. 
x= 1 Add 1 to both sides. 


Second Factor 


x+3=0 Set the second factor equal to zero. 
e383 Subtract 3 from both sides. 


So, the domain consists of all real numbers x such that x # 1 andx # —3. 
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Selita Finding the Domain and Range of a Function 


Find the domain and range of each function. 


a. ae i(= 3) 0), (= {fs 2), (0, 4), (es 4), (4, an 1)} 
b. Area of acircle: A = mr 
Solution 


a. The domain of f consists of all first coordinates in the set of ordered pairs. The 
range consists of all second coordinates in the set of ordered pairs. So, the 
domain is 


Domain = {—3, —1, 0, 2, 4} 
and the range is 
Range = {0, 2, 4, —1}. 


b. For the area of a circle, you must choose nonnegative values for the radius r. 
So, the domain is the set of all real numbers r such that r = 0. The range is 
therefore the set of all real numbers A such that A > 0. 


Note in Example 8(b) that the domain of a function can be implied by a phys- 
ical context. For instance, from the equation A = mr*, we would have no strictly 
mathematical reason to restrict r to positive values. However, because we know 
that this function represents the area of a circle, we conclude that the radius must 
be positive. 


Determining Relationships That 
Are Functions 


Compile a list of statements describing relationships in everyday life. 
For each statement, identify the dependent and independent variables 
and discuss whether the statement is a function or is not a function and 
why. Here are two examples. 


a. In the statement, “The number of ceramic tiles required to floor a 
kitchen is a function of the floor’s area,” the dependent variable is 
the required number of ceramic tiles and the independent variable 

is the area of the floor. This statement is a mathematically correct 
use of the word “function” because for each possible floor area 
there corresponds exactly one number of tiles needed to do the job. 


b. In the statement, “Interest rates are a function of economic 
conditions,” the dependent variable is interest rates and the 
independent variable is economic conditions. This statement is 
not a mathematically correct use of the word “function” because 
“economic conditions” is ambiguous; it is difficult to tell if one set 
of economic conditions would always result in the same interest 
rates. 
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Integrated Review Concepts, Skills, and Problem Solving 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 


1. Ifa < bandb < c, then what is the relationship 
between a and c? Name this property of 
inequalities. 

2. Demonstrate the Multiplicative Property of 
Equality for the equation 9x = 36. 

3. Use inequality notation to write the statement, 
“y is no more than 45.” 


4. Use inequality notation to write the statement, 
“x is at least 15.” 

Simplifying Expressions 

In Exercises 5-10, simplify the expression. 


55 6y 3x ox ShOy 


Developing Skills 


In Exercises 1-4, give the domain and the range of the 
relation. Then draw a graphical representation of the 
relation. See Example 1. 


Teri 0) (0-5) (14) (0. 1) } 

2a oy LO) 5) MO = 2)e (85 3)} 
3.10 Os 45 — 3), (2,8), (5; 5)5 (6, 5)} 
aoe) (SAO) alee ond). 35) 


In Exercises 5-10, write a set of ordered pairs that rep- 
resents the rule of correspondence. See Example 2. 


5. In a given week, a salesperson travels a distance d in t 
hours at an average speed of 50 miles per hour. The 
travel times for each day are 3 hours, 2 hours, 8 hours, 
6 hours, and 5 hour. 


6. A court stenographer translates and types a court 
record of w words for f minutes at a rate of 60 words 
per minute. The amounts of time spent for each page 
of the court record are 8 minutes, 10 minutes, 7.5 min- 
utes, and 4 minutes. 


7. The cubes of all positive integers less than 8 


- 


6. 8(x — 2) — 3% — 2) 

ah: ae = - +. 21 

8. ax ae a 10 

9.30 5x + 3 28x = 38x" 

10. 4x3 — 3x2y + 4xy? + 15x*y + y? 
Problem Solving 


11. Two and one-half cups of flour are required to 
make one batch of cookies. How many cups 
are required to make 35 batches? 

12. The gasoline-to-oil ratio of a two-cycle engine 
is 32 to 1. Determine the amount of gasoline 
required to produce a mixture that has 5 pint of 
oil. 


8. The cubes of all integers greater than —2 and less 
than 5 


9. The winners of the World Series from 1995 to 1998 
10. The men inaugurated as president of the United 
States in 1977, 1981, 1985, 1989, 1993, and 1997 


In Exercises 11-22, decide whether the relation is a 
function. 


11. Domain Range 12. Domain _ Range 
8 


zi 6 
ae 
0 8 0 5 
aad - 8 
——- ive 


13. Domain Range 14. Domain _ Range 


5 2) 
== 


(eee 15 100 25 
ose Bry 200 as 
ee 300 35 
6 a Mie Sah 
8 500 BSS, 


35. 


16. 


i; 


18. 


Domain Range 


—4 1 
—2 2 
-1 5 
0 9 
ne re 
Domain Range 
(Percent of single women 
(Year) in the labor force) 
199 1662 
eee 08. 
a 058 
12) an oe = 67.1 
1996 
Domain Range 
60 Minutes 
CBS << Chicago Hope 
Dan Rather 
20/20 
ABC << The Practice 
Peter Jennings 
Domain Range 
60 Minutes SS eal 
Chicago Hope CBS 
Dan Rather .. ae Saas 
20/20 
The Practice ABC 
Peter Jennings 
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In Exercises 23 and 24, determine which sets of ordered 
Pairs represent a function from A to B. See Example 3. 
23. A = {0;1, 2, 3} and B = {—2, —1, 0, 1, 2} 
(a) (0,0) x(15 = 2), 50a e2)t 
(by {05-7 (2, 2); (S280), KT 
(c) {(0, 0), (1, 0), (2, 0), (3, 0)} 
(d) {(0, 2), (3, 0), (1, 1)} 
24. A = {1, 2,3} and B = {9, 10, 11, 12} 
(a) (1,10), (391), (Breet) 
(b) {(1510) (Oct h Geto 
(ey (110)! (O32 1) eae 
(d) (3, Or, 9); Ts 12) 


In Exercises 25-28, show that both ordered pairs are 
solutions of the equation and explain why this implies 
that y is not a function of x. 


25, Xo yy? = 25, (05) (0; =) 
26.-x7.+ 4" = 16, (0,2), (0, —2) 
27 =r ot 2 (Ie Cis) 
28. |y — 2| = x, (2, 4), (2, 0) 


In Exercises 29-34, explain why the equation represents 
y as a function of x. See Example 4. 

29. y = 10x + 12 

30. y = 3) — 8% 

31or ye 0 

32.3 = 0 

33. y = x(x — 10) 

34. y = &+ 2)? +3 


In Exercises 35-40, fill in the blank and simplify. 
35.05) 2 3xck-5 

(a) f(2) = 3(e) 5 

(b) f(—2) = 30m) + 5 

(c). flk) = 3U@) + 5 

(d) flk-> 1) = 3G) + 5 
36. f(x) = 6 — 2x 

(a) (3) = 6 — 2( i ) 

(b) f(—4) Ore 2) 

(c) f(x) = 6.— 20m) 

(d) f(a — 2): = 6 — 2( i) 
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37a) = 3 
(ay f(0) = 3 — (iam)? 
(b) f(=3) = 3 = Cae)? 
(c) f(m) = 3 — (Game)? 
(d) f(2t) = 3 — (aie)? 
38. f(x) = Vx + 8 
(a) fl) = v (ie) + 8 
(b) f(-4)= V() +8 
(c) f(t) = ~ (a) + 8 
(d) fh — 8) = V (ee) + 8 


BO) eer, 

(Hee ) 

(Mame) +2 
) 


0) f(-4) = 


Qf o)= 


) +2 


© 10) tee 


(d) Be 2 


De 
je = 7 


40. f(x) = 


(a) f(2) = (Ga) -7 


(Dies) = ( 


1) Ge 


@ fe+ 5-2 


In Exercises 41-56, evaluate the function as indicated, 


and simplify. See Examples 5 and 6. 
41. f(x) = 12x —7 


(a) (3) (b) £(3) 

(c) f(a) + f() (a) fla + 1) 
ADs (ox, 

(a) f(-1) (b) (5) 

(c) f(0) + #(-2) (a) f(2t — 3) 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


S Sn 


i (3) eee 
(a) g(4) 


(c) g(2y) 
MUAY et = 783 
(a) h(2) 

-(c) h(1) — h(-4) 
T(t) = 
(aerial) 
©) ie 2) 
HOt) 2 
(a) h(4) 

(c) h(4n) 
ea) to =e a) 
(a) g(0) 

(c) g(16)= g{-1) 
ee) = 

(a) g(2) 

(c) g(—4) 

3x 
(ne) = Sue 
(a) f(0) 

(Cyr (2) mal 
or 2 

ONS Sere 

Gry (=3) 

(c) f(4) + f(8) 

se ae fs. eee <0) 
dO ke — 2x, ifx>0 
(a) f(4) 

(c) f(0) 

—x, ifx < 0 
f= {5% 5, ifx > 0 
(a) f(0) - 

(c) f(4) 

Aas, eee <a) 
ie pa Odi = 
(a) h(2) 

(c) h(5) 


(b) g(0) 
(d) g(4) + g(6) 


(b) h(0) 
(d) h(4z) 


(b) f(A) 
(d) f(Sz) 


(b) A(2) 
(d) h(n + 2) 


(b) g(8) 
(d) g(x — 2) 


(b) g(-3) 
()*3)xt ee) 


(b) (3) 
(d) f(x + 4) 


(b) f(-3) 
(a) f(x — 5) 


(b) f(—10) 
(d) f(6) —f(-2) 


(b) ¢(-3) 
(@) f(—2) + F(25) 


(b) A(—3) 
(a) h(—3) +h) 


x, 
pe Teh Ee 5x72: 
(a) f() 
(c) f(2) 
55. f(x) =2x +5 
@ f+) =f) 


56. f(x) = 3x + 4 
ene by 7) 


itera) 

hee ail 
(DrAGeaL) 
(d) f(—3) + f(3) 
wy (2-9 =78) 


wy 910) 


In Exercises 57-68, find the domain of the function. See 


(a) it 
Example 7. 
Bf (x) = 5. — 2x 
59. f(x) = an : 


58. h(x) = 4x.—3 
i ap D 
year al 


60. g(x) = 


_ Solving Problems 


77. Geometry Express the perimeter P of a square as a 
function of the length x of one of its sides. 


78. Geometry Express the surface area S of a cube as a 
function of the length x of one of its edges. 


79. Geometry Express the volume V of a cube as a 
function of the length x of one of its edges. 


80. Geometry Express the length L of the diagonal of a 
square as a function of the length x of one of its 
sides. 


81. Distance A plane is flying at a speed of 230 miles 
per hour. Express the distance d traveled by the plane 
as a function of time ¢ in hours. 


82. Cost The inventor of a new game believes that the 
variable cost for producing the game is $1.95 per 
unit and the fixed costs are $8000. Write the total 
cost C as a function of x, the number of games pro- 
duced. 

83. Geometry An open box is to be made from a square 
piece of material 24 inches on a side by cutting equal 
squares from the corners and turning up the sides (see 
figure). Write the volume V of the box as a function 
of x. 


61 


63 
65 
67 


In 
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tye, Je see 
AUN rearees S25) (eee In 
» a(x) =Sx+4 64. f(x) = J/2-x 
» f(x) = /2x-1 66. G(x) = V8 — 3x 

. f(t) = |r -4| 68. f(x) = |x + 3| 


Exercises 69-76, find the domain and range of the 


function. See Example 8. 


69 
70 


Tk 


ah 
73 
74 
Te) 
76 


nN 


84 


. F2 1(0; 0); (2. Dy G4 8), (6220); 

» Fe (3, 4); (= 153), 25 Oe 

f: {(-3, -2), (-1, -3), (4, 2), (10, 1} 
- £:1G,4), G5), (0), G, 7)} 

. Circumference of a circle: C = 2ar 

. Area of a square of side s: A = s? 

. Area of a circle with radius r: A = ar? 


. Volume of a sphere with radius r: V = $ 7r3 


a 
xX 


[—=>| 


Figure for 83 


. Geometry Strips of width x are cut from the four 
sides of a square that is 32 inches on a side (see 
figure). Write the area A of the remaining square as 
a function of x. 


|<—— 32 in. —> 


ee | 


3251n: 


(— 
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85. Geometry Strips of width x are cut from two adja- 
cent sides of a square that is 32 inches on a side (see 
figure). Write the area A of the remaining square as 
a function of x. 


| <—— 32 in. —> 


| 


86. Profit The marketing department of a business has 
determined that the profit for selling x units of a 
product is approximated by the model 


P(x) = 50x — 0.5x — 500. 


Find (a) P(1600) and (b) P(2500). 

87. Safe Load A solid rectangular beam has a height 
of 6 inches and a width of 4 inches. The safe load S 
of the beam with the load at the center is a function 
of its length L and is approximated by the model 


128,160 
sl) = =, 
where S is measured in pounds and L is measured in 
feet. Find (a) S(12) and (b) S(16). 


88. Wages A wage earner is paid $12.00 per hour for 
regular time and time-and-a-half for overtime. The 
weekly wage function is 


Explaining Concepts 


So 91. Answer parts (g)—-(i) of Motivating the Chapter on 


page 121. 


In Exercises 92 and 93, determine whether the state- 
ments use the word function in ways that are mathemati- 
cally correct. 


92. (a) The sales tax on a purchased item is a function of 
the selling price. 


(b) Your score on the next algebra exam is a func- 
tion of the number of hours you study the night 
before the exam. 


wn) = | 12! 0<h< 40 
(Or 18(h — 40) + 480, h > 40, 


where /: represents the number of hours worked in a 
week. 


(a) Evaluate W(30), W(40), W(45), and W(50). 


(b) Could you use values of h for which h < 0 in 
this model? Why or why not? 


Data Analysis _\n Exercises 89 and 90, use the graph, 
which shows the numbers of students (in millions) 
enrolled at all levels in public and private schools in the 
United States. (Source: U.S. National Center for 
Education Statistics) 


Number of Students in U.S. 


f(x) 


— Public schools |" 
}— Private schools} 


1992 1993 1994 1995 
Year 


Enrollment (in millions) 
LSS) 
oO 


1990 1991 


89. Is the public school enrollment a function of the 
year? Is the private school enrollment a function of 
the year? Explain. 


90. Let f(x) represent the number of public school 
students in year x. Estimate f(1993). 


93. (a) The amount in your savings account is a function 
of your salary. 


(b) The speed at which a free-falling baseball strikes 
the ground is a function of the height from 
which it was dropped. 


94. Explain the difference between a relation and a 
function. 


95. Is every relation a function? Explain. 


96. In your own words, explain the meanings of domain 
and range. 


97. Describe an advantage of function notation. 


ue 
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Graphs of Functions 


BI sketch the graph of a function 
on a rectangular coordinate system. 


The Graph of a Function 


Consider a function f whose domain and range are the set of real numbers. The 
graph of fis the set of ordered pairs (x, f(x)), where x is in the domain of f. 


x = x-coordinate of the ordered pair 
f(x) = y-coordinate of the ordered pair 


Figure 2.39 shows a typical graph of such a function. 


Figure 2.40 


Sketching the Graph of a Function 


Sketch the graph of f(x) = 2x — 1. 


Solution 


Another way to write this function is y = 2x — 1. Using the methods you learned 
in Sections 2.2 and 2.3, you can sketch the graph of the function, as shown in 
Figure 2.40. 


In Example 1, the (implied) domain of the function is the set of all real 
numbers. When writing the equation of a function, we sometimes choose to — 
restrict its domain by writing a condition to the right of the equation. For instance, 
the domain of the function 


fix) =4x4 +5, x 2.0 
is the set of all nonnegative real numbers (all x > 0). 


178 


f@)=x+3,x<0 
re 


Si 


J 


Figure 2.41 


Identify the graphs of basic 


functions. 


(a) Constant function 


(d) Square root function 


Figure 2.42 
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ets (wae Sketching the Graph of a Piecewise Function 


36 aF Be 


Sketch the graph of f(x) = {_ yo 4 


Solution 


Begin by graphing f(x) = x + 3 for x < 0, as shown in Figure 2.41. You will 
recognize that this is the graph of the line y = x + 3 with the restriction that the 
x-values are negative. Because x = 0 is not in the domain, the right endpoint of 
the line is an open dot. Then graph f(x) = —x + 4 for x = 0 on the same set of 
coordinate axes, as shown in Figure 2.41. This is the graph of the line | 
y = —x + 4 with the restriction that the x-values are nonnegative. Because | 
x = O is in the domain, the left endpoint of the line is a solid dot. | 


Graphs of Basic Functions 


To become good at sketching the graphs of functions, it helps to be familiar with 
the graphs of some basic functions. The functions shown in Figure 2.42, and 
variations of them, occur frequently in applications. 


(c) Absolute value function 


(e) Squaring function (f) Cubing function 
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E] Use the Vertical Line Test to 
determine if a graph represents a 
function. 


Study Tip 


The Vertical Line Test provides 
you with an easy way to deter- 
mine whether an equation repre- 
sents y as a function of x. If the 

_ graph of an equation has the 

_ property that no vertical line 
‘intersects the graph at two (or 

- more) points, then the equation 
represents y as a function of x. 
On the other hand, if you can 
find a vertical line that intersects 

_ the graph at two (or more) 

_ points, then the equation does 

_ not represent y as a function 

_ of x, because there are two (or 
more) values of y that corre- 
spond to certain values of x. 


(a) Graph of a function of x. 
Vertical line intersects once. 


Figure 2.43 
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The Vertical Line Test 


By the definition of a function, at most one y-value corresponds to a given 
x-value. This implies that any vertical line can intersect the graph of a function at 
most once. 


> Vertical Line Test for Functions 


A set of points on a rectangular coordinate system is the graph of y as a 
function of x if and only if no vertical line intersects the graph at more 
than one point. 


Using the Vertical Line Test 


Decide whether each equation represents y as a function of x. 


a y=x2-3xt4 


b+ —y — 1 
C2 
Solution 


a. From the graph of the equation in Figure 2.43(a), you can see that every ver- 
tical line intersects the graph at most once. So, by the Vertical Line Test, the 
equation does represent y as a function of x. 


b. From the graph of the equation in Figure 2.43(b), you can see that a vertical 
line intersects the graph twice. So, by the Vertical Line Test, the equation does 
not represent y as a function of x. 


c. From the graph of the equation in Figure 2.43(c), you can see that every ver- 
tical line intersects the graph at most once. So, by the Vertical Line Test, the 
equation does represent y as a function of x. 


(b) Not a graph of a function of x. (c) Graph of a function of x. 
Vertical line intersects twice. Vertical line intersects once. 
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Identify transformations of the 
graph of a function and sketch their 


graphs. 


Transformations of Graphs of Functions 


Many functions have graphs that are simple transformations of the basic graphs 
shown in Figure 2.42. The following list summarizes the various types of 
vertical and horizontal shifts of the graphs of functions. 


> Vertical and Horizontal Shifts 


Let c be a positive real number. Vertical and horizontal shifts of the 
graph of the function y = f(x) are represented as follows. 


1. Vertical shift c units upward: (NGS) Sailealae 
2. Vertical shift c units downward: h@) = f(x) =e 
3. Horizontal shift c units to the right: Wf eC) 


4. Horizontal shift c units to the left: ho) =e c) | 


Note that for a vertical transformation the addition of a positive number c yields 
a shift upward (in the positive direction) and the subtraction of a positive number 
c yields a shift downward (in the negative direction). For a horizontal transfor- 
mation the addition of a positive number c yields a shift to the left (in the 
negative direction) and the subtraction of a positive number c yields a shift to the 
right (in the positive direction). 


= eliule(-wee Shifts of the Graphs of Functions 


Use the graph of f(x) = x? to sketch the graph of each function. 
a. g(x) = 2x2 — 2 b. h(x) = (x + 3)? 
Solution 


a. Relative to the graph of f(x) = x’, the graph of g(x) = x? — 2 represents a 


shift of 2 units downward, as shown in Figure 2.44. 


b. Relative to the graph of f(x) = x’, the graph of h(x) = (x + 3)? represents a 
shift of 3 units to the Jeft, as shown in Figure 2.45. 


Tnx) = (4 3)" 


\ | ' : be of 
/ 
4 


Vertical Shift: Two Units Downward Horizontal Shift: Three Units Left 
Figure 2.44 Figure 2.45 


Figure 2.48 Reflection 
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Some graphs can be obtained from combinations of vertical and horizontal 
shifts, as shown in part (b) of the next example. 


Shifts of the Graphs of Functions 


Use the graph of f(x) = x? to sketch the graph of each function. 
a. o(x) = 2 + 2 

b. h(x) = @— 1)2-+2 

Solution 


a. Relative to the graph of f(x) = x°, the graph of g(x) = x> + 2 represents a 
shift of 2 units upward, as shown in Figure 2.46. 

b. Relative to the graph of f(x) = x3, the graph of h(x) = (x — 1)? + 2 repre- 
sents a shift of 1 unit to the right, followed by a shift of 2 units upward, as 
shown in Figure 2.47. 


Vertical Shift: Two Units Upward Horizontal Shift: One Unit Right 
Vertical Shift: Two Units Upward 
Figure 2.46 Figure 2.47 


The second basic type of transformation is a reflection. For instance, if you 
imagine that the x-axis represents a mirror, then the graph of 


h(x) = =x? 
is the mirror image (or reflection) of the graph of 
f(a) = x, 


as shown in Figure 2.48. 


> Reflections in the Coordinate Axes 


Reflections of the graph of y = f(x) are represented as follows. 


1. Reflection in the x-axis: h(x) = —f(x) 
2. Reflection in the y-axis: h(x) = f(—x) 
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Reflections of the Graphs of Functions ; 


Use the graph of f(x) = ./x to sketch the graph of each function. 


atde) it mies 
b. A(x) = /—x 
Solution ; 


a. Relative to the graph of f(x) = \/x, the graph of g(x) = — /x= =f) 
represents a reflection in the x-axis, as shown in Figure 2.49. 

b. Relative to the graph of f(x) = Vx, the graph of h(x) = /—x = f(—x) 
represents a reflection in the y-axis, as shown in Figure 2.50. 


F siensntecnn 4- Rin Seager rhc aimee tion ein at J - ; 
\ | an | ) =|" ig 
i i = é : 3 a 
- A i 2 eS =| ; i i. aS +} 
t "7 


Reflection in x-Axis Reflection in y-Axis 
Figure 2.49 Figure 2.50 
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Integrated Review 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Concepts, Skills, and Problem Solving 
9. (u2y)*4 10. (3a2b)? (253) 


; Problem Solving 
Properties and Definitions 


1 
ile. tebe geval 


3. —4(« + 10) = —4- x + (-4)(10) 


Det Ol 23% 


11. A department store is offering a discount of 
20% on a sewing machine with a list price of 
$239.95. A mail-order catalog has the same 
machine for $188.95 plus $4.32 for shipping. 


Which is the better bargain? 


12. The annual automobile insurance premium for 
a policyholder is normally $739. However, 
after having an accident, the policyholder was 
charged an additional 30%. What is the new 


4.5 + (-3 + x)= (5-3) +x 
Simplifying Expressions 


In Exercises 5-10, simplify the expression. 


nu ey abe 6.23024 1) +1)? annual premium? 
Teele At)? 8..—(-2x)4 
Developing Skills 
In Exercises 1-28, sketch the graph of the function. . |xet 6. ix 0 
Then determine its domain and range. See Examples 1 26. f(x) = 6—2x, ifx>0 
and 2. 0 
a8 ifx < 
i a ae 2. fx) = 3 ~ 2x 27. f(x) = c a datiee 0 
pel) Ji leo yh 
3. g(x) = 5x 4, h(x) = 4x I GE A x tk SD 
5. f(x) = —(x — 1)? Ore) (er 2a 3 Sh) x-2, ifx>2 
Pe) =x — 6x + 8 8. f) = —x 5+ 1 
9. C(x) = Us 10. O(x) =4- /x In Exercises 29-32, use a graphing utility to graph the 


function and find its domain and range. 
29) lee 30. f(x) = |x + 1| 
31 GO) 32. h(t) = V4 -— #2 


11. f(t) = Vt —2 121G) = 
13. G(x) = 8 14 HG) 4 
15; 9(s)'= 5s? + 1 16. f(x) =x -—4 
ie (x) = |x 3| 

18. g(x) = |x - 1| 

19. K(s) = |s— 4| + 1 

ZOO 1 — |¢ + 1| 

mies) — 6 — 3x, OS x 5 2 

De pauy— sx 2% 6s x5 12 

Demin) = x2 <x <2 
Zaenn) = 6x, OS x= 6 


x +3- ifx < 0 
25. non = 75 73 sine een) 


In Exercises 33-40, use the Vertical Line Test to deter- 
mine whether y is a function of x. See Example 3. 


33. y =a 34. y= x2 - 2x 


y 
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B5hy = Gat2)* 36. x — 2y? =0 


A52 f(a) =a 1 46. f(x) = (x — 2)? 
47. f(x) =2 — |x| 48. f(x) = |x + 2| 
== In Exercises 49 and 50, select the viewing window that 

shows the most complete graph of the function. 


49. f(x) = —(? — 20x + 50) 


50. fG) = x4 = 10° 


In Exercises 41-44, sketch a graph of the equation. Use 
the Vertical Line Test to determine whether y is a func- 
tion of x. 


41. 3x — 5y = 15 
42. y=xr2+2 In Exercises 51 and 52, identify the transformation of f 
and sketch a graph of the function h. See Examples 4-6. 


43, yy =x+1 
TO soe ME G63 eS oe 

(a) h(@®) =x? +2 (b) h(x) =x -4 
In Exercises 45-48, match the function with its graph. (c) h(x) = (x + 2) (d) h(x) = (x — 4)? 
[The graphs are labeled (a), (b), (c), and (d).] (e) AG) (f), kG eee 


0) aoe (g) h(x) = (x - 3) 41 
sauspy anata memenernen ree toate 
52. f(x) = 8 
(a) h@®) =2+4+3 (b) h(x) = 8-5 
(c) Al) = G3): (d) h(x) = (x + 2)3 
(e) h(x) = (—x)3 (f) his 


(g) h(x) = 2 — (x — 1) 
(h) A(x) = (x + 2)3 — 3 


E In Exercises 53-58, identify the transformation of the 
graph of f(x) = |x| and use a graphing utility to graph h. 
53. h(x) = |x — 5| 

54. h(x) = |x + 3] 

B5. h(x) = |x|.- 5 

56. h(x) = |->| 

57. h(x) = —|x| 

58. h(x) = 5 — |a| 


In Exercises 59-66, use the graph of f(x) = x? to write a 
function that represents the graph. 


59. 


61. 


63. 


65. 
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In Exercises 67-72, use the graph of f(x) = \/x to write 
a function that represents the graph. 


Cis 68. 


qa 


73. Use the graph of f to sketch the graphs. 


(a) y =f@) + 2 (Dye 
(c) y= f@— 2) @ rH fe +2) 
Cy=f~ocd Or onail=®) 

y 34 


Figure for 73 


Figure for 74 

74. Use the graph of f to sketch the graphs. 
(ayy f(x) al (Dy Pye gat) 
Oy ies) (d) y= fe 2) 
(e) y= fl-) Dara) 2 
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Solving Problems 


wth 


_ 


=: 75. Automobile Engines The percent x of antifreeze 


FACE 


Ea 


76. 


hike 


that prevents an automobile’s engine coolant from 
freezing down to P degrees Fahrenheit is modeled by 


P = 26.0 — 0.0242x?, 20 < x < 60. 


(Source: Standard Handbook for 
Engineers) 


Mechanical 


(a) Use a graphing utility to graph the model over 
the specified domain. 


(b) Use the graph to approximate the value of x that 
yields protection against freezing at — 25° F. 
Profit The profit P when x units of a product are 


sold is given by P(x) = 0.47x — 100 for x in the 
interval 0 < x < 1000. 


(a) Use a graphing utility to graph the profit func- 
tion over the specified domain. 

(b) Approximately how many units must be sold for 
the company to break even (P = 0)? 

(c) Approximately how many units must be sold for 
the company to make a profit of $300? 


Geometry The perimeter of a rectangle (see figure) 
is 200 meters. 


(a) Show algebraically that the area of the rectangle 
is given by A = x(100 — x), where x is its 
length. 

(b) Use a graphing utility to graph the area function. 


(c) Use the graph to determine the value of x that 
yields the largest value of A. Interpret the result. 


x 


ae aaah 
ews 


=: 78. Geometry The length and width of a rectangular 


tS 


. Civilian Population of the United States 


flower garden are 40 feet and 30 feet, respectively 
(see figure). A walkway of width x surrounds the 
garden. 


(a) Write the outside perimeter y of the walkway as 
a function of x. 

(b) Use a graphing utility to graph the function for 
the perimeter. 

(c) Determine the slope of the graph in part (b). For 
each additional 1-foot increase in the width of 
the walkway, determine the increase in its out- 
side perimeter. 


For 1950 
through 1998, the civilian population P (in thou- 
sands) of the United States can be modeled by 


P(t) = —5.46fP + 2665.56t + 153,363 


where t = 0 represents 1950. 
of the Census) 


(Source: U.S. Bureau 


(a) Use a graphing utility to graph the function over 
the appropriate domain. 


(b) In the transformation of the population function 


P,(t) = —5.46(t + 20)? + 2665.56(t + 20) + 
153,363; 


t= 0 corresponds to what calendar year? 
Explain. 

(c) Use a graphing utility to graph P, over the appro- 
priate domain. 


80. 


81. 


82. 


83. 


Graphical Reasoning An electronically controlled 
thermostat in a home is programmed to lower the 
temperature automatically during the night. The 
temperature 7, in degrees Fahrenheit, is given in 
terms of t, the time on a 24-hour clock (see figure). 


(a) Explain why 7 is a function of tf. 

(b) Find 7(4) and 7(15). 

(c) Suppose the thermostat were reprogrammed to 
produce a temperature H where H(t) = T(t — 1). 


Explain how this would change the temperature 
in the house. 


Explaining Concepts 


Explain the change in the range of the function 
f(x) = 2x if the domain is changed from [0, 2] to 
[0, 4]. 

In your own words, explain how to use the Vertical 
Line Test. 


Describe the four types of shifts of the graph of a 
function. 


84. 


85. 


86. 
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(d) Suppose the thermostat were reprogrammed to 
produce a temperature H where H(t) = T(t) — 1. 
Explain how this would change the temperature 
in the house. 


BmiGmOrL 2 Se 182224, 


Figure for 80 


Describe the relationship between the graphs of f(x) 
and g(x) = —f(x). 

Describe the relationship between the graphs of f(x) 
and g(x) = f(—x). 

Describe the relationship between the graphs of f(x) 
and g(x) = f(x — 2). 


Key’ Terms 


rectangular coordinate 
system, p. 122 

Cartesian plane, p. 122 

Maxis). (22 

y-axis, p. 122 

origin, p. 122 

quadrants, p. 122 

ordered pair, p. 122 

x-coordinate, p. 122 

y-coordinate, p. 122 


Pythagorean Theorem, 
p. 127 
Distance Formula, p. 128 
graph (of an equation), 
p. 134 
linear equation, p. 134 
x-intercept, p. 137 
y-intercept, p. 137 
straight-line depreciation, 
p. 138 


Key Concepts 


2A | Guidelines for verifying solutions 


To verify that an ordered pair (x, y) is a solution of an 
equation with variables x and y, use the following steps. 


1. Substitute the values of x and y into the equation. 


2. Simplify both sides of the equation. 


3. If both sides simplify to the same number, the 
ordered pair is a solution. If the two sides yield 
different numbers, the ordered pair is not a solution. 


~ graph 


22 The point-plotting method of sketching a 


1. If possible, rewrite the equation by isolating one of 


the variables. 


2. Make up a table of values showing several solution 


points. 


3. Plot these points on a rectangular coordinate system. 


4, Connect the points with a smooth curve or line. 


4 Summary of equations of lines 


1. Slope of a line through (x,, y,) and (x, y>): 


0 
XX 


nA BW hd 


y=mx+t+ b 


. General form of equation of line: 
. Equation of vertical line: 
. Equation of horizontal line: 


ax + by +c=0 
x=a 
ye 


. Slope-intercept form of equation of line: 


6. Point-slope form of equation of line: 


y= y= me x) 
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slope, p. 142 
slope-intercept form, 

p. 146 
point-slope form, p. 155 
general form, p. 155 
two-point form, p. 156 
linear extrapolation, p. 159 
linear interpolation, p. 159 


range, pp. 164, 165, 168 
function, p. 165 
independent variable, 

po 167 
dependent variable, p. 167 
function notation, p. 168 
implied domain, p. 170 
graph (of a function), 


relation, p. 164 pAZe 
domain, pp. 164, 165, 168 
7. Parallel lines (equal slopes): m, = m, 


8. Perpendicular lines (negative reciprocal slopes): 
1 


i 
2 
My 


25 


1. Each element in the domain A must be matched with 
an element in the range, which is contained in set B. 


Characteristics of a function 


2. Some elements in set B may not be matched with 
any element in the domain A. 


3. Two or more elements of the domain may be 
matched with the same element in the range. 


4. No element of the domain is matched with two 
different elements in the range. 


2.6 
A set of points on a rectangular coordinate system is the 


graph of y as a function of x if and only if no vertical 
line intersects the graph at more than one point. 


Vertical Line Test for functions 


#7 Vertical and horizontal shifts 


Let c be a positive real number. Vertical and horizontal 
shifts of the graph of the function y = f(x) are repre- 
sented as follows. 


1. Vertical shift c units upward: h(x) = f(x) +e 
2. Vertical shift c units downward: —h(x) = f(x) —c 
3. Horizontal shift c units to the right: A(x) = f(x — c) 
4. Horizontal shift c units to the left: A(x) = f(x + c) 


Reflections in the coordinate axes 
Reflections of the graph of y = f(x) are represented as: 
1. Reflection in the x-axis: hx) = fx) 


h(x) = f(—x) 


2. Reflection in the y-axis: 


, 


SMA NED 
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REVIEW EXERCISES 


In Exercises 1 and 2, plot the points on a rectan- 
pillar coordinate system. 

1. (0, —3), (3, 5), (—2, —4) 

2. (1, —3), (—2, 23), (5, 10) 


In Exercises 3 and 4, plot the points and connect them 
with line segments to form the indicated polygon. 


3. Right triangle: (1, 1), (12, 9), (4, 20) 


ee cee tS Ze 
4. Parallelogram: (0, 0), (7, 1), (8, 4), (1, 3) I5.Sy =i = 5x 16. y=x?+4 
17. y = |x| +4 18. y= /x +4 
In Exercises 5-8, determine the quadrant(s) in which 
— the point is or could be located. In Exercises 19-26, sketch the graph of the equation 
using the point-plotting method. 
5.1(2,—6) 6. (—4.8, —2) ; 
7. (4, y) 8. (x, y), xy > 0 19. y = 6 — 3x 20. vk oes 
21. BY 2 0 22. 3x + 4y + 12 =0 
In Exercises 9 and 10, determine whether each ordered 23. y =a ol 24. y = (x — 2)? 
pair is a solution of the equation. Ee es ial ao ry ele sol 
Oy 4) — 3x 
(a) (4, 2) (b) (—1, 5) a ae 27-34, find the x- and y-intercepts of the 
(c) (—4, 0) (d) (8, 0) pAS es ae fe Ma 
10. 3x — 2y + 18 =0 eee . Bae - 
(a) (3, 10) (b) (0,9) a tt : ie lee ; es 
Cd = IBS = 5 = jbs 
(c) (—4, 3) (d) (—8, 0) eels y 


33.99 = (2) 90 34. y = |3 — 6x| — 15 


In Exercises 11-14, use the Distance Formula to deter- 


mine the distance between the points. ss In Exercises 35-40, use a graphing utility to graph the 
equation. Approximate any intercepts. 
11. (4, 3); (4, 8) 12. (2, =), (6, 6) 
35. y = (x — 3)? -3 36. y = +(x — 2)3 
13. a>: Sal rik, 12) D4 viGe2t1 Oly Cries?) 4 
3Jay = Se = 47 33) i= ee | 
2.2 Tin Exercises 15-18, match the equation with its 39, y= 3% 40. y=x-2Vx 
peaoh. [The graphs are labeled (a), (b), (c), and (d).] 
In Exercises 41-46, determine the slope of the line 
(a) through the points. 
41. ( i 1), (6, 3) 42. (= 5), (33 —8) 
43. (—1,3), (4,3) 44. (7, 2), (7, 8) 


45. (0, 6), (8, 0) 46. (0, 0), (3, 6) 
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In Exercises 47 and 48, find t such that the three points 
are collinear. (Note: Collinear means that the points lie 
on the same line.) 


AU (=, = SOs) 48. (2, 1), (1, 2), (8, 3) 


In Exercises 49-54, a point ona line and the slope of the 
line are given. Find two additional points on the line. 


49. (2, —4) 50. (—4, 4) 
i= =—S m= 2 
ee i <8, =) 

ae) mere rl! 
bes (Eh 8) 54. (7, —2) 
m is undefined. m= 0 


In Exercises 55-58, write the equation of the line in 
slope-intercept form and sketch the line. 


S520 2y—4'= 0 5620 — "3, 6770 
Soe ely — 2-1 () 58. y-—6=0 


In Exercises 59-64, are the lines parallel, perpendicular, 
or neither? 


59,1, y= 52 + 1 60. L,: y = 2x —5 


Ley =4x 1 ey ce 
61. L,; y=3x-—2 62. L,: y = —0.3x — 2 
Ly y= —3x+1 [Lay 03x44 


OR VER Pie5 = ee oe) and) 
L,. x + 2y-6=0 
1 46+ 3y —-6=0 


64. L 
Le ka 4y 28. — 0 


In Exercises 65-72, write an equation of the line 
passing through the point with the specified slope. 


65. (1, —4) 66. (—5, —5) 
m= 2 m = 3 

67. (1, 4) 68. (5, —2) 
m=-4 m= — 

69. (3, 4) 70. (—2, —3) 
m= ~3 m=3 

Tiles ajesy TPE GL SS) 
m=0 m is undefined. 


In Exercises 73-78, write an equation of the line passing 
through the two points using the point-slope form. 


730040) Oea3) 74. (0, 10), (6, 10) 


In Exercises 79-82, write equations of the lines through 
the point that are (a) parallel and (b) perpendicular to 
the given line. 


79. (2, -4) 80. (—1,5) 

38x +y=2 2x + 4y=1 
81. (12, 1) 82. (3,3) 

5x = 3 4x = 3y = 12 


In Exercises 83-86, determine whether the rela- 
tion is a function. 


83. Domain Range 84. Domain Range 
———a 4 2 
Se : =2 1 
g ae 2 ; F 
9 a 4 2 

85. Domain Range 86. Domain Range 


15 eB 
ae 5 
Spee 
15 eG 
55 Seen 


= 
A 


In Exercises 87-94, evaluate the function for the speci- 
fied values of the independent variable and simplify 
when possible. 


87. f(x) = 4 -— 3x 


(a) f(—10) (b) f(§) 

(Ca Orie 4) (Dig 
88. h(x) = x(x — 8) 

(a) h(8) (b) h(10) 

(c) h(—3) + hA(4) (d) h(4r) 
89. f(t) = /5—-t 

(a) f(—4) (b) f(5) 

(yey (3) (d) f(5z) 

bese 2 

90. 2) = ji | 

(a) g(0) (b) g(—8) 

(c) g(2) — g(—5) (dy gi} 


m © 


SOREN 


"y + <— oo; Re 


‘ 


un bbs 
Wa 5 


SPREE 


YAP Vs 
* . 


OX, Mise S10) 
et Is) ( —2, ifx>0 
(a) f(2) (b) f(—3) 
(c) f() (a) (4) — £@) 
3 < 
eee) = Fee 1)? + 1, ie 
(a) h(2) (b) h(—3) 
(c) h(0) (d) h(4) = h(3) 


93. f(x) = 3 — 2x 
pee) ee) 
94. f(x) = 7x + 10 
EO eer ea asic) 


Xx x 


In Exercises 95-98, identify the domain of the function. 


Scie 
(s — 1)(s + 5) 
98. f(x) = |x — 6| + 10 


95. h(x) = 4x*--— 7 96. g(s) = 
97._f (x) = 5 — 2x 


eRe In Exercises 99-108, sketch the graph of the 


— function. 


Wi Weve O= Ge 72 
1270) =P 

103, y = 8 — |x| 1 fee Wet PE 
105. 2(x) = 6-— 3x, —2sx%<4 

106. h(x) = x(4 = x), 0 <x <4 


Ome 4 (ye 3)? 
101. y= J/x +2 


_[2-@-0%, ifr <1 

107. f(x) = F s(eae weed 
Dee. if x < 0 
108. f(x) = E + 1. tse Ss © 


In Exercises 109-112, use the Vertical Line Test to deter- 
mine if the graph represents y as a function of x. 


HOO 9y? = 4x0 Uh See ee 


Y, y 
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Review Exercises 


111. y = x°(x — 3) 


112. x7 + y — 6xy = 0 
y 


In Exercises 113-116, identify the transformation of the 
graph of f(x) = \/x and sketch the graph of h. 

113. A(x) = — Vx 

114. A(x) = /x +3 

115. h(x) = Vx —1 

116. h(x) =1—- /x+4 


In Exercises 117-120, use the graph of f(x) = x? to write 
a function that represents the graph. 


192 


121. 


122. 


123. 


124. 


Rocker Arm Construction 
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- Solving Problems 


Slope of a Ramp A loading dock ramp rises 3 
feet above the ground. The ramp has a slope of a 
What is the length of the ramp? 


Road Grade When driving down a mountain 
road, you notice a warning sign indicating a “12% 
downgrade.” This means that the slope of the road 
is ix. Over a particular stretch of road, your ele- 
vation drops 1500 feet. What is the horizontal 
change in your position? 

Straight-Line Depreciation You purchase new 
commercial washing machines for your laundromat 
for $20,000. For tax purposes, the washing 
machines will be depreciated over a 7-year period. 
At the end of 7 years, the value of the washing 
machines is expected to be $6000. Find an equation 
that relates the depreciated value of the washing 
machines to the number of years since they were 
purchased. Then sketch the graph of the equation. 


Straight-Line Depreciation You purchase new 
commercial clothes dryers for your laundromat for 
$8000. For tax purposes, the dryers will be depre- 
ciated over a 10-year period. At the end of 10 years, 
the value of the dryers is expected to be $3000. 
Find an equation that relates the depreciated value 
of the dryers to the number of years since they were 
purchased. Then sketch the graph of the equation. 


In Exercises 125 and 126, 


consider the rocker arm shown in the figure. 


125. 


126. 


Find an equation of the line through the centers of 
the two small bolt holes in the rocker arm. 


Find the distance between the centers of the two 
small bolt holes in the rocker arm. 


127. 


128. 


129. 


Wire Length A wire 150 inches long is to be cut 
into four pieces to form a rectangle whose shortest 
side has a length of x. Express the area A of the 
rectangle as a function of x. What is the domain of 
the function? 


Wire Length A wire 100 inches long is to be cut 
into four pieces to form a rectangle whose shortest 
side has a length of x. Express the area A of the 
rectangle as a function of x. What is the domain of 
the function? 

Velocity of a Ball The velocity of a ball thrown 

upward from ground level is given by 

v = —32t + 80, where t is time in seconds and v is 

velocity in feet per second. 

(a) Find the velocity when t = 2. 

(b) Find the time when the ball reaches its maxi- 
mum height. (Hint: Find the time when 
v= 0.) 

(c) Find the velocity when t = 3. 
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Figure for 12 


Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


T 


19. 


Determine the quadrant in which the point (x, y) lies if x > 0 and y < 0. 


2. Plot the points (0, 5) and (3, 1). Then find the distance between them. 
3. 
4 
5 


Find the x- and y-intercepts of the graph of the equation y = —3(x + 1). 


. Sketch the graph of the equation y = |x — 2. 
. Find the slope (if possible) of the line passing through each pair of points. 


(a) (—4, 7), (2,3) (6) (3, —2), (3, 6) 


. Sketch the graph of the line passing through the point (0, —6) with slope 
i 
. Plot the x- and y-intercepts of the graph of 2x + Sy — 10 = 0. Use the 


results to sketch the graph. 


. Write the equation Sx + 3y — 9 = 0 in slope-intercept form. Find the slope 


of the line that is perpendicular to this line. 


. Find an equation of the line through the points (25, — 15) and (75, 10). 
. Find an equation of the line with slope —2 that passes through the point 


(5-4), 


. Find an equation of the vertical line through the point (—2, 4). 
. The graph of y?(4 — x) = x? is shown at the left. Does the graph represent y 


as a function of x? Explain your reasoning. 


. Determine whether the relation represents a function. Explain. 


(Qed); (6, 3); 3) Ue 2) ) (b)(070) 1s Saat) 


. Evaluate g(x) = x/(x — 3) for the indicated values. 


(a) 92) ~—) (3) ~— ©) g(x +2) 


. Find the domain of each function. 
gear 1 
@hQ=V9-t  (b) fe) = 


. Sketch the graph of the function g(x) = 2 — x. 
. Describe the transformation of the graph of f(x) = x? that would produce 


the graph of g(x) = —(x — 2)? + 1. 


. After 4 years, the value of a $26,000 car will have depreciated to $10,000. 


Write the value V of the car as a linear function of ft, the number of years 
since the car was purchased. When will the car be worth $16,000? Explain 
your reasoning. 


Use the graph of f(x) = |x| to write an equation for each graph. 


194 


a5 te i sar alt eas Oo Pen Pay 


ictoring 


heparan i 


Motivating the Chapter 


LST OLDS SOIT 


Go A Storage Bin for Drying Grain 


A rectangular grain bin has a width that is 5 feet greater than its height and 
a length that is 2 feet less than three times its height. A screen in the shape 
of a pyramid is centered at the base of the bin (see figure). Air is pumped 
into the bin through the screen pyramid in order to dry the grain. The screen 
pyramid has a height that is 3 feet less than the height of the bin, a width 
that is 6 feet less than the width of the bin, and a length that is twice the 
height of the pyramid. 


See Section 3.2, Exercise 137 


a. Write the dimensions, in feet, of the bin in terms of its height x. 
Write a polynomial function V,(x) that represents the volume of 
the rectangular grain bin before the screen pyramid is inserted. 


. Write the dimensions, in feet, of the screen pyramid in terms of x. 
Write a polynomial function V,(x) that represents the volume of the 
screen pyramid. [The formula for the volume of a pyramid is 
Ve = (area of base)(height). ] 


. Write a polynomial function V,(x) that represents the volume of grain 
that can be stored in the bin when the screen pyramid is in place. 


See Section 3.5, Exercise 99 

d. If the opening for airflow (the base of the screen pyramid) must be 
30 square feet, find the dimensions of the pyramid. 

e. Under the conditions of part (d), calculate the maximum volume of 
grain that can be dried in this bin. 

f. Under the conditions of part (d), what is the domain of the volume 
function V,(x) from part (c)? 
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Identify the leading coefficient 
and the degree of a polynomial. 


Basic Definitions 


A polynomial in x is an algebraic expression whose terms are all of the form ax*, 


where a is any real number and k is a nonnegative integer. The following are not _ 


polynomials for the reasons stated. 


* The expression 2x! + 5 is not a polynomial because the exponent in 2x7! 
is not nonnegative. 

* The expression x? + 3x!/? is not a polynomial because the exponent in 
3x!/2 is not an integer. 


> Definition of a Polynomial in x 


Let a,,. . ., G5, 4), dy be real numbers and let n be a nonnegative 
integer. A polynomial in x is an expression of the form 


n i=l Ry Sead 2 
Gy SiGe a 105k" TG) kereay 


where a, # 0. The polynomial is of degree n, and the number a, is the 
leading coefficient. The number a, is the constant term. 


In the term ax*, a is the coefficient and k is the degree of the term. Note that 
the degree of the term ax is 1, and the degree of the constant term is 0. Because 
a polynomial is an algebraic sum, the coefficients take on the signs between the 
terms. For instance, 


4? 3 = (1) (4) (0) aes 
has coefficients 1, —4, 0, and 3. A polynomial that is written in order of descend- 
ing powers of the variable is said to be in standard form. A polynomial with only 


one term is a monomial. Polynomials with two unlike terms are called binomials, 
and those with three unlike terms are called trinomials. 


Identifying Leading Coefficients and Degrees 


Leading 
Polynomial Standard Form Degree _—_ Coefficient 
a. 5x7 — 2x) +4 2e O—e a on) 
ey ey = ie Ache! ae 7M) 3 =§ 
cx 10 10 0 10 
G5 xe = 6x4 i Sle eS 4 1 


B Add and subtract polynomials 
using a vertical format and a 
horizontal format. 
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Adding and Subtracting Polynomials 


To add two polynomials, combine like terms. This can be done in either a 
horizontal or a vertical format, as shown in Examples 2 and 3. 


Adding Polynomials Horizontally 


a. (2x7 + x2 — 5) + (x2 +x + 6) Given polynomials 
= (2x3) + (x? + x”) + (x) + (-5 + 6) Group like terms. 
= 234+ 2x7 +x+1 Combine like terms. 


b. (3x? + 2x + 4) + (3x2 — 6x + 3) + (—x? + 2x — 4) 
= (3x? + 3x? — x?) + (2x — 6x + 2x) + (4 +3 - 4) 
= Oe oe +3 


Using a Vertical Format to Add Polynomials 


Use a vertical format to find the sum. 

eet ate) ote AN) 
Solution 
To use a vertical format, align the terms of the polynomials by their degrees. 

Ox ie ee ae 

Bt Axe te 7 
Pee ae 78 
Avett x7 Sx te 


To subtract one polynomial from another, add the opposite. You can do this 
by changing the sign of each term of the polynomial that is being subtracted and 
then adding the resulting like terms. 


Subtracting Polynomials Horizontally 


(By 9x25 3) — Ga 2 — x — 4) Given polynomials 
nO Xt 5) i (aX ea 4) Add the opposite. 
= (3x3 = ee) aF (—5x? = Dx) AF (x) aP (3 SF 4) Group like terms. 


=2 —Txe+x+7 Combine like terms. 
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Be especially careful to use the correct signs when subtracting one polyno- 
mial from another. One of the most common mistakes in algebra is to forget to 
change signs correctly when subtracting one expression from another. Here is an 
example. 

Wrong sign 


(a? 20 3) A? ae) eee ee Common error 


Wrong sign 


The error illustrated above is forgetting to change two of the signs in the polyno- 
mial that is being subtracted. Remember to add the opposite of every term of the 
subtracted polynomial. 


Using a Vertical Format to Subtract Polynomials 


Use a vertical format to find the difference. 


(4x4 — 2x3 + 5x? — x + 8) — (x4 — 2x3 + 3x — 4) 


Solution 
(4x4 = 238 + 522 - x +8) 4x4 — 2x3 + 5x2 -— x+ 8 
aK 2x8 +.3x-—74) — 3x4 + 23 seer 2! 
a 507 aA eee 


> elile)(-e Combining Polynomials 


Use a horizontal format to perform the operations. 
a. (2x2 — 7x + 2) — (4x2 + 5x — 1) + (—x? + 4x + 4) 
Deo Ay 8) ae eee 


Solution 


en Oe te) (axe et cea) oe ee) 
Syne aD FAX eee — x ae 
= (252 = 4x) (— Tx — 5x + Ane (2 ear) 
bbe se ae 


b. (=x? + 4x = 3) — [4 — 3x + 8) = (=x? Hx 2 7)] 
= (=x 4x — 3) (42 3x eb 8 erex2 x 47) 
= (=x? + 4x = 3) (A x7) (3x) (Seem 
= (Sa? 4a 9) on axe) 

Net AN 3 Shee | 

(=x — 5x7) (4x Ania Se eb) 

=67 58x — 4 
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Use function notation to Applications 
represent polynomials in 
application problems. Function notation can be used to represent polynomials in a single variable. Such 


notation is useful for evaluating polynomials and is used in applications involvy- 
ing polynomials, as shown in Example 7. 

There are many applications that involve polynomials. One commonly used 
second-degree polynomial is called a position function. This polynomial is a 
function of time and has the form 


h(t) = —16f + Vot + So Position function 
where the height / is measured in feet and the time ¢ is measured in seconds. 
This position function gives the height (above ground) of a free-falling 
object. The coefficient of t, vo, is the initial velocity of the object, and the con- 
stant term Sy is the initial height of the object. If the initial velocity is positive, 


the object was projected upward (at t = 0), and if the initial velocity is negative, 
the object was projected downward. 


<li>) (wae Finding the Height of a Free-Falling Object @ 


An object is thrown downward from the top of a 200-foot building. The initial 
velocity is — 10 feet per second. Use the position function 


h(t) = —16t? — 10t + 200 


The Granger Collection 


to find the height of the object when t = 1, t = 2, and t = 3. (See Figure 3.1.) 


Solution 
When ¢ = 1, the height of the object is 
hl) = —16(1)? — 10(1) + 200 Substitute 1 for t. 
ng bo yas not over =e Gta Olea 200. Simplify. 
H ee = 174 feet. 
=: 
ee ES ek Sg ae When t = 2, the height of the object is 
h(2) = = 16(2)? = 10(2) + 200 Substitute 2 for t. 
T t=0° = — 64 2207+ 200 Simplify. 
t=1t = 116 feet. 
\ When t = 3, the height of the object is 
h(3) = —16(3)2 — 10(3) + 200 Sabetitte 9 fort 
D004 5 t= 2 ¢ 
1 4 30200 Simplify. 
Y = 26 feet. 
t=34 
\n Y 


Use your calculator to determine the height of the object in Example 7 when 
Figure 3.1 t = 3.2368. What can you conclude? 


Dan Boslar/Tony Stone Images 


In 1995, there were about 16.5 
million sole proprietorships (busi- 
nesses owned by a single person 

or family) in the United States. 
Most of these were small businesses 
with 15 or fewer employees. 
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A second commonly used mathematical model that often involves polyno- 
mials is called a profit equation. 


Finding a Profit @ 


A small manufacturing company can produce and sell x flashlights per week. The 
total cost (in dollars) for producing x flashlights is given by 


C = 2x + 900, 


Example 8 


and the total revenue from selling x flashlights is given by 
R = 6x. 
Find the profit obtained by selling 700 flashlights per week. 


Solution 

ae Profit = Revenue — Cost 

Model: 

Labels: | Weekly profit = P (dollars) 
Weekly revenue R = 6x (dollars) 
Weekly cost C = 2x + 900 (dollars) 


Number of flashlights x = 700 
P=R-C 
P(x) = 6x — (2x + 900) 
P(700) = 6(700) — [2(700) + 900] 
= 4200 — (1400 + 900) 
= $1900 


(flashlights) 


Equation: 


So, the total weekly profit from selling 700 flashlights is 
P(700) = $1900. 


: Solve your ene oe interpret the soladen. ee ae problem 
for that of another student, and solve each other’ s Peps a 
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Exercises 
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Integrated Review 


Keep mathematically in shape by doing these 


exercises before the problems of this section. 


Properties and Definitions 


1. The product of two real numbers is —96 and 
one of the factors is 12. What is the sign of the 


other factor? 


2. Determine the sum of the digits of 576. Because 
this sum is divisible by 9, the number 576 is 


divisible by what number? 
3./True or False? —67 is positive. 
True or False? (—6)? is positive. 
Solving Inequalities 
In Exercises 5-10, solve the inequality. 


Ss 2% == 1222-0 


Developing Skills 


In Exercises 1-12, write the polynomial in standard 
form, and find its degree and leading coefficient. See 
Example 1. 


e10x —4 A, Siar 2 

on Show aa aes AD 3x st 8 4% 
Bea ay 5 = 297 6. 82 — 1622 + 624 
feat — 2x 3 Sn6n 4 + 3 
9: —4 10. 28 


11. vot — 167? (vo is constant.) 
12. 48 — at? (ais constant.) 


In Exercises 13-18, determine whether the polynomial 
is a monomial, a binomial, or a trinomial. 


13. 12 — 5y? 14. -6y+3+y 
15. x3 + 2x2? —4 16. 6 
17.°5 18. 25 — 2uv 


In Exercises 19-22, give an example of a polynomial in 
x that satisfies the conditions. (Note: Each problem has 
many correct answers. ) 


19. A monomial of degree 3 


Cee 


Concepts, Skills, and Problem Solving 


Te Dee Arte tee 11) 
S24 S558 
Oe aad 
AG? |x - 5| > 3 
Problem Solving 
11. The tax on a property with an assessed value of 


$145,000 is $2400. Find the tax on a property 
_ with an assessed value of $90,000. 


A2)A car uses 7 gallons of gasoline for a trip of 
200 miles. How many gallons would be used 
on a trip of 325 miles? (Assume there is no 
change in the fuel efficiency.) 


20. A trinomial of degree 4 and leading coefficient —2 
21. A binomial of degree 2 and leading coefficient 8 


22. A monomial of degree 0 


In Exercises 23-26, state why the expression is not a 

polynomial. 

23 o 24. er 430 
2 


“x-4 


25. 


& |oo < 


In Exercises 27-42, use a horizontal format to find the 
sum. See Example 2. 

27. 5 + (2 + 3x) 

29, (2x? — 3) (5x7 +6) 

30. (3x + 1) + (6x — 1) 

31. (Sy + 6) + (4y? — 6y — 3) 
32. Gx — 2x + 8) + Gx — 5) 
33. (2 — 8y) + (—2y* + 3y + 2) 
34. (23 + 6z — 2) + (3z? — 62) 
a5. (8 =~) 5 +r) 


28. (6 — 2x) + 4x 
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S60 a4) Gye as 5) 
37? — 3x + 8) (2x2 = 4x) 3x7 

38. (3a2 + Sa) + (7 — a? — 5a) + (2a? + 8) 
39. (3x3 a Ub oe 1) + (-3 a? pe +3) 

40. (2 — 4 + 4) + Gy* — 2»? — 3) 

Al (6.327 — 4.51) 47.27 + 1.03r — 4.2) 


Ebi (OME — PA pase => N68) Jeri 
(63xer ele 76x71 129%) 


In Exercises 43-50, use a vertical format to find the 

sum. See Example 3. 

AS ee 4 EVN BN Pies aS) 
OK — 4 eye So ae 

A5. (49° — 2x? + 8x) + (4x2 + x — 6) 

46. (4x9 + 8x? — 5x + 3) + (@? — 3x? — 7) 

Aieope— 4p 2) (3p + 2p — 7) 

48. (16 — 322) + (64 + 48¢ — 167?) 

AON (OSD = BAIA Se Gh — Bulli 2 Pa te TeR ea 

50. (-7y> — 6.2y? + 5.9) + (2.2y + 6.7y* — 3.5y°) 


In Exercises 51-62, use a horizontal format to find the 
difference. See Example 4. 

Saat thy?) 

52.07 — 2) — Gy + 2) 

53. (3x2 — 2x + 1) — (2x7 + x — 1) 

54. (Sq? — 3q + 5) = Gq* — 3g — 10) 

S507 — 12) — (re t — 2) 

56. (—10s2 — 5) — (2s? + 6s) 


57. (jy? — Sy) — (12 + 4y — 3y?) 
58. (12 — $x + 4x2) — (x3 + 3x2 — x) 
59. (10.44 — 0.238 + 1.32) — 


SOMO Ge USS se Olio hr Oesie)) 


60. (u? — 9.75u2 + 0.12u — 3) — 
ene = Go =e) 


61. Subtract 3x? — (x? + 5x) from x3 — 3x. 
62. Subtract y* — (y? — 8y) from y? + 3y%, 


In Exercises 63-68, use a vertical format to find the dif- 
ference. See Example 5. 


63. co ot 3 64. 34 — 57 
— (x — 2) —(—7 + 27 — 14) 


65. (25 — 15x — 2x3) — (12 — 13x + 2x?) 

66. (4x2 + 5x — 6) — (2x? — 4x + 5) 

67. (6x4 = 3x + 4) — (8x) 10 — 2) 
68. (13x3 — 9x2 + 4x — 5) — (5x3 + 7x + 3) 


In Exercises 69-84, perform the operations. See 
Example 6. 
69. —(2x3 — 3) + (4x3 — 2x) 
70. (2x2 + 1) — (x? — 2x + 1) 
71. (4x5 — 10x? + 6x) — (8x° — 3x9 + 11) + 
4-5 = 7) 
72) (15 = 2y3 yo (Sy Oye ia 
(4y2 — 8y + 16) 
73. (52 2y) ey yay eC yee) | 
74. (p? + 4) —[(p? + 4) + Gp = 9)] 
75. (8x° — 4x2 + 3x) — 
[3 — 4x2 + 5) + (x — 5)] 
76. (5x4 — 3x2 + 9) — 
[(2x4 + x3 — 7x2) — @? + 6)] 
77. 3(4x2 — 1) + x3 — 7x? + 5) 
7S Oe eee ee) 
79, 2(¢ + 12) — 5(2 + 5) + 6(2 + 5) 
80. —10(v + 2) + 8 — 1) — 3 — 9) 
81. 15v — 3(3v — v?) + 9(8v + 3) 
82. 9(7x? — 3x + 3) — 4(15x + 2) — (3x2 — 7x) 
83. 5s — [6s — (30s + 8)] 
84. 3x2 — 2[3x + (9 — x2)] 


Graphical Reasoning \n Exercises 85 and 86, use a 
graphing utility to graph the expressions for y, and y,. 
What conclusion can you make? 
85. y, = G — 3x? — 2) — @* + 11) 

Vea 4a 
86. y, = (4x3 + 2x) ReneS! She ee 


yo = 3x —-2+x41 


In Exercises 87 and 88, f(x) = 4x3 — 3x2 + 7 and 
g(x) = 9 — x — x? — 5x°. Find h(x). 


87. h(x) = f(x) + g(x) 
88. h(x) = f(x) — g(x) 
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Solving Problems 


Free-Falling Object \n Exercises 89-92, find the 
height in feet of a free-falling object at the specified 
times using the position function. Then write a para- 
graph that describes the vertical path of the object. 


89. h(t) = — 16 + 64 


Git — 0 (b) t= 5 

(Ou (d) P22 
90. h(t) = —162 + 256 

Ga =10 (Geta 

(c) t= 3 (d) 1=4 
91. h(t) = —16f2 + 80t + 50 

Gan 0 (2 

(cye=4 @) 7=5 
92. h(t) = —1622 + 96¢ 

(a) t=0 (b) 72 

(O) = 3 (d) t=6 


Free-Falling Object \n Exercises 93-96, use the posi- 
tion function to determine whether the free-falling 
object was dropped, was thrown upward, or was 
thrown downward. Also determine the height in feet of 
the object at time t = 0. 


93. h(t) = —16r2 + 100 94. h(t) = — 16 + 50r 
95. h(t) = —16r2 — 241 + 50 
96. h(t) = —16f + 321 + 300 


97. Free-Falling Object An object is thrown upward 
from the top of a 200-foot building (see figure). The 
initial velocity is 40 feet per second. Use the position 
function 


h(t) = —162 + 40¢ + 200 


to find the height of the object when ¢ = 1, t = 2, 
and t = 3. 


200 ft 


i] 


wee see eee eee we ew ew = 


Figure for 97 Figure for 98 


98. 


oF. 


100. 
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Free-Falling Object An object is dropped from a 
hot-air balloon that is 200 feet above the ground 
(see figure). Use the position function 


h(t) = —16f2 + 200 
to find the height of the object when t = 1, t = 2, 
and ¢ = 3. 


Profit A manufacturer can produce and sell x 
radios per week. The total cost (in dollars) for pro- 
ducing the radios is given by 


C = 8x + 15,000 
and the total revenue is given by 
R= 14x. 


Find the profit obtained by selling 5000 radios per 
week. 


Profit A manufacturer can produce and sell x golf 
clubs per week. The total cost (in dollars) for pro- 
ducing the golf clubs is given by 


C = 12x + 8000 
and the total revenue is given by 
R = 17x. 


Find the profit obtained by selling 10,000 golf clubs 
per week. 


Geometry _\n Exercises 101 and 102, find the perimeter 
of the figure. 


101. 


102. 
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In Exercises 103 and 104, find a polynomial 


expression that represents the area of the entire region. 


103. 


Geometry 


104. 


|x— 6 —> | 


In Exercises 105 and 106, find the area of 


the shaded portion of the figure. 


105. 


ze 107. 


109. 


110. 


111. 


106. 
4x +7 


i de at 


Consumption of Milk The per capita consump- 
tions (average consumptions per person) of all bev- 
erage milks (including whole milk) and whole milk 
(alone) in the United States from 1986 to 1995 can 
be approximated by the two polynomial models 


y = 231.06 + 0.009t — 0.095? 
ye= 177 — 11 Als + 0325 


Beverage milks 
Whole milk 

In these models, y represents the average consump- 
tion per person in gallons and ¢ represents the year, 


with t = 6 corresponding to 1986. (Source: U.S. 
Department of Agriculture) 


(a) Find a polynomial model that represents the per 
capita consumption of all beverage milks other 
than whole milk during the time period. 


Explaining Concepts 


Explain the difference between the degree of a term 
of a polynomial in x and the degree of a polynomial. 


What algebraic operations separate terms of a poly- 
nomial? What operation separates factors of a term? 


Give an example of combining like terms. 


260 + 
240 + 
220 + 
200 + 
180 
160 
140 + 
120 +] 


Gallons 


(b) During the given period, the per capita con- 
sumptions of beverage milks and whole milk 
were decreasing (see figure). Use a graphing 
utility to graph the model from part (a). Was the 
per capita consumption of beverage milks other 
than whole milk also decreasing over this 
period? Explain. 


=) Beverage milks} 
9 Whole milk 


100 +) 


= 108. 


112. 


113. 


114. 


80 
60 
40 | 
20 


8 9 HO. ili aE aS 
Year (6 © 1986) 


Figure for 107 


Stopping Distance The total stopping distance of 
an automobile is the distance traveled during the 
driver’s reaction time plus the distance traveled after 
the brakes are applied. In an experiment, these dis- 
tances were measured (in feet) when the automobile 
was traveling at x miles per hour. The distance trav- 
eled during the reaction time was R = 1.1x, and the 
braking distance was B = 0.14x? — 4.43x + 58.40. 


(a) Determine the polynomial that represents the 
total stopping distance T. 

(b) Use a graphing utility to graph R, B, and T in 
the same viewing rectangle. 


(c) Use the graph to estimate the total stopping dis- 
tance when x = 30 and x = 60. 


Can two third-degree polynomials be added to 
produce a second-degree polynomial? If so, give an 
example. 


Is every trinomial a second-degree polynomial? 
Explain. 


Describe the method for subtracting polynomials. 
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Multiplying Polynomials 


A Hl Use the rules for exponents to Rules for Exponents 

simplify an expression. 
You know from Chapter P that exponents are used to denote repeated multiplica- 
tion. The next example uses repeated multiplication to illustrate the basic rules for 
operating with exponential expressions. 


- 
4 

‘ <li) (mime Illustrating the Rules for Exponents 
a 


a. Product Rule: To multiply exponential expressions that have the same base, 
add exponents. 


2 


De a> a a a nD a A a a a a a 
Se SS 
a 2 factors 3 factors 5 factors 


b. Quotient Rule: To divide exponential expressions that have the same base, 
subtract exponents. 
4 factors 


renr—_ 
4 
ee yy 2 

= = 74 2 = 


2 oie 

We 

2 factors 
e- __ ¢. Power of a Product: To raise the product of two factors to the same power, 
‘ raise each factor to the power and multiply. 


(3x)2 = "3x-= 3x) Sx 33-03 ON eee 
SS Se Se 
3 factors 3 factors 3 factors 
d. Power of a Quotient: To raise the quotient of two expressions to a power, 


raise each expression to the power and divide. 
3 factors 


Sas ACE A eat) Oe 
Be73 33° NE3 aioe 3? 927 
—————— 


3 factors 


e. Power of a Power: To raise an exponential expression to a power, multiply 


the powers. 
Oe) elena ctx) si (x atx tex) ar i ee xia a8 
Set 
3 factors 3 factors 6 factors 


206 Chapter 3. Polynomials and Factoring 


> Summary of Rules for Exponents 


Let m and n be positive integers, and let a and b represent real numbers, 
variables, or algebraic expressions. 


Rule Example 
1. Product Rule 


q™-qQe= qntn ae) = x3 +2 = x 


2. Quotient Rule 
ae oe 
= om > nn, a0 Se XS ye 
x 


3. Power of a Product 


(ab) = qn. pm (2x)? = 23(x3) = 8x3 
4. Power of a Quotient 
a\™ qm XV eee 
(e/-< ? (@) -5-4 
5. Power of a Power 
aye = qin Ge)? = x2°3 _ x® 


The next example shows how the rules for exponents can be used to simplify 
expressions that involve products, powers, and quotients. 


Study Lp i= elule(4%4 = Applying Rules for Exponents 
In some cases an expression is eae ‘ 
simplified using two or more Simplify each expression. 
rules in a single step. For 14a5p3 RNa ynt2y3n 
. (2y4Gx) -b. (-2y°))_ oe. - : 
instance, in Example 2(d) a. (x?y*)(3x) (=2y*) c 7b (=) xy" 
3 . 

pee = 7 : Solution 

oe a. (2y4)(x) = 30 + 910) 
the Power of a Power Rule is = 3(x2+1)(y4) 
used in the numerator sees 

= 3xy 
2\3' ks 42-3 2 

Co b. (= 29)? = (=2)3(7)3 
and the Power of a Product Rule = —8y?3 
is used in the denominator = — 8,6 

(2y)? = 23? y3. labia Bla 

ee (i \( ie 2\ 
Cop 7 (GC MWe-s) =] 2p 


d. (=) ene eee 8 

2y (2))2 = 2 yay 

Neen 
Wye 


= x” 402) = Zen il 3 ray ae 


2 | Use the FOIL Method and the 
Distributive Property to multiply 
polynomials. 


First 


Outer 


(3x — 2)(2x + 7) 


tf 


Inner 


Last 


The FOIL Method 


Section 3.2 Multiplying Polynomials 207 


Multiplying Polynomials 


The simplest type of polynomial multiplication involves a monomial multiplier. 
The product is obtained by direct application of the Distributive Property. For 
instance, to multiply the monomial 3x by the polynomial (2x? — 5x + 3), multi- 
ply each term of the polynomial by 3x. 


(3x)(2x? — 5x +3) = (3x)(2x?) — (3x)(5x) + (3x)(3) 
= 6x3 — 15x? + Ox 


Finding Products with Monomial Multipliers 


Multiply the polynomial by the monomial. 
a. (2x — 7)(—3x) b. 4x2(3x — 2x3 + 1) c. (—x)(5x2 — x) 


Solution 


Boe (20 I) emt One orl 3x) 
= — 6% + 21x 
iy Abe (Bie De si) 
= 4x*(3x) — 4x7(2x3) + 4x7(1) 
= De 8 a 
Se ar Pa ee 
c. (-a)(5x? — a) = (-1)(522) — (90) 


= —54+ x 


II 


Distributive Property 


Rules for exponents 


Distributive Property 
Rules for exponents 
Standard form 
Distributive Property 


Rules for exponents 


To multiply two binomials, you can use both (left and right) forms of the 
Distributive Property. For example, if you treat the binomial (2x + 7) as a single 
quantity, you can multiply (3x — 2) by (2x + 7) as follows. 


(xt 2) (Qe Teor ea (2x 7) 
= (3x)(2x) + (3x)(7) — (2)(2x) — 2(7) 
= 6x? + 21x — 4x — 14 


Product of | Product of Product of | Product of 
First terms Outerterms Inner terms Last terms 
= 6x? + 17x — 14 


With practice you should be able to multiply two binomials without writing out 
all of the steps shown above. In fact, the four products in the boxes above suggest 
that the product of two binomials can be written in just one step, which is called 
the FOIL Method. Note that the words first, outer, inner, and last refer to the 
positions of the terms in the original product, as shown at the left. 


208 Chapter 3. Polynomials and Factoring 


Study Tip 


When multiplying two polyno- 
mials, it is best to write each 
in standard form before using 
either the horizontal or the 
vertical format. 


Multiplying Binomials (FOIL Method) 


Use the FOIL Method to multiply the binomials. 
a. (x — 3)(x + 3) b. (3x + 4)(2x + 1) 


Solution 
eae (© I IL, 
eae | 
as Oa 3) 3) — x x yD 
= x7 -—9 Combine like terms. 


I 
| 
x+8x+4= 6x7 + 11x+4 


When multiplying polynomials that have three or more terms, use the same 
basic principle as for multiplying monomials and binomials. That is, each term of 
one polynomial must be multiplied by each term of the other polynomial. This can 
be done using either a horizontal or a vertical format. 


>elis(es Multiplying Polynomials (Horizontal Format) 
Use a horizontal format to multiply the polynomials. 
(4x2 — 3x — 1)(2x — 5) 


Solution 
(4x2 — 3x — 1)(2x — 5) 


= (4x7 — 3x — 1)(2x) — (4x2 — 3x — 1)(5) _ Distributive Property 


= 8x° — 6x? — 2x — (20x* — 15x — 5) Distributive Property 
= 8x? — 6x? — 2x — 20x? + 15x + 5 Subtract (change signs). 
= 8x3 — 26x? + 13x + 5 Combine like terms. 


ct ist) Multiplying Polynomials (Vertical Format) 


Write the polynomials in standard form and use a vertical format to multiply. 


(4x? + x — 2)(5 + 3x — x?) 


Solution 
Ay? + x-— 2 Standard form 
x —x7 + 3x + ws Standard form 
20x? + 5x — 10 : 5(4x2 + x — 2) 


12x37 + 3x? — 6x 
—4,4-— 84+ 2,2 
—434 + 11x93 + 25x? — x- 10 


3x(4x2 + x — 2) 


—x?(4x2 + x — 2) 
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Use special product formulas to Special Products 

multiply two binomials. 
Some binomial products, such as that in Example 4(a), have special forms that 
occur frequently in algebra. 


» Special Products 


Let u and v be real numbers, variables, or algebraic expressions. Then 
the following formulas are true. 


Special Product Example 
Sum and Difference of Two Terms 


(u + v)(u — v) = v2 — v2 (3x — 4)(3x + 4) = 9x? — 16 
Square of a Binomial 
(u + v)? = u2 + 2uv + Vv? (2x + 5)* = 4x2 + 2(2x)(5) + 25 
= ay 20 ee) 
(u — v)? = u? — 2uv + v? (x — 6)? = x* — 2(x)(6) + 36 
SG 


When squaring a binomial, note that the resulting middle term is always 
twice the product of the two terms. 


Study Tip Se lii=](-4v4 Product of the Sum and Difference of Two Terms 

_ A frequent error in calculating 
special products is to forget the a. (3x — 2)(3x + 2) = (x)? -— 4 (u+ v)(u- v) = - 
anddle on en uRnigs = 9x* — 16 Rules for exponents 
binomial, (x + y)?. Use x = 3 
and y = 2 to verify the follow- b. (6 + 5x)(6 — 5x) = 6? — (5x)? = 36 — 25x 


ing statements. 


PEG ty Hr tayty Squaring a Binomial 


Pt ye tx + yy? 


3. (x ca y)? = — Qxy + y (2x a 72 ae (2x)? = 2(2x)(7) ane Square of a binomial 
ee ee = 4x* — 28x + 49 Rules for exponents 
Cubing a Binomial 

(x — 4)3 = (x — 4)? — 4) Rules for exponents 

= (x2 — 8x + 16)(« — 4) Square of a binomial 

= x2(x — 4) — 8x(x — 4) + 16( — 4) Distributive Property 

= x3 — 4x2 — 8x2 + 32x + 16x — 64 Distributive Property 

= x9 — 12x” + 48x — 64 Combine like terms. 


De 5 PD 
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Use polynomials to find the 
area and volume of a box. 


n+ins 
Bd mg 


Figure 3.2 


Application 


etl (adit) | Finding Area and Volume 


The closed box shown in Figure 3.2 has sides whose lengths (in inches) are con- 
secutive integers. 

a. Find a polynomial function V(n) that describes the volume of the box. 

b. What is the volume if the length of the shortest side is 4 inches? 

c. Write a polynomial function A(n) for the area of the base of the box. 


d. Write a polynomial function for the area of the base if its length and width 
increase by 3. That is, find A(n + 3). 


Solution 
. Verbal : 
. bs ae Volume = Length - Width - Height 
Labels: Length =n (inches) 
Width =n+ 1 (inches) 
Height = n + 2 (inches) 
Volume = V (cubic inches) 


Equation: V(n) = n(n + 1)(n + 2) 
nin? + 3n +2) 


n> + 3n2 + 2n 


b. If n = 4, the volume of the box is 
V(4) = (4) + 3(4)? + 2(4) = 64 + 48 + 8 = 120 cubic inches. 

c. Using the length and width from part (a), the area can be found as follows. 
A(n) = (length)(width) = n(n + 1) =n? +n 

d. A(n + 3) = (n + 3)? + (n+ 3) =r? + 6n+94n4+3=7n24+7n+ 12 


— g Investiganng a Demand Function 


A company determines that the number of units ofa product that 
it can sell depends o on n the pies oy predict a ee for ae ee 
relationship i is eee - 


p= 3 24 — 0. 001x oe 


where p is a price (in dollars) and xis s the number of units ee 
a. Sketch the graph ‘of this model a use the result to dee. “the 
relationship between the price and the number of units sold. 


b. The revenue obtained from selling x. units is given by R=x Shock 5 


the graph of the revenue function and de “ribe the relationship | 
between the number of units sold and the revent 
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Integrated Review 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 
1. Relative to the x- and y-axes, explain the mean- 
ing of each coordinate of the point (— 2, 3). 


2. A point lies 3 units from the x-axis and 4 units 
from the y-axis. Give the ordered pair for such a 
point in each quadrant. 


In Exercises 1-10, use the expression to illustrate a rule 
for exponents. See Example 1. 


depts t- Od ie ae 3. (—5x)> 
4, (2y)3 Ce ele 622) 
5 
x6 ys yw 2) 
ie xa 8. S 9: (2 10. ; 
In Exercises 11-30, simplify (if possible) the expression. 
See Example 2. 
MiG) 3x: x (inl Shite 
B22) (a) S*y" + y" ORGY) ay 
13."(a) (—52)? (b) (—Sz4)? 
14 @) (57°) (b) (—5z)* 


tS: 
16. 
17, 
18. 
19. 
20. 


Evaluating Expressions 


In Exercises 3-6, find the missing coordinate of 
the solution point. .: 


Saysexsh 4 4, y=3—3x 
Cae a) 
Developing Skills 


(a) (u*v)(2v’) 


(a) (6xy’)(—x) 


(ay Sue > (—3u°) 


(a) (3y)3(2y) 
(a) —(m>n)3(—m?n?)? 


(a) —(m?n?)(mn’*) 


(b) (—4u*)(u>v) 

(b) (@y?)(2y%) 

(b) (2u)*(4u) 

(b) gaye ye 

(b) (—m?n)(m?n’) 
(b) —(m3n*)?(— mn?) 


21. (a) 


1, (B 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


Concepts, Skills, and Problem Solving 


5. y= 5.5 — 0.95x 6. y=3 + 0.2x 
Sead) (  ,4.4) 
In Exercises 7-10, evaluate the function. 
Te fee 8. f(x) =3 — 2x 
(a) f(6) (a) f(S) 
(b) £ (3) (b) f(x + 3) — fG) 
9. 30) =< 70 10. h(x) = Vx —4 
(a) g(5) (a) h(16) 
(b) g(c — 6) (b) h(t + 3) 


Graphing 


In Exercises 11 and 12, graph the function. 


11. -¢(x) = 7 - 3 


| (3x?)(2x)? i 

© | (=20)(6x) 
2n+4,,4n 

oa 

xen yo" = 


(a) x” veo 


12. h(x) = |3 — x] 


— 18mn® 
(0) —6mn? 
24xy2 
Die 
y 


3 
© (5) 


2a\* 
®) ae 

= 3)\2 
—3xy)4 
© St) 


(b) eal 


10u2v 


enol 


xn Wee” 


(b) xin +2 y 


yey 10 


5 = =) 
x2n 5 yr 2 


(b 


— 


(b) 
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In Exercises 31-44, simplify the expression. See Exam- 


D2 

ple 3. 

31. (—2a?)(—8a) 

3322 5s 0) 

35. 4x(2x2 — 3x + 5) 

37. —2x2(5 + 3x? — 7x°) 
39. —x3(x4 — 2x3 + 5x — 6) 
40. —y*(7y? — 4y? + y — 4) 
41. —3x(—5x)(5x + 2) 


42. 
43. 
44. 


4t(—32)(2 — 1) 
u2v(3u* — 5u2v + 6uv?) 
ab3(2a — 9a*b + 3b) 


32. (—6n)(3n7) 
34, 5207-17) 
36. 3y(—3y? + Ty — 3) 
38. —3a?(8 — 2a — a?) 


In Exercises 45-62, multiply using the FOIL Method. 
See Example 4. 


45. 
47. 
49. 
Sie 
SRE 
SE} 
Sis 
59, 
61. 
62. 


(x + 2)(x + 4) 
(& — 6)(x + 5) 
(x — 4) — 4) 
(2x = 3)\(x + 5) 
Gx —92)2x — 6) 
(8 = 3x7)(4x +11) 
(4y — 4)(12y + 9) 
(Bs ae sy Eke == 253) 


46. (x — 5)(x — 3) 

48. («« + 7)(x — 1) 

50. (x — 6)(x + 6) 
. (3x + 1)(x - 4) 

. (4x + 7)(3x + 7) 

56. (6x2 + 2)(9 — 2x) 

(5¢ — 3)(2 — 16) 

5 Ae = ahs = el 


(2t — 1)(t + 1) + (2t — 5)(t — 1) 
(s — 3t)(s + t) — (s — 32)(s — 2) 


In Exercises 63-74, use a horizontal format to perform 
the multiplication. See Example S. 


63. 
64. 
65. 
66. 
67. 
68. 
69. 
70. 
ak 
72. 
oe 
74. 


(x — 1)? — 4x + 6) 

(z + 2)(z? — 4z + 4) 
(3a + 2)(a2 + 3a + 1) 
(2¢ + 3)( — 5¢ + 1) 
(2u2 + 3u — 4)(4u + 5) 
(2x2 — 5x + 1)(3x — 4) 
(x3 — 3x + 2)(x — 2) 
(x2 + 4)(x? — 2x — 4) 
(5x2 + 2)(x2 + 4x — 1) 
Ox? 3) 0x7 = 2x 3) 
(2 + ¢ — 2)(2 —¢ + 2) 


eis) mo) (2a Sy th) 


In Exercises 75-82, use a vertical format to perform the 
multiplication. See Example 6. 


UE AES oe 


x 4x3 + 3 
76. 4x* — 6x? +9 
x 2x? + 3 


77. (u — 2)(2u? + 5u + 3) 

Ellie = De sre? 1) 

. (—x? + 2x — 1)(2x + 1) 
80. (252 — 5s + 6)(3s — 4) 

wi of = 2)(2 te) 

= (ye 3y + SQ ys a) 


In Exercises 83-112, use a special product formula to 
perform the multiplication. See Examples 7 and 8. 


83. (x + 2)(x — 2) 84. (x — 5) + 5) 
85. (x — 7)(@ + 7) 86. (x + 1)(x — 1) 
87, (2 + Ty)(2 = Ty) 88. (4 + 3z)(4 — 3z) 


89. (6 — 4x)(6 + 4x) 90. 
91. (2a + 5b)(2a — 5b) 

92. (Su + 12v)(Su — 12v) 

93. (6x — 9y)(6x + 9y) 

94. (8x — Sy)(8x + 5y) 

95. (2x — +)(2x + 4) 

96. (2x as 7)(3x = 7) 

97, (0.2¢ + 0.5)(0.2¢ — 0.5) 

98. (4a — 0.1b)(4a + 0.1b) 


(Si) 3x)(8) eax) 


99. (x + 5)? 100. (x + 9)? 
101. (x — 10)? 102. (u — 7)? 
103. (2x + 5)? 104. (3x + 8)? 
105. (6x ~ 1)? 106. (5 — 3z)? 
107. (2x- Ty? og 108. (2x + Sy) 


109. 
111. 
112. 


[Get 2) ye 
[ee (3) tae 3) 
[oye Diize etal) | 


Pile ye 


In Exercises 113-116, simplify the expression. See 
Example 9. 


ie, (eas eye 
115. (u + v)3 


114. (y — 2)3 
116. (u — v) 


= In Exercises 117-1 20, use a graphing utility to graph the 
expressions for y, and y,. What conclusion can you 
make? Verify the conclusion analytically. 
117. y, = (x + 1)? —x + 2) 

Vea xe Ha 2 
118. y, = (x — 3)? 

Ve i. Ove to 
119. y, = (2x — 3)(x + 2) 


120. y, = (x + 3)(x — 3) 


ke 


_ Solving Problems 


123. A closed box has sides of lengths n, n + 2, and 
n + 4 inches. (See figure.) 


(a) Find a polynomial function V(n) that describes 
the volume of the box. 


(b) What is the volume if the length of the shortest 
side is 2 inches? 

(c) Write a polynomial function A(n) for the area 
of the base of the box. 

(d) Write a polynomial function for the area of the 
base if the length and width increase by 4. Show 
that the polynomial function is A(n + 4). 


I~ 
ntl ge 


124. A closed box has sides of lengths 2n — 2, 2n + 2, 

and 2n inches. (See figure.) 

(a) Find a polynomial function V(n) that describes 
the volume of the box. 

(b) What is the volume if the length of the shortest 
side is 6 inches? 

(c) Write a polynomial function A(n) for the area 
of the base of the box. 
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121. Given the function f(x) = x? — 2x, find and sim- 
plify each of the following. 
(a) fG-——3) 
(b) f(2 + Af) 

122. Given the function f(x) = 2x? — 5x + 4, find and 
simplify each of the following. 
(a) fly + 2) 
(b) f(l + h) — f(I) 


(d) Write a polynomial function for the area of the 
base if the length and width increase by 2. 
Show that the area of the base is not A(n + 4). 


Figure for 124 


Geometry \n Exercises 125-128, write an expression 
that represents the area of the shaded portion of the 
figure. Then simplify the expression. 


125. | |<——— 3,+ 10 —_>| 


126. |_$$ ANN 3 SR 


214 


127. 


128. 


129. 


130. 


131. 


132. 


Geometric Modeling 
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|<— x —> |= 2x. ——> | 


Geometry ‘The length of a rectangle is 15 times its 
width w. Find (a) the perimeter and (b) the area of 
the rectangle. 


Geometry The base of a triangle is 3x and its 
height is x + 5. Find the area A of the triangle. 


Compound Interest After 2 years, an investment 
of $1000 compounded annually at interest rate 
r will yield an amount 1000(1 + r)?. Find this 
product. 


Compound Interest After 2 years, an investment 
of $1000 compounded annually at an interest rate 
of 9.5% will yield an amount 1000(1 + 0.095). 
Find this product. 


In Exercises 133 and 134, use 


the area model to write two different expressions for 
the total area. Then equate the two expressions and 


G 137. 


138. 
139) 


140. 


ooExplaining Conceptsivy = 


Answer parts (a)—(c) of Motivating the Chapter on 
page 195. 
Write, from memory, the rules for exponents. 


Discuss the difference between the expressions 
(2x)? and 2x. 


Give an example of how to use the Distributive 
Property to multiply two binomials. 


name the algebraic property that is illustrated. 


133. 


135. 


136. 


Pe 


. True or False? 


x 
|\<—> |——__ a ——__> | 


Finding a Pattern Perform the multiplications. 
@)Gaa il) Ccrat) 

(b) Geo 1) ae 1) 

(c) @=— 1084+ x2 + x + 1) 


From the pattern formed by these products, can you 
predict the result of («— 1)@++23+x2+ 
x +1)? 


Verification Use the FOIL Method to verify the 
following. 


(a) Qik a)? = as sexy By 
(b) @& = y)* SS 2xy toe 
(CG) (ory) Oty) iy 


4 
x ost 


. Explain the meaning of each letter of FOIL as it 


relates to multiplying two binomials. 


. What is the degree of the product of two polynomi- 


als of degrees m and n? 


Decide whether the statement is 
true or false. If false, give an example. 


(a) The product of two monomials is a monomial. 
(b) The product of two binomials is a binomial. 
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; Factoring Polynomials 


, 
1] Factor the greatest common 
| monomial factor from a 
$ 
polynomial. 


PAN AS AP RC 


Common Monomial Factors 


In Section 3.2, you studied ways of multiplying polynomials. In this section, you 

will study the reverse process—factoring polynomials. Here is an example. 

Use Distributive Property to multiply. Use Distributive Property to factor. 
Bi 4 Sx) =e xe 12x — 15x? = 3x(4 — 5x) 


Notice that factoring changes a sum of terms into a product of factors. 

To be efficient in factoring expressions, you need to understand the concept 
of the greatest common factor of two (or more) integers or terms. Recall from 
arithmetic that every integer can be factored into a product of prime numbers. The 
greatest common factor of two or more integers is the greatest integer that is a 
factor of each number. 


Selule(aiee Finding the Greatest Common Factor 


Find the greatest common factor of 6x°, 30x*, and 12x°. 


Solution 

From the factorizations 
60 = 2-3 x Xx - x w= (60)R2) 
B0x4 = 2= 3° 5+ x x - xX = (60°)(Sx) 
12x Dien Beira wi (607)(2) 


you can conclude that the greatest common factor is 6x°. 


Consider the three terms given in Example | as terms of the polynomial 
ede ibe nada 


The common factor, 6x°, of these terms is the greatest common monomial 
factor of the polynomial. When you use the Distributive Property to remove this 
factor from each term of the polynomial, you are factoring out the greatest 
common monomial factor. 


6x> + 30x4 + 127 = 6x3(x?) 4F 6x3(5x) = 6x3(2) Factor each term. 


= 6x (2 et 2) Factor out common 


monomial factor 
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Study Tip 


Whenever factoring a polyno- 
mial, remember that you can 
check your results by multiply- 
ing. That is, if you multiply the 
factors, you should obtain the 
original polynomial. 


> Greatest Common Monomial Factor 
If a polynomial in x with integer coefficients has a greatest common 
monomial factor of the form ax”, the following statements must be true. 
1. The coefficient a must be the greatest integer that divides each of the 
coefficients in the polynomial. 


2. The variable factor x” is the highest-powered variable factor that is 
common to all terms of the polynomial. 


Selits)(3¥4 9 The Greatest Common Monomial Factor 


Factor the polynomial 24x? — 32x’. 


Solution 


For the terms 24x? and 32x?, 8 is the greatest integer factor of 24 and 32 and x? 
is the highest-powered variable factor common to x° and x’. So, the greatest 
common monomial factor of 24x? and 32x? is 8x’. 


24x3 — 32x2 = (8x)(3x) — (8x7)(4) 
= 8x?(3x — 4) 


The greatest common monomial factor of a polynomial is usually considered 
to have a positive coefficient. However, sometimes it is convenient to factor a 
negative number out of a polynomial. You can see how this is done in the next 
example. 


=<lule(1«5 3 A Negative Common Monomial Factor 


Factor the polynomial — 3x? + 12x — 18 in two ways. 
a. Factor out 3. b. Factor out —3. 


Solution 


a. To factor out the common monomial factor of 3, write the following. 
— 3x? + 12x — 18 = 3(—x?) + 3(4x) + 3(-6) 
3(—x? + 4x — 6) 


Check this result by multiplying. 


b. To factor out the common monomial factor of —3, write the following. 
—3x? + 12x — 18 = —3(x?) + (—3)(—4x) + (—3)(6) 
—3(x? — 4x + 6) 


lI 


Check this result by multiplying. 


Factor a polynomial by 
grouping terms. 


Study Tip 


You should put a polynomial 

in standard form before trying 
to factor by grouping. Then 
group and remove a common 
monomial factor from the first 
two terms and the last two 
terms. Finally, if possible, factor 
out the common binomial factor. 
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Factoring by Grouping 
Some polynomials have common factors that are not simple monomials. For 
instance, the polynomial 

x?(2x — 3) + 4(2x — 3) 


has the common binomial factor (2x — 3). Factoring out this common factor pro- 
duces 


x*(2x — 3) + 4(2x — 3) = (2x — 3)? + 4). 


This type of factoring is part of a procedure called factoring by grouping. 


=< Tii}e) (es Common Binomial Factors 


Factor 5x?(6x — 5) — 2(6x — 5). 


Solution 


Each of the terms of this polynomial has a binomial factor of (6x — 5). Factoring 
this binomial out of each term produces the following. 


5x2(6x. = 5). 2(6% = 5) = (6% 5) (5x* — 2) 


In Example 4, the given polynomial was already grouped so that it was easy 
to determine the common binomial factor. In practice, you will have to do the 
grouping as well as the factoring. 


= ¢luie(aeee Factoring By Grouping 


Factor the polynomials by grouping. 
Bee Oe Gt as DA 3a ox — 6 


Solution 
a. xe — 5x27 +x—-—5 = — 5x7) + & — 5) Group terms. 
= x*(4 — 5) + 1a — 5) Factor grouped terms. 
= 1 (trees 5) (x7acbul) Common binomial factor 


b. 4x° + 3x — 8x2 — 6 = 4° — 8x? + 3x — 6 Standard form 
= (4x3 — 8x7) + (8x — 6) Group terms. 
= 4x?(x -- 2) + 3(x — 2) Factor grouped terms. 
=(% — 2)(42 + 3) Common binomial factor 


You can check to see that you have factored the expression correctly by multi- 
plying out the factors and comparing the result with the original expression. 


218 Chapter 3 Polynomials and Factoring 


Factor the difference of two 
squares and factor the sum and 
difference of two cubes. 


Factoring Special Products 


Some polynomials have special forms that you should learn to recognize so that 
you can factor them easily. One of the easiest special polynomial forms to recog- 
nize and to factor is the form uw? — v?, called a difference of two squares. This 
form arises from the special product (u + v)(u — v) in Section 3.2. 


> Difference of Two Squares 


Let u and v be real numbers, variables, or algebraic expressions. Then 
the expression u* — v* can be factored as follows. 


u2 — y? = (u + v)(u — v) 


Difference Opposite signs 


aed 


To recognize perfect squares, look for coefficients that are squares of integers 
and for variables raised to even powers. 


Factoring the Difference of Two Squares 


Factor the difference of two squares. 


a. x7 — 64 b. 49x? — 81 


Solution 
Py pe Sie Sure fe Write as difference of two squares. 
= (x + 8) — 8) Factored form 
bo 49x — 61 (73) = 92 Write as difference of two squares. 
= (7x + 9)(7x — 9) Factored form 


Remember that the rule u* — v* = (uw + v)(u — v) applies to polynomials or 
expressions in which u and v are themselves expressions. 


Factoring the Difference of Two Squares 


Factor (x + 2)? — 9, 


Solution 
(x + 2)? —9 = (x + 2)? — 3? Write as difference of two squares. 
= [(@ + 2) + 3][(@ + 2) — 3] Factored form 
(cece i= 1) Simplify. 


To check this result, write the original polynomial in standard form. Then multi- 
ply the factored form to see that you obtain the same standard form. 
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> Sum and Difference of Two Cubes 


Let u and v be real numbers, variables, or algebraic expressions. Then 
the expressions u? + v3 and u> — v> can be factored as follows. 


Like signs 


1 w+ = (wt v\(u2 — w +t Vv?) 


emery 


Unlike signs 


Like signs 


2. vw — v= (u — v)\(u2 + ww + v’) 


Unlike signs 


[><lie)(eel Factoring Sums and Differences of Cubes 


Factor each polynomial. 
See al bas De.Sy ot I Csr 


Solution 


a. This polynomial is the difference of two cubes because x? is the cube of x and 
125 is the cube of 5. 


i = US Se ee Difference of two cubes 
="( 55 )(a OMe) Factored form 
= (x — 5)(x? +.5x + 25) Simplify. 


b. This polynomial is the sum of two cubes because 8y? is the cube of 2y and 1 
is the cube of 1. 


Sy + 1 = 2y) Le Sum of two cubes 
=(2y 4-71 )i(2y)? = 42y)(1) le] Factored form 
= (2a) Aye — oy ad) Simplify. 
Cy — 21x =y — (3x)? Difference of two cubes 
wy — 3x\y ou + x)| Factored form 
=(y Sx) aay Ox) Simplify. 


You can check the results of Example 8(a) by multiplying, as follows. 
Ce et 5 25) ae oa + 25) — S(x° + Sx + 25) 
x(x2) + x(5x) + x(25) — 5(x?) — 5(Sx) — 5(25) 
Ne On ee 25k = Sk = 25x — wl 2 
fo eo 
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Factoring Completely 


Factor polynomials completely 
by repeated factoring. 


Sometimes the difference of two squares can be hidden by the presence of a com- 
mon monomial factor. Remember that with all factoring techniques, you should 
first remove any common monomial factors. 


Example 9 Factoring Completely 


Factor 125x? — 80 completely. 


Solution 


Because both terms have a common factor of 5, begin by factoring 5 from the 
expression. 


125x? — 80'= 5(25x2 — 16) 
= 5[(5x)? — 47] 
= 5(5x + 4)(5x — 4) 


Factor out common monomial factor. 
Write as difference of two squares. 


Factored form 


The polynomial in Example 9 is said to be completely factored because 
none of its factors can be further factored using integer coefficients. 


> clu(agalls Factoring Completely 


Factor the polynomials completely. 


Study Tip 


The sum of two squares, such 
as 9m* + 1 in Example 10(b), 


cannot be factored further using atx anys basinal 

integer coefficients. Such poly- Soltton 

nomials are called prime with 

respect to the integers. Some aed Ce ay (ea ye) (ee y’) Factor as difference of two squares. 


other prime polynomials are = (2 + y2)\(x? — y?) 
x + Band 4x7 9: ; 


Find second difference of two squares. 


= (x? + y?)(~ + y)(x — y) 
(9m? + 1)(9m? — 1) 
= (9m? + 1)(9m2 — 1) 


= 
a 
= 
aN 
| 
lI 


= (9m? + 1)(3m + 1)(3m — 1) 


Factored completely 
Factor as difference of two squares. 


Find second difference of two squares. 


Factored completely 
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Integrated Review Concepts, Skills, and Problem Solving 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 


1. In your own words, define a function of x. 


2. State the definitions of the domain and range of 
a function of x. 


3. Sketch a graph for which y is not a function of x. 
4. Sketch a graph for which y is a function of x. 


Graphing 


‘In Exercises 5-1 0, graph the equation. Use the 
Vertical Line Test to determine whether y is a func- 
_ tion of x. 


5. y=6- 4x 6. y=5x-4 


Developing Skills 


In Exercises 1-10, find the greatest common factor of 


the expressions. See Example 1. 
1. 48, 90, 96 2. 36, 150, 100 
Be 3x7, 12x Aq Te 18° 
Sy Cais 6. —45y, 150y? 
7. 28b*, 14b>, 42b° 
8. 16x2y, 84xy?, 36x7y" 
9. 42(x + 8)?, 63(x + 8)> 


10. 66(3 — y), 44(3 — y)? 


In Exercises 11-30, factor out the greatest common 
monomial factor. (Some of the polynomials may have 


no common monomial factor other than 1.) See 
Example 2. 

LEAS2.—"8 12254 b 5 

13. 4u + 10 14:5—15¢— 10 
15; 24x* — 18 16. 142° + 21 
fe 2 + x 18. —a? — 4a 
19. 21u? — 14u 20. 36y* + 24y? 


21. 
23. 
25. 
27. 
29. 
30. 


le ay = Ax 3 = 0 8 3x + 2y+12=0 
9. |y| - x =0 10. jy] =2-—x 
Graphs and Models 

11. A manufacturer purchases a new computer 


system for $175,000. The depreciated value y 
after f years is given by 


y = 175,000 — 30,0007, O<st<5. 
Sketch the graph of the function over its 
domain. 

12. The length of a rectangle is x centimeters and 
its perimeter is 500 centimeters. 
(a) Express the area A of the rectangle as a 

function of x. 

(b) Graph the area function in part (a). 


ii dea) 27, AGan ay? 

28x Ox 8 2499 — DIAS ya 
Bxty> = SY, 26. 4uv + 6u?v? 
15k Sax y oy, 28. 4x? = 2xy + 3y? 
lAxtyeee 2 lye nO 

1Tx8y3 — xy? + 34y? 


In Exercises 31-38, factor a negative real number out of 
the polynomial and then write the polynomial factor in 
standard form. See Example 3. 


SE 
35: 
She 
37. 


1O3=% SL ee 
7 — 14x 345 153-354 
16 4 6x4 36. 125 6n7 318 
Shey Al 38. —28 + 4247 


In Exercises 39-42, fill in the blank to complete the fac- 
tored expression. 


39: 
41. 


+(e) 40. 3¢ + 
=4( 7) 42. 3 
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In Exercises 43-52, factor the polynomial by factoring 
out the greatest common binomial factor. See Exam- 
ple 4. 

ASM Oy ye) 5 yin) 

44. Tis + 9) — 6(s + 9) 

45. 5x(3x + 2) — 3(3x + 2) 

46. 6(4t — 3) — 5t(4t — 3) 

47. 2(7a + 6) — 3a*(Ja + 6) 

ASMA Si =P 12)etnsy-(oyi— 92) 

49. 82(4¢ — 1) + 3(42 — 1)? 

50. 2y77 + 6)? + 7(y7 + 6) 

51. (x — 5)(4x + 9) — (3x + 4)(4x + 9) 

52. (3x + 7)(2x — 1) + @ — 6)(2x — 1) 


In Exercises 53-64, factor the expression by grouping. 
See Example 5. 

hh Ge BP eeeor eee Me) 

wih, Gye => Tae ie = FI 

CEE a Gy ae 2) = 1) 

Sly 3 a2 aby ar aoy a= 1 

Dyk, a ae DO aos Be D) 

Sieh TP ae RE pao 

59S 0288 0- 2at 8 

6023s 6s. set 10 

61 zt 32 =16 

625647 0 i 3 

(ei Se = ey em Tigers 1a 
6410 81 12 15 


In Exercises 65-86, factor the difference of two squares. 
See Examples 6 and 7. 


65.0 = 64 66. y? — 144 

(i, he a 68. 16 — b* 

69. 16y? — 9 TO, OE = 

TM bs See ce 72, 49 — 64° 
TB AY ae 714, 9022 

Ib Bike = Vey 76. 100a” — 49b2 
77.w- + 78. 7 — = 

79. §x2 — By? 80. 4x2 — #y 
Sia 21) 16 82. (x — 3)? —4 
el I ee S4scme ena 


85. (2x + 5)? — (x — 4)? — 86. (3y — 1)?.— (x + 6)? 


In Exercises 87-98, factor the sum or difference of 
cubes. See Example 8. 


Sit no S820 ae) 
89. y3 + 64 90. 23 + 125 
Ib ae = 2 92. 27s? + 64 
93. 27u3 + 1 94.64)? — 125 
95. 64a? + Bb? 96. m> — 8n? 
97, 8 + 27y° 98. u? + 125v? 


In Exercises 99-108, factor completely. See Examples 9 
and 10. 


99. 8 — 50x2 100. 8y2 — 18 
101. 8x° + 64 102. a® — l6a 
103. y+ — 81 104. u* — 16 
105. 3x* — 300x? 106. 6x° + 30x? 
10726180 108. 2u® + 54° 


In Exercises 109 and 110, factor the expression. 
(Assume n > 0.) 


1095 4x" 25 110. 81 — l6y” 


| Graphical Reasoning \n Exercises 111-114, use a 


graphing utility to graph y, and y, in the same viewing 
rectangle. What can you conclude by comparing the 
two graphs? 


111. y, = 3x — 6 


a = ole 22) 
112. yy = = 2x? 
yy = te 2) 


113: y, =2—4 
esse Nes = 2) 

114 y= x 1) ae) 
yy = (x + 1)(x - 4) 


Think About It \n Exercises 115 and 116, show all the 
different groupings that can be used to factor com- 
pletely the polynomial. Carry out the various factoriza- 
tions to show that they yield the same result. 

11Si°3x° + 4x7 — 3x — 4 


116:, 6x° —*832 + 912 


_ Solving Problems 


Revenue The revenue from selling x units of a product 
at a price of p dollars per unit is given by R = xp. In 
Exercises 117 and 118, factor the expression for 
revenue and determine an expression that gives the 
price in terms of x. 


117. 


119. 


120. 


121. 
122. 
123. 


124. 


_ Explaining Concepts 


R = 800x — 0.25x? 118. R = 1000x — 0.4x? 
Simple Interest The total amount of money 
accrued from a principal of P invested at r% simple 
interest for t years is P + Prt. Factor this expression. 


Chemical Reaction The rate of change of a 
chemical reaction is given by kQx — kx*, where Q 
is the amount of the original substance, x is the 
amount of substance formed, and k is a constant of 
proportionality. Factor this expression. 

Geometry The area of a rectangle of length / 
is given by 45/ — /?. Factor this expression to 
determine the width of the rectangle. 

Geometry The area of a rectangle of width w 
is given by 32w — w’. Factor this expression to 
determine the length of the rectangle. 

Surface Area The surface area of a rectangular 
solid of height / and square base with edge of 
length x is 2x? + 4xh. Factor this expression. 
Surface Area The surface area of a right circular 
cylinder is S = mr? + 2arh (see figure). Factor 


this expression. 


Figure for 125 


Figure for 124 


ss eee 


127. 
~~ is in factored form. 


128. 


129. 


Explain what is meant by saying that a polynomial 


How do you check your result after factoring a 
polynomial? 

Describe the method of finding the greatest com- 
mon factor of two or more integers. 


iy 


125. 


126. 


130. 


131. 


132. 
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Product Design A washer on the drive train of a 
car has an inside radius of r centimeters and an out- 
side radius of R centimeters (see figure). Find the 
area of one of the flat surfaces of the washer and 
express the area in factored form. 


Geometry The cube shown in the figure is formed 
by solids I, I, IM, and IV. 


(a) Explain how you could determine the following 
expressions for volume. 


Volume 
Entire cube a 
Solid I a*(a — b) 
Solid II ab(a — b) 
Solid I b?(a — b) 
Solid IV be 


(b) Add the volumes of solids I, I, and III. Factor 
the result to show that the total volume can be 
expressed as (a — b)(a? + ab + b?). 

Explain why the total volume of solids I, I, and 
III can also be expressed as a* — b*. Then 
explain how the figure can be used as a 
geometric model for the difference of two cubes 
factoring pattern. 


(c) 


<— O- >| 


Explain how the word factor can be used as a noun 
or as a verb. 

Give an example of using the Distributive Property 
to factor a polynomial. 

Give an example of a polynomial that is prime with 
respect to the integers. 
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Take this quiz as you would take a quiz in class. After you are done, check your — 
work against the answers given in the back of the book. 


1. Determine the degree and leading coefficient of the polynomial 
Spb ee mabe —— RSs 
2. Explain why 2x — 3x!/? + 5 is not a polynomial. 


In Exercises 3-18, perform the indicated operations and simplify. 


Se Add 26 3h — lot aos 4. (3 — Ty) + (Ty? + 2y — 3) 
5. (7x3 — 3x2 + 1) — (x? — 223) 6. (5 — uv) — 2[3 — (v2 + 1] 
7, (—5n?)(—2n?) 8. (—2x)3(x4) 
6x7 4y*\? 
9, (-22)3 10. (=) 
11. 7y(4 — 3y) 12. (x — 7)(x + 3) 
13. (4x — y)(6x — Sy) 14. -22z(2-495) = 7(z.45) 
15. (6r + 5)(6r = 5) 16. (2x — 3)? 
17. (x + 1I)G@? —x + 1) 18. (2 — 3x + 2)? + 5x — 10) 


In Exercises 19-22, factor the expression completely. 


19. 28a? — 2la 20. 25 — 4x 
21+ oc 97 — 2) 22. 4y? — 32x° 


23. Find all possible products of the form (5x + m)(2x + n) such that mn = 10. 
24. Find the area of the shaded portion of the figure. 


x+2 SSS SS | 


25. An object is thrown downward from the top of a 100-foot building with an 
initial velocity of —5 feet per second. Use the position function 
h(t) = — 161 — St + 100 to find the height of the object when t = 1 and 
t= 2. 

26. A manufacturer can produce and sell x T-shirts per week. The total cost (in 
dollars) for producing the T-shirts is given by C = 5x + 2000 and the total 


revenue is given by R = 19x. Find the profit obtained by selling 1000 T-shirts 
per week. 
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Factoring Trinomials 


HD Recognize and factor perfet Perfect Square Trinomials 

square trinomials. 

; A perfect square trinomial is the square of a binomial. For instance, 
x + 6x +9 = (x + 3P 


is the square of the binomial (x + 3). Perfect square trinomials come in two forms, 
one in which the middle term is positive and the other in which it is negative. 


® Perfect Square Trinomials 
Let u and v represent real numbers, variables, or algebraic expressions. 


1. +2 t+v=(u + vp 2. uv — 2uv + v? = (u — vy? 
eee | oe a 


Same sign Same sign 


To recognize a perfect square trinomial, remember that the first and last 
terms must be perfect squares and positive, and the middle term must be twice the 
product of u and v. (The middle term can be positive or negative.) 


Factoring Perfect Square Trinomials 


Example 1 


a 2 -—4%14+4=7- 22+ 2 =(x - 2/7 
‘ b. 16y? + 24y + 9 = (4y)? + 2(4y)(3) + 3? = (4y + 3/7 
c. 9x2 — 30xy + 25y” = (3x)? — 2(3x)(Sy) + (Sy)? = (x — Sy? 


Removing a Common Monomial Factor First 


a. 3x2 — 30x +: 75 = 3(x2 — 10x + 25) Factor out common monomial factor. 
= 3(x — 5? Factor perfect square trinomial. 

b. 16y? + 80y? + 100y = 4y(4y? + 20y + 25) Factor out common monomial factor. 
= 4y(2y + 5)? Factor perfect square trinomial. 
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Factor trinomials of the form 
x2 + bx + cand ax? + bx +. 


Study Tip 


Use a list to help you find the 
two numbers with the required 


product and sum. For Example 
A(a): 


Factors of —8 Sum 


ie8 aa 
eats, i 
Dict 2 
—2,4 2 


Because — 2 is the required sum, 
the correct factorization is 


ee 8 ie = AD). 


Factoring Trinomials 


To factor a trinomial of the form x? + bx + c, consider the following. 


(x + m)(x + n) = x? + nx + mx + mn 


I 


x2 + (m + n)x + mn 
=) 


i) 
Sum of Product 
terms of terms 


| 


=e beeeex + Fe 


From this, you can see that to factor a trinomial x? + bx + c into a product of two 
binomials, you must find factors of c whose sum is b. There are many different 
techniques for factoring trinomials. The most common is to use “Guess, Check, 
and Revise” with mental math. 


Factoring a Trinomial 


Factor x? + 3x — 4. 


Solution 


You need to find two numbers whose product is —4 and whose sum is 3. Using 
mental math, you can determine that the numbers are 4 and — 1. 


The product of 4 and —1 is —4. 
a + 3x = A= (x 4)(¢ — 1) 


The sum of 4 and —1 is 3. 


> luile)\(ae| Factoring Trinomials 


Factor each trinomial. 
Ny hea 
De be Be ae 
Solution 
a. You need to find two numbers whose product is — 8 and whose sum is —2. 
The product of —4 and 2 is —8. 
ge 
x — 2x —8 = (x — 4)@ + 2) 
The sum of —4 and 2 is —2. 
b. You need to find two numbers whose product is 6 and whose sum is —5. 
The pe esis = said S2asi@s 
per Mae S 


The sum of —3 and —2 is —5. 


_Study Tip 


With any factoring problem, 
remember that you can check 
your result by multiplying. For 
instance, in Example 5, you can 
check the result by multiplying 
(x — 18) by (x + 1) to see that 
you obtain x* — 17x — 18. 
Remember that not all trino- 
mials are factorable using inte- 
gers. For instance, x7 — 2x — 4 
is not factorable using integers 
because there is no pair of 
factors of —4 whose sum is — 2. 
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When factoring a trinomial of the form x? + bx + c, if you have trouble 
finding two factors of c whose sum is b, try making a list of all the distinct pairs 
of factors. For instance, consider the trinomial 


x* — 2x — 24. 


For this trinomial, c = —24 and b = —2. So, you need two factors of —24 
whose sum is — 2. Here is the complete list. 


Factors of —24 Sum of Factors 
(1)(— 24) P=" 24="-23 
Calas tisha A 23 
= 12) 2 10 
(=2)@2) = 2 L216 
(3)(— 8) 3.= Sra 5 
(—3)(8) <3 at 
(4)(—6) 4-6=-2 <G_Conect choice 
(—4)(6) -4+6=2 


With experience, you will be able mentally to narrow this list down to only two 
or three possibilities whose sums can then be tested to determine the correct 
factorization. Here are some suggestions for narrowing down the list. 


> Guidelines for Factoring x? + bx + ¢ 
. If c is positive, its factors have like signs that match the sign of b. 


. If c is negative, its factors have different signs. 


. If |b| is small relative to |c|, first try those factors of c that are 
closest to each other in absolute value. 


. If |b| is near |c|, first try those factors of c that are farthest from each 
other in absolute value. 


sb etule)(tme Factoring a Trinomial 


Factor x* — 17x — 18. 


Solution , 
You need to find two numbers whose product is —18 and whose sum is — 17. 
Because |b| = |—17| = 17 and |c| = |—18] = 18 are close in value, choose 


factors of — 18 that are farthest from each other. 
The product of —18 and 1 is — 18. 
x2 — 17x — 18 = (x — 18) + 1) 
The sum of — 18 and | is —17. 
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Study Tip 


If the original trinomial has no 
common monomial factor, its 
binomial factors cannot have 
common monomial factors. So, 
in Example 6, you do not have 
to test factors, such as (4x — 6), 
that have a common factor of 2. 


To factor a trinomial whose leading coefficient is not 1, use the following 
pattern. 


Factors of a 
ax? + bx +c = ( Cee )( x+ ) 


Factors of c 


The goal is to find a combination of factors of a and c such that the outer and 
inner products add up to the middle term bx. 


Example 6 2 Factoring a Trinomial of the Form ax? + bx + ¢ 


Factor 4x2 + 5x — 6. 


Solution 


First, observe that 4x2 + 5x — 6 has no common monomial factor. The leading 
coefficient 4 factors as (1)(4) or as (2)(2). The constant term —6 factors as 
(—1)(6), (1)(—6), (—2)(3), or (2)(—3). A test of the many possibilities is shown 


below. 


Factors Oak 
(x + 1)(4x — 6) —6x + 4x = —2x —2x does not equal 5x. 
(x — 1)(4x + 6) 6x =4x = 2x 2x does not equal 5x. 
(x + 6)(4x — 1) 2A = 23% 23x does not equal 5x. 
(x — 6)(4x + 1) y= 24 = 3% —23x does not equal 5x. 
(x — 2)(4x + 3) 3x — 8x = —5x — 5x does not equal 5x. 
(x + 2)(4x — 3) —3x + 8x = 5x 5x equals 5x. 
(2x + 1)(2x — 6) — 12x + 2x = —10x — 10x does not equal 5x. 
(2x — 1)(2x + 6) 12%:—.2x = 10x 10x does not equal 5x. 
(2x + 2)(2x — 3) —6x + 4x = —2x —2x does not equal 5x. 
(Qia- 2) (2041-53) he be the 2x does not equal 5x. 
(x + 3)(4x — 2) =o = 10x 10x does not equal 5x. 


(x — 3)(4x + 2) 


Dig Wee = = Oke 


So, the correct factorization is 


4x? + 5x — 6 = (x + 2)(4x — 3). 


Check this result by multiplying (x + 2) by (4x — 3). 


— 10x does not equal 5x. 


In Example 6, because the polynomial 4x2 + 5x — 6 has no common 
monomial factor, which of the factors listed did not need to be tested? 
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» Guidelines for Factoring ax? + bx + c 


1. First, factor out any common monomial factor. 


2. Because the resulting trinomial has no common monomial factor, 
don’t use any binomial factors that have a common monomial factor. 


3. If the middle-term test (O + I) yields the opposite of b, switch the 
signs of the factors of c. 


Factoring a Trinomial of the Form ax? + bx + ¢ 


Factor 2x? — x — 21. 


Solution 


For this trinomial, a = 2, which factors as (1)(2), and c = —21, which factors as 
(1)(—21), (—1)(21), (3)(—7), or (—3)(7). Because b is small, avoid the large 
factors of —21, and test the smaller ones. 


Factors OT 
(2x ate 3)(x — 7) = \45e ae she == = ile — 11x does not equal —x. 
(2x + 7)(x — 3) =6x7x =x x does not equal —x. 


Because (2x + 7)(x — 3) results in a middle term that is the opposite of the 
correct term, you need only switch the signs of the factors of c to obtain the 
correct factorization. 


Dx? — x — 21 = (2% — 7)(% + 3). Correct factorization 


Check this result by multiplying. 


Factoring a Trinomial of the Form ax? + bx + ¢ 


Factor 6x2 + 19x + 10. 


Solution 

For this trinomial, a = 6, which factors as (1)(6) or (2)(3), and c = 10, which 
factors as (1)(10) or (2)(5). Because the trinomial has no common monomial fac- 
tor, you do not have to test binomial factors that have a common monomial fac- 
tor. 


Factors OTE 
(x + 10)(6x + 1) x + 60x = 61x 61x does not equal 19x. 
(x + 2)(6x + 5) 5x + 12x = 17x 17x does not equal 19x. 
(2x + 1)(3x + 10) 20x + 3x = 23x 23x does not equal 19x. 
(2x + 5)(3x + 2) 4x + 15x = 19x 19x equals 19x. 4 


So, the correct factorization is 


6x2 + 19x + 10 = (2x + 5)(3x + 2). 
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Study Tip 


If the leading coefficient is 
negative, you may find it helpful 
to factor out — 1, as shown in 
Example 10. 


Sete(-es! Factoring Completely 
Factor 8x" 00x? 47282: 


Solution 
Begin by factoring out the common monomial factor 4x. 
8x3 — 60x2 + 28x, =.Ax(2x? — 15x + 7) 


Now, for the new trinomial 2x? — 15x + 7, a = 2 and c = 7. The possible fac- 
torizations of this trinomial are as follows. 


Factors (OO) sp Il 
(2% — 7) — 1) — 2h 1X = — 9x —9x does not equal — 15x. 
(2x — 1)(x — 7) —14x — x = —15x —15x equals — 15x. Y 


So, the complete factorization of the original trinomial is 
8x3 — 60x2 + 28x = 4x(2x2 — 15x + 7) = 4x(2x — 1)(x — 7). 
Check this result by multiplying. 


When factoring a trinomial with a negative leading coefficient, we suggest 
that you first factor — 1 out of the trinomial. 


elle A Trinomial with a Negative Leading Coefficient 


Factor 317 16x; 35. 
Solution 
Begin by factoring out — 1. 
BO OK 35) et Caer 135) 


For the new trinomial 3x7 — 16x — 35, a = 3 andc = —35. Some possible fac- 
torizations of this trinomial are as follows. 


Factors Ow 
(3x — 1)(x + 35) 105.2 ee L04x 104x does not equal — 16x. 
(3x — 35)(x + 1) 3h = 35% = 32x — 32x does not equal — 16x. 
(3x — 7)(x + 5) [ok = 8% 8x does not equal — 16x. 
(3x — 5)(x + 7) 2x 5x = 16x 16x does not equal — 16x. 


Because (3x — 5)(x + 7) resulted in a middle term that is the opposite of the 
correct term, you need only switch the signs of the factors of c to obtain the 
correct factorization. 


(3x + 5)(x — 7) =21x +-5x = = 16x — 16x equals — 16x. / 


So, the correct factorization is 


—3x° + 16x + 35 = (= 1)Sa S$) 7) eee 


Factor trinomials of the form 
ax? + bx + c by grouping. 
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Factoring Trinomials by Grouping (Optional) 


So far in this section, you have been using “Guess, Check, and Revise” to factor 
trinomials. An alternative technique is to use factoring by grouping to factor a tri- 
nomial. For instance, suppose you rewrote the trinomial 2x? + 7x — 15 as 


2x2 + 7x — 15 = 2x2 + 10x — 3x — 15. 


Then, by grouping the first two terms and the third and fourth terms, you could 
factor the polynomial as follows. 


2x? + Tx — 15-= 2x7 + (10x — 3x) — 15 Rewrite middle term. 
= (2x7 + 10x) — Gx + 15) Group terms. 
= 2x(x + 5) — 3(x + 5) Factor groups. 
= (2x — 3)(x + 5) Distributive Property 


The key to this method of factoring is knowing how to rewrite the middle term. 
In general, to factor a trinomial ax* + bx + c by grouping, choose factors of the 
product ac that add up to b and use these factors to rewrite the middle term. 


=> Cleile] (salle) Factoring a Trinomial by Grouping 


Use factoring by grouping to factor the trinomial. 


3x2--+ 5x — 2 
Solution 
For the trinomial 3x? + 5x — 2, ac = 3(—2) = —6, which has factors 6 and — 1 


that add up to 5. So, rewrite the middle term as 5x = 6x — x. This produces the 
following. 


Bx + Sx = 2-= 3x2 (6x — x) — 2 Rewrite middle term. 
= (3x7 + 6x) — G42) Group terms. 
= 320 42) =i (x -F 2) Factor groups. 
= (x + 2)3x —1) Distributive Property 


So, the trinomial factors as 
3x2 + ox = 2 = & +:2)6x — 1). 
Check this result by multiplying, as follows. 


Check 
(e+ 2)Gx —-1) =x3x — 1) +26x — 1) Distributive Property 
eae eta Oca), Distributive Property 
SY oe tO, Cees Combine like terms. / 


What do you think of this optional technique? Some people think that it is 
more efficient than the trial-and-error process, especially when the coefficients a 
and c have many factors. 
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Factor polynomials using the 
guidelines for factoring. 


Summary of Factoring 


[> Guidelines for Factoring Polynomials 


1. Factor out any common factors. 


2. Factor according to one of the special polynomial forms: difference 
of squares, sum or‘difference of cubes, or perfect square trinomials. 


. Factor trinomials using the methods for a = 1 anda # 1. 
. Factor by grouping—for polynomials with four terms. 


. Check to see if the factors themselves can be factored further. 


Hn nn & WwW 


. Check the results by multiplying the factors. 


Selle) (m/4e Factoring Polynomials 


Factor each polynomial completely. 
Ay Be S 8 b. 4x? — 32x2.+ 64x 
C100 eee ee eee are 


Solution 
Boi OS 230-36) Factor out common factor. 
= 3(x EL 6)(x = 6) Difference of two squares 
D. 4x7 — 32h7 + 640 = 4a? —. 8 + 16) Factor out common factor. 
= 4x(x — 4) Perfect square trinomial 
Us (Oy a OMe = Neh > Sha Soe Gy) Factor out common factor. 
= 3x(2x — 1)(x + 5) Factor. 


d. x? — 3x? — 4x + 12 = G3 — 3x2) + (—4x + 12) Group terms. 


= x*(x — 3) — 4(x — 3) Factor out common factors. 
= (x — 3)? - 4) Distributive Property 
= (x — 3)(x + 2)(x — 2) Difference of two squares 


class. Do each other s problems then chec e 


Integrated Review 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 
1. Explain why a function of x cannot have two 
y-intercepts. 


2. What is the leading coefficient of the polynomi- 
dik = or OF 4? 


In Exercises 3 and 4, write an inequality involving 
absolute values to represent the verbal statement. 


3. The set of all real numbers x whose distance 
from 0 is less than 5. 


4. The set of all real numbers x whose distance 
from 6 is more than 3. 


Developing Skills 


In Exercises 1-20, factor the trinomial. See Examples 1 


an 


1 


Bea —212a.+136 
2 Semen Oy coal 
s9b? + 120 + 4 


>. 


d’2! 


x4 


Des 


. 36x* — 60xy + 25y’ 
ge a 30x + 45 
eats 2x 

. 204 — 60v? + 45v? 


1 
ax 


noe ae ase!) 

y? — 14y + 49 

. 42? + 28z + 49 
ae Ax tel 

10. x? — 14xy + 49y? 
1257497 20yz, + 2527 
14, 4x* — 32x + 64 

16. 3u? — 48u? + 192u 
(Spal Sie ely — 2y 
20. 3x2 + ix + 33 


+ 4x+4 


an bk WY 


+ 8uv + 16v? 


2 4 
Piatto 


In Exercises 21-24, find all values of 6 such ‘that the 
expression is a perfect square trinomial. 


21. x7 + bx + 81 
23. 4x7 + bx + 9 


22.2 +bx+% 
24.-16x2 + bxy + 25y? 
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Concepts, Skills, and Problem Solving 


Slope 


In Exercises 5-10, plot the points on a rectangular 
coordinate system and find the slope (if possible) 
of the line passing through the points. 


5.3(3, 2); (Se-4) 6. (278) .(7, 3) 


7. (3,3), G -2) Bisa Gales 
9. (6,4), (6, -3) 


TOMAS re) 
Problem Solving 


3) 


11. You borrow $12,000 for 6 months. You agree 
to pay back the principal and interest (finance 
charges) in one lump sum. What will be the 
amount of the payment if the interest rate is 
12%? 


A truck driver traveled at an average speed of 
54 miles per hour on a 100-mile trip. On the 
return trip with the truck fully loaded, the aver- 
age speed was 45 miles per hour. Find the aver- 
age speed for the round trip. 


12. 


In Exercises 25-28, find a real number c such that the 
expression Is a perfect square trinomial. 


25. 
26. 
27. 
28. 


Fae teen ap 16 
ees Nox 
Oy 16 
a — Ozer ne 


_ In Exercises 29-36, find the missing factor. 


29. 
30. 
Si; 
32. 
33: 
34. 
35. 
36. 


+ 5x+4=(% 4+ 4)( ) 
aa+2a-8=(a+4)( ) 
y? —y-— 20 ='(y 4) He) 
y+ by + 8 = (y + 4)(ae) 
x* — 2x — 24 = (x + 4)( ) 
REX EAD 43 4)( ) 
3 —6z + 8 =z —4)( Re) 
z+ 2z — 24 = (z — 4)( a) 
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In Exercises 37-50, factor the trinomial. See Examples 
S58), 


$6.012%7 + 32 12 
88. 12x? + 42x37 — 54x4 
90. 6u2 — Suv — 4v? 
92. 10x2 + Oxy — 9y? 


hh (he s- Che Gu! 

87. 60y? + 35y? — 50y 
89. 10a + 23ab + 6b? 
91. 24x? — 14xy — 3y? 


In Exercises 93-98, factor the trinomial by grouping. 
See Example 11. 


Shs SSE Oe Ses) 38. x2 + 7x + 10 
39 xt 0 40, x7 — 10x + 24 
Ate y— 30 420m oma 10 
435 46 — 21 44, x7 + 4x — 12 
A5e 0x0 96 46. y7— 35y +300 
ANihs Bs = Digs) = SNeyie 48. uw? + S5uv + 6v? 


49. 


x + 30xy + 216y? 


be = Divinde Oye 


93. 3x2 + 10x + 8 
95. 6x07 +x-—2 
97. 15x* — 11x + 2 


94. 2x7 + 9x +9 
96. 6x? — x — 15 
98. 12x? — 28x + 15 


In Exercises 51-56, find all values of b for which the 
trinomial can be factored. 
Sie vet 8 
CB, Be! aedoee I 
Bb, oe sp (eae oS 


52. x°+ bx + 14 
54. 2 + bx —7 
56. x7 + bx — 38 


In Exercises 57-60, find two values of c for which the 
trinomial can be factored. 


58. x7 + 9x +c 
60. x? — 12x +c 


57. 2? +6x+ec 
59. x7 -—3x+c 


In Exercises 61-66, find the missing factor. 


61. 5x? + 18x + 9 = & + 3)( ) 
62. 5x? + 19x + 12 = (& + 3)( ) 
63. 5a2 + 12a — 9 = (a + 3)( ) 
64. 5c* + lle — 12 = (c + 3)( ) 
65. 2y— ay — 27 = G + 3)( ED 
66. 3)? — y — 30 = & + 3)( ) 


In Exercises 67-92, factor the trinomial, if possible. 
(Some of the trinomials may be prime.) See Examples 
6-10: 


Wh BRE aacee an al 68.5502 kee 
69. 7x? + 15x +2 70. 3x2 + 8x + 5 
Ths Dee — Be ae O) (221A 1Gie 0) 
TES Gye = Ws ae 14. 4y22 Sy 29 
TS BY = BY) 76. 227 + 3z +8 

7 1nOD 19D) 78. 10x? = 24x — 18 
TO aA8y -35y + 12 80: 20x7 + x — 12 
les See = Se SG $2.5—6x7 45x — 6 


Sole lly 60x $42 5x = 12 


= Graphical Verification 


In Exercises 99-114, factor completely. See Example 12. 


iy Sieh NaS 

100. 20y2 — 45 

101-102 27 — 36r 

102. 16z° — 5627 + 49z 
103754. 

104. 3° — 24 

1055 27a°b* — 9a2b> — 1 8ab> 
106. 8m?n + 20m?n? — 48mn3 
1075 Fee lox 32 
108) = = 428 
109. 36 = @ 413) 

110. (x + Ty)? — 4a? 

pW, oe — ave se Dey gye 
112. a* — 2ab:+ b* = 16 
113, x° -— 1 

11453* —sl6y3 


In Exercises 115-118, use a 
graphing utility to graph the two equations on the same 
screen. What can you conclude? 


Lis. yy, — 7 Oro 
Vom Ones) 

116. yp = 40 — 407 1 
Vou (2) 


Liye ea 
yo = & — 1)(x + 3) 
118. y, = 3x? — 8x — 16 
Yo = (3x + 4)(x — 4) 


Geometric Factoring Models \n Exercises 119-122, 
match the geometric factoring model with the correct 
factoring formula. [The models are labeled (a), (b), (c), 
and (d).] 


(a) Sor ae Saar al 


ett =) en 


|——-a ——~ | 


=F! 111 


_ Explaining Concep 


127. In your own words, explain how you would factor 
hee GeO. 


128. Give an example of a prime trinomial. 


pore on as 


129. Explain how you can check the factors of a trino- 
__mial. Give an example. 


130. Error Analysis 
9x — 54 = (3x + 
= 3(x + 2)=3)_ 


Identify the error. 
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119. a? — b* = (a + b\(a — db) 
120. a* + 2a + 1 = (a+ 1) 
121. a2 + 2ab + b? = (a + bb)? 
122. ab+at+b+1=(a+ 10+ 1) 


Geometry \|n Exercises 123 and 124, write, in factored 
form, an expression for the shaded portion of the figure. 


123. 124. 


5 


=) 
3 (0 + 3) 


125. Number Problem Let n be an integer. 


(a) Factor 8n* — 8n so as to verify that it repre- 
sents three consecutive even integers. (Hint: 
Show that each factor has a common factor of 
a 

(b) Ifn = 10, what are the three integers? 

126. Number Problem Let n be an integer. 

(a) Factor 8n3 + 12n* — 2n — 3 so as to verify 
that it represents three consecutive odd integers. 

(b) If n = 15, what are the three integers? 


Sse Mie eaiy | 


131. Is x(x + 2) — 2(x + 2) in completely factored 
form? If not, show the complete factorization. 


132. Is (2x — 4)(x + 1) in completely factored form? If 
not, show the complete factorization. 
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Solving Polynomial Equations 


S 


Use the Zero-Factor Property to The Zero-Factor Property 


solve an equation. 


: 

. 

; 

| | 
‘ 

] 
You have spent the first part of this chapter developing skills for simplifying and _ 


factoring polynomials. In this section, you will use these skills with the following | 
Zero-Factor Property to solve polynomial equations. 


Study Tip ) > Zero-Factor Property 

_ The Zero-Factor Property is just Let a and b be real numbers, variables, or algebraic expressions. If a 
another way of saying that the and b are factors such that 
only way the product of two or 
more factors can be zero is if ab = 0 
one (or more) of the factors is then a = 0 or b = 0. This property also applies to three or more factors. 
zero. 


The Zero-Factor Property is the primary property for solving equations in | 
algebra. For instance, to solve the equation 


(x — 2) + 3) =0 Original equation 


you can use the Zero-Factor Property to conclude that either (x — 2) or (x + 3) 
equals zero. Setting the first factor equal to zero implies that x = 2 is a solution. 


x-2=0 => x=2 First solution 
Similarly, setting the second factor equal to zero implies that x = —3 is a solution. 
sar 3 = 0 ZE> x= -3 Second solution 


So, the equation (x — 2)(x + 3) = 0 has exactly two solutions: 2 and —3. You 
can check these solutions by substituting them into the original equation. 


ee ee | 


Check 
(72) (x 03) —-0 Original equation | 
(2-22 +3) 20 Substitute 2 for x. | 
(0)(5) = 0 First solution checks. / | 
(=3 = 2)(=3 + 3) us 0 Substitute —3 for x. 
(—5)(0) =0 Second solution checks, 


eerie 


BD Use factoring to solve a 
quadratic equation. 
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Solving Quadratic Equations by Factoring 
A quadratic equation in general form is an equation of the form 

ax toby + c= 0. 
Here are some examples. 

i= 161 — 0: St tee 1 (), and x7 +3x=0 


In the next four examples, note how you can combine your factoring skills with 
the Zero-Factor Property to solve quadratic equations. 


=> <lisle) (tle Using Factoring to Solve a Quadratic Equation 


Solve x? — x — 12 = 0. 


Solution 


First, check to see that the right side of the equation is zero. Next, factor the left 
side of the equation. Finally, apply the Zero-Factor Property to find the solutions. 


x -—x-12=0 Original equation 
(x a 3)(x = 4) = 0 Factor left side of equation. 
x0 e138) = (0) Set 1st factor equal to 0. 
a tees Subtract 3 from both sides. 
x-4=0 Set 2nd factor equal to 0. 
x=4 Add 4 to both sides. 


The equation has two solutions: —3 and 4. 


Check 


x*7—x-—12=0 Original equation 
(23). = (3) 12 us 0 Substitute —3 for x. 
9+3-12 a) Simplify. 
0=0 Solution checks. / 
Check 
ae Original equation 
(4)? — (4) — 12 = 0 Substitute 4 for x. 
16.4 —s12 i 0 Simplify. 
0=0 Solution checks. / 


Factoring and the Zero-Factor Property allow you to solve a quadratic equa- 
tion by converting it into two linear equations, which you already know how to 
solve. This is a common strategy in algebra—breaking down a given problem into 
simpler parts, each of which can be solved by previously learned methods. 
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If the Zero-Factor Property is to be used, a polynomial equation must be writ- 
ten in general form. That is, the polynomial must be on one side of the equation 
and zero must be the only term on the other side. For instance, to write 
x2 — 3x = 18 in general form, subtract 18 from both sides of the equation. 


je = Bho Ules Original equation 
x=) 3x 18 = bees Subtract 18 from both sides. 
Ke LS =O General form 


To solve this equation, factor the left side as (x + 3)(x — 6) and then form the | 
linear equations x + 3 = 0 and x — 6 = 0. The solutions of these two linear | 
equations are —3 and 6, respectively. The general strategy for solving a quadratic 
equation by factoring is summarized in the following guidelines. 


> Guidelines for Solving Quadratic Equations 


1. Write the quadratic equation in general form. 


. Factor the left side of the equation. 


2. 
3. Set each factor with a variable equal to zero. 
4. Solve each linear equation. 

S 


. Check each solution in the original equation. 


; 
f 
Example 2 Boia Quadratic Equation by Factoring 
Solvesx 1 ox 12: 


Solution 
Bx =e l2 Original equation 
Bye oe ape = UE Write in general form. 
(3x — 4)@ + 3) = 0 Factor left side of equation. 
; 4 Set 1st factor equal 

ee te = qual to 0 and 
3x —4=0 oS 3 solve for x. 
ack OS a Set 2nd factor equal to 0 and : 

0 s 3 solve for x. 


: 4 5 6 Sen . 
The solutions are 3 and — 3. Check these solutions in the original equation. 


Be sure you see that the Zero-Factor Property can be applied only to a prod- 
uct that is equal to zero. For instance, you cannot conclude from the equation 


Ke — 3 a0 


that x = 10 and x — 3 = 10 yield solutions. Instead, you must first write the 
equation in general form and then factor the left side, as follows. 


*-3x-10=-0 = (5) +2 )0 


Now, from the factored form you can see that the solutions are 5 and —2. 


Section 3.5 Solving Polynomial Equations 239 


In Examples | and 2, the original equations each involved a second-degree 
(quadratic) polynomial and each had two different solutions. You will sometimes 
encounter second-degree polynomial equations that have only one (repeated) 
solution. This occurs when the left side of the equation is a perfect square trino- 
mial, as shown in Example 3. 


A Quadratic Equation with a Repeated Solution 


Solve x? — 6x + 11 = 2. 


Solution 
x — 60 + 11 =2 Original equation 
x= 6x +9=0 Write in general form. 


(x — 3)? =0 Factor left side of equation. 
x-3=0 = 3 Set factor equal to 0 and solve for x. 


Note that even though the left side of this equation has two factors, the factors are 
the same. So, the only solution of the equation is 3. 


Check 
Mem Ox ti) Original equation 
(3)? — 6(3) + 11 is y) Substitute 3 for x. 
Oe al eet al i 2 Simplify. 
N= 2 Solution checks. / 


Solving a Polynomial Equation 


Solve (x + 3)(x + 6) = 4. 


Solution 
Begin by multiplying the factors on the left side. 


(x + 3)\(x + 6) =4 Original equation 

x + 9x +18 =4 Multiply factors. 

x7 + 9x +14=0 Write in general form. 

(x + 2)(x +7) =0 Factor left side of equation. 


x 2=0 X = —2 Set 1st factor equal to 0 and solve for x. 
x+7=0 


x = —7 Set 2nd factor equal to 0 and solve for x. 


The equation has two solutions: —2 and —7. 


Check 
(x + 3)(x + 6) =4 (x + 3) + 6) =4 
2a) 20key 4 (eepenen(emeatee! 
(1)(4) =4 ¥ (-4)(-1)=4v 
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Solve a polynomial equation by Solving Polynomial Equations by Factoring 


factoring. 


Seuis( 3 Solving a Polynomial Equation with Three Factors 


Solve 3x? = 15x? + 18x. 


Solution 
3x aoe ered Oe Original equation 
3x3 — 15x? — 18x = 0 Write in general form. 
3x(x2 — 5x — 6) = 0 Factor out common factor. 
3x(x — 6)(x + 1) =0 Factor. 
3x = 0 Set Ist factor equal to 0. 
iO. 0 Set 2nd factor equal to 0. 
x+1—0 Set 3rd factor equal to 0. 


Check the three solutions 0, 6, and — 1 in the original equation. 


Notice that the equation in Example 5 is a third-degree equation and has 
three solutions. This is not a coincidence. In general, a polynomial equation can 
have at most as many solutions as its degree. For instance, a second-degree 
equation can have zero, one, or two solutions, and no more. Notice that the equa- 
tion in Example 6 is a fourth-degree equation and has four solutions. 


<elute(3) Solving a Polynomial Equation with Four Factors 


Solve x4 + x3 — 4x? — 4x = 0. 


Solution 
Ay yan () Original equation 
Ke +2? — 42— 4) = 0 Factor out common factor. 
x[(x3 + x2) + (—4x — 4)] =0 Group terms. 
x[x?(x + 1) — 4@ + 1)|/=0 Factor grouped terms. 
x[@ + 1)@? — 4)] =0 Distributive Property 
x(x + 1)@ + 2) — 2) =0 Difference of two squares 
x=0 x=0 
ae ale) x= =| 
x+2=0 x=-2 
La 2.0) x=2 


Check the four solutions 0, — 1, —2, and 2 in the original equation. 
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Solve an application problem by Applications 


factoring. 


| ——————-_ x+4 ——> | 


Figure 3.3 


Figure 3.4 


Example 7 Geometry @ 


A rectangular room has an area of 192 square feet. The length of the room is 4 
feet more than its width, as shown in Figure 3.3. Find the dimensions of the room. 


Solution 

Verbal , 
ie : = 

Model: ength - Width Area 

Labels: Width = x (feet) 
Length =x +4 (feet) 
Area = 192 (square feet) 

Equation: (x + 4)x = 192 


Nea 192 —0 
(x + 16)(x — 12) =0 


x=—16 or x=12 


Because the negative solution does not make sense, choose the positive solution 
x = 12. When the width of the room is 12 feet, the length of the room is 


Length = x + 4 = 12 + 4 = 16 feet. 


So, the room is 12 feet by 16 feet. Check this solution in the original statement of 
the problem. 


A Falling-Body Problem Ga 


The height of a rock dropped into a well that is 64 feet deep above the water level 
is given by the position function h(t) = —16t + 64, where the height is 
measured in feet and the time ¢ is measured in seconds. (See Figure 3.4.) How 
long will it take the rock to hit the water at the bottom of the well? 


Solution 


In Figure 3.4, note that the water level of the well corresponds to a height of 0 
feet. So, substitute a height of 0 for h(t) in the equation and solve for t. 


0 = — 161 + 64 Substitute 0 for h(2). 
167 — 64=0 Write in general form. 
16(? oa 4) =0 Factor out common factor. 
16(t + 2)(t 7 2) = 0 Difference of two squares 
f= —2, or f= 2 Solutions 


Because a time of —2 seconds does not make sense in this problem, choose the 
positive solution ¢ = 2, and conclude that the rock hits the water 2 seconds after 
it is dropped. Check this solution in the original statement of the problem. 
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|< 2h - 4 ——_> 


Figure 3.5 


wae 
Example 9 (@txeluranay ee 


A triangular roadside sign has a base that is to be 4 feet less than twice its height, 
as shown in Figure 3.5. A local zoning ordinance restricts the area of signs to a 
maximum of 24 square feet. Find the base and height of the largest sign that 
meets the zoning ordinance. 


Solution 

Verbal 1 : - 

Modee q° paase, - (eight — (area 

Labels: Height = h (feet) 
Base = 2h -— 4 (feet) 
Area = 24 (square feet) 


Equation: 52h — 4)(h) = 24 
h? — 2h = 24 
h2 2h 24 10 
(h + 4)\(h — 6) = 0 
h=-4 or h=6 


Because the height must be positive, discard —4 as a solution and choose h = 6. 
So, the height of the sign is 6 feet, and the base is 


Base = 2h — 4 Equation for base 
= (9) =e Substitute 6 for h. 
= 8 feet. Simplify. 


Check this solution in the original statement of the problem. 


| Approximating a Solution 


The polynomial equation 


x~—x-3=0 


cannot be solved algebraically using any of the techniques described in 
this book. It does, however, have one solution that is areal number. _ 
a. Graphical Solution: Use a graphing utility to estimate the solution. — 


b. Numerical Solution: Use a graphing utility to create a table such as the 
one below and estimate the solution. : 


Sj 10) 11/12 13 [14] 15/16] 17 18] 19]2 2.0| 


3) ] nd bo) |S] eh ag 


Exercises — 


Integrated Review 


Keep mathematically in shape by doing these 


exercises before the problems of this section. 


Properties and Definitions 


In Exercises 1-4, name the property illustrated. 


1. 3uv — 3uv = 0 2. 5z°1=5z 
3: 2s(1 — s) = 2s'— 2s? 4. (Gx)y = 3(xy) 
Solving Equations 


In Exercises 5-10, solve the equation. 
5.4 -—35x=6 
7. 4(x—= 3).= (4x+ 5) =0 
8. 123 —-x) =5 = 7(2x +1) 
9. (OAS 3 S 


? 13 10. 8(¢ — 24) = 0 


Developing Skills 


In Exercises 1-12, use the Zero-Factory Property to 
solve the equation. 


. 2x(x.— 8) = 0 2. z(z + 6) =0 

~ (y —3)(y + 10) =.0 4. (s — 16)(s + 15) =0 
. 25(a+4(a-—2)=0 6. 17(t — 3)(t + 8) =0 
. (2¢ + 5)(3t + 1) = 0 

. (5x — 3)(x — 8) =0 

. 4x(2x — 3)(2x + 25) =0 


_ x(x — 2)(3x + 4) = 0 
. (x — 3)(2x + I(x + 4) =0 
ety —-39)(2Qy + 7)\(y + 12) =0 


In Exercises 13-66, solve the equation by factoring. See 


Examples 1-6. 

13. 5y-y= 14, 3x7 + 9x =0 
15097 + 15x:= 0 16. 4x? — 6x = 0 
17. x(x + 2) — 10(x + 2) =0 


18. 
19. 


20. 


x(x — 15) + 3(x — 15) =0 
u(u — 3) + 3(u — 3) = 0 
x(x + 10) — 2(x + 10) = 0 


6. 500 — 0.75x = 235 
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21. 
23. 
25. 
27. 
29. 
31. 
33: 
SS: 
36. 
Si: 
38. 
39: 
41. 
43. 
45. 
46. 
47. 
48. 
49. 
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Concepts, Skills, and Problem Solving 


Problem Solving 


11. The cost of producing x units is C = 12 + 8x. 
The revenue for selling x units is R= 
16x — tx, where 0) < x < 20. The profit is 
P= RSG. 


(a) Perform the subtraction required to find 
the polynomial representing profit. 

(b) Use a graphing utility to graph the polyno- 
mial representing profit. 


(c) Determine the profit when x = 16 units 
are produced and sold. 


12. An object is dropped from a construction pro- 
ject 576 feet above the ground. Find the time ¢ 
for the object to reach the ground by solving 
the equation — 16/7 + 576 = 0. 


x* — 25 =0 22. x7 =~ 121=0 
3y? — 48 = 0 24. 25z* — 100 = 0 
x? — 3x -—10=0 26. x7 —-x-—12=0 


x* — 10x + 24=0 28. 
4x? + 15x = 25 30. 
7 + 13x — 2x7 = 0 SZ. 
m — 8m + 18 =2 34. 
x? + 16x +57 = -7 

x* —12x+ 21 = -15 

477 = 2p — 6 

167 +48r + 40 = 4 


20'= 9x. x = 0 
1A 97 = — 1 
11 + 32y — 3y? = 
a’ + 4a+ 10=6 


x(x — 5) = 36 40. s(s + 4) = 96 
Oo ea) S12 
t(2¢ — 3) = 35 44, 3u(u + 1) = 20 
(a + 2)(a + 5) = 10 


(x — 8)(x — 7) = 20 

(x — 4)(x + 5) = 10 

(u — 6)(u + 4) = —21 

(t — 2)? = 16 50. 


(s + 4)? = 49 
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5 Or eee) 

52. 1 = (y + 3)? 

53. x° — 19x7 + 84x = 0 

54. 3 + 18x? + 45x = 0 

5§.6P =? +t 

56. 3u°> = 5u2 + 2u 

57. 2(z + 2) — 4z + 2) = 0 

58. 16(3 — u) — uw2(3 — u) = 0 

59. a + 2a* — 9a — 18 = 0 


60. 
61. 
62. 
63. 
64. 
65. 
66. 


Graphical Reasoning 


pe = OS abe ae iS a) 

= = es 0 =O 

Te ae ABV Ai se 0) 
SBS ago Se Shy) 
eee OX 1h 0) 
Sie! ae 1 eh A (0 
Ox 1ox 9X Sx = 0 


In Exercises 67-70, determine 


the x-intercepts and explain how the x-intercepts of the 
graph correspond to the solutions of the polynomial 
equation when y = 0. 


67. 


83. 


84. 


85. 


86. 


87. 


y=x-9 68. y= x? —- 4x +4 
Solving Problems 
Number Problem ‘The sum of a positive number 


and its square is 240. Find the number. 


Number Problem The sum of a positive number 
and its square is 72. Find the number. 


Number Problem Find two consecutive positive 
integers whose product is 132. 


Geometry The length of a rectangle is 23 times its 
width. Find the dimensions of the rectangle if its area 
is 900 square inches. 


Geometry The rectangular floor of a storage shed 
has an area of 330 square feet. The length of the floor 
is 7 feet more than its width (see figure). Find the 
dimensions of the floor. 


69. 


Shoe ha ha 5) 10ty = on a ee 


= In Exercises 71-78, use a graphing utility to graph the 


equation and find any x-intercepts of the graph. Verify 
algebraically that any x-intercepts are solutions of the 
polynomial equation when y = 0. 


71. 
73: 
oe 
76. 
1 
78. 


Think About It 


72.1 Xaat lx + 28 
74..y = (y= 2) — 9 


y= x" — 6x 
eae eh aie UP 
SS Oe ae ee 1 
y=x- 4 
Wh ope Ses 
Ve ee 


. Let a and Db be real numbers such that a # 0. Find 


the solutions of ax? + bx = 0. 


. Let a be a nonzero real number. Find the solutions of 


ax? — ax = 0. 


In Exercises 81 and 82, find a 


quadratic equation with the given solutions. 


81. 


eE—3 fea 82. x= 15 x4=6 


|=<-20 cm] 


Figure for 87 


Figure for 88 


88. Geometry The outside dimensions of a picture 


frame are 28 centimeters and 20 centimeters (see fig- 
ure). The area of the exposed part of the picture is 468 
Square centimeters. Find the width w of the frame. 


89. 


90. 


Geometry A triangle has an area of 48 square 
inches. Find the base and height of the triangle if the 
height is i times the base. 


Geometry The height of a triangle is 4 inches less 
than its base. Find the base and height of the triangle 
if its area is 70 square inches. 


. Geometry An open box is to be made from a piece 


of material that is 5 meters long and 4 meters wide. 
The box is made by cutting squares of dimension x 
from the corners and turning up the sides, as shown 
in the figure. The volume V of a rectangular solid is 
the product of its length, width, and height. 


(a) Show algebraically that the volume of the box is 
given by V = (5 — 2x)(4 — 2x)x. 
(b) Determine the values of x for which V = 0. 


Determine an appropriate domain for the func- 
tion V in the context of this problem. 


(c) Complete the table. 


| 0.25 | 0.50] 0.75 1.00, 1.25] 1.50] 1.75 


(d) Use the table to determine x if V = 3. Verify the 
result algebraically. 


(e) Use a graphing utility to graph the volume func- 
tion. Use the graph to approximate the value of x 
that yields the box of greatest volume. 


Explaining Concepts 


3 99. Answer parts (d)—(f) of Motivating the Chapter on 


page 195. 


100. Give an example of how the Zero-Factor Property 
~~ can be used to solve a quadratic equation. 


101. True or False? 


If (2x — 5)(« + 4) = 1, then 
2x —-5 =1orx + 4 = 1. Explain. 
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92. 


a3. 


94. 


95; 


96. 


Ale 


98. 


102. 


103. 
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Geometry An open box with a square base is to 
be constructed from 880 square inches of material. 
What should the dimensions of the base be if the 
height of the box is 6 inches? (Hint: The surface 
area is given by S = x? + 4xh.) 

Free-Falling Object An object is dropped from a 
weather balloon 6400 feet above the ground. Find 
the time f for the object to reach the ground by solv- 
ing the equation — 16r? + 6400 = 0. 

Free-Falling Object An object is thrown upward 
from a height of 64 feet with an initial velocity of 
48 feet per second. Find the time t for the object to 
reach the ground by solving the equation 


— 16 + 48 + 64 = 0. 

Break-Even Analysis The revenue R from the sale 
of x units of a product is given by R = 90x — x. 
The cost of producing x units of the product is given 
by C = 200 + 60x. How many units of the product 


must be produced and sold in order to break even? 


Break-Even Analysis The revenue R from the sale 
of x units of a product is given by R = 60x — x. 
The cost of producing x units of the product is given 
by C = 75 + 40x. How many units of the product 
must be produced and sold in order to break even? 


Investigation Solve the equation 2(x + 3)? + 
(x + 3) — 15 = 0 in two ways. 


(a) Letu = x + 3, and solve the resulting equation 
for u. Then find the values of x that satisfy the 
given equation. 

(b) Expand and collect like terms in the given 
equation, and solve the resulting equation for x. 

(c) Which method is easier? Explain. 


Investigation Solve each equation using both 
methods described in Exercise 97. 


(a) 3(x + 6)? — 10@ + 6) —8 =0 
(b): 8@4 2)? 1842) 29 =:0 


Is it possible for a quadratic equation to have only 
one solution? Explain. 


What is the maximum number of solutions of an 


nth-degree polynomial equation? Give an example 
of a third-degree equation that has only one real 
number solution. 


ey oe 


Key Terms 


polynomial in x, p. 196 binomial, p. 196 
degree n, p. 196 trinomial , p. 196 
leading coefficient, p. 196 FOIL Method, p. 207 
constant term, p. 196 
standard form, p. 196 DP 2is 
monomial, p. 196 


Key Concepts 


: 3.2 Summary of rules for exponents 


t. Product Rule: a@- a” = a™*™ 
i 


3 a 
2. Quotient Rule: 7 =O sm > nh a o.0 


3. Power of a Product: (ab)”" = a™ + b™ 


4. Power of a Quotient: (2) = re bFO0 


5. Power of a Power: (a”)” = a” 


Special products 


Let u and v be real numbers, variables, or algebraic 
expressions. Then the following formulas are true. 


1. Sum and Difference of Two Terms: 
(u + v)(u — v) = u2 — v2 


2, Square of a Binomial: (u + v)? = u? + 2uv + v? 


3.3 _ Difference of two squares 


Let u and v be real numbers, variables, or algebraic 


expressions. Then the expression u? — v* can be factored 


as follows: uw? — v7? = (u + v)(u = y). 


: Sum and difference of two cubes 


Let u and v be real numbers, variables, or algebraic 
expressions. Then the expressions u? + v° can be fac- 
tored as follows: u? + v= (u + v)\(w2 =u + Vv). 


“= 2! Perfect square trinomials 


Let u and v be real numbers, variables, or algebraic 
expressions. 


oe Diy ove = ae SV) 
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factoring polynomials, 


greatest common completely factored, 


monomial factor, p. 220 

p. 215 perfect square trinomial, 
factoring by grouping, p. 225 

ae quadratic equation, p. 237 


™) Guidelines for factoring x2 + bx + c 
See page 227 for factoring guidelines. 


=“ Guidelines for factoring ax? + bx +c 
See page 229 for factoring guidelines. 
34 Guidelines for factoring polynomials 


1. Factor out any common factors. 


2. Factor according to one of the special polynomial 
forms: difference of squares, sum or difference of 
cubes, or perfect square trinomials. 


3. Factor trinomials using the methods for a = | and 
a#Fl. 


4. Factor by grouping—for polynomials with four terms. 


5. Check to see if the factors themselves can be fac- 
tored further. 


6. i the results by multiplying the factors. 


Let a and b be real numbers, variables, or algebraic 


expressions. If a and b are factors such that ab = 0, then 


a = bor b = 0. This property also applies to three or 
more factors. 


_< =. Guidelines for solving quadratic equations 
Write the quadratic equation in general form. 
Factor the left side of the equation. 

Set each factor with a variable equal to zero. 
. Solve each linear equation. 


AR WN > 


. Check each solution in the original equation. 


Review Exercises 247 


_ Reviewing Skills _ 


3.1 fi Exercises 1 and 2, state why the algebraic 
expression is not a polynomial. 


1. x2 +2 + 3x! 2. 2-2 + 47-2 


In Exercises 3-6, write the polynomial in standard form. 
Then identify the leading coefficient and the degree of 
the polynomial. 
BmGwe— 47 + 5x" — x4 
rela OX BN 1° 


4, 2x® — 5x3 4+ -7 
6. 9x — 2x7 + 2 — 8x’ 


In Exercises 7-10, give an example of a polynomial in x 
that satisfies the conditions. (Note: Each problem 
has many correct answers. ) 

7. A binomial of degree 4 

8. A trinomial of degree 5 and leading coefficient — 6 

9. A monomial of degree 3 and leading coefficient 5 


10. A binomial of degree 2 and leading coefficient 7 


In Exercises 11-22, perform the operations and simplify. 
11. (Sx + 3x?) + (6 — x — 4x?) 
12. (6x + 1) +? — 4x) 
13. (5x2 — 6x + 11) +4 1(5 + 6x — x? — 82°) 
(7 — 122 + 8x): OF — 6x7 + 7x? —.5) 
15. (3¢ — 5) — (@ —t — 5) 
16. (10y? + 3) — (y? + 4y — 9) 
fix + 4:2 — 8x + 12) — 2x + x) + 
(3x* — 4x7 — 9) 
Peet — 1002 + 4x) Fe (3x) — (3x4 — 5x? + 1) 
19. (—x3 — 3x) — 4(2x3 — 3x + 1) 
Me Iz- +162) — 3(5z7 + 2z) 
21. 3y? — [2y + 3(y? + 5)] 
22. (16a? + 5a) — 5[a + (2a? — 1)] 


In Exercises 23-36, use the rules for exponents to 
simplify the expression. 


23x? + x 


25, (u) 


245 — 3yr = *y* 
26. (v4)? 


27. (—2z)? 28. (—3y)?(2) 

29. —(uv)?(—4u3y) 30. (12xy)(3x2y4)? 
a0 iS 32. ee 

3. See east 
35. (Ze) 36. (-=) 


In Exercises 37-50, perform the multiplication and 
simplify. 


37. (—2x)3(x + 4) 38. (—4y)*(y — 2) 
39, 3x(2x* — 5x + 3) 40. —2y(S5y? — y — 4) 
41. (x — 2)(% + 7) 42. (x + 6)(x — 9) 
43. (5x + 3)(3x — 4) 44, (4x — 1)(2x — 5) 


45. (4x2 + 3)(6x? + 1) 

46. Gye 2) ee) 

47. (2x2 — 3x + 2)(2x + 3) 

48. (5s? + 4s — 3)(4s — 5) 

49. 2u(u — 7) — (ut+ 1)(u — 7) 
50. (3v + 2)(—Sv) + 5v(3v + 2) 


In Exercises 51-60, use special product formulas to find 
the product. 

51.5471)? 

53, (2x + 3y)? 

55. (5u — 8)(5u + 8) 

57. (2u + v)(2u — v) 

BRO xe olor y) 

59. [(u — 3) + vl — 3) — v] 
60. [(m — 5) + nP 


52. (8 — 3x)? 
54. (u + 4y)? 
56. (Ja + 4)(7a — 4) 


In Exercises 61-64, factor out the greatest 
common factor. 

6156x2152 

62. 8y — 12y* 

63-28%. 445) = 10Gb 5)2 

64. (u — 9v)(u — v) + v(u — 9yv) 
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In Exercises 65-68, factor the polynomial by grouping. In Exercises 89-98, factor the expression completely. 
a Pale ae 92 89. 4a — 64a? 90. 3b + 27b° 
66. + 4y—y—4 91. 8x(2x — 3) — 4(2x — 3) 
67a 3 + 35 9 2x OX — Axel 
2 1 
68.0 ee er 3x 21 93. ix + xy + y 94. x2 3x Vig 
95. 4u? — 28u + 49 96.037 = 23% eee 
In Exercises 69-74, factor the difference of two squares. OF 6 eh Ore ae e 98. 16 — 8yo 
69:52 — 36 70. b? — 900 on 
71. 9a2 — 100 72. 16y? — 49 od In Exercises 99-108, solve the polynomial 
73. (u + 6) — 81 74, (y — 3 — 16 x aceras 
99 35-5 2s. O10) 100. 4° — 12t = —9 
In Exercises 75-78, factor the sum or difference of 101.42 — 100 = 0 1002 se 0 
sues 103. 10x(x — 3) = 0 104. 3x(4x + 7) = 0 
75. us — | 76. t — 125 105. z(5 — z) + 36 = 0 106. (x + 3)? — 25 =0 
i ee ae De 78. 27x? + 64 107. 2y* + 2y3 — 24y? = 
Rey 2D 43007 Ds OU 
=~) In Exercises 79-82, factor the perfect square hese Se 
aoa =: In Exercises 109 and 110, use a graphing utility to 
192% 18x +81 80. y? + l6y + 64 graph the equation and find any x-intercepts of the 
81. 4s2 + 40st + 10022 SI Ou ee aye graph. Verify algebraically that any x-intercepts are solu- 
tions of the polynomial equation when y = 0. 
In Exercises 83-88, factor the trinomial. 109. y = x2 — 10x + 21 110. y= 3 — 6° 
S3.5x 2 35 $4937 — 12x 32 bcp tra ai 
85.22 —x+6 Ya eo te ies ai Thin About t In Exercises 11 ple, construct a 
polynomial equation with integer coefficients that has 
S7al8x- 1x 10 $87 1207 Sls 14 the specified solutions. 
111. 5,-9 112233 
113. 0, —3,2 114. —3, 3,5 
Solving Problems 
= 115. Comparing Models The table gives population P, = —0.0222 + 1.33¢ + 270.71 


projections (in millions) for the United States for 


selected years from 2000 to 2050. It gives three SSS OI ET! 


series of projections, which are the lowest P,, mid- P,, = 0.0280 + 3.40t + 278.18 
dle P,,, and highest P,,. (Source: U.S. Bureau of ; 4s 
HeCensus) (a) Use a graphing utility to plot the data and graph 
the models on the same screen. 
2000 | 2010 | 2020 | 2030 | 2040 | 2050 (b) Find (P,; + P,,)/2. Use a graphing utility to 
271.2| 281.5| 288.8] 291.1 | 287.7| 282.5 Beets ccbciale, <cLiiah (ve 
ie from part (a) it is most like. Does this seem 
274.6 | 297.7 | 322.7| 347.0 | 370.0 | 393.9 reasonable? Explain. 
278.1 | 314.6] 357.7| 405.1 | 458.4 | 518.9 (c) Find P;, — P, and use a graphing utility to graph 


this model. Explain why it is increasing. 
In the following models for the data, t = 0 corre- 
sponds to 2000. 


116. Profit A manufacturer can produce and sell x 
book bags per week. The total cost (in dollars) for 
producing the book bags is given by 


C = 12x + 3000 

and the total revenue is given by 

R = 20x. 

Find the profit obtained by selling 1200 book bags 
per week. 


117. Profit A manufacturer can produce and sell x 
notepads per week. The total cost (in dollars) for 
producing the notepads is given by 


C = 0.5x + 1000 

and the total revenue is given by 

R = 1.1x. 

Find the profit obtained by selling 5000 notepads 


per week. 


118. Probability The probability of three successes in 
five trials of an experiment is given by 
10p3(1 — p)?. Find this product. 


Geometry \n Exercises 119 and 120, write expressions 
for the perimeter and area of the region, and then 


simplify. 


119. 120. 
13a — 26 
12(a—2) 
5(a — 2) 
Geometry \n Exercises 121 and 122, find the area of 


the shaded portion of the figure. 


121. 2x+5 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 
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Review Exercises 


3x 


|~——. 3x ——> | 


SX Oo 


Geometry A rectangle has a length of / units and 
a width of / — 5 units. Find (a) the perimeter and 
(b) the area of the rectangle. 


Geometry The width of a rectangle is 3 of its 
length. Find the dimensions of the rectangle if its 
area is 432 square inches. 


Geometry The perimeter of a rectangular storage 
lot at a car dealership is 800 feet. The lot is sur- 
rounded by fencing that costs $15 per foot for the 
front side and $10 per foot for the remaining three 
sides. Find the dimensions of the storage lot if the 
total cost of the fencing was $9500. 


Free-Falling Object An object is thrown upward 
from a height of 48 feet with an initial velocity of 
32 feet per second. Find the time f for the object to 
reach the ground by solving the following equation. 


— 161? + 32t + 48 = 0 


Free-Falling Object An object is thrown upward 
from a height of 32 feet with an initial velocity of 
16 feet per second. Find the time ¢ for the object to 
reach the ground by solving the following equation. 


166 Ott 3 2) nO) 
Number Problem Find two consecutive positive 
odd integers whose product is 195. 


Number Problem Find two consecutive positive 
even integers whose product is 224. 
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Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


1. Determine the degree and leading coefficient of —5.2x3 + 3x? — 8. 


2. Explain why the following expression is not a polynomial. 


2 


In Exercises 3-9, perform the operations and simplify. 


3. (a) (6a? — 3a + 4) + @ — 4) (b) (16 — y?) — (16 + 2y + y’) 
APG) 204 = 5) 4 4xGe ex 1) 4a ie, 3 eo 
5. (a) (—2u?v)23v’) (b) 3(Sx)(2xy)? 
2 ee 4 
6. (a) 2y(2] o) er 
7. (a) —3x(x — 4) (b) Qx = 3y)( + Sy) 
8 (a) @ = 1)[2x + @ — 3)] (b) (2s — 3)(3s? — 4s + 7) 
9, (a) (4x — 3)? (b) [4 — (a+ b)|[4+ (a+ dD) 


In Exercises 10-15, factor the expression completely. 


10. 18y? — 12y 11. 2 - 2 
12. x7 — 3x* — 4x + 12 13. 9u? — 6u+ 1 
14. 6x2 — 26x — 20 15. <2 + 27 


In Exercises 16 and 17, solve the equation. 


16. (y + 2)? -9=0 17.12 +4 dyi ay 


Figure for 18 18. Find the area of the shaded region in the figure. 


19. The length of a rectangle is 15 times its width. Find the dimensions of the 
rectangle if its area is 54 square centimeters. 


20. The height A(t) of a free-falling object is given by 
h(t) = —16f — 40¢ + 144 
where h is measured in feet and ¢ is measured in seconds. The object is 
projected downward when t = 0. How long does it take to hit the ground? 


21. The height of a triangle is 4 feet more than twice its base. Find the base and 
height of the triangle if its area is 35 square feet. 
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Figure for 10 


Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


re 


2. 


Place the correct symbol (<, >, or =) between the two numbers. 
(a) —2 5 (b) $ + (c) [2.3] —|-4.5| 


Write an algebraic expression for the statement, “The number n is tripled and 
the product is decreased by 8.” 


In Exercises 3-5, perform the operations and simplify. 


3: 
4. 


oh 


(a) ¢(3t — 1) — 2t(t + 4) (b) 3x(x? — 2) — x(x? + 5) 


2c) 2\2 
(a) (2a?b)3(—ab?)? (b) (: a) 
(Bax + w= 5) (OE PSE Ca le 


In Exercises 6-8, solve the equations or inequalities. 


6. (a) 12-58-x)=x+3 1-*7*=7 

Zhe (EH) Es tel | 0 (bez = 5h 

Sn(a)e3 (te — ex) 526 (b) 12-5 Ay Or 10 

9. Your annual automobile insurance premium is $1225. Because of a driving 
violation, your premium is increased 15%. What is your new premium? 

10. The triangles at the left are similar. Solve for x by using the fact that 


corresponding sides of similar triangles are proportional. 


. Solve |x — 2| = 3 and sketch its solution. 


. The revenue from selling x units of a product is R = 12.90x. The cost of 


producing x units is C = 8.50x + 450. To obtain a profit, the revenue must 
be greater than the cost. For what values of x will this product produce a 
profit? Explain your reasoning. 


. Determine whether the equation x — y? = 0 represents y as a function of x. 
. Find the domain of the function f(x) = x — 2. 

. Given f(x) = x? — 3x, find (a) f(4) and (b) f(c + 3). 

. Find the slope of the line passing through (—4, 0) and (4, 6). Then find the 


distance between the points. 


. Determine the equation of a line through the point (—2, 1) (a) parallel to 


2x — y = | and (b) perpendicular to 3x + 2y = 5. 


In Exercises 18 and 19, factor the polynomials. 


18. 
19. 


(B)) C8 oe = Be (b) 9x? — 144 
Gyny — oy- — Oy +27 (b) 8t? — 40r? + 50 


In Exercises 20 and 21, graph the equation. 
mex sy —-12 = 0 21 ye 2 


Sy 


rm 


A 
a 


riaetecuresAs 


couse, 


h/The Image Works 


Daemmric 


Motivating the Chapter 


wy A Canoe Trip 


You and a friend are planning a canoe trip on a river. You want to travel 
10 miles upstream and 10 miles back downstream during daylight hours. 
You know that in still water you are able to paddle the canoe at an average 
speed of 5 miles per hour. While traveling upstream your average speed will 
| be 5 miles per hour minus the speed of the current, and while traveling 
downstream your average speed will be 5 miles per hour plus the speed of 
the current. 


See Section 4.4, Exercise 109 


a. Write an expression that represents the time it will take to travel 
upstream in terms of the speed, x (in miles per hour), of the current. 
_ Write an expression that represents the time it will take to travel 
_ downstream in terms of the speed of the current. 


| b. Write a function f for the entire time (in hours) of the trip in terms of x. 
Bret Write the rational function f as a single fraction. 


| See Section 4.6, Exercise 95 


d. What is the speed of the current if the time of the trip is 6; hours? 
Explain. ese 

e. If the speed of the current is 4 miles per hour, can you and your friend 

make the trip during 12 hours of daylight? Explain. 
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6 rr Oe Oe Ot ee -_ 


FE OEY Ro 


oe es pas tiie By 


BB Rewrite an exponential expres- Integer Exponents . 

sion involving negative exponents. | 
In this section, the definition of an exponent is extended to include zero and — 
negative integers. If a is a real number such that a + 0, then a° is defined as 1. | 


| 
| 
| 
| 
So far in the text, all exponents you have worked with have been positive integers. | 
| 
| 
Moreover, if m is an integer, then a ™ is defined as the reciprocal of a™. | 


> Definitions of Zero Exponents and Negative Exponents 


Let a and bd be real numbers such that a = 0 and 6 = 0. and let m be an 
integer. 


These definitions are consistent with the properties of exponents can in 
Section 3.2. For instance, consider the following. 


x2 ~ 38 = ge 7S 1 <5 
pees st ee 


(x® is the same as 1) sig | 


Evaluate each expression. 


a3 pes? eA) ta at 


Solution | 

a. 32 =1 Definition of zero exponent ‘ : 
ag Oe = 

res ea ails Definition of negative exponent q 
2) Cee Gaal geeks: 

c. A = 3 = 5 Definition of negwive exponent 


Definition of negative exponent ; 


The following rules of exponents are valid ie all integer exponents, includ 


ing integer exponents that are zero or negative. (The first five properties were list- 
ed in Section 3.2.) 


_Study Tip 


_ As you become accustomed 
to working with negative expo- 
nents, you will probably not 
"write as many steps as are 
_ shown in Example 2. For 
"instance, to rewrite a fraction 
_ involving exponents, you might 
use the following simplified 
tule. To move a factor from the 
numerator to the denominator 
or vice versa, change the sign 
_ of its exponent. You can apply 
; this rule to the expression in 
Example 2(c) by “moving” the 
_ factor x? to the numerator 
_and changing the exponent to 
2. That is, 


| _» Summary of Rules of Exponents 


Section 4.1 Integer Exponents and Scientific Notation 255 


Let m and n be integers, and let a and b represent real numbers, vari- 
ables, or algebraic expressions. 


Product and Quotient Rules Example 


1. a a? = an x4?) = x4t3 = x? 


a” x 
oceans ne ¢ a#0 —=y l=, +#0 
x 


Power Rules 
» (aby* = a®= b” 


i lela a) oe eed 
4. (2 =F eae (2) -5-% 


5. (a”)" = qmn 6st — x3°3 = x? 


(3x)? = 37(x7) = 9 


Zero and Negative Exponent Rules 


1 
a, 24 t=2(x" 1) = 2(2) = Use Negative Exponent Rule and simplify. 
5 


Use Negative Exponent Rule and simplify. 


Negative Exponent Rule 


x 
x2 
= 3( *) Invert divisor and multiply. 
/ 
=o Simplify. 
! : Use Negative E t Rul 
z= se Negative Exponent Rule. 
(3x)? 
1 apes 
= 1 Use Power Rule and simplify. 
(oa) 
9x? 
=.) (0) ee Invert divisor and multiply. 
1 
= 9x? Simplify. 
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Using Rules of Exponents 


Rewrite each expression using only positive exponents. (For each expression, 
assume that x # 0 and y # 0.) 


7x\~2 Weg 
5 EGE Se -(2) jae 
y 6x" 'y 
Solution 
a. (- oye = (- 5)2 bee Power of a Product 
= 25069 Power of a Power 
22 N ive E t Rul 
= ae t 
55 egative Exponent Rule 
ax? A\9) 
b. — (3) =- (=) Negative Exponent Rule 
2\2 
c= ae Power of a Quotient 
ve 
= SS rear P 
A9x2 ower of a Power 
12xy P= (=1)\(y=4=2 
6x? SE Vy ) Quotient Rule 
= OX yee Simplify. 
— 2x? . 
= ye Negative Exponent Rule 


> <lile(tcme Using Rules of Exponents 


Rewrite each expression using only positive exponents, (For each expression, 
assume that x # O and y # 0.) 


8x ly i 3xy? 
a. bes b. 2 (5y)° 


Solution 
8x7! 4\ —3 D) P\=3 
ms ( -| =| Simplify. 
4x°y be 
x4 3 
= aye Negative Exponent Rule 
- x12 
= 23,6 Power of a Quotient 
7 x2 
= 8y8 Simplify. 


x2(5y)9x2(1) x Zero Exponent Rule 


Write a very large or a very 
small number in scientific notation. 
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Scientific Notation 


Exponents provide an efficient way of writing and computing with very large (or 
very small) numbers. For instance, a drop of water contains more than 33 billion 
billion molecules—that is, 33 followed by 18 zeros. 


33,000,000,000,000,000,000 


It is convenient to write such numbers in scientific notation. This notation has 
the form c x 10”, where 1 < c < 10 and n is an integer. So, the number of 
molecules in a drop of water can be written in scientific notation as 


3.3 x 10,000,000,000,000,000,000 = 3.3 x 101°. 


The positive exponent 19 indicates that the number being written in scientific 
notation is Jarge (10 or more) and that the decimal point has been moved 19 
places. A negative exponent in scientific notation indicates that the number is 
small (less than 1). 


=> <elilel(em Writing Scientific Notation 


Write each real number in scientific notation. 
a. 0.0000684 b. 937,200,000 ce. 15,700 


Solution 
a. 0.0000684 = 6.84 x 107° Small number [Sae> negative exponent 
eet 


Five places 


b. 937,200,000.0 = 9.372 x 108 Large number positive exponent 
eee oer 
Eight places 

Cel 000 152x108 Large number positive exponent 
A pearl 


Four places 


elie} (sel | Writing Decimal Notation 


Convert each number from scientific notation to decimal notation. 


a. 2.486 x 10? b. 18ioel0as € 6.28: « 10° 


Solution 
a. 2.486 x 10? = 248.6 Positive exponent large number 
L4 
Two places 
b. 1.81 x 10~® = 0.00000181 Negative exponent small number 
eae 
Six places 
c. 6.28 x 10° = 628,000.0 Positive exponent [> _ large number 
Ea 


Five places 
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Most scientific calculators and — 


graphing utilities automatically 
switch to scientific notation © 
when they are showing large 
(or small) numbers that oe 
the display range. 

To enter numbers in scien- 
tific notation, your calculator 
should have an exponential — 


entry key labeled [EE] or (EXP). 


Consult the user’s guide for 


your graphing utility for instruc- 


tions on keystrokes and how 
numbers in scientific notation 
are displayed. 


isetuls)(174 | Using Scientific Notation 


Convert the factors to scientific notation and then evaluate 


(2,400,000,000)(0.00000345) 
(0.00007) (3800) 


Solution 
(2,400,000,000)(0.00000345) = ax 10°)(3.45 x 105°) 
(0.00007)(3800) (7OPa0= \6sex 10°) 


(2.4)(3.45)(103) 
~ (7)(3.8)(10-?) 


_ (8.28)(105) 
26.6 


=~ 0.3112782(105) 
= 31,127.82 


ents Using Scientific Notation with a Calculator 


Use a scientific or graphing calculator to find the following. 


a. 65,000 x 3,400,000,000 b. 0.000000348 + 870 


Solution 
a. 6.5 4 3.4 9 IS) Scientific 
65 4 3.4 9 Graphing 


The calculator display should read (2.21E 14), which implies that 
(6.52 107)G.45x 107)= 92.215 <10'* = 221,000.000,000,000; 
b. 3.48 7 87 2 (=) Scientific 
3.48 7 (©) 8.7 (EE) 2 (ENTER) Graphing 
The calculator display should read (4.0E -10), which implies that 


3.48 x 1077 
8.7 x 102 


= 4.0 x 107 !° = 0.0000000004. 


- Developing a Mathematical 
_ Method a 


Develop an easy-to-use method for converting numbers to and from 
scientific notation. Demonstrate the method ae one of the e following. 


a. 0. 0000042 |b. 293,600 ,000 000 
C37 10 do 312. 10" . 
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Integrated Review 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 
1. In your own words, describe the graph of an 
equation. 


2. Describe the point-plotting method for graphing 
an equation. 


3/ Find the coordinates of two points on the graph 
of g(x) = Vx — 2. 

4. Describe the procedure for finding the x- and 
y-intercepts of the graph of an equation. 


Developing Skills 
In Exercises 1-30, evaluate the expression. See Exam- 
ple 1. 
(Ds 20s 
ORS AGS 2017 
(3)? 6, 25° 
1 1 
oer (as 
1 1 
10. ae? 


(2) 12. (2)° 
13. (3)° 14. (—3)° 
oy. 3-3 16. 42-42 
eal: 
17. * 18. = 
103 10 
19. 10-2 20) 
Zi (42 4-1)? 22. (57° S7*)"* 
(2-3)2 24, (-4-1)-? 
25:-2-3 + 2-4 (6) 4-3 
3 5) mee eee) 
a7. (243) Aaa 


(5° = 4-2) 


308 G2e4=2)° 


Concepts, Skills, and Problem Solving 


Simplifying Expressions 


In Exercises 5-8, simplify the expression. (Assume 
the denominator is not zero.) 


8. (72°) 2x) 6. (y?z3)(z?)* 
~ ath? _ 
an (8. be + 2) + @ + 2p 


Graphing Equations 
In Exercises 9-12, use a graphing utility to graph 
the function. Identify any intercepts. 
92 fe). = 5= 2x 10. h(x) = 5x + |x| 
11. g(x) = x? — 4x 125 (GR =Oyee 


In Exercises 31-70, rewrite the expression using only 
positive exponents, and simplify. (Assume that any vari- 
ables in the expression are nonzero.) See Examples 2-4. 


GY yy Bl 
RRO deat 2 a ee lig oe. 
BS. cae 36, 3yn- 
BT aidan 38. (Su)~? 
i 4 
39, =e 40. yi 
Ve 8a ° 6u-? 
Se aes 
(4t)° tee AGE 
43. => 44, (5u)° 
ASs (2x-)n2 46. (4a~2)-3 
47, (—3x73y*)(4x2y~>) 48. (5s°t->)(—6s— 244) 
ADA (Gx-ya2 ee 50, (49-2) 
xp \= )" 
rl ee S2eate 
a (35) (: 
5 Ot ya Dyan? 
: ny 
5 12xRAy, 4yz-3 
3y2y-} i s(t 
55. (3 =1,3 (56. 125xy 
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& (FaN2) 
59, (2x3y~!)-3(4xy-6) 


61. u4*(6u-3Vv°)(7v)° 
CEE hes Olde 


= (Fa) 
60. (ab)~*(ab?)~! 


62. )x°(3x°y*)(7y)? 
=O4.(2te ye) ae 


za) (2a~*b*)3b Car 
Carrs 6. oy 
(67, (iy) 68. x 2(x? + y?) 
a a+b 70 UseeuVe, 

* ba~' — ab“ ee uat Vas 


In Exercises 71-84, write the number in scientific nota- 
tion. See Example S. 


13,600,000 72. 98,100,000 
73. 47,620,000 74. 956,300,000 
(95? 0.00031 76. 0.00625 

77. 0.0000000381 (78. /0.0007384 


79. Land Area of Earth: 57,500,000 square miles 

80. Ocean Area of Earth: 139,400,000 square miles 
(81 Light Year: 9,461,000,000,000,000 kilometers 
“82. Thickness of Soap Bubble: 0.0000001 meter 


83. Relative Density of Hydrogen: 0.0000899 grams 
per milliliter. 


84. One Micron (Millionth of Meter): 0.00003937 inch 


In Exercises 85-94, write the number in decimal nota- 
tion. See Example 6. 


(85? 6 x 107 86. 5.05 x 10!2 
87. 1.359 x 10-7 (8) 8.6 x 10-9 
89. 1997 Merrill Lynch Revenues: $3.17 x 10!° 


90. 
91. 


Number of Air Sacs in Lungs: 3.5 x 108 


Interior Temperature of Sun: 1.3 x 10’ degrees 
Celsius 


92. Width of Air Molecule: 9.0 x 10~° meter 


Solving Problems 
113. Distance to the Sun The distance from the earth 
to the sun is approximately 93 million miles. Write 
this distance in scientific notation. 


114. Copper Electrons A cube of copper with an edge 
of 1 centimeter has approximately 8 x 107? free 


electrons. Write this real number in decimal form. 


{95.12 x 10°)(3.4 x 10-4) 
97, (5 x 104)? 
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93. Charge of Electron: 4.8 x 107° electrostatic unit 
94. Width of Human Hair: 9.0 x 10~4 meter 


In Exercises 95-104, evaluate without a calculator. See 
Example 7. 
‘ 96. (6.5 x 10°)(2 x 104) 
/ 98.44 x 10°)? 
Gago che 
2 SeAhOn 

5a On 


3.6 x 10! 
6 x 10° 
101. (4,500,000)(2,000,000,000) 
102. (62,000,000)(0.0002) 

4, 64,000,000 
0.00004 


72,000,000,000 
0.00012 


100. 


In Exercises 105-112, evaluate with a calculator. Write 
the answer in scientific notation, c x 10”, with c round- 
ed to two decimal places. See Example 8. 


(0.0000565)(2,850,000,000,000) 


ae 0.00465 
(3,450,000,000)(0.000125) 
106. 
(52,000,000)(0.000003) 
12 
TA 1.357 x 10 


(4.2 x 102)(6.87 x 1073) 
(3.82 x 105) 
(SSPGLO G2 al0e) 
72,400 x 2,300,000,000 

(8.67 x 104)? 
(5,000,000)3(0.000037)2 
(0.005)* 

(6,200,000)(0.005)? 
(0.00035)° 


108. 


109. 
110. 


111. 


112. 


115. Light Year One light year (the distance light can 


travel in one year) is approximately 9.45 x 1015 
meters. Approximate the time for light to travel 
from the sun to the earth if that distance is approx- 
imately 1.49 x 10!! meters. 


116. 


117. 


118. 


119. 


Ray 


121. 
122. 


123. 
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Distance to a Star Determine the distance (in 
meters) to the star Alpha Andromeda if it is 90 light 
years from the earth (see figure). See Exercise 115 
for the definition of a light year. 


B Alpha Andromeda 


90 light years 


ass of Earth and Sun _ The masses of the earth 
and sun are approximately 5.975 x 1074 and 
1.99 x 10%°, respectively. The mass of the sun is 
approximately how many times that of the earth? 


Metal Expansion When the temperature of an 
iron steam pipe 200 feet long is increased 75° C, the 
length of the pipe will increase by an amount 


75(200)(10 x 10~°). 


Find this amount of increase in length. 

Federal Debt In June 1998, the estimated popula- 
tion of the United States was 270 million people, 
and the estimated federal debt was 5506 billion 
dollars. Use these two numbers to determine the 
amount each person would have had to pay (per 
capita debt) to eliminate the debt. (Source: U.S. 
Bureau of the Census and U.S. Office of 
Management and Budget) 


__ Explaining Concepts 


In (3x)4, what is 3x called? What is 4 called? 
Discuss any differences between (—2x)~* and 
Le, 

In your own words, describe how you can “move” 
a factor from the numerator to the denominator or 
vice versa. 
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120. Kepler’s Third Law In 1619, Johannes Kepler, a 


German astronomer, discovered that the period T (in 
years) of each planet in our solar system is related to 
the planet’s mean distance R (in astronomical units) 
from the sun by the equation 

T2 
RB k. 


Test Kepler’s equation for the nine planets in our 
solar system, using the table. What value do you get 
for k for each planet? Are the values of k all approx- 
imately the same? (Astronomical units relate a 
planet’s period and mean distance to the earth’s 
period and mean distance.) 


11.861 
29.457 


19.190 
30.086 


Mercury | 0.241 


Jupiter 


Saturn 


Uranus 


Neptune | 164.784 
| Pluto | 248.350 


124. Is 32.5 x 10° in scientific notation? Explain. 
125. When is scientific notation an efficient way of 


writing and computing real numbers? 
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Wtpecmine che domancots The Domain of a Rational Function 


rational function. 


Algebra may seem simpler when you realize that it consists primarily of a basic 
set of operations, including addition, subtraction, multiplication, division, factor- 
ing, and simplifying, that are applied to different types of algebraic expressions. 
For instance, in Chapter 3 you applied these operations to polynomials. In this 
chapter, you will apply these operations to rational expressions. Like polynomials, 
rational expressions can be used to describe functions. Such functions are called 
rational functions. 


© Definition of a Rational Function 


Let u(x) and v(x) be polynomials. The function 


_ ulx) 
f(x) -, v(x) 


is a rational function. The domain of f is the set of all real numbers for 
which v(x) # 0. 


a S 


ge mi 
al 


jomial is the s 
I numbers. That is, 


Finding the Domain of a Rational Function 


Find the domains of the following rational functions. 


4 
a f)=—=5 ba a = 


3bs = Il 
x2 — 2x — 3 


Cc. A) 


Solution 
a. The denominator is zero when x — 2 = 0 or x = 2. So, the domain is all real 
values of x such that x # 2. In interval notation, you can write the domain as 
Domain = (— oo, 2) U (2, co). 


b. The denominator, 8, is never zero, so the domain is the set of all real numbers. 
In interval notation, you can write the domain as 


Domain = (—©o, 00). 


c. The denominator is zero when x? — 2x — 3 = 0. Solving this equation by fac- 
toring, you find that the denominator is zero when x = 3 or whenx = —1. So, 
the domain is all real values of x such that x # 3 and x # —1. In interval nota- 
tion, you can write the domain as 


Domain = (= co, 1) 04s namo 


Study Tip 


When a rational function is 
written, the domain is usually 
not listed with the function. It is 
implied that the real numbers 
that make the denominator zero 
are excluded from the function. 
For instance, you know to 
exclude x = 2 and x = —2 
from the function 


Shaheed, 
xr-—4 


fR) = 


without having to list this infor- 
mation with the function. 
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In applications involving rational functions, it is often necessary to place 
restrictions on the domain besides those that make the denominator zero. To indi- 
cate such a restriction, write the domain to the right of the fraction. For instance, 
the domain of the rational function 

2 

x20 
83) ire ie Sol 
Fx) xe 4 
is the set of positive real numbers, as indicated by the inequality x > 0. Note that 
the normal domain of this function would be all real values of x such that 
x # —4, However, because "x > 0" is listed to the right of the function, the 
domain is restricted by this inequality. 


elute) (wae An Application Involving a Restricted Domain @ 


You have started a small manufacturing business. The initial investment for the 
business is $120,000. The cost of each unit that you manufacture is $15. So, your 
total cost of producing x units is 


C = 15x + 120,000. 


Cost function 


Your average cost per unit depends on the number of units produced. For 
instance, the average cost per unit C for producing 100 units is 
Cc 15(100) + 120,000 


= Substitute 100 for x. 


100 


= $1215. 


Average cost per unit for 100 units 


The average cost per unit decreases as the number of units increases. For instance, 
the average cost per unit C for producing 1000 units is 


C= 15(1000) + 120,000 
1000 


Substitute 1000 for x. 


= $135. 


Average cost per unit for 1000 units 
In general, the average cost of producing x units is 


= Sco ae 


Average cost per unit for x units 


What is the domain of this rational function? 


Solution 


If you were considering this function from only a mathematical point of view, you 
would say that the domain is all real values of x such that x # 0. However, 
because this function is a mathematical model representing a real-life situation, 
you must consider which values of x make sense in real life. For this model, the 
variable x represents the number of units that you produce. Assuming that you 
cannot produce a fractional number of units, you conclude that the domain is the 
set of positive integers. That is, 


Domaine—nil,-2)354,.< ts 


The Granger Collection 
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Simplify a rational expression Simplifying Rational Expressions 
P P s 


using the Cancellation Rule. 


As with numerical fractions, a rational expression is said to be simplified or in 
reduced form if its numerator and denominator have no factors in common 
(other than +1). To simplify fractions, you can apply the following rule. 


© Cancellation Rule for Fractions 


Let u, v, and w represent numbers, variables, or algebraic expressions 
such that v # 0 and w # O. Then the following Cancellation Rule is 


valid. 
Be 
vw 
Be sure you see that this Cancellation Rule allows you to cancel only factors, 
not terms. For instance, consider the following. 
eae Ye i fi ez, 
Par ER tor 2. 
A(x ite 5) ou can Cancel Common factor 
: Se ex 
a : Oe Bar You cannot cancel common term 3. 
2 rr—C 5 
= ae ; : : : : ; : 
a the 1 Sch century, mathe e- ae Using the Cancellation Rule to simplify a rational expression requires two 


Steps: (1) completely factor the numerator and denominator and (2) apply the 
Cancellation Rule to cancel any factors that are common to both the numerator 
& and laying the foundation for and denominator. So, your success in simplifying rational expressions actually 
_comp ex numbers. At that ae lies in your ability to completely factor the polynomials in both the numerator and 

_ time, the properties of real o : denominator. 
_ numbers shad not been fi final- - 
“ized Teachin; g 3 at : the U niversity 
of | Berlin, Weierstrass recog- a 
a nized the » need for < a logical 3 
: “foundation f for “the t real a. ay 

= 


-maticians were expan nding 


pee 

F 
their knowledge of calculus aS 
ae Sie 

a 


Simplifying a Rational Expression 


ib 


e nt umbe er system. Hi s work con Simplify 


"tributed much to the formal 
-realn ‘number r system that forms - Solution 
the foundation of meee a f First note that the domain of the rational expression is all real values of x such 
_ algebra. i - 2 oe that x # 0. Then, completely factor both the numerator and denominator. 
te) ie 
20 OXON x) 
es = we Factor numerator and denominator. 
2k 13) 
= cy Cancel common factor 2x. 
ke ye 
= re Simplified form 


In simplified form, the domain of the rational expression is the same as that of the 
original expression, all real values of x such that x + 0. 


RSET 
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Simplifying a Rational Expression 


ses cael bs) 
Sx = OF" 


Zz 
Simplify ~ 


Solution 


The domain of the rational expression is all real values of x such that x # 3. 


Kee = 1S (Xie) = 3) 


Factor numerator and denominator. 


34 = 9% — * 3@'— 3) 
3 = ancel common factor (x : 
+ 
=* 3 2 x #3 Simplified form 


Canceling common factors from the numerator and denominator of a ratio- 
nal expression can change its domain. For instance, in Example 4 the domain of 
the original expression is all real values of x such that x # 3. So, the original 
expression 1s equal to the simplified expression for all real numbers except 3. 


Simplifying a Rational Expression 


arate tap abeak LOX, 
Simplify Re i oks bs 


Solution 


The domain of the rational expression is all real values of x such that x # —2 
and x # 4. 


eS oe x(x — 16) 
cea Be (22) (x= 4) 


[i x(x + 4)(x — 4) 


Partially factor. 


Factor completely. 


(x + 2)(x — 4) 
= ee aan Cancel common factor (x — 4). 
= x4), x#4 Simplified form 

x+2 


In this text, when simplifying a rational expression, we follow the convention 
of listing by the simplified expression all values of x that must be specifically 
excluded from the domain in order to make the domains of the simplified and 
original expressions agree. For instance, in Example 5 the restriction x # 4 must 
be listed with the simplified expression in order to make the two domains agree. 
Note that the value of —2 is excluded from both domains, so it is not necessary 


to list this value. 
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Study Tip 


Be sure to completely factor the 
numerator and denominator of 
a rational expression before con- 
cluding that there is no common 
factor. This may involve a 
change in sign to see if further 
reduction is possible. Note that 
the Distributive Property allows 
you to write (b — a) as 

—(a — b). Watch for this in 
Example 6. 


Setiy(-aae Simplification Involving a Change of Sign 


xt Ont 
Simplify Troe ee 
Solution 
The domain of the rational expression is all real values of x such that x # —3 
and x # 4. 
De OK a (OK el) 4) 
12 +x — x (4 — x)(3 + x) 


Factor numerator and denominator. 


_ Ox-e-4) ohm 
~ —@—4)G +x) Gs et er 

= — Cancel common factor (x — 4). 
= -2—. x#4 Simplified form 


The simplified form is equivalent to the original expression for all values of x 
except 4. Note that —3 is excluded from the domains of both the original and 
simplified expressions. 


In Example 6, be sure you see that when dividing the numerator and denom- 
inator by the common factor of (x — 4), you keep the negative sign. In the 
simplified form of the fraction, we usually like to move the negative sign out in 
front of the fraction. However, this is a personal preference. All of the following 
forms are legitimate. 

Pe dor ee Oe eas a ed 

34x 34+x =3 =x%,° —(G+ x) 

In the next three examples, the Cancellation Rule is used to simplify rational 

expressions that involve more than one variable. 


=chuls)(i7aa A Rational Expression Involving Two Variables 


ak 2 
Simplify ee 
y 


Solution 


The domain of the rational expression is all real values of y such that y # 0. 


3xy + yy? _ y(3x + y) 


2y 2y Factor numerator and denominator. 
_ x(3x +.y) 
oy, Cancel common factor y. 
SoS astay 
race # 0 Simplified form 
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Example 8 


A Rational Expression Involving Two Variables 


an ky ay 
Simplify =a 
Solution 


The domain of the rational expression is all real numbers such that x # 0 and 
x Fry. 


ax + 2xy — 4y? 20 = y)(e 29) 


Factor numerator and denominator. 


5x3 5xy? Ss Sx(x — y)(x + y) 
= ee Cancel common factor (x — y). 
5xlz—y)(x + y) 
PAD teas PAY 
- ae x #y Simplified form 


elite) (eewe A Rational Expression Involving Two Variables 


Thee heey Ye 
Simplify Ixy — xy?" 
Solution 
The domain of the rational expression is all real numbers such that x # 0, y # 0, 
and y # 2x. 


Veet (20 = Axes 
saa AS = (2x = y)(2x + y)y Factor numerator and denominator. 


Dxye— Kye (2x — y)xy 


= aes es yy Cancel common factors (2x — y) and y. 
(Qx—Yy)xy 


Sgt tay 


, 
} 


,y#0, y# 2x Simplified form 


As you study the examples and work the exercises in this chapter, keep in 
mind that you are rewriting expressions in simpler forms. You are not solving 
equations. Equal signs are used in the steps of the simplification process only to 
indicate that the new form of the expression is equivalent to the previous one. 


_ Error Analysis 


Suppose you are the instructor of an algebra course. One of your stu- 
dents turns in the following incorrect solutions. Find the errors, discuss 
the student’s misconceptions, and construct correct solutions. 
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Integrated Review Concepts, Skills, and Problem Solving 
Keep mathematically in shape by doing these 4, 3(y + 4) + 5 — (3y + 5) : 
exercises before the problems of this section. S36 / 5/4 = 213 + 4(x + 1)] 
Properties and Definitions 6. 5x + {3 — 2 — 3)] 
1. Define the slope of the line through the points 7. ( 2 : g == (2u?v)? 
os Gp y,) and (x5, Y>). x = Suh 


/ 2) Make a statement about the slope m of the line Problem Solving 


\“ for each of the following. 
ee ae / 9,/Determine the number of gallons of a 30% 


(a) The line rises from left to right. solution that must be mixed with a 60% solu- 


(b) The line falls from left to right. tion to obtain 20 gallons of a 40% solution. 
athe ine ebowental. 10. A suit sells for $375 during a 25% storewide 
(d) The line is vertical. clearance sale. What was the original price of | 
Simplifying Expressions gos 
In Exercises 3-8, simplify the expression. 
S25) 3. (2x3) 
Developing Skills 
In Exercises 1-20, find the domain of the expression. In Exercises 21-26, evaluate the function as indicated. 
See Example 1. If not possible, state the reason. 
ne) 9 a Ax 
1. e } = 
ee ees et) Xi .3 
ees 4 2” (a) f(1) (b) f(—2) 
ar] perce (c) f(-3) (d) f0) 
2 aa De nO 
5 Sr 22. f(x) = 
1, xt — 22 — 5 esaceenered EY) (cA) 
(c) f(—2) (d) f(12) 
9, 10. x 4x 
ie aed xi 10 23, g(x) = at 
> _ — 
va ea (a) (0) (b) 9(4) 
yy + 3) az — 4) (c) (3) (d) g(—3) 
St 56 Z 
pore 
EN ETE eer (24) a0 25 
ri Obes fie aes (a) g(2) (b) 9(5) 
y2 — 3y 7" P+ 5t (c) g(—2) (d) g(0) 
8x 3t s2 
Ws eG ha eae 25h eos 
is u a0 hae as (a) h(10) (b) h(0) 


"/3u2 — 2u — 5 " dy? — 5y — 6 (c) h(-1) (d) h(2) 
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A etrit 1:6 
264) = x — 6x +9 
(a) f(— (b) f(3) 
(c) f(—2) (d) f(2) 


In Exercises 27-32, describe the domain. See Example 2. 


ee 

9? Geometry A rectangle of length x inches has an 
area of 500 square inches. The perimeter P of the 
rectangle is given by _ 


= a(x =F 200) 
% 


Cost The cost C in millions of dollars for the gov- 
ernment to seize p% of a certain illegal drug as it 
enters the country is given by 


_ 5928p 
100° —p* 


28. 


29. Inventory Cost The inventory cost J] when x units 
of a product are ordered from a supplier is given by 


0.25x + 2000 
eaakis elas. 


(30, Average Cost The average cost C for a manufac- 
turer to produce x units of a product is given by 


1.35x + 4570 
ieee in: 


i 


C= 


Pollution Removal The cost C in dollars of remov- 
ing p% of the air pollutants in the stack emission of 
a utility company is given by the rational function 


_ 80,000p 

~ 100 -p 
Video Rental The average cost of a movie video 
rental M when you consider the cost of purchasing a 
video cassette recorder and renting x movie videos at 
$2.49 per movie is 


150 + 2.49x 
=a eae 


SIF 


32. 


M= 


In Exercises 33-40, complete the statement. 


ofl WS) 
ny et = 3 
(ss. oe. 6 
<aealt ) d 
= # 10 
is(e= 10) 4 15" 
3x(x + 16)? x 
Se yok 16 
33.) 2 7 


25x2(x — 10) _ 
6. a) > 


aif 3x2(x — 2) 


BLU ) 


y> =4 
8x( Oy 


sar ALS | = 


4: 23 + 272 


In Exercises 41-78, 


Examples 3-9. 


Gap 3 
*@+6at+9 

eo Ie 
* x2 — 14x + 49 

pe Ay 
Sy tye 
x — 4x 
Set Sesh @ 
Oi ee 0 
12+x-—x 


2x? + 19x + 24 


2x2 — 3x —9 
15x? + 7x — 4 
25x2 — 16 


(x + 5)(9) _ 


@- a0) 3-2 


5X 


ae 
x 


x#10, x#0 


ie 
eae 
sy 7 
ver. 


x#2 
y#2 


_ x - —2 


2? z#—2 


aj 


simplify the expression. 


32y 
24 

Je 

i avag 
16yz* 
60y°z 
eee + 4 
e7 20x 
a’b(b — 3) 
b*(b — 3)? 


42. 


44, 


46. 


(eer 


50. 


u* — 12u + 36 
i116 
a z+ 222 + 121 
(58> 3z aed 
x? —"Tx 
sia a Pe 
ee 
Fes dl be 
2x* + 3x:— 5 
7 — 6x — x 
2y + sy 20 


56. 


62. 


64. 


o: 29? + 1Tyst 30 


a Oc oa 20 
gs 4922 — 16 
x + 3xry 
Sx ite 1 


70. 
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See 
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3 eee ie, fae) 
at ee ee Spy ee 
5(3y + 24x) x + 5z 
Oxia oy Wer | Te 
(his Sepe e a ae a 
3 18uv 
ue 4y* xt aay 
nt u2 + uv — 2? ihe me Sy 
a7 ee ae bs ay OA) = 
GE + 4mn + 4n? VP 3xy 27 


In Exercises 79-82, explain how you can show that the 
two expressions are not equivalent. 


= —4 
pt chee 80. —_ # -4 
SG tle. lg xl 
SL wee et phage 25) 
Solving Problems 
Geometry \n Exercises 85 and 86, find the ratio of the 


area of the shaded portion to the total area of the 
figure. 


(35,) 


86. 


a {SEAL 
|< x >| 


3x 


87. Average Cost A machine shop has a setup cost of 
$2500 for the production of a new product. The cost 
for labor and material in producing each unit is 
$9:25: 


(a) Write the total cost C as a function of x, the num- 
ber of units produced. 


(b) Write the average cost per unit C = C/x as a 
function of x, the number of units produced. 


(c) Determine the domain of the function in part (b). 
(d) Find the value of C(100). 


In Exercises 83 and 84, complete the table. What can 
you conclude? 


88. Average Cost 
tial investment of $60,000. The cost of producing 
one dozen cards is $6.50. 


A greeting card company has an ini- 


(a) Write the total cost C as a function of x, the num- 
ber of cards in dozens produced. 


(b) Write the average cost per dozen C = C/x as 
a function of x, the number of cards in dozens 
produced. 


(c) Determine the domain of the function in part (b). 
(d) Find the value of C (11,000). 


els at an average speed of 45 miles per hour. Three 
hours later, a car starts on the same trip and travels at 
an average speed of 60 miles per hour. 


Sei Traveled A van starts on a trip and trav- 


(a) Find the distance each vehicle has traveled when 
the car has been on the road for t hours. 


(b) Use the result of part (a) to write the distance 
between the van and the car as a function of f. 


(c) Write the ratio of the distance the car has trav- 
eled to the distance the van has traveled as a 
function of f. 
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90. Distance Traveled A car starts on a trip and travels 
at an average speed of 55 miles per hour. Two hours 
later, a second car starts on the same trip and travels 
at an average speed of 65 miles per hour. 


(a) Find the distance each vehicle has traveled when 
the second car has been on the road for ¢ hours. 


(b) Use the result of part (a) to write the distance 
between the first car and the second car as a 
function of ft. 


(c) Write the ratio of the distance the second car has 
traveled to the distance the first car has traveled 
as a function of f. 


91. Geometry One swimming pool is circular and 
another is rectangular. The rectangular pool’s width 
is three times its depth. Its length is 6 feet more than 
its width. The circular pool has a diameter that is 
twice the width of the rectangular pool, and it is 
2 feet deeper. Find the ratio of the circular pool’s 
volume to the rectangular pool’s volume. 


C Geometry A circular pool has a radius five times 
its depth. A rectangular pool has the same depth as 
the circular pool. Its width is 4 feet more than three 
times its depth and its length is 2 feet less than six 
times its depth. Find the ratio of the rectangular 
pool’s volume to the circular pool’s volume. 


Cost of Medicare \n Exercises 93 and 94, use the 
following polynomial models, which give the total 
annual cost of Medicare C (in billions of dollars) and 
the U.S. population enrolled in Medicare P (in millions) 
from 1990 through 1996 (see figures). 


107.30 + 15.09t 
P = 34.26 + 0.65¢ 
_ Explaining Concepts 


Si i Se ae Be as 


95. Define the term rational expression. 

96. Give an example of a rational function whose 
domain is the set of all real numbers. 

97. How do you determine whether a rational expres- 
sion is in simplified form? 

98. Can you cancel common terms from the numerator 
and denominator of a rational expression? Explain. 


In these models, t represents the year, with t = 0 corre- 
sponding to 1990. (Source: U.S. Health Care 
Financing Administration) 


Cost of Medicare 


U.S. Population 
Enrolled in Medicare 
P 


Olen 233.84" -5 76 
Year (0 < 1990) 


Cost (in billions of dollars) 
Number (in millions) 


0) tee 3n45 5 26 
Year (0 © 1990) 


93. Find a rational model that represents the average 
cost of Medicare per person enrolled during the 
years 1990 to 1996. 


94. Use the model found in Exercise 93 to complete 
the table showing the average cost of Medicare per 
person enrolled. 


| 1990| 1991| 1992 | 1993 


| 


| 1994] 1995) 1996 


99, Explain the error in the following. 
Le 2 


2 +4 


100. Is the following statement true? Explain. 


ae 


—] 
5) = Oy 
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Multiply rational expressions 
and simplify. 


Multiplying Rational Expressions 


The rule for multiplying rational expressions is the same as the rule for multiply- 
ing numerical fractions. 


SP eS peel 


De HE Boe A 
That is, you multiply numerators, multiply denominators, and write the new 
fraction in simplified form. 


> Multiplying Rational Expressions 


Let u, v, w, and z be real numbers, variables, or algebraic expressions 
such that v # 0 and z # 0. Then the product of u/v and w/z is given by 


In order to recognize common factors, write the numerators and denomina- 
tors in factored form, as demonstrated in Example 1. 


sclul(dt |) Multiplying Rational Expressions 


Multiply the rational expressions. 


4xty | = 6x?y? 
oxy LOX 
Solution 

by 64? (tv) (67) | 
3xy4 10x4 (3xy*) + (10. 4) ultiply numerators and denominators. 

oe = ZAR War 

i: 30x54 Simplify. 

ms Sohail) Factor and cancel 

cel. 
S(6)(x*))(y) 
Sy’ x Simplified form 
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Multiplying Rational Expressions 


Multiply the rational expressions. 
esa cae peepee mt 
S20 2x7 ens 

Solution 
pe Song eee ee) 
5x7) 200 2x +x =13 


= exe 74) Multiply numerators and 
- (5x2 — 20x) + (2x2 + x — 3) denominators. 
seen ited = ae 
Sx(x — 4)(x — 1)(2x + 3) oon 
Fea es 4) oh oe Re 
— 5x(x—4) (x = 1)(2x de 3) ancel common factors. 
Penal ese: Simplified form 


"5G 1Qe43) 


Multiplying Rational Expressions 


Multiply the rational expressions. 
AX tend ey Mes keh O 
x7 + 2x -— 3 4x 
Solution 
4x2 — 4x ccna arm’ 
x7 + 2x —3 4x 
ea Oe) 2) 
(x — 1)(x + 3)(4x) 
= Ail Tlae-+ 3x = 2) Cancel common factors. 
(—T) (e+ 3) (4x) 


= se > cee; sos il, 52 S38 Simplified form 


Factor and multiply. 


The rule for multiplying fractions can be extended to cover products involv- 
ing expressions that are not in fractional form. To do this, rewrite the nonfrac- 
tional expression as a fraction whose denominator is 1. Here is a simple example. 


x+3 ot Sage) Sx 
es | 
Be )(54) 
Virg=2 
5x(x + 3) 
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In the next example, note how to divide out a factor that differs only in sign. 
The Distributive Property is used in the step in which (y — x) is rewritten as 


(=HGsam): 


Multiplying Rational Expressions 


Multiply the rational expressions. 


ny me ae ee 2 
y= ae abe = (6) 


Solution 


ee ee 
Ne gio Bo = Oy 


= See). . (x es 2y)(o a y) Factor. 
(yx) Ge x) 302225) 
ay (X= 2y) (ay) 


= G+ #(-1) — 9) : 50 aa Factor: (y — x) = —1G@ = yi 


(oy) ee 2y) ray) 


= Multiply. 
CP DEelas Cia 2y) Le 
= BV 29) +) Cancel common factors. 
(+ 9)(— 1)G-—9)(3) 29) 
1 
= ey x#y, x # —y, x # 2y Simplified form 


The rule for multiplying rational expressions can be extended to cover prod- 
ucts of three or more fractions, as shown in Example 5. 


is elule)(-eeee Multiplying Three Rational Expressions 


Multiply the rational expressions. 


Se eee ee aie a 2a 
x+2 x-2 x*-—5x 


Solution 


MeuTySk ayy 3x 2x +4 


BOG Me ee hyp 
_ & = I = 2)3)@)2)@ + 2) . 
(x + Nx — 2)Ox)(x = 5) Factor and multiply. 


_ & = 1G 2)(3)@J(2) +2) 
Oe +2) — 2) lay (x = BY) Cancel common factors. 


O(n) 
= ee x #0, x #2, x # —2 Simplified form 


Divide rational expressions and 
simplify. 
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Dividing Rational Expressions 


To divide two rational expressions, multiply the first fraction by the reciprocal 
of the second. That is, simply invert the divisor and multiply. For instance, to 
perform the following division 


Oe 4 
x+3 x-1 


invert the fraction 4/(x — 1) and multiply, as follows. 


Meare aie DL Fnvert diviconand sanltipl 
. = ® nve ivisor and multi 2 
jaar ey oe Sal x+3 4 ys 
xx = 1) Multipl d denomi 
Se ae RAS ult numerators an enomunators. 
(x + 3)(4) Pe 
x(x — 1) eacre 
Sea eT eee imputry. 
A(x + 3) as 


> Dividing Rational Expressions 


Let u, v, w, and z be real numbers, variables, or algebraic expressions 
such that v # 0, w # 0, and z # 0. The quotient of u/v and w/z is 


Dividing Rational Expressions 


Perform the division. 


DS eS 
3x -12 »-—6x4+8 


Solution 
Deg 5 82 Ds 
3x —12 x2 -6x+ 8 
2, x7 — 6x + 8 
 3x-12 2-2 


_ Dex = Yee = 4) 
Be — HO) — 2) 


Invert divisor and multiply. 


Factor and multiply. 


= (2)()(a—2)(a—4) Cancel common factors. 
(3)(2—4)@)(—-7) 
= = x#0,x#2,x#4 — Simplified form 


Remember that the original expression is equivalent to 2/3 except for x = 0, 
x =2,andx = 4. 
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Simplify a complex fraction. Complex Fractions 


Problems involving division of two rational expressions are sometimes written as 
complex fractions. A complex fraction is one that has a fraction in its numerator 
or denominator, or both. The rules for dividing fractions still apply in such cases. 


Simplifying a Complex Fraction 
(+2?) (22?) 


B= 3 ; 
Rewrite denominator. 


Te Gok 


Lene payin’ & 1 
i a aa a rea Invert divisor and multiply. 


x= os 4x + 12 


a (x — 1)(x + 3) : 
GeaIaGn = 3) (4) ez a 3) actor. 
= SoS Cancel common factor. 
= | 
ae a x#-3 Simplified form 


Note that in Example 7 the domain of the complex fraction is restricted by 
the two denominators in the expression, x — 3 and 4x + 12. So, the domain of 
the original expression is all real values of x such that x # 3 and x # —3. 


10,000 | 100,000 
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Integrated Review 


Keep mathematically in shape by doing these 


exercises before the problems of this section. 


Properties and Definitions 


1. Explain how to factor the difference of two 


squares 9t? — 4. 


2. Explain how to factor the perfect square trino- 


mial 4x2 — 12x + 9: 


3. Explain how to factor the sum of two cubes 


8x3 + 64. 


Factor 3x? + 13x — 10, and explain how you 


can prove that your answer is correct. 


Algebraic Operations 


In Exercises 5-10, factor the expression completely. 


Se 20 6. 64 — (x — 6)? 


Developing Skills 


In Exercises 1 and 2, evaluate the function as indicated. 
If not possible, state the reason. 


Expression Values 
— 10 
GQ. fa) == (a) f(10) —(b) (0) 
bi (c) f(—2) — d) f(42) 
2. gy) = (a) (0) (b) 94) 
z (c) 9(3) (d) g(-3) 


In Exercises 3-10, complete the statement. 


Tx2 7 
ee 

3y(fee) By 

14x(x — 3) 2x 
ee , x #3 
C= 3G) «3 * 
3x(x + 2) 3x 
RE ee ey 
a —4(@e) <-4 * 

3 

ee) Sd oe | 
x( ae ) x 

Bula) _ 3u Avie. i4 


ue Iv(ut+1) 7 


Concepts, Skills, and Problem Solving 


8. 162 + 8f+1 
10. 8x7 + 1 


(115? Eel Ko oo 
CD y — 64 
Graphs 
In Exercises 11 and 12, sketch the graphs of the 
lines through the given point with the indicated 
slopes. Make the sketches on the same set of 
coordinate axes. 
Point Slopes 
(1.2,-3)  @ 0 —(b) undefined 
©2 @-3 
12. £—1, 4) (a) 2 (b) —1 
(c) 3, (d) undefined 


2( )_  # 
“x27 - 10x 10-x’ 


x#0 


In Exercises 11-40, multiply and simplify. See Examples 
jas a 


7 
78° 60 L 12. 24\—73 
) =~ 6 
151s aS 14, 5a (25a) 
85° 6s” 3x4 8x 
ets oe Maas 
Aq) Web 18, 253 =e 
35x 
— 0 
6 (@ = / = ee 
19. Serge et L220 eens so 
2 = 2 
31 Buy uty 2 1—3xy  46x+y 


Seep elon *aey 15 — 45xy 
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IOS ag 3 
ease 112 
yo Sia ai 
4 : 
2 he ees 
(2x — 3)(x + 8) x 
rae be oly, 
x + 145 x(x —210) 
26: x3(10 — x) 5 
7 Cpt OE eet 
ae Pan r= Ss 
Saez 0 ey ise © 
© Dyer eerie 
Lig alo met t= 6 
cea = i = 101.49 
40. a SUNG Bi = Say 


y+t+8yt+16 y—6y+8 


31. (x? — 4y’) - zy 


(Qin 2y)2 
+2 
32 (ney) 
I = Dy 
33 dpe PAR ict Gn Sees 
° (x + y)? x + 3y 
34 eB ee ies line 
~ x + 2y = Aye 
ag) et 5 2h = 9x - 5, os ac all 
S47 x-5 3x27 4+x-2 x2+7x4+ 10 
2+4t4+3 t 2 + 4 
36. 


PTO. 2a “Pea: 

Oi ae OXI en OX ES 

“Ox+3 4x7-—8x+3 8x? + 4x 

(ates ON tee ia Lea S alae ee 
"Ax? + 9x +5 x? — 12x +36 4x2 -— 13x43 
pe eb” es Ay Rees) 

ge = Bye ae Se) % 

xu — yu t+ xv — yy xu + yu + xv + yv 


37 


39. 


40. 
5G ae WW = SHY = YP XG — WP SY SP TY 


In Exercises 41-60, divide and simplify. See Examples 6 
and 7. 


45. 


46. 


51. 


53) 


35. 


In 


bare, Sales 


10u2v 45uv 
SIGs 0S N= 
60x3y2 16x? 
OEP: | wai 
4 2 
x eee re 
~ 5a +2) 52-4) 
(xy)? 
ey) 
x2 —y? 
2x2 — 8x 
5p 
io 


(5) 52. 

& 
(25) 
potag as: 


( 10x 

Se Ae 

LOX EES ele ane Oe ee 

Byer SESS be se eae 

Ox? = DAs IORRGK Saat 

"x2 + 10x +25 39 2x2 + 3x — 35 

ae a Bee Jas su = (ore x +3 
r—4 “2+ 4x44 


Rees! 
" (x + 2y)3 
Jeans - il 


as 
a 
es 


Ears, 
x7 + 8x4+7 


54. 


OE On ON tats Otto 
EO REN 


p= 2D 
(i) be te See 1) 
x*>-—4x+4 60 (3 — 20x + 2) 
; (2 + 4x — ) i (= — 5x - *4) 
4x? — 25 


Kamara 4 
Exercises 61-68, perform the operations and sim- 


plify. (In Exercises 67 and 68, n is a positive integer.) 
Ok I ee 
ieee soe e) AE ea Ay? + Ay +11 
62. : = 
xe foe) ie ee ois 
63. EF yar +3)]+2 


Section 4.3 


w—u-4 3u2?+12u+4 
— am Sas 
u 3u 


65. ae et x y 


3x7 + 5x +2 x+5 x+1 
66 fee OND SP 50t | (all 
Ar i++ 102° © 5t 
Dns 2n 
2p lim ie, le 2 
et hymna 32 x 


Cc xr) — 8x 2 See ae eee 
x27 + Ax" + 1 x je 


= In Exercises 69-72, use a graphing utility to graph the 
two equations on the same screen. Use the graphs to 
verify that the expressions are equivalent. Verify the 
results algebraically. 


_ Solving Problems — 


Geometry \n Exercises 73 and 74, write an expression 
for the area of the shaded region. Then simplify. 


2w +3 


2w +3 2w +3 


Nl= 


NI= 


74. 


WIE WIS WIS 


Probability \n Exercises 75-78, consider an experi- 
ment in which a marble is tossed into a rectangular box 
with dimensions x centimeters by 2x + 1 centimeters. 
The probability that the marble will come to rest in the 
unshaded portion of the box is equal to the ratio of the 
unshaded area to the total area of the figure. Find the 
probability in simplified form. 


Multiplying and Dividing Rational Expressions 


69, y, = 42 
yo = Gam x #0, re 3 

70, oc =i 158 
y= x#x+5 

1 y= 252 +i 
=> GES 

Ips yet ort 9) 
y, = et) x3 
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78. 


|<—_—_—___ » ——__> | 


Ags sa | 


79. Photocopy Rate A photocopier produces copies at 
a rate of 20 pages per minute. 


(a) Determine the time required to copy 1 page. 
(b) Determine the time required to copy x pages. 
~. (c) Determine the time required to copy 35 pages. 


80. Pumping Rate The rate for a pump is 15 gallons 
__- per minute. 


(a) Determine the time required to pump 1 gallon. 
(b) Determine the time required to pump x gallons. 
(c) Determine the time required to pump 130 gallons. 


Rational Expressions, Equations, and Functions 


=| 81. Analyzing Data The number N (in thousands) of 


subscribers to a cellular telephone service and the 
annual revenue R (in millions of dollars) generated 
by subscribers in the United States for the period 
1990 through 1996 can be modeled by 


N = 6357 + 1070¢? and R = 6115.2 + 590.7t? 


‘ where f is time in years, with t = 0 representing 
1990. (Source: Cellular Telecommunication 
Industry Association) 2 
(a) Use a graphing utility to graph the two models. 
(b) Find a model for the average monthly bill per 

subscriber. (Note: Modify the revenue function 
from years to months.) 


(c) Use the model in part (b) to complete the table. 


(d) The number of subscribers and the revenue were 
increasing over the last few years, and yet the 
average monthly bill was decreasing. Explain 
how this is possible. 


Explaining Concepts ——s_© 


82. In your own words, explain how to divide rational 
expressions. 

83. Explain how to divide a rational expression by a 
polynomial. 


84. Define the term complex fraction. Give an example 
and show how to simplify the fraction. 


85. Error Analysis Describe the error. 


cme ol 
Spe 


Let oe 
f= OP Ae 
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Take this quiz as you would take a quiz in class. After you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-4, rewrite the expression using only positive exponents, and 
simplify. (Assume that any variables in the expression are nonzero.) 


1. (2)-43A) 2. (3x?y~!)(4x-2y)~? 
10u~? j (10x)° x7? 
Sere i (x?) 


5. Write each number in scientific notation: (a) 13,400,000; (b) 0.00075. 


6. Evaluate each expression without using a calculator. 


3.2 x 104 
3)4 ches 
» + 
7. Determine the domain of ay eg 
y(y — 4) 


8. Evaluate h(x) = (x? — 9)/(x? — x — 2) for the indicated values of x. If it is 
not possible, state the reason. 


(a) h(-3) = (b&) h0)—_ (©) A(-1)_— @) 6) 


In Exercises 9-14, write the expression in reduced form. 


Sy? 8urv2 rl 4x? — 1 
ME Gy * 36uv3 x 28 
(z + 3)? Tab + 3a*b? mie 1 
oh 227 + 5z -3 ab ee 2m? + mn — n? 


In Exercises 15-20, perform the operations and simplify your answer. 


2 9 : 5 
actos GS . a 
Lesa eee 16 Ge, 
"7 4 ‘ 12x 18 Die) Lene 
8 1), 6 ae) * 3(u + v) 3v ~ 18(u — v) 


Ot? 10 
3-t 20 x2 + 2x 


6t (= 15 
i=3 x7 +3x+2 


21. You start a business with a setup cost of $6000. The cost of material for 
producing each unit of your product is $10.50. 


19. 


(a) Write an algebraic function that gives the average cost per unit when x 
units are produced. Explain your reasoning. 


(b) Find the average cost per unit when x = 500 units are produced. 
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1 Add or subtract rational expres- Paning or Subtracting with Like Denominators 


sions with like denominators and 


simplify. 


Study Tip. 


Z dding or subtracting two 
(ort nore) rational. expressions, 
check the ee fraction to 


illustrated i in Example 2 


As with numerical fractions, the procedure used to add or subtract two rational 
expressions depends on whether the expressions have like or unlike denominators. 
To add or subtract two rational expressions with like denominators, simply com- 
bine their numerators and place the result over the common denominator. 


> Adding or Subtracting with Like Denominators 


If u, v, and w are real numbers, variables, or variable expressions, and 
w # 0, the following rules are valid. 


Li ae WY 


1. = Add fractions with like denominators. 


Subtract fractions with like denominators. 


Adding and Subtracting with Like Denominators 


Load BAD Ae 83) ee 
Al 4 4 va 


Subtracting Rational Expressions and Simplifying 
x 


ee oe lo oe ao 
a ear 2 epee Subtract. 
a eel F 
a = 3) iG fa 1) ‘actor. 
4 Sen (1) 7 Cancel common factor. 
1 
= ame # 3 Simplified form 
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The rules for adding and subtracting rational expressions with like denomi- 


nators can be extended to cover sums and differences involving three or more 
rational expressions, as illustrated in Example 3. 


Combining Three Rational Expressions 


x*-—-26 2x+4 10+x 
———— —- == + —— 
w= Ss je 5 eS 


ye? nes 26) = (2x + 4) ete (10 ails x) Write numerator over 


a common denominator. 


bier) 

x — 26—2x—-44+ 104% aoe 

= Distributive Property 
es) 
Ricestcsi20 Sere 
= oS implify. 
MET 14 
Factor and cancel 
= G:—S)(x + 4) common factor. 
pati) 

=x+4, x#5 Simplified form 


Add or subtract rational expres- Adding or Subtracting with 


sions with unlike denominators and 


simplify. 


Unlike Denominators 


To add or subtract rational expressions with unlike denominators, you must first 
rewrite each expression using the least common multiple (LCM) of the denom- 
inators of the individual expressions. The least common multiple of two (or more) 
polynomials is the simplest polynomial that is a multiple of each of the original 
polynomials. This means that the LCM must contain all the different factors in the 
polynomials and each of these factors must be repeated the maximum number of 
times it occurs in any one of the polynomials. 


Sets) ae Finding Least Common Multiples 


a. The least common multiple of 
Oe ane ee Oe oe aN Oe — ne Se yet 
i952 3) 33) rar eee = 18x. 
b. The least common multiple of 
no ee — ol) cand 2x%—.2 = 2 — a1) 
is 2x(x — 1). 
c. The least common multiple of 
3x2 + 6x = 3x(x + 2) and x7 + 4x+4= (x + 2)? 


is 3x(x + 2)?. 
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To add or subtract rational expressions with unlike denominators, you 
must first rewrite the rational expressions so that they have like denominators. 
The like denominator that you use is the least common multiple of the original 
denominators and is called the least common denominator (LCD) of the origi- 
nal rational expressions. Once the rational expressions have been written with like 
denominators, you can simply add or subtract these rational expressions using 
the rules given at the beginning of this section. 


% 


Adding with Unlike Denominators 


Add the rational expressions: ae ae ah 
GH WLOX 
Solution 


The least common denominator of 6x and 8x is 24x, so the first step is to rewrite 
each fraction with this denominator. 


we ae 5 = 7(4) a 5 (3 ) Rewrite fractions using LCD 
6x 8x 6x(4) 8x(3) of 24x. 
_ 28, 1b ; . 
Ax Ax Like denominators 
_ 28 +15 | 
DAx Add fractions. 
43 
= Ax Simplified form 


Subtract the rational expressions: 


Solution 
The least common denominator is (x — 3)(x + 2). 


3ama td 005 
Neate Lets 2: 
ke 3(x + 2) pe) Gre) Rewrite fractions using LCD 
(93) HD ei 3 eae?) of Gi= 3G 2) 
2 Om TOF ES Bek 1 ald Lae 
(x = 3)(x i 2) @& =, 3) (x 2 2) Distributive Property 
(6x 6) = Oren 5) 
= (x 33) (x 7) Subtract fractions. 
i Xie One OX tend 
a NE 2ICED.- Distributive Property 
a aed 
ae @& — 3) + 2) Simplified form 


SRA RSIS 


a 


Study Tip 


In Example 7, the factors in the 
_ denominator are x? — 4 = 

(x + 2)(x — 2) and2 — x. 
Because 


Q— x) =(-1)@ = 2), 


the original addition problem 
can be written as a subtraction 
problem. 
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Stel (Wa Adding with Unlike Denominators 


3 


7 GAQES2)” —D&=2) 
TG 2) Geo em C2) 


TAD) Ge Dya GE. DG—2) 


6x S) 
ee Sy ay 
6x 
6x 
= 6x 
56x = (3x46) 
(x +\2)(x — 2) 
SON ea O 
(x + 2)(x — 2) 
= 3457-0 
~ (x + 2)(x — 2) 
_ 3-2) 
oe) 
er jae Pe 


3(x+ 2) 


3x + 6 


Factor. 


Rewrite fractions 
using LCD of 
Ate) (ee) 


Distributive Property 


Subtract. 


Distributive Property 


Simplify. 


Factor and cancel 


common factor. 


Simplified form 


= <luile)(-te Combining Three Rational Expressions 


Die 4 1 


——— + 
6x +9 2x74+ 3x x 
pes = )) a) 


~ 3(2x + 3)(x) ~— -x(2x + 3)(3) 


Di OKA ls 12 
BORE EW Bba@h ears) 


Nr oh VI ek 


3x(2x + 3) 
ee pa 
~ 3x(2x + 3) 
~@ = Wess) 
© 3x07 3) 


(x)(3)(2x + 3) 


6x + 9 
3x(2x + 3) 


Rewrite fractions 


using LCD of 


3x(2x + 3). 


Distributive Property 


Combine numerators. 


Simplify. 


Factor. 


Cancel common factor. 


Simplified form 
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Simplify a complex fraction. 


Complex Fractions 


Complex fractions can have numerators or denominators that are the sums or dif- 
ferences of fractions. To simplify a complex fraction, first combine its numerator 
and its denominator into single fractions. Then divide by inverting the divisor and 
multiplying. 


Simplifying a Complex Fraction 


= 43) 


A 
LUD UY tye eae 
3 
2-2) 
Xx 
Solution 
aS 5e 
ome | | 
= Find least common denominators. 
=) E3 
Xx JE Xx 


Es mn ca ee Add fractions in numerator 


(2 = *) and denominator. 
Xi 
sont az Invert divisor and multipl 
= : nvert divisor and multiply. 
da oes oe 
mba ©) 
= oe OEE 0 Simplified form 
4(2x — 3) ‘ 


Another way to simplify the complex fraction given in Example 9 is to 
multiply the numerator and denominator by the least common denominator of 
every fraction in the numerator and denominator. For this fraction, notice what 
happens when we multiply the numerator and denominator by 4x. 


\ 
ato) GA) 
= . ax Multiply numerator and denominator 
(2 2 3) (2 a 3) 4x by LCD of 4x. 


X Xx 

x 3 
(4%) + 3 (4x) 

= Distributive Property 
2(4x) — —(4x) 

Tea Ox Nae 

= Ge 10 Simplify. 
x(x + 6) 


4(ox — 3)" x #0 Simplified form 


= 
x 
Fy 
> 
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(5) 


Simplify i ETN 
(. ap 2 a :) 


Solution 
The least common denominator of the fractions is 


x(x + 2). 
Multiplying each fraction by this LCD yields 
2 2 
( aa 5] (- ce 5) ote deo) Multiply ee 
Li a a LCD of x + 2)” 
(- rer + 2) sat Za +2) + pics + 2) 
en Koni 
x + 2(x +2) ee 
= Zee 52 Go = 2598 sa (OU) Simplified form 


The factors of the LCD cannot be equal to zero in order for the expression to be 
defined. So, for the reduced form of the expression you must specify that x # —2 
and x # 0. 
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Integrated Review 


Keep mathematically in shape by doing these | 


exercises before the problems of this section. 
Properties and Definitions 


1. Write the equation Sy — 3x — 4 =0 in the 


following forms. 
(a) Slope-intercept form 
(b) Point-slope form (many correct answers) 
. Explain how you can visually determine the 
sign of the slope of a line by observing its graph. 
Simplifying Expressions — 
In Exercises 3-10, perform the multiplication and 
simplify. 
3. —6x(10 — 7x) 
5, (11 — x)(11 + x) 


CB (x + Re 


4..(2 = y)(3 4229) 
6. (4 — 5z)(4 + 5z) 
8. ¢(22 + 1) — #(t2 — 1) 


Developing Skills 


In Exercises 1-18, combine and simplify. See Examples 


1-3. 


(3/ 


7 5 


as Vythart 

Pal ole fy as 

Sano ES aD 

2 i 5, WE dks 

3 BM rk 3 ie 

So ee age \t ayy 

“Gm 169 area a 

ih oa: 10x27 +1 10x? 
Ceol Nhe oe 
pax +5 1x 16a eo 
ars 5m a 3 194. 52 — 5 

by aya 3 Ty alu 2 27 Neu 2 
3 3 Se 9 9 
Sy Pn Pa AN) Seal 5 = ae 

4 — 6 WSe “x¥+4 ear al 
meee = i 18 fis 5 ies 10) 
x(x— 3) xx-3) °“25+5 2w+5 


AD 5x?, 2023 
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Concepts, Skills, and Problem Solving 


(G? (x — 2)(x? + 2x + 4) 
40. At — 4)(2t + 3) 
Creating Expressions 


In Exercises 11 and 12, find expressions for the 
perimeter and area of the region. Simplify the 


expressions. 
1 : 


12. 


4x 


In Exercises 19-30, find the least common multiple of 
the expressions. See Example 4. 


20. 1427, 422° 

9y3, 12y 22. 44m?, 10m 
15x2, 3(x + 5) ( 2M 6x2, 15x(x — 1) 
63z2(z + 1), 14(z + 1)4 

18y?, 27y(y — 3)? 
8r(t + 2), 14(t2 — 4) 
6(x? — 4), 2x(x + 2) 
P+ 322 + 94, 212(12 — 


21. 
23. 
25. 
26. 
278 
29. 
30. 


(38, 2y? + y — 1, 4y? — 2y 


9) 


In Exercises 31-36, find the missing algebraic expres- 
sion that makes the two fractions equivalent. 


a 
(31. = 
dal th x #0 
3y(x — 3)? 21y 
32, —— _._ = 
(3) ee tees 
Sr ere; 
“3v(ut+ 1) 3v’ a 


Section 4.4 
(3t + 5)( ) 3t4+5 5 
i, EIA __ Lage ts = 

021 =5) Bp) ES 
Ty( ie ) Ty 

35. as a te x#-2 
4x?/( 4x? 

seen 10 — x’ aie 


In Exercises 37-44, find the least common denomina- 
tor of the two fractions and rewrite each fraction using 
the least common denominator. 


OD x, : e ae (s AL se + : = 2s 
XT m= F TD) 
Se remepaeees errarnr rare 
ee 5s Fass 
44, 3y aim 


Dee elas gy 


In Exercises 45-78, perform the operation and simplify. 
See Examples 5-8. 


as ee 
a7. 24 48 a5 e 
49, + 50, > - 
1 
51 a — er. Ae 
+4 oy 8 
3 
55, = Neon Gee 
Beat ceo5 Sse 
~y 44> — 
ee Ce 
5 3 
Boo? \_asi-! 
6. =~ + rey are 


( o8\ 
bmi) 
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aa. 2. 4 2 l 
Late hen os 66. Fa tap 
35 3 x l 
67. + —>————_ > 
x7 -9 Boe Tir gly xw—x-30 xt+5 
4 16 3 1 
69. + 70. = 
x-4 (-4/p aa (x — 2)? 
ry a 5 5 
71. = n 
M+ xy Ay ay Ties hae = y 
4 2) 4 5 1 3 
WB / 42 i 
ot x +3 U4 5 Dy Faia In ae atl | 
3u y) Uu 
. oot - 
if uw—2uvt+v u-v u-vy 
1 3 Oh cee 
Tee ier xy 
yt2 224 
Gee x+6 x+x7+5x-6 
78 x 7 ye Il 
“3274+ 15x+50 x+10 x+5 


In Exercises 79 and 80, use a graphing utility to graph 
the two equations on the same screen. Use the graphs 
to verify that the expressions are equivalent. Verify the 
results algebraically. 


2 4 Cre 4. 
y==+ = 
go tales x(%— 2) 
1 ayia 4 
80. = 3 =o ee 


In Exercises 81-96, simplify the complex fraction. See 
Examples 9 and 10. 


oo 
Loe! 


+ 
WwW 


Ts 
| 
oS |e 
SS 


a | 


a aS 
1S) 
+ 
= |e 
SS Se 


ale 
| 
— 


o 
a 


° 
A 


(a 
| 
| Sa 


ae 
a 
+ 
_—_— 
po” Sephe 2 


el 
| 
oS) 
a 


Wom le 
<1 
| 
oy 
> 


ae 


er 
ba 


+ y 
(3+ Z [x4 2 
Sy ene 88 => 
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In Exercises 97 and 98, use the function to find and 
simplify the expression for 


fl2 + ) = F(2) 


h 
fa) =+ 98. f(x) = 


zs In Exercises 99 and 100, use a graphing utility to 


complete the table. Comment on the domains and 
equivalence of the expressions. 


Solving Problems 


Work Rate After working together for t hours on 
a common task, two workers have completed frac- 
tional parts of the job equal to t/4 and 1/6. What 
fractional part of the task has been completed? 

102. Work Rate After working together for t hours on 
a common task, two workers have completed frac- 
tional parts of the job equal to t/3 and t/5. What 
fractional part of the task has been completed? 

103. Average of Two Numbers Determine the average 
of the two real numbers x/4 and x/6. 


104. Average of Three Numbers Determine the aver- 
—. age of the three real numbers x, x/2, and x/3. 


( 105, Equal Parts Find two real numbers that divide 


\_/ the real number line between x/5 and x/3 into three 
equal parts (see figure). 
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99. 


100. 


x} x9 


+++» x 
x , x 

5 3 

Figure for 105 


106. Monthly Payment The approximate annual per- 
centage rate r of a monthly installment loan is 
|e = =| 
N 


where N is the total number of payments, M is the 
monthly payment, and P is the amount financed. 
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(a) Approximate the annual percentage rate fora §: 108. Using Two Models From 1990 through 1996, the 


4-year car loan of $10,000 that has monthly circulations of morning and evening daily newspa- 
payments of $300. pers M and E (in millions) can be approximated by 
(b) Simplify the expression for the annual percent- AnOTS —=.1-6/5t 
age rate r, and then rework part (a). Mos Si sande ea L 010237 
“10 Parallel Resistance When.two resistors are con- where t = 0 represents 1990. (Source: Editor & 
nected in parallel (see figure), the total resistance is Publisher Co.) 
1 (a) Write an expression for the total daily circula- 
( i : 1 ) tion 7. Simplify the result. 
Kay is (b) Use a graphing utility to graph the functions M, 


Simplify this complex fraction. fab Ontie sate See 


(c) Morning circulation is increasing over the time 
period, whereas evening circulation is decreas- 
ing. Use the graphs in part (b) to discuss the 
change in total circulation. 


(d) Use the result of part (a) to approximate the 
total circulation in the United States in 1991. 


_ Explaining Concepts 


Si aa RE aS Ae ee 


3 109. Answer parts (a)-(c) of Motivating the Chapter on 114, Error Analysis Describe the error. 
page 253. 


110. In your own words, describe how to add or subtract 
rational expressions with like denominators. 

111. In your own words, describe how to add or subtract 
rational expressions with unlike denominators. 

112. Is it possible for the least common denominator of 
two fractions to be the same as one of the fraction’s 
denominators? If so, give an example. 


113. Error Analysis Describe the error. 


ANtage lem ie Le A Ld 
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Divide a polynomial by a 
monomial and write in simplest 
form. 


Dividing a Polynomial by a Monomial 


To divide a polynomial by a monomial, reverse the procedure used to add (or © 
subtract) two rational expressions. Here is an example. 


1 2 1_ ati 


24 -=—4+- Add fractions. 
Xx x x Xx 
Peer A PAE a aN 1 
=—+-=272+- Divide by monomial. 
35 ds Xx x 


> Dividing a Polynomial by a Monomial 


Let u, v, and w be real numbers, variables, or algebraic expressions such ~ 
that w # 0. 


+ 


Vv 
Ww 


u 
Ww 


When dividing a polynomial by a monomial, remember to write the result- — 
ing expressions in simplest form, as illustrated in Example 1. 


Dividing a Polynomial by a Monomial 


Perform the division and simplify. 


12x? — 20x + 8 
4x 
Solution 
12x? — 20x + 8 = Ax am 20x Eos Divide each term in the 
4x 4x 4x 4x numerator by 4x. 
_ Sai) Se 
4 4 a ancel common factors. 
= 2 
=3x-—S3+ Fe Simplified form 


2 Use long division to divide a 
polynomial by a second polynomial. 
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Long Division 


In Section 4.3, you learned how to divide one polynomial by another by factor- 
ing and canceling common factors. For instance, you can divide (x2 — 2x — 3) 
by (x — 3) as follows. 


2. ve] 
Se? a VE 
(x2 — 2x — 3)+x- 3) = ————_ Write as fraction. 
ve 8 
(x + 1) — 3) 
= OO Factor numerator. 
Kau 
(x + 1)(—3) ne a 
Te SS ancel Common factor. 
ae 
=x+1, x#3 Simplified form 


This procedure works well for polynomials that factor easily. For those that do 
not, you can use a more general procedure that follows a “long division algo- 
rithm” similar to the algorithm used for dividing positive integers. We review that 
procedure in Example 2. 


<li) (4 Long Division Algorithm for Positive Integers 


Use the long division algorithm to divide 6584 by 28. 


--bore 
Solution Sores 
Think $ ~ 2. Rs ee . 
eh O8 a banks ia 
Think 53 ~ 3. : Vd eae? 
: 144 Ne wa a é 
Think 3, ~ 5. f - 
USS as. 
28 ) 6584 = 
56 Multiply 2 - 28. ‘ 
98 Subtract and bring down 8. 
84 Multiply 3 + 28. 
144 Subtract and bring down 4. 
140 Multiply 5 - 28. 
4 Remainder 


So, you have 


4 
28 = + — 
6584 + 28 = 235 28 


1 
= 235 + =. 
235 F 


In Example 2, the numerator 6584 is the dividend, 28 is the divisor, 235 is 
the quotient, and 4 is the remainder. 
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da © 
ie IM To divide polynomials, begin by dividing the first term of the divisor into the 
CE ane first term of the dividend. Repeat this process for each subsequent division. 
a, vow 
ait 
Y “ | 
i? oe vod Long Division Algorithm for Polynomials 
id r | 8 g y 
Pq 
P 
a e's Use the long division algorithm to divide x? + 2x + 4 by x — 1. 
J ae Solution 
ee Think x?/x = x. 
—a Think 3x/x = 3. 
Soars) 
x—1)x2+2x+4 
go 2 Multiply x(x — 1). 
3x + 4 Subtract and bring down 4. 
Study Tip 3x — 3 Multiply 3(x — 1). 
When using the long division a Subtract. 
algorithm for polynomials, be The remainder is a fractional part of the divisor, so you can write 
sure that both the divisor and ae : 
Aas 2 3 Dividend Quotient Remainder 
the dividend are written in —— | 
standard form before beginning ig ar oe ee 
a a aa Oe : 
the division process. Xsyl Real 
Sq Sy— 
Divisor Divisor 


elute}(ca. | Writing in Standard Form Before Dividing 


Dividewt ax tal OX pe Ove 1 yee eke 
Solution 
First write the divisor and dividend in standard polynomial form. 
Sp SES ous Bee 1 
= 2413 0x4 = 1332 7 ee +4 


10x* — 15x° Multiply —5x3(—2x + 3). 
De — We Subtract and bring down — 7x2. 
DO = Bye Multiply —x2(—2x + 3). 
SZ a Subtract and bring down 8x. 
— 4x? + 6x Multiply 2x(—2x + 3). 
2x +4 Subtract and bring down 4. 
De 3 Multiply (— 1)(—2x + 3). 
i] 
This shows that 
Dividend Quotient Remainder 
LO cei ae Se 543 i : 5) 
Ie 4 3 = x eS aa 
Divisor 


Divisor 
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When the dividend is missing some powers of x, the long divison algorithm 
requires that you account for the missing powers by inserting zeros, as shown in 
Example 5. 


Accounting for Missing Powers of x 
Divide x° — 2 by x —-1 


Solution 


To account for the missing x?- and x-terms, insert 0.x? and Ox. 


ee ae | 
a ) x3 + 0x7 + 0x -2 Insert 0.x* and Ox. 
Xe Ye Multiply x2(x — 1). 
x OT Subtract and bring down Ox. 
NaN Multiply x(x — 1). 
re? Subtract and bring down —2. 
x= Mh Multiply (1)(x — 1). 
il Subtract. 
So, you have 
3 
Des A 1 
= te le 
x1 ae L 


In each of the long division examples so far, the divisor has been a 
first-degree polynomial. The long division algorithm works just as well with 
polynomial divisors of degree 2 or more, as shown in Example 6. 


A Second-Degree Divisor 


DividemarctsO st-6717 = 10x — 53 byt x 3: 


Solution 
Oe 4x al 
x2 + 2x — 3) x4 + 6x3 + 6x2 — 10x — 3 
Sau ok Oye) Ne Multiply x2(x2 + 2x — 3). 
AyD ee LOX Subtract and bring down — 10x. 
J POSS yee Se Multiply 4x(x* + 2x — 3). 
was 3 Subtract and bring down —3. 
+ 2x =—3 Multiply (1)(x2 + 2x — 3). 
0 Subtract. 


Because the remainder is 0, x2 + 2x — 3 divides evenly into x+ + 6x° + 6x? — 
10x = 3. That is; 
Re Ox — 10x 3 


=7x?+ 4+ 1. 
x2 + 2x -— 3 
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Use synthetic division to divide Synthetic Division 


a polynomial by a polynomial of the : 
ne eae There is a nice shortcut for division by polynomials of the form x — k. It is called 


FONE Nea 
synthetic division and is outlined for a third-degree polynomial as follows. 
Study Tip > Synthetic Division of a Third-Degree Polynomial 
Keep in mind that synthetic Use synthetic division to divide ax? + bx* + cx + d by x — k, as follows. 
division works only for divisors 
of the form x — k. Remember Divisor —> k (a) b c d ~<— Coefficients of dividend 


that, +k = 1 — (=k). @ SS 


Moreover, the degree of the Ye y VA y we Y 


quotient is always 1 less than Sas 
the degree of the dividend. OOS O-- 


=e 
Coefficients of quotient 


Vertical Pattern: Add terms. 
Diagonal Pattern: Multiply by k. 


> <linls)(4%4e Using Synthetic Division 


Use synthetic division to divide x7 + 3x? — 4x — 10 by x — 2. 


Solution 


The coefficients of the dividend form the top row of the synthetic division 
tableau. Because you are dividing by (x — 2), write 2 at the top left of the tableau. 
To begin the algorithm, bring down the first coefficient. Then multiply this 
coefficient by 2, write the result in the second row of the tableau, and add the two 
numbers in the second column. By continuing this pattern, you obtain the 
following tableau. 


3 —4 —-10 <— Coefficients of dividend 
2 (KO) 


Divisor —— 2 


1 5 6 (2) <— Remainder 


Coefficients of quotient 


The bottom row of the tableau shows the coefficients of the quotient. So, the 
quotient is 


(1)x2 + (5)x + (6) 
and the remainder is 2. So, the result of the division problem is 


Rene =e 
sacs eerie 
Nise x-2 


Notice that in synthetic division the quotient polynomial is always one 
degree Jess than the dividend polynomial. 


~ 4 Use synthetic division to factor 
a polynomial. 


RF! GRAN 


‘a APRONS Bee RRR RE eT ee ONT PAINS ma ia ee aes ee eee 


We ay Fo 
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Factoring and Division 


If the remainder in a synthetic division problem turns out to be zero, you can 
conclude that the divisor divides evenly into the dividend. When this happens, you 
know that the original polynomial can be factored as two polynomials of lesser 
degrees. 


> <lie(-e-me Factoring a Polynomial 


Completely factor x* — 7x + 6. Use the fact that x — 1 is one of the factors. 
Solution 


Because you are given one of the factors, divide this factor into the given poly- 
nomial using synthetic division. 


1 1 ere 6 
1 5) 
1 f= 0 0 


Because the remainder is zero, the divisor divides evenly into the dividend and 
you obtain 


From this result, you can factor the original polynomial as follows. 
PP —Tx +6 = (x — I? +x - 6) 
= (x — 1)(x + 3)(@ — 2) 


29 
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Integrated Review 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 


1. 


Explain how to write the fraction 120y/90 in 
simplified form. 


. Write an algebraic expression that represents 


the product of two consecutive odd integers, the 
first of which is 2n + 1. 


the sum of two consecutive odd integers, the 
first of which is 2n + 1. 


. Write an algebraic expression that represents 


the product of two consecutive even integers, 
the first of which is 2n. 


Solving Equations 


In Exercises 5-10, solve the equation. 


te 
( $/3(2 — x) = 5x 6. 125 — 50x = 0 
Developing Skills 
In Exercises 1-14, perform the division. See Example 1. 
OZrat0 Orr al? 
1. 5 2. 3 
i, lOc # 4z = 2 4 Ay? + 8u — 24 
eA 4 16 
ni (be = ee) se (6, (6a + 7a) +a 
gma + Wn 7 les SICA 
‘ m =] 
f, 502 + 3 4 — 24¢? 
(9, 2% Oz 10. 18c* — 24c 
eZ Wye = 0G 
3 oe 4 See 
i. PE Ge Bye 84 D. Gye ox ky 
2z oxe 


13, (Sx?y — 8xy + Txy*) + xy 


14/ (— 1454? + 752 — 182) + 2st 


‘ 


Ne 
8. 
9. 


Concepts, Skills, and Problem Solving 


8? — 50 = 0 
P — 8t=0 
2 +x-42=0 


AO x(10 — x) = 25 
_ Models and Graphs 
A 1 You receive a monthly salary of $1500 plus a 


. Write an algebraic expression that represents 


12. 


commission of 12% of sales. Find a model for 
the monthly wages y as a function of sales x. 
Graph the model. 


In the year 2000, a college had an enrollment 
of 3500 students. If enrollment is projected to 
increase by 60 students per year, find a model 
for the enrollment JN as a function of time ¢ in 
years. (Let t = 0 represent the year 2000.) 
Graph the function for the years 2000 through 
2010. 


In Exercises 15-52, perform the division. See Examples 


2-6. 
Ao) Xa OS P= 18, 
G5) = & + IS 16. 
x3 faa 0 
TS (oe SO) (xe 455) 
18/ (y? — 6y — 16) = (y + 2) 
19°. Divide x —5x + 8 by x — 2. 
205 Divide te 10x = 9by x — 3. 
21) Divide 21 — 4x — x* by 3 — x. 
22. Divide 5 + 4x — x? by 1 + x. 
2 
33, a Ne ae) a4, 2 + Sx 42 
ee. x +4 
2 s 
28, 1a Lio 5. ng, Bt 2x + 3 
\ 5x 4x — 1 


27. (12P — 40t + 25) + (2t — 5) 


28. (15 — 14u — 8u2) + (5 + 2u) 


29) Divide 2y? + Ty + 3 by 2y + 1. 
30. Divide 102 — 71 — 12 by 21 — 3. 


e— 2x7 +4¢-8 “2 8 + 42 4+ Tx +28 
of ey (2; x+4 
ua A. 2 x 
33, 20 5x7 +x—-6 34, 22+ 3x + 12x + 20 
Se 3 sods yl 
B5. (2x +9)+ (+2) 36. (12x — 5) + (2x + 3) 
2 2) 
67 * 6 38, » + 8 
x+4 yt2 
622 + 7z Beye — 2Y 
39. a 4 é 40, ens 
16x? — 1 815" = 25 
41. eee 42. eG 
43, 2+ 125 ane ad 
Rar S = 3 


Beem 4 + 7x 6) = Ge + 2x + 3) 
AG (2x? + 2x? — 2x — 15) + (22 + 4x + 5) 
47. (4x4 — 3x2 + x — 5) + (x? — 3x + 2) 
48. (8x° + 6x4 — x3 + 1) + (2x3 — x? — 3) 
49. Divide x* — 1 by x — 1. 
50./Divide 7 by x — 1. 


51. x5 + (x? + 1) 52. x4 + (x — 2) 


In Exercises 53-56, simplify the expression. 


me 4x* 15% yale OAV 
a ee 
Z x ee 2 10x? 2y 
2 é ea) 
55. 8u2v 4 3(uv) 2 Xx 3G 4) 
2u uv = Il 


In Exercises 57-68, use synthetic division to perform the 


division. See Example 7. 


mex — Sx? = AOU as 18.5 ow 
Ge 5x2 + 3x —4 sg. = x x 


y= 2 je se 3} 
4+ 3x7 -1 x4 — 4x? + 6 
SS OF}. SS 
“ss x+4 xy A 
4x a Ve eee 
a. = Asks LO (020 x 
= B Ce ees 
5° — 6x7 + 8 52 + 6x +8 
63. i ae 64. STS a rer 
=>10x* — 50x? — 800 x — 13x* — 120x + 80 
650 je = oe x+3 
0.1x* + 0.8x + 1 x — 0.8x + 2.4 
pi x — 0.2 oS x+01 


(79. i 80. 
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In Exercises 69-78, completely factor the polynomial 
given one of its factors. See Example 8. 


Polynomial Factor 


69 x3 — 13x + 12 oe 
70. x3 + x2 — 32x — 60 x+5 
71. 6x? — 13x2 + 9x -— 2 x-1 
72. 9x3 — 3x2 — 56x — 48 x—3 
73. 9x3 + 45x2 — 4x — 20 x+5 

) 43 + 8x2 — 25x — 50 Peri. 
75. x*+ + 7x3 + 3x? — 63x — 108 x+3 
76. x4 — 6x? — 8x* + 96x — 128 x-4 
77. 15x2 — 2x — 8 mas 
(78.7 18x2 — 9x — 20 x+2 


In Exercises 79 and 80, find the constant c such that the 
denominator will divide evenly into the numerator. 


x3 + 2x7 -—4x+ 6 x4 — 3x7 +¢ 


D6 ral: 


In Exercises 81-84, use a graphing utility to graph the 
two equations on the same screen. Use the graphs to 
verify that the expressions are equivalent. Verify the 
results algebraically. 


x+4 +2 
‘ = 4. = 
Fe eS Oe: sett Fogee gr 
ee 26 it 
y2 9) x y2 3 $e pal 
e+) 
ee a 
V5 Se eee eee ed 
A 
x 
hal shu oye 
x 
eee x2 +] 


Think About It \n Exercises 85 and 86, perform the 
division assuming that n is a positive integer. 


) X3n + 332" + 6x" + 8 
$5— 
We ap 
x3n ee x2n ete 5x” = 5 
see 


86. 
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Think About It \n Exercises 87 and 88, the divisor, 
quotient, and remainder are given. Find the dividend. 


Divisor Quotient Remainder 
87. x — 6 r+x4+1 —4 
88. x + 3 e+x-—4 8 


Finding a Pattern \n Exercises 89 and 90, complete 
the table for the given function. The first row is com- 
pleted for Exercise 89. What conclusion can you draw 
as you compare the values of f(k) with the remainders? 
(Use synthetic division to find the remainders.) 


S95 (Gl 
907 fii ee 


_ Solving Problems | 


i 


Geometry The area of a rectangle is 2x? + 3x? — 
6x — 9. Find its width if its length is 2x + 3. 


92. Geometry A rectangular house has a volume of 
5% 050x145 2000 


cubic feet (the space in the attic is not included). The 
height of the house is x + 5 feet (see figure). Find 
the number of square feet of floor space on the first 
floor of the house. 


Explaining Concepts 


95. Error Analysis Describe the error. 


x = OX TD 


=6 + 
y OS Syy 


96. Create a polynomial division problem and identify 
the dividend, divisor, quotient, and remainder. 


97. Explain what is meant for a divisor to divide evenly 
into a dividend. 


ees 


Table for 89 and 90 


Geometry \n Exercises 93 and 94, you are given the 
expression for the volume of the solid shown. Find the 
expression for the missing dimension. 


93. V= x + 18x? + 80x + 96 


aS NM = ht + 3B 2h 


——- 


2 
a 
h+1 


SS 


98. Explain how you can check polynomial division. 


99. True or False? If the divisor divides evenly into 
the dividend, the divisor and quotient are factors of 
the dividend. Explain. 


100. For synthetic division, what form must the divisor 
have? 
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Solving Rational Equations 


BD Solve a rational equation 
J containing constant denominators. 


% 
Na Sti 
XS 8 


Ne TT ON 


QPP AY TE 


™, 
7 


aNS * v av 


FR: Bare 


Equations Containing Constant Denominators 


In Section 1.1, you studied a strategy for solving equations that contain fractions 
with constant denominators. We review that procedure here because it is the basis 
for solving more general equations involving fractions. Recall from Section 1.1 
that you can “clear an equation of fractions” by multiplying both sides of the 
equation by the least common denominator (LCD) of the fractions in the equa- 
tion. Note how this is done in the next three examples. 


=> <lie)(gae An Equation Containing Constant Denominators 


Be x 
= SS oP Il. 
Solve ¢ 5 1 


Solution 


The least common denominator of the two fractions is 10, so begin by multiply- 
ing both sides of the equation by 10. 


36D 
== =p Il Original equation 
5 y) & q 
é) x , 
10 5 = 10 5 Seal! Multiply both sides by LCD of 10. 
6 = 5x + 10 Simplify. 
—4 = 5x Subtract 10 from both sides. © 
4 vi ; 
a =x Divide both sides by 5. 
The solution is —2, You can check this as follows. 
Check 
= 
5 = > etal Substitute —3 for x in the original equation. 
Gols Ae 
—= ——.—4]1 Invert and multiply. 
=) See 
: — -= +1 Solution checks. / 
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Sets(- 44 | An Equation Containing Constant Denominators 


= 3 
Solve 6 =7 12" 


Solution 


etuleil-\<) = An Equation Containing Constant Denominators 


ga 2 gd 2D 
Solve Gane ahaa 


Solution 


pres gee 2 
6 8 3 


ear 2 se = al D) 
9) = a4) fet 
24 i 8 24(5) 


A(x + 2) — 3@ — 4) = 802) 
4% + 8 — 3x% + 12 = 116 


x + 20 = 16 
se = Sal 
Check 

AE) ee 

6 o: aes 

2 

—-4+ == 

3 


Original equation 


Multiply both sides by LCD of 12. 


Distribute and simplify. 
Add x to both sides. 
Add 6 to both sides. 


Divide both sides by 3. 


Substitute 30 for x in the original equation. 


Solution checks. J 


Original equation 


Multiply both sides by LCD of 24. 


Distribute and simplify. 
Distributive Property 
Combine like terms. 


Subtract 20 from both sides. 


Substitute —4 for x in the original equation. 


Solution checks. J 
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DI solve a rational equation Equations Containing Variable Denominators 
containing variable denominators. 
Remember that you always exclude those values of a variable that make the 
denominator of a rational expression zero. This is especially critical for solving 
equations that contain variable denominators. You will see why in the examples 
that follow. 


An Equation Containing Variable Denominators 


Cee Se) 
Bo eee 95) 
Solution 


For this equation, the least common denominator is 3x. So, begin by multiplying 
both sides of the equation by 3x. 


7 1 8 Bert 
rate ax riginal equation 
be wee) eae) a 
i i 8 
Bie SS |= Bx Multiply both sides by LCD of 3x. 
ge) 16s 3 
Die A SIRS S248 
aa ee a ee Distributive Property 
83 ape 3 
DD\\ == Vie 6 Simplify. 
20 iru ut 
8 = 3 Combine like terms and divide both sides by 8. 
2 Simplify. 
A Sala imply. 
9) Pp. 


The solution is 2. You can check this as follows. 


Check 
oT 1 af : 
SS — Original equation 
ge~ | Sbs 
7 Lise Substitute > f 
= = SS ubstitute 5 for x. 
5) as 8/2) ; 
(2) Zod Invert and Itipl 
= eS SS and multi ' 
5 is nve ply 


Simplify. 


Combine like terms. 


Solution checks. / 


— 
oS 
ie) 
ll-~~ 

Wl|Co W|lco Wilco Wlc W/o Woo 
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Throughout the text, we have emphasized the importance of checking 
solutions. Up to this point, the main reason for checking has been to make sure 
that you did not make errors in the solution process. In the next example you will 
see that there is another reason for checking solutions in the original equation. 
That is, even with no mistakes in the solution process, it can happen that a “trial 
solution” does not satisfy the original equation. This type of “solution” is called 
extraneous. An extraneous solution of an equation does not, by definition, satis- 
fy the original equation, and therefore must not be listed as an actual solution. 


| eu. 4) An Equation with No Solution 


Solve the equation. 


Sys 10 
eS DQ y= 2 


Solution 


The least common denominator for this equation is x — 2. So, begin by multi- 
plying both sides of the equation by x — 2. 


a = 7-+ 10 Original equation 
x=) Ned 
(co 2(- =) = (x — 2(7 of = <) Multiply both sides by x — 2. 

5x) = 7 2) 0 ex sea Distribute and simplify. 
ane = (he = IA se 110) Distributive Property 
5x = 7x —4 Combine like terms. 

=—1y =——4 Subtract 7x from both sides. 

x=2 Divide both sides by —2. 


At this point, the solution appears to be 2. However, by performing the following 
check, you will see that this “trial solution” is extraneous. 


Check 
Sue 10 
25 = 7 ab aS) Original equation 
Oe 10 
ee == 9 a Substitute 2 for x. 
Oe iG 
0 =7+ 0 Solution does not check. Xx 


Because the check results in division by zero, 2 is extraneous. Therefore, the orig- 
inal equation has no solution. 


Notice that 2 is excluded from the domains of the two fractions in the origi- 
nal equation in Example 5. You may find it helpful when solving these types of 
equations to list the domain restrictions before beginning the solution process. 
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An Equation Containing Variable Denominators 


Solve 


Solution 


The domain is all real values of x such that x # 2 and x # —1. The least 
common denominator is (x — 2)(x + 1). 


4 3x 
56 = 2 SSSR ll 
4 abe 
= = oie: 
(x Ho + (45 +5) 3(x — 2)(x + 1) 


A(x +:1) + 3x(x — 2) = 300? —x-2), x#2,x4%-1 
Aveta oot OK 3k a 
8x7 — Dei ausi3x* — 3x — 6 
x= —10 


The solution is — 10. Check this in the original equation. 


So far in this section, each of the equations has had one solution or no 
solution. The equation in the next example has two solutions. 


An Equation That Has Two Solutions 


3x 1D 
— = — +2. 
x+1 x-1 


Solve 


Solution 
The domain is all real values of x such that x # 1 and x # —1. The least 
common denominator is (x + 1)(x — 1) = x? — 1. 


Bi 12) 


ae = ea ar 2 Original equation 
nue Shas \ eae a 12 Multiply both sides by 
a u(; + i te iz are 2) LCD of x? — 1. 
(= 1)Gx) = 12 $2621); x1 Simplify. 
3x70 be = 12x 2 Distributive Property 
Subtract 2x? and 10 
cae Seal al from both sides. 
(x + 2)(x — 5) =0 Factor. 
a x+2=0 E> XS 2 Set x + 2 equal to 0. 
- x-5=0 E> De) Set x — 5 equal to 0. 


The solutions are —2 and 5. Check these in the original equation. 
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Solve an application problem Applications 


involving a rational equation. 
> elue)(teeee Average Cost @ 


A manufacturing plant can produce x units of a certain item for $26 per unit plus 
an initial investment of $80,000. How many units must be produced to have an 
average cost of $30 per unit? 


Solution 
Verbal Average cost _ Total | Number 
Model: per unit cost of units 
Labels: Number of units = x (units) 
Average cost per unit = 30 (dollars per unit) 
Total cost = 26x + 80,000 (dollars) 
RSese 
Equation: 30= acm 
30x = 26x + 80,000, x #0 
4x = 80,000 
x = 20,000 


The plant should produce 20,000 units. 


=e laale) (ewes A Work-Rate Problem @ 


With only the cold water valve open, it takes 8 minutes to fill the tub of a washer. 
With both the hot and cold water valves open, it takes only 5 minutes. How long 
will it take the tub to fill with only the hot water valve open? 


Solution 
Verbal Rate for Rate for _ Rate for 
Model: cold water * hot water warm water 
1 
Labels: Rate for cold water = 8 (tub per minute) 
Rate for hot water = . (tub per minute) 
1 
Rate for warm water = 5 (tub per minute) 
Equation: ; + a = 


So, it takes 133 minutes to fill the tub with hot water. 
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Batting Average @ 


In this year’s playing season, a baseball player has been at bat 140 times and 
has hit the ball safely 35 times. So, the “batting average” for the player is 
35/140 = .250. How many consecutive times must the player hit safely to obtain 
a batting average of .300? 


Example 10 


Solution 
Verbal Batting — Total _ Total times 
Model: average hits —_—_at bat 
Labels: Current times at bat = 140 
Current hits = 35 
Additional consecutive hits = x 
x + 35 
E jon: ; = 
quation 300 Pee1AG 


.300(« + 140) = x + 35 
3x + 42 =x + 35 
7 = 0.7x 
10 =x 


The player must hit safely the next 10 times at bat. After that, the batting average 
will be 45/150 = .300. 


Examples 8, 9, and 10 are types of application problems that you have 
seen earlier in the text. The difference now is that the variable appears in the 
denominator of a rational expression. When determining the domain of a real-life 
problem you must also consider the context of the problem. For instance, in 
Example 10 the additional times at bat could not be a negative number. The 
problem implies that the domain be all real numbers greater than or equal to 0. 


~ You buy sand in bulk for a construction project. You find that the total 
cost of your order depends on the weight of the order. The total cost 
Cin dollars is given by C = 100 + 50x — 0.2x?, 1 < x < 50, where x 
is the weight in thousands of pounds. Construct a rational function 

__ representing the average cost per thousand pounds. Because of cost 
constraints, you can proceed with the project only if the average cost 

of the sand is less than $50 per thousand pounds. What is the smallest 
order you can place and still proceed with the project? 
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Integrated Review 


Keep mathematically in shape by doing these 


exercises before the problems of this section. 


Properties and Definitions 


In 


Exercises 1 and 2, determine the quadrants in 


which the point must be located. 


2. 
3. 


Nel 2, y), y is a real number. — 


(x, 3), x is a real number. - 


Give the positions of points whose y-coordi- 


nates are 0. 


. Find the eon of the point 9 units to the 


right of the y-axis and 6 units below the x-axis. 


Solving Inequalities 


In Exercises 5-10, solve the inequality. 


5. 


f Gro 4 = 6 OG 6) 0 0 


Developing Skills 


In Exercises 1 


-4, determine whether the values of x are 


solutions to the equation. 
Equation Values 
Kec 
13-573 (a) x=0 (Dex = 1 
(C5 (y= 10 
21 
Ze ai: PTR (a) x=0 (b) x = -3 
(C) aaa (d)x=—1 
oe 
.- + —> = = — — 
3 ne Ts 1 (ayex 1 (b) x=1 
(c) x =3 (d) x= -3 
Les 0 1 
Siete 3 (a) x= 3 (b) x = -3 
(c) x=0 (d) x=1 
In Exercises 5-18, solve the equation. See Examples 
e233 
x y 1 
| Bijp a USS BS Sp 
| “/6 3 ogo aeiens 


Concepts, Skills, oe Problem Solving 
qe ot 2 


Bt +t > S 


. [bx — 1] > 3 2- 34 5 < 10 Ge - 


Problem sarang 


11. 


A jogger leaves a given point on a fitness. 
trail running at a rate of 6 miles per hour. Five 


_ minutes later a second jogger leaves from the : 


12. 


same location running at 8 miles per hour. — 


How long will it take the second runner to” 


. overtake the first, and how far will each have d 


run at that point? 


An inheritance of $24,000 is invested in ‘wo 
bonds that pay 7.5% and 9% simple interest. — 


_ The annual interest is $1935. How much is 


invested in each bond? 


Yeap PD Zz = 5 5 
Ws =4—-—-— ‘ = —= 
12 S 5 eS 4 
2y19 3 Ae = @ 5 
9, = —= 7 = = 2 
6 oipinaz2 4 sie SY Sey aa a 
4t t Se, OS 
11. -—-=15-- i 
3 6 123+ 10 
ae ben ea) 1 z— 4  32-sies 
13. += —— i = 2 
(2 3 4 Ma 9 18 2 
Za~h+2 a N= D2 pss S 
5. ——_ == ‘ = 
i) ) 3 Ls 6 1S e 
v7, 25 Ste 8 Aes 
4 3 2 
2x—-7 3x+1 6-x 
18. = = 
10 5 5 


In Exercises 19-58, solve the equation. (Check for extra- 
neous solutions.) See Examples 4-7. 


9 1 2 5 
19. = = — 
ee ay, 4 eat eat te 
ay 5 a ae 
21.5-—== 92)© 4.29 = 24 
a 3 Org b 
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4 7 1 
Dee ae oy oe ae pa ies pe 
eae 3 da fa ea 3 (57, ¥ a 58 ay x 
12's yo Toth Lore sce ater Bet deh ad 
aS. — = — 1--— jp = 
ye Say ‘ (26. Bl pee D0 x os 
07 Shae e 28 10s ye en 
pi 3G +2) +2) sos aR mr Paar In Exercises 59-62, (a) use the graph to determine any 
x-intercepts of the graph, and (b) set y = 0 and solve 
chee 30 500_ _ _50 the resulting rational equation to confirm the result of 
See MU ets) iS inet ie gelis) part (a). 
31> 3 1 1 12 S20 
. ey Ft ee ry = ar 2 2 
Sean ES Beene es 59, y=— 60. y= = 
ak: yl 16 ac ahs 
33 5 = oe 34/7 = SS 
ae, ele 
t anes) 
ee 38, = =x -2 
B= oi Mag oes 
yy. 
2x 5 gon ADs 
aye 10 x Vs — 
TR “lel ria SOE 8 Shellid cianse 8s 
43. Ay aiaate 44. Gites ge 
aie. 3 oe 
Ogata seg + 5), 928 
10 4 
+= 
:° cag) x — 2 
4 7 1 3 
a = | le aerate =2 
g7 PAS ols Lay tare) ; ame eae 
0) = aS ee ' 
Ce —10 x-2 x-12x+20 == In Exercises 63-70, (a) use a graphing utility to graph 
5 2 ae the equation and determine any x-intercepts of 
50. Lary) ue iy 4 aes (a oe the graph, and (b) set y = 0 and solve the resulting 
F A rational equation to confirm the result of part (a). 
be = 
51. + —2 ="0 2 
Abin ow) Sto ee eee 
ea a) a Vex. 
52)1- Gite, Dws se12 
eR TT6 6S tee 66. y = 20(2 - : 
ee ee i is NS aaa | 
Bp as, spat —2(x — 6) ; 
et FX OX TS Gignac aes pe era 
54 2a scat) i Gre Arey 3X ts ‘ 
° Sane Cae 2 ; 
Sig <a OR En ayo wi ones eles, Seal Gorse cy 70. y=%— == 1 
gg 2@+7)_, _ 2+ 20 4 : 
ase es 


axe =~ 5 GPa Mi aersiid 
Fae ae Wes 2) Kes 2 
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Solving Problems 


71.2 Number Problem Find a number such that the sum 
of the number and its reciprocal is S 


72. Number Problem Find a number such that the sum 
of two times the number and three times its recipro- 
cal is ve 

73. Wind Speed A plane has a speed of 300 miles per 
hour in still air. Find the speed of the wind if the 
plane travels a distance of 680 miles with a tail wind 
in the same time it takes to travel 520 miles into a 
head wind. 


a 


(74, Average Speed During the first part of a 6-hour 

trip, you travel 240 miles at an average speed of r 
miles per hour. For the next 72 miles of the trip, you 
increase your speed by 10 miles per hour. What are 
your two average speeds? 


tin 

(75. peed One person runs 2 miles per hour faster than 

\~ a second person. The first person runs 5 miles in the 
same time the second person runs 4 miles. Find the 
speed of each person. 


76. Speed The speed of a commuter plane is 150 miles 
per hour slower than that of a passenger jet. The 
commuter plane travels 450 miles in the same time 
the jet travels 1150 miles. Find the speed of each 
plane. 


77. Speed A boat travels at a speed of 20 miles per 
hour in still water. It travels 48 miles upstream and 
then returns to the starting point in a total of 5 hours. 
Find the speed of the current. 


78. Speed You traveled 72 miles in a certain time 
period. If you had traveled 6 miles per hour faster, 
the trip would have taken 10 minutes less time. What 
was your speed? 


79,) Partnership Costs A group plans to start a new 

— business that will require $240,000 for start-up capi- 

tal. The individuals in the group will share the cost 

equally. If two additional people joined the group, 

the cost per person would decrease by $4000. How 
many people are presently in the group? 


80. Partnership Costs A group of people agree to 
share equally in the cost of a $150,000 endowment to 
a college. If they could find four more people to join 
the group, each person’s share of the cost would 
decrease by $6250. How many people are presently 
in the group? 


81. Partnership Costs Some partners buy a piece of 
property for $78,000 by sharing the cost equally. 
To ease the financial burden, they look for three 
additional partners to reduce the cost per person by 
$1300. How many partners are presently in the 
group? 

82. Population Growth A biologist introduces 100 
insects into a culture. The population P of the culture 
is approximated by the model 


a 500(1 + 32) 


a Be at) 


where ¢ is the time in hours. Find the time required 
for the population to increase to 1000 insects. 


83. Pollution Removal The cost C in dollars of remov- 


ing p% of the air pollutants in the stack emission of a 
utility company is modeled by 


c = 120,000p 
100: =p" 


(a) Use a graphing utility to graph the model. Use the 
result to estimate graphically the percent of stack 
emission that can be removed for $680,000. 


(b) Use the model to determine algebraically the 
percent of stack emission that can be removed for 
$680,000. 


84. Average Cost The average cost for producing x 
units of a product is given by 


Average cost = 1.50 + eal! 
x 


Determine the number of units that must be pro- 
duced to have an average cost of $2.90. 


Work-Rate Problem _\n Exercises 85 and 86, complete 
the table by finding the time required for two individu- 
als to complete a task. The first two columns in the 
table give the times required for the two individuals to 
complete the task working alone. (Assume that when 
they work together their individual rates do not change.) 


85. 


SS 


6 hours 


6 hours 


| 3 minutes | 5 minutes 


| 5 hours a, hours 


86. [> 


rel SO n cia OMI ie 


4 days 4 days 


3 hours 


| b days 


55 hours 


| a days 


= 


87, Work-Rate Problem One landscaper works 15 
times as fast as another landscaper. Find their indi- 
vidual times if it takes them 9 hours working togeth- 
er to complete a certain job. 


Work-Rate Problem Assume that the slower of the 
two landscapers in Exercise 87 is given another job 
after 4 hours. The faster of the two must work an 
additional 10 hours to complete the job. Find the 
individual times. 


88. 


89. Swimming Pool The flow rate for one pipe is 1; 
times that of another pipe. A swimming pool can be 
filled in 5 hours using both pipes. Find the time 
required to fill the pool using only the pipe with the 


slower flow rate. 


90. Swimming Pool Assume the pipe with the faster 
flow rate in Exercise 89 is shut off after 1 hour and it 
takes an additional 10 hours to fill the pool. Find the 


filling time for each pipe. 


Computer and Data Processing Services \n Exercises 
91 and 92, use the following model, which approxi- 
mates the total revenue y (in billions of dollars) from 
computer and data services in the United States for the 
years 1990 through 1995. 


Mo 09t 1 256¢ 


eg ees OUT yep <5 
y NNO Cera 


In this model, t = 0 represents 1990. (Source: Cur- 


rent Business Reports) 


__ Explaining Concepts _ 


> 95. Answer parts (d) and (e) of Motivating the Chapter 
on page 253. 
96. (a) Explain the difference between an equation and 
an expression. 


‘ (b) Compare the use of a common denominator in 
solving rational equations with its use in adding 
or subtracting rational expressions. 


97. Describe how to solve a rational equation. 
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91. Evaluate the model for each year and compare the 
results with the actual data shown in the table. 


| 1990 1991 1992 1993 
88.3 94.4 | 104.7 116.8 | 133.1 


1995 | 


92. (a) Use a graphing utility to graph the model. Use 
the graph to forecast when revenue will exceed 
$250 billion. 

(b) Explain why the model fails after the year 
2000. 

93. Construction The unit for determining the size of 
a nail is the penny. For example, 8d represents an 8- 
penny nail. The number WN of finishing nails per 
pound can be modeled by 
N = 43.4 + Zee 

a 
where x is the size of the nail. (Source: Standard 
Handbook for Mechanical Engineers) 
(a) What is the domain of the function? 
(b) Use a graphing utility to graph the function. 
(c) Use the graph to determine the size of the 
finishing nail if there are 135 nails per pound. 

94. Think About It It is important to distinguish 
between equations and expressions. In parts (a) 
through (d), if the exercise is an equation, solve it; 
if it is an expression, simplify it. 

16 ic 1 
- == 
OIE a8 
16 x 1 
+ — 
OF LOPS ee) 
i) 
+=4+3 
eA 
5 =) 
d) = SS 
@) bagel o8) 

98. Define the term extraneous solution. How do you 
identify an extraneous solution? 

99. Describe the steps that can be used to transform an 
equation into an equivalent equation. 

100. Explain how you can use a graphing utility to esti- 
mate the solution of a rational equation. 
101. When can you use cross-multiplication to solve a 


rational equation? Explain. 


CHAPTER SU 


_— — ——— ee 


Key Terms 


zero exponents, p. 254 
negative exponents, p. 254 
scientific notation, p. 257 
rational function, p. 262 
domain of a rational 
function, p. 262 


p. 283 


least common 


Key Concepts 


_ Summary of rules of exponents 


Let m and n be integers, and let a and b represent real 
numbers, variables, or algebraic expressions. 
Product and Quotient Rules 


1 le ga 2 a 
Power Rules 
3. (aby = q® b” 


5. (a?) = a™ 


(gi ie 
a. (2) oe b#O0 


Zero and Negative Exponent Rules 


6. oe a#0 
a 


=|, a0 


” Cancellation Rule for fractions 


Let u, v, and w represent numbers, variables, or algebraic 
expressions such that v # 0 and w # 0. Then the 
following Cancellation Rule is valid. 

uv iu 


wo 


| Multiplying rational expressions 


Let u, v, w, and z be real numbers, variables, or algebraic 
expressions such that v # 0 and z # 0. Then the 
product of u/v and w/z is given by 


uw 


HW 
yz Vz 
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simplified form, p. 264 
complex fraction, p. 276 
least common multiple, 


denominator, p. 284 


dividend, p. 293 

divisor, p. 293 

quotient, p. 293 
remainder, p. 293 
synthetic division, p. 296 
extraneous solution, p. 304 


4 


Dividing rational expressions 


Let u, v, w, and z be real numbers, variables, or 
algebraic expressions such that v # 0, w # O, and 
z # 0. Then the quotient of u/v and w/z is given by 


uz 


& 
vw ow 


y Adding or subtracting with like 
denominators 


If u, v, and w are real numbers, variables, or variable 
expressions, and w # 0, the following rules are valid. 


Vee sv be ay 


ae 
yw Ww w ww Ww 


( Adding or subtracting with unlike 
denominators 


Rewrite the rational expressions with like denominators 
by finding the least common denominator. Then add or 
subtract as with like denominators. 


© Dividing a polynomial by a monomial 


Let u, v, and w be real numbers, variables, or algebraic 
expressions such that w # 0. 


Wey: Uu Vv eee Uu 
SS 2 SS 
Ww Ww Ww Ww W 


5 Solving rational equations 


1. To remove a fraction in a rational equation, multiply 
both sides by the least common denominator of all | 
fractions in the equation. 


2. Exclude those values of a variable that make the 
denominator of a rational expression zero. 


3. Check your solutions to determine if any are extrane- 
ous solutions. 


REVIEW EXERCI 


SES 


Review Exercises 313 


Reviewing Skills _ 


In Exercises 1-8, evaluate the expression. 
1 (23 6 32)-1 4). (2-2 c 52)-2 


= (6 x 10°) 6. (3 x 1073)(8 x 10”) 
Be 10! 1 


7 F104 8. x 10332 


In Exercises 9 and 10, write the number in scientific 
notation. 


9. 0.0000538 10. 30,296,000,000 


In Exercises 11 and 12, write the number in decimal 
form. 


11. 4.833 x 108 122742 1052 


In Exercises 13-22, simplify the expression. 


13. (6y*)(2y~3) 14. 4(—3x)° 
-2 
15. = 16. ee 
Pe ey)? 18. Syx° 
19. ‘as 2. = — 
21. (2) 22. (2x2y*)4(2x2y4)-4 


ZWIS \n Exercises 23-26, determine the domain of the 
rational function. 


3 
23. f() = 53 
io. 
atB) = 49 
u 
Be erry +6 
B ional 4 


In Exercises 27-34, simplify the rational expression 
using the Cancellation Rule. 


a7, Oxy" 2(y°z)? 
15xy? * 28( yz?) 

29. a 30. ere 

31. Se oe 32. +> 

eas vedere 


In Exercises 35-50, multiply or divide the rational 
expressions. 


35. 3x(x*y)? 36. 2b(—3b)? 
2 
37. a 38. = 
Ae a 
41. aS eZ z 36 
ae 2) 
cB ee 


re eS 

x? y 

47, 25y2 + ~~ 48 ie: 
oy 5 2 Z 
eee bo oe IG ae 

Os ety r- 1 


(67-0) 
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In Exercises 51 and 52, simplify the complex fraction. cs In Exercises 69-72, use a graphing utility to graph the 
, two functions on the same screen. Use the graphs to 
6x 24 — 18x : 
Tee eG a verify that the expressions are equivalent. Verify the 
x Nee, 


(2 — x)? 
3 4 results algebraically. 
a 2 (ae Sane 
woe 05 yo aye _x st OXI Oe Meee 
ae 5 x+3 
In Exercises 53-64, add or subtract the rational Er. x2 — 9 
expressions and simplify. apy ere 
a ital 1 3 
Seng tire 70. == — 
S 9 9 ves ge gear 3 
ee. 1 = ths 
— + a — 
eee 5 2 ¥2 ~ x(x + 3) 
iS 5 boat 
Pe i oe (2 ;| 
llovi=—e 
56 2(3y + 4) a= pe 
"Dy ep ol Dyce al eee 
57, — = ae 
xs x = 12 x2 — 2x2 — 7 
72. y>= 
58 2 3 BSD 
“x-10 4-x ees 2 qi 
2 3 Y2 t— 
SY), Ske se mary _ =) 
x x 
i : In Exercises 73-80, perform the indicated division. 
x 
60. 4 — + 
x+6 x-5 73. (4x3 — x) + 2x 
61 Onn Oris 74. (10x + 15) = (5x) 
“x x#7+4 a3 6x37 + 2x7 — 4x + 2 
62 5 WS) FOG S 3x — 1 
“x+2 x-3x- 10 76 4x4 — 3° — 7x? + 18x 
63 5 a 4x wf 1 : x—2 
(x3) (x +3)” x-3 De Ne heel ae 
by SSS 
ly, co ea ela val 
py eet aye? x* — 4,3 + 3x 
ea Sos 
In Exercises 65-68, simplify the complex fraction. rs Bact a a 
2 "38-22 4+3x-1 
65 66, ~~ 24 EG = Se sah 
2 ; 2 80. 3 es 
J== je = RE a 58 Alyse ae 3} 
t i 


In Exercises 81-84, use synthetic division to divide. 
Cilla brea ed Reel U4 
eae 
pee lke eee lors suo () 
Chia) 
83. (x+ — 3x2 — 25) + (x — 3) 
84, (2x3 + 5x — 2) + (x + 1) 


81. 


82. 


In Exercises 85-100, solve the equation. 


93. 


94. 


95: 


96. 


Be 


98. 


99. 


100. 


Review Exercises 


6 1 
Sf — = 
(2 5) - 

3 or 
Viorel ey 

Aree eekobel 
je 3 5G 2S Ss 
DG 3 
X= 3 aa 

|i l i tt 
x+x-12 x-3 

3 6 — 
x-1 x-3x+2 

5 6 
PI aay el 

3 4 =e 
x*-9 x+3 
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== In Exercises 101 and 102, (a) use a graphing utility to 


determine any x-intercepts of the graph of the equation, 
and (b) set y = 0 and solve the resulting equation to 
confirm the result algebraically. 


101. 


triliva yok 
is ae nee 
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103. 


104. 


105. 


106. 


107. 


108. 
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Solving Problems 


Geometry A rectangle with a width of w inches 
has an area of 36 square inches. The perimeter of 
the rectangle is given by 


p=2(w+ 22) 
Ww 


Describe the domain of the function. 
Average Cost The average cost C for a manufac- 
turer to produce x units of a product is given by 


15,000 + 0.75x 


x 


C= 


Describe the domain of the function. 


Average Speed You drive 56 miles on a service 
call for your company. On the return trip, which 
takes 10 minutes less than the original trip, your 
average speed is 8 miles per hour faster. What is 
your average speed on the return trip? 


Average Speed You drive 220 miles to see a 
friend. On the return trip, which takes 20 minutes 
less than the original trip, your average speed is 5 
miles per hour faster. What is your average speed 
on the return trip? 


Batting Average In this year’s playing season, a 
baseball player has been at bat 150 times and has 
hit the ball safely 45 times. So, the batting average 
for the player is 


How many consecutive times must the player hit 
safely to obtain a batting average of .400? 


Batting Average In this year’s playing season, a 
softball player has been at bat 75 times and has hit 
the ball safely 23 times. So, the batting average for 
this player is 

Ze 

Bee O07: 

1 

How many consecutive times must the player hit 
safely to obtain a batting average of .350? 


109. 


110. 


111. 


112. 


113. 


Forming a Partnership A group of people agree 
to share equally in the cost of a $60,000 piece of 
machinery. If they could find two more people to 
join the group, each person’s share of the cost 
would decrease by $5000. How many people are 
presently in the group? 


Forming a Partnership An individual is planning 
to start a small business that will require $28,000 
before any income can be generated. Because it is 
difficult to borrow for new ventures, the individual 
wants a group of friends to divide the cost equally 
for a future share of the profit. The person has 
found some investors, but three more are needed so 
that the price per person will be $1200 less. How 
many investors are currently in the group? 


Work-Rate Problem Suppose that in 12 minutes 
your supervisor can complete a task that you 
require 15 minutes to complete. Determine the time 
required to complete the task if you work together. 
Work-Rate Problem Suppose that in 21 minutes 
your supervisor can complete a task that you 
require 24 minutes to complete. Determine the time 
required to complete the task if you work together. 
Population of Fish The Parks and Wildlife 
Commission introduces 80,000 fish into a large 
lake. The population (in thousands) is 


_ 20(4 + 3) 


EG 0057 kak ee 


where f is time in years. 
(a) Find the population when f is 5, 10, and 25. 


(b) In how many years will the population reach 
752,000? 
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Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-6, simplify the expressions. 


6375 10> 


Lo-2 pw . (5a~3)(2a? 
2 ) 2 ALI 3. (5a~3)(2a?) 
see ee py _ 
4. Oey mid icy iiae) 6. (3x? y?)3(2x-2y)? 


7. Write 0.000032 in scientific notation. 
8. Write 3.04 x 10’ in decimal notation. 


: 3 3y 
9, Find the domain of Te 
10. Find the least common denominator of ee and ee 
; xx — 3° x(x + 3) 
a ae : ; 2=x 2a? — 5a — 12 
11. Simplify each rational expression. (a) Peay (b) EyEOD 


In Exercises 12-23, perform the operation and simplify. 


yp, 4.2 B y+ 8y+ 16 8y— 16 
PES 122 - 202) Oe 4) 
gars Oxy) eee 
Dats a 225. 
14, (4x2 = 9) SE iS; 15 1 


a (= 3) 
x + 2x? bs 
1A DK, 2 
ee a +1 ES, a = — 6 
Bie eS 2x 4 4x 
el ae reT ya Say, 
fits = 16t Ped Se etre (| 
22. TG) 23. er 
In Exercises 24-26, solve the equation. 
3 1 2 Se teu: 
tag) a 2s pee Te 
1 1 2; 


+ 
xt+1 *x-1 +-1 


27. One painter works 15 times as fast as another. Find their individual times for 
painting a room if it takes them 4 hours working together. 


Motivating the Chapter 


oO Building a Greenhouse 


You are building a greenhouse in the form of a half cylinder. The 
volume of the greenhouse is to be approximately 35,350 cubic feet. 


See Section 5.1, Exercise 151 


a. The formula for the radius (in feet) of a half cylinder is 


where V is the volume (in cubic feet) and / is the length (in feet). 
Find the radius of the greenhouse and round your result to the nearest 
whole number. Use this value of rin parts (b)-(d). 


. Beams to hold the sprinkler system are to be placed across the [es eer ee 
building. The formula for the height h at which the beams are to ae a 
: - eam N 
be placed is com 2 =~ 
2 f Ee \ 
RES (5) | \ 


where a is the length of the beam. Rewrite h as a function of a. 


. Suppose the length of each beam is a = 25 feet. Find the height h 
at which the beams should be placed. Cross Section of Greenhouse 


. The equation from part (b) can be rewritten as 

a= 2/r? — f?. 
Suppose that the height is h = 8 feet. What is the length a of each beam? 
See Section 5.4, Exercise 103 


e. The cost of building the greenhouse is estimated to be $25,000. The 
money to pay for the greenhouse was invested in an interest-bearing 
account 10 years ago at an annual percentage rate of 7%. The amount of 
money earned can be found using the formula 


A 1/n 
=(—) -1 
‘ (5) 


where r is the annual percentage rate (in decimal form), A is the amount 
in the account after 10 years, P is the initial deposit, and n is the number 
7 of years. What initial deposit P would have generated enough money to 
_ cover the building cost of $25,000? 
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neenseand athenpity? udimeanancreawumta 


heneedependinetbhe ee nce 


Determine the nth root of a Roots and Radicals 
number and evaluate a radical ; J 
expression. The square root of a number is defined as one of its two equal factors. For exam- 


ple, 5 is a square root of 25 because 5 is one of the two equal factors of 25. In a 
similar way, a cube root of a number is one of its three equal factors. 


Number Equal Factors Root Type 
9 = 3? Bec s) 3 Square root | 
25 = (-5)? (—5)(—5) —5 Square root 
—27 = (-3)3 (—3)(—3)(—3) —3 Cube root 
64 = (4)3 4-4-4 4 Cube root : 
16 = 2+ POU SDR: 2 Fourth root . 


> Definition of nth Root of a Number : 
Let a and b be real numbers and let n be an integer such that n > 2. If 


a=b" 


. ” . ed Sate ~ ~ fot e Stemi ’ 
an tt NaS A a a ile a A tl Ni OE A CL LE LC a OR i a A eB 


then b is an nth root of a. If n = 2, the root is a square root, and if 
n = 3, the root is a cube root. 


Some numbers have more than one nth root. For example, both 5 and —5 are 
square roots of 25 because 25 = 5? and 25 = (—5)*. To avoid ambiguity about 
which root of a number you are talking about, the principal nth root of a num- 
ber is defined in terms of a radical symbol 2/ . 


> Principal nth Root of a Number 


Let a be a real number that has at least one (real number) nth root. The 
principal nth root of a is the nth root that has the same sign as a, and it 
is denoted by the radical symbol 


Se ee ee ee 


Ya. Principal nth root 


The positive integer n is the index of the radical, and the number a is 
the radicand. If n = 2, omit the index and write /a rather than 2a. 


Study Tip 


To remember the properties of 
nth roots in which a is negative, 
consider the following visual 
scheme. 


ody/negative number is 


negative. 


evey negative number is not 


a real number. 
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Sells) (aae Finding Roots of a Number 


Find the roots. 


a. /36 b.-V36 « J-4 «< 78 @ 3/-8 

Solution 

a. ./36 = 6 because 6 - 6 = 67 = 36. 

b. — /36 = —6 because 6 - 6 = 67 = 36. 

c. \/—4 is not real because there is no real number that when multiplied by itself 
yields — 4. 

dad/8i= Oxbecanse:2 2122s=.23= 8. 

e. 2/—8 = —2 because (—2)(—2)(—2) = (—2)3 = —8. 


> Properties of nth Roots 


Property Example 


1. If a is a positive real number and n The two real square roots 
is even, then a has exactly two (real) of 81 are \/81 = 9 and 
nth roots, which are denoted by 2/a 


and —2/a, 


. If ais any real number and n is odd, 
then a has only one (real) nth root, 
which is denoted by 2/a. 


. If ais a negative real number and n J — 64 is not a real 
is even, then a has no (real) nth root. number. 


Integers such as 1, 4, 9, 16, 49, and 81 are called perfect squares because 
they have integer square roots. Similarly, integers such as 1, 8, 27, 64, and 125 
are called perfect cubes because they have integer cube roots. 


Classifying Perfect Squares and Perfect Cubes 


State whether the number is a perfect square, a perfect cube, both, or neither. 
a. 81 De 25 c. 64 d. 32 


Solution 

a. 81 is a perfect square because 9? = 81. It is not a perfect cube. 

b. —125 is a perfect cube because (—5)* = —125. It is not a perfect square. 

c. 64 is a perfect square because 8* = 64, and it is also a perfect cube because 
B= 64. 

d. 32 is not a perfect square or a perfect cube. (It is a perfect Sth power because 
2° = 32.) 
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Raising a number to the nth power and taking the principal nth root of a 
number can be thought of as inverse operations. Here are some examples. 


(/4P =(2)2=4 and JP = /4=2 

an Op =O and 3/33 = 3/27 = 

(7/16) ="2) = 16. and 6/22/16. 
(s/=243)5 = (-3)5 = =243 and 3/(—3)8 = 4/-243 = - 


> Inverse Properties of nth Powers and nth Roots 


Let a be a real number, and let n be an integer such that n = 2. 


Property Example 
1. If a has a principal nth root, then (V5 y — 


(vay =a. 


2. If n is odd, then 3/53 = 5 


=O, 
If n is even, then ~/(=5)? = |5| 25 
Oy ala 


elu) Evaluating nth Roots of nth Powers 


Evaluate each radical expression. 


a JF pn YC w. (VIP 
diny, (3) eV 3" 


Solution 


a. Because the index of the radical is odd, you can write 
SAB ae 

b. Because the index of the radical is odd, you can write 
(-2) = -2. 

c. Using the inverse property of powers and roots, you can write 


(/7) =7. 


d. Because the index of the radical is even, you must include absolute value 
signs, and write 


V(iodpe ee 


e. Because /—3? = ./—9 is an even root of a negative number, its value is not 
a real number. 


Use the rules of exponents 
to evaluate an expression with a 
rational exponent. 


_Study Tip 


_ The numerator of a rational 
exponent denotes the power to 
_ which the base is raised, and the 
S denominator denotes the root to 

: be taken. : 


ened 
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Rational Exponents 


> Definition of Rational Exponents 


Let a be a real number, and let n be an integer such that n > 2. If the 
principal nth root of a exists, we define a'/” to be 


qi/n = x/q. 
If m is a positive integer that has no common factor with n, then 


antes (G"y" = (Ya), and arm = (an)Yt = Var. 


It does not matter in which order the two operations are performed, provided 
the nth root exists. Here is an example. 


2 
82/3 = (78) SE as Cube root, then second power 
82/84 3/64 4 Second power, then cube root 


The rules of exponents that we listed in Section 4.1 also apply to rational 
exponents (provided the roots indicated by the denominators exist). We relist 
those rules here, with different examples. 


> Summary of Rules of Exponents 


Let r and s be rational numbers, and let a and b be real numbers, vari- 
ables, or algebraic expressions. 


Product and Quotient Rules Example 
eS 41/2(41/3) = 45/6 


ey 2a) eee 
ana @/2 = / 


Power Rules 
(ab)" = Qh bn (2x)1/2 = 21/2(1/2) 


a x2/3 
= b= 0 = 3273 


. (a’)s = a® (x3)1/2 = 33/2 
Zero and Negative Exponent Rules 
1 1 


1 3) ee a 
= a#0O0 a= Br (a3 


(3x)° = 


moe 


1 
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Setuls(7s | Evaluating Expressions with Rational Exponents 


Use rules of exponents to rewrite each expression in simpler form. 


a. 84/3 b. (42)3/2 se. 2573/2 

a(S)? ee -972— sf, (= 9)? 

Solution 

ano = (8>)3 = (3/8)* = 2*= 16 Root is 3. Power is 4. 
b. (42)3/2 = 42-G/2) = 4/2 = 43 = 64 Root is 2. Power is 3. 
Oi Phe : oe Ae oe Root is 2. Power is 3. 


=2572 (955 es 125 
ey 64s (Yes) _ #16 


Root is 3. Power is 2. 


135) ie 195772 (C7195 eo 25 
e. —91/2 = —./9 = —(3) = - Root is 2. Power is 1. 
f. (—9)!/2 = /—9 is not a real number. Root is 2. Power is 1. 


In parts (e) and (f) of Example 4, be sure that you see the distinction between 
the expressions —9!/? and (—9)!/2. 


><lutel(neee Using Rules of Exponents 


Rewrite each expression using rational exponents. 
af 
EW aye b= Cy 


Solution 
a. 14/8 = x(x3/4) = x1 +G/4) = 7/4 


ee ee (2/3)=(3/2) = 4-5/6 ! 
Degen ee ae ae ee 


c. /x7y = (xy) !/3 = (x?)1/3y1/3 = x2f2yh73 


elie (ele| Using Rules of Exponents 


Use rules of exponents to rewrite each expression in simpler form. 


(2x = 1)4/3 
a J3/x b. 
/ 2% 11 


Solution 
a J/3/x = S/F = (x1/3)1/2 = x(1/3)(1/2) = 1/6 


(2x — 1)43 (2x — 1)4 


3 | Use a calculator to evaluate a 
radical expression. 
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Radicals and Calculators 


There are two methods of evaluating radicals on most calculators. For square 
roots, you can use the square root key (/). For other roots, you should first con- 
vert the radical to exponential form and then use the exponential key (2) or (). 


Evaluating Roots with a Calculator 


Evaluate the following. Round the result to three decimal places. 
a V5 > ba/2s— «¥=4 - d. (8)? «. (14) 
Solution 

a. 55 Scientific 


5 (ENTER Graphing 


The display is 2.236068. Rounded to three decimal places, //5 ~ 2.236. 


b. First rewrite the expression as 3/25 = 25!/5. Then use one of the following 
keystroke sequences. 


25 1@)5 =) Scientific 
25 1()5 Graphing 
The display is 1.9036539. Rounded to three decimal places, 3/25 ~ 1.904. 


c. If your calculator does not have a cube root key, use the fact that 
f-4 = A-1(4) = f-134 = - 4 
and attach the negative sign of the radicand as the last keystroke. 


47) 01630864 Scientific 


4 (ENTER) Graphing 
The display is —1.5874011. Rounded to three decimal places, 3/—4 ~ —1.587. 
d. 8 18206 Scientific 
8 @) (1G) 2 D) (ENTER) Graphing 
The display is 2.284271. Rounded to three decimal places, (8)!/? ~ 2.828. 
e. 1.4 2@)5 (=) Scientific 


1.4) © ©)2 &)5 0) (ENTER) Graphing 
The display is 0.8740752. Rounded to three decimal places, (1.4)~/> ~ 0.874. 


Some calculators have a cube root key or submenu command. If your calcu- 
lator does, try using it to evaluate the expression in Example 7(c). 
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Determine the domain of a 
radical function. 


Radical Functions 


The domain of the radical function f(x) = 2/x is the set of all real numbers such 
that x has a principal nth root. 


> Domain of a Radical Function 


Let n be an integer that is greater than or equal to 2. 


1. If nis odd, the domain of f(x) = 2/x is the set of all real numbers. 


2. If nis even, the domain of f(x) = 2/x is the set of all nonnegative 
real numbers. 


a. f(x) = Vx 
b. f(x) = ¥x 
c. f(x) = V2 
d. f(x) = V8 
Solution 


a. The domain of f(x) = \/x is the set of all nonnegative real numbers. For 
instance, 2 is in the domain, but —2 is not because ./ —2 is not a real number. 


b. The domain of f(x) = 2/x is the set of all real numbers because for any real 
number x, the expression @/x is a real number. 


c. The domain of f(x) = \/x is the set of all real numbers because for any real 
number x, the expression x? is a nonnegative real number. 


d. The domain of f(x) = / is the set of all nonnegative real numbers. For 
instance, | is in the domain, but — 1 is not because ./(— 1)? = //—1 is not a 
real number. 


—— 


5.1 


Integrated Review 


Keep mathematically in shape by doing these 


exercises before the problems of this section. 


Properties and Definitions 
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Concepts, Skills, and Problem Solving 


In Exercises 1-4, complete the property of expo- 


nents. 


2. (ab)%= 


Solving Equations 


In Exercises 5-10, solve for y. 


Developing Skills 


In Exercises 1-8, find the root if it exists. See Example 1. 


(2 oA (2>- /100 
3. — /49 (4° /-25 
5. 2/=8 6 3/=64 
7. /-1 8. — 2/1 


In Exercises 9-14, complete the statement. See Example 
2. 


9. Because 7” = 49, 
10. Because 24.5? = 600.25, 


is a square root of 49. 
is a square root of 


600.25. 
11. Because 4.2? = 74.088, is a cube root of 
74.088. 
12. Because 6+ = 1296, is a fourth root of 1296. 
13. Because 452 = 20235, 45 is called the of 2025. 
14. Because 12° = 1728, 12 is called the of 1728. 


In Exercises 15-44, evaluate each radical expression 
without using a calculator. If not possible, state the 
reason. See Example 3. 


ox) JOD 
Gs Je (16? - /10? 
ey (CaDy 


a Ve 


5. 3x +y=4 C@ 2x + 3y =2 
(ES 20. /= 12 
21. —/ (3) 22. /(3) 
23. ./-(S)° Oe a 
25. (/5) 26. —(/10)" 
CE rN Cas? (—/18)° 
29. 3/(5)3 305/ (2): 
313/103 32a @ 

3. eo) 34, — fF 
ea 36. — %/(5)’ 
37. (¥11) 38. (3/6) 
39. (— 3/24)’ 40. (3/21)° 
a1. 4/34 CEE), 
(430 4) — 58 44, — 4/2! 


In Exercises 45-48, determine whether the square root 
is a rational or irrational number. 


CIAL 46.) / 2, 
47. ./900 48. /72 
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In Exercises 49-54, fill in the missing description. 


Radical Form Rational Exponent Form 
49. /16 = 4 
50. 4/81 = 3 
51, 3/277 = 9 
52. 1251/3 = 5 
RE 2567/4 = 64 
54, 27 =9 


In Exercises 55-74, evaluate without using a calculator. 
See Example 4. 


55, 251/2 56. 491/2 

(57, —36'/2 58. — 121! 
59, —(16)3/4 60. —(125)2/3 
i, Sores 62. 81-3/4 

63. (=27)-22 64, (—243)-3/5 
Come) GoM ase) © 

67, (BL)? Ie” 
69. (3°)2/3 70. (82)3/2 


71. —(44)3/4 72) (-23)5 
1 \-2/3 7 a\=3/2 
73, () 74. (5) 


In Exercises 75-94, rewrite the expression using rational 
exponents. See Example 5. 


(75/ Vt 70m se 
(le ES 78. 13/2 
79. wu 80. y/y 
81. 54/5 82. n34/n® 
93, gq, Y= 

ee fA 
85. st 86. a 
87. 3/22 - 3x! 88. 3/2 + 3/2 
89, 4/y3- 7/y 90. $25 » 3x4 
91. 4/x3y 92. 3/u4y2 
OSMAN) yc 94] x23/xy4 


In Exercises 95-116, simplify the expression. See 
Example 6. 


953i) 37/4 
Oe Qu2)23 


06927)": 23/- 
‘98. \ (41/3)9/4 


Bt. fa) = 3Vx 


1/5 Hoa ~5— 3/4 
i eae 5 


101. (c3/2)1/3 102. (k-1/3)3/2 


99 


- ) 18y4/3z-1/3 Pale 
8 ay Pz Me 

1053 Gx1y74) 106. (—2u3/5y-1/5)3 
yoy (xi/4\3 3m! /6n1/3\2 
407. (=) 108. a 5 
109. /¥/y 110. 3//2x 

mi. Ve AD fir 
fig ee eee 
Nese 4/y as y ° S/F aD 

115 Bu = 2% 116 y 2x + y 

* /Bu — 2v)3 "(x + y3? 


In Exercises 117-130, use a calculator to approximate 
the quantity accurate to four decimal places. If not pos- 
sible, state the reason. See Example 7. 


117. /73 118. ./—532 

119. 3152/5 120. 9622/3 

121. 1698-3/4 122. 382.5-3/2 

123. 4/342 124. 3/159 

125. 3/5452 126. 3/353 

poe J35 eres J3215 
2 10 

129. sau V17 130. ioe en 


In Exercises 131-136, describe the domain of the func- 
tion. See Example 8. 


132. h(x) = 4/x 


feeb eS aE ere o- 


135. f(x) = /—x 136, fx) =e 


\ 


= In Exercises 137-140, describe the domain of the func- 


tion algebraically. Use a graphing utility to graph the 
function. Did the graphing utility omit part of the 
domain? If so, complete the graph by hand. 

tlie 
Ye 
139. g(x) = 2x3/5 


137. y= 138. y=43x 


140. h(x) = 5x2/3 


In Exercises 141-144, perform the multiplication. Use a 
graphing utility to confirm your result. 


141. x'/2(2x — 3) 142. x4/3(3x2 — 4x + 5) 
Solving Problems 


Mathematical Modeling \n Exercises 145 and 146, 
use the formula for the declining balances method 


IS 1/n 
= 1 tn 
i (2) 


to find the depreciation rate r. In the formula, n is the 
useful life of the item (in years), S is the salvage value 
(in dollars), and C is the original cost (in dollars). 


145. A $75,000 truck depreciates over an 8-year period, 
as shown in the graph. Find r. 


Cost: 
F 75,000 - 


Salvage value: 
25,000 


Value (in dollars) 
s 
=) 
Ss 


Year 


146. A $125,000 printing press depreciates over a 10- 
year period, as shown in the graph. Find r. 


Cost: 
140,000 +125,000°~ 
120,000-- fj 
100,000 +a 
80,000 +a fat fg oe 

60,000 + feta fat fet 

40,000 +f} aeee 

20,000 ++ 4} Ett et ae et et 


Value (in dollars) 


Gi 2D S242) SO ey a) 
Year 


Explaining Concepts 


5 151. Answer parts (a)—(d) of Motivating the Chapter on 
page 319. 


152. Tn your own words, define the nth root of a number. 
153. Define the radicand and the index of a radical. 


154. If n is even, what must be true about the radicand 
for the nth root to be a real number? Explain. 


155. Is it true that \/2 = 1.414? Explain. 
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143. y~!/3(y!/3 + 5y4/3) 
144, (x!/2 — 3)(x!/2 + 3) 


147. Geometry Find the dimensions of a piece of car- 
pet for a classroom with 529 square feet of floor 
space, assuming the floor is square. 


148. Geometry Find the dimensions of a square mirror 
with an area of 1024 square inches. 


149. Geometry The length of a diagonal of a rectangu- 
lar solid of length /, width w, and height h is 


JSP + w? + Ph. 


Approximate to two decimal places the length of 
the diagonal of the solid shown in the figure. 


150. Velocity of a Stream A stream of water moving at 


arate of v feet per second can carry particles of size 
0.03 /v inches. 


(a) Find the particle size that can be carried by a 
stream flowing at the rate of 7 foot per second. 
Approximate to three decimal places. 


(b) Find the particle size that can be carried by a 
stream flowing at the rate of = foot per second. 
Approximate to three decimal places. 


156. Given a real number x, state the conditions on n for 
each of the following. 


(a) Yar= x (b) x" = |x| 

157. Investigation Find all possible “last digits” of 
perfect squares. (For instance, the last digit of 81 is 
1 and the last digit of 64 is 4.) Is it possible that 
4,322,788,986 is a perfect square? 
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Use the Multiplication and 
Division Properties of Radicals 
to simplify a radical expression. 


s of Radicals canbe 
st ) be true by converting 
the radicals to exponential form 
_and using the rules of exponents _ 


Las 


Simplifying Radicals 


In this section, you will study ways to simplify and combine radicals. For 
instance, the expression ./ 12 can be simplified as 


Mine 4-3 = Ae ee 


This rewritten form is based on the following rules for multiplying and dividing 
radicals. 


> Multiplying and Dividing Radicals 


Let u and v be real numbers, variables, or algebraic expressions. If the 
nth roots of u and vy are real, the following properties are true. 


1. Yuv = Yury Multiplication Property of Radicals 


ee 
2. /! =—, v#0 Division Property of Radicals 
vo wy 


You can use the Multiplication Property of Radicals to simplify square root 
expressions by finding the largest perfect square factor and removing it from the 
radical, as follows. 


V8 = /i6-3 = ey eee 


This simplification process is called removing perfect square factors from the 
radical. 


=cluile)(-34/ | Removing Constant Factors from Radicals 


Simplify each radical by removing as many factors as possible. 
a. /75 b. /72 Cow) LOZ 


Solution 

a. aS = 5/053 = JOR = 5e/3 25 is a perfect square factor of 75. 
b. B/D = /36 +2 = RED = 6/2 36 is a perfect square factor of 72. 
c. 162 Sr) Sil Di HL) = 9/2 81 is a perfect square factor of 162. 
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When removing variable factors from a square root radical, remember that it 
is not valid to write ./x? = x unless you happen to know that x is nonnegative. 
Without knowing anything about x, the only way you can simplify \/x is to include 
absolute value signs when you remove x from the radical. 


J = br 


When simplifying the expression \/x°, it is not necessary to include absolute value 
signs because the domain of this expression does not include negative numbers. 


Ne et) = x 


Restricted by absolute value signs 


Restricted by domain of radical 


= cliis)(4g Removing Variable Factors from Radicals 


Simplify the radical expression. 


an 9/255" “be ee 0 ea da 
Solution 
BLS thy Sari S52 oR = 5h J2 = |x| 
be A/ 128 "= 22x) = 2x./3% JE J2 = 2x, x20 
ce. 1444 = 176) = 12 J122./(2)2 = 12|x2| = 12x? 
O/T y= A/a) VC/2./¥* = 6|x|[y| 

= 6|x\y| Vx 


In the same way that perfect squares can be removed from square root 
radicals, perfect nth powers can be removed from nth root radicals. 


Study Tip 


To find the perfect nth root factor 
of 486 in Example 3(c), you can 


> <1s1)2)(-9s9| Removing Factors from Radicals 


Simplify the radical expressions. 


write the prime factorization of sip 40M Di ee Oe Ca ASGx ee alo a 
the number. Solution 
ASO = 23 3" 3 39 a. 2/40 = 2/8(5) YB =2 
=2-:3 = ¥/23(5) 
= 93} 

From its prime factorization you aS = 
can see that 3° is a fifth root boo =) x4 =x, x20 
factor of 486. = x4/x 


2/486 = 3/2 - 3° 
= 3/35 3/2 
= 32/2 


c. 3/486x! = 3/243x>(2x2) 
= /FEOX) 
= 3x3/2x? 
d. 3/128x7y> = 3/64xy5(2y?) 
= Axy3/2y? 
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Use rationalization techniquss Rationalization Techniques 


to simplify a radical expression. : 7 Ga 
Removing factors from radicals is only one of three techniques used to simplify 


radicals. The three techniques are summarized as follows. 


» Simplifying Radical Expressions 


A radical expressioniis said to be in simplest form if all three of the 
following are true. 


1. All possible nth powered factors have been removed from each 
radical. 


2. No radical contains a fraction. 


3. No denominator of a fraction contains a radical. 


To meet the last two conditions, you can use a technique called rationalizing 
the denominator. This involves multiplying both the numerator and denominator 
by a rationalizing factor that creates a perfect nth power in the denominator. 


S Example 4. | Rationalizing the Denominator 


Simplify the expression. 


ase /etend beck ee 
5) 3/9 3V18 

Study Tip Solution 
When rationalizing a denomina- a. aoe v3 = v3 : /5 ~wis 2 vb Multiply by V5/./5 to create a 
tor, remember that for square Nes 2 9 Be perfect square ta 
roots you want a perfect square ‘ a 2 _ A3 43/3 Multiply by 2/3/2/3 to create a 
in the denominator, for cube "56 a 3/9 i 3/3 a/s7 8 perfect cube in the denominator. 
roots you want a perfect cube, - 
and so on. a ST Se FS 2 an 2 ee 


ih Seki: MAM wa io) oS 


Rationalizing the Denominator 


Simplify the expression. 


8x 54x®y? 
joes 3 
a. 1293 b. 52 


Solution 


9 

| 
Il 
II 


ys WV (4)(3)y° ay b 35 ay 


53/3 _ ACTS) 75: _ ay 502 _ 30° VS0G 
3/25z (5 oe aye 


Use the Distributive Property to 


add and subtract like radicals. 
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Adding and Subtracting Radicals 


Two or more radical expressions are alike if they have the same radicand and the 
same index. For instance, \/2 and 3./2 are alike, but \/3 and 3/3 are not alike. 
Two radical expressions that are alike can be added or subtracted by adding or 
subtracting their coefficients. Before concluding that two radicals cannot be 
combined, you should first rewrite them in simplest form. This is illustrated in 
Example 6(c). 


Combining Radicals 


anit) = 20/7 = a+5- DAB a Penta 
= 4/7 Simplify. 


b. 6Jx — </4 —S/x + 294 = 6/4 bx — A + 23/4 Group like terms. 
= (6 - 5)/x +(-1+ 2)3/4 Distributive 


Property 
Spare: 3/4 Simplify. 
ce. 33x + 3/8x = 33x + 29x =F = 
= Distributive 
te (3 ay 2) vx Property 
= 53x Simplify. 
= cluly (v8) Simplifying Before Combining Radicals 


a, alélsye sb 2/0 bs =" 3) / Se a (ON/ S36 = Chay 
b. 5/2? — x/4x = 5xJSx — 2xJSx = 3xJ/x 
YS4y5 + 42/27? = 3y¥/2y? + 43/2? = (By + 4)3/2¥? 


ie 


In some instances, it may be necessary to rationalize denominators before 
combining radicals. 


Ji-4=7-($--7) Multiply by /7/./7 to create a 


7 ai vat perfect square in the denominator. 

Sul 

Sy i= 5V7 Simplify. 

a 

5) eas 

= (| jl — 7 Fi Distributive Property 

ps 
= Sa f/F] Simplify. 
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Use the Pythagorean Theorem 
in an application problem. 


Figure 5.1 


Catcher 


Figure 5.2 


Application of Radicals 


A common use of radicals occurs in applications involving right triangles. Recall 
that a right triangle is one that contains a right (or 90°) angle, as shown in Figure 
5.1. The relationship among the three sides of a right triangle is described by the 
Pythagorean Theorem, which says that if a and b are the lengths of the legs and 
c is the length of the hypotenuse, then 


OS GP Ale ‘Pythagorean Theorem 


For instance, if a = 6 and b = 9, then 


c= J+ 9% = J/117 = J9/13 = 313. 


An Application of the Pythagorean Theorem 


A softball diamond has the shape of a square with 60-foot sides (see Figure 5.2). 
The catcher is 5 feet behind home plate. How far does the catcher have to throw 
to reach second base? 

Solution 


In Figure 5.2, let x be the hypotenuse of a right triangle with 60-foot legs. So, by 
the Pythagorean Theorem, you have the following. 


x= /60? + 607 Pythagorean Theorem 


x = 7200 Simplify. 

i /3600 + 2 3600 is a perfect square factor of 7200. 
= 60M 2 Simplify. 

x ~ 84.9 feet 


So, the distance from home plate to second base is approximately 84.9 feet. 
Because the catcher is 5 feet behind home plate, the catcher must make a throw of 


x+5 =~ 84.9 + 5 = 89.9 feet. 
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Exercises | 


Integrated Review 


Keep mathematically in shape by doing these 


exercises before the problems of this section. 


Properties and Definitions 


1. Explain how to determine the half-plane satisfy- 


me x= y >: 


2. Describe the difference between the graphs of 


3x + 4y < 4 and 3x + 4y < 4. 


_ In Exercises 3-8, factor the expression completely. 


4. 47 — 169 
6. 2x2 + 5x —7 


@/-# + 3x2 -—x +3 
iS: x= By 2 


_ Developing Skills 


= 


Exercises 1-20, simplify the radical. See Example 1. 


@ 20 ATT 

3. /50 Ae OS 
B /% 6. /84 
712/216 EG) 
9. /1183 10. 1176 
11. /0.04 025 
13. ./0.0072 14. /0.0027 
15. /2.42 16. /9.8 
.-</% ity 

19. / 8 20.,./2 


In Exercises 21-56, simplify the expression. See Examples 
2 and 3. 


ay Jo 19), ae 
3, /48y4 24. /32x 
gs. /117y° 26) /T60x 


27. </ 120x772 
29. ./192a5b? 
33. 3/112 


DS (25 
30. /363x!y? 
32. 2/81 
34, 4/112 


Problem Solving 


Concepts, Skills, and Problem Solving 
7. lin? + 6x —5 


(8) 40 ~ 28x + 49 


9. Twelve hundred tickets were sold for a theater 


production and the receipts for the perfor- 


mance were $21,120. The tickets for adults and 


students sold for $20 and $12.50, respectively. 


How many of each kind of ticket were sold? 


10. A quality control engineer for a certain buyer 
found two defective units in a sample of 75. 


At that rate, what is the expected number of 


35. 3/40x° 
(BB </324y® 
39, 3x43 
Aly ay 
43, 3/32x5y6 
45, 3/2 
47. 3/3, 


32x 
0. [= 


YE /54a* 
(52 : b? 


53. he 


Kes Bl Gee) 


defective units in a shipment of 10,000 units? 


» </ 547! 
38. 2/160x8 
0. Sab 
42. ¥128u4v’ 
44, ¥/16x*y° 
AB 4/55 
48. 3/sa5 
yy ey 
y 
a 3u? 
Jey) 4 
S 168 
18x? 
54. ile 
56. 2/96x° 


In Exercises 57-78, rationalize the denominator and 
simplify further, if possible. See Examples 4 and 5. 


ei 1 
ELS 
GH) 


59: 


Sl- 


Awee 


ol 


/ 


Shae 
Gp ickes 
ay 5 
nats 
62. >— 
2/10 
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cn et 
© 32 (9) 6 
67. F 68. a) 
o / (%)/ 

5 
71. = 72. = 
Zea O 1 
73) 35 ee 

2 

(Ke = 10a oe : 
77 = 78) ae 


In Exercises 79-92, combine the radical expressions, if 
possible. See Examples 6 and 7. 


(79,)3-V2 - V2 80. 6/5 — 2/5 
81. 12./8 — 33/8 $2.40 30a 8e 
(83) 4/3 - 54/7 - 1293 


84. 93/17 + 73/2 - 43/17 + 3/2 

85. 23/54 + 123/16 86. 44/48 — 4/243 
87. 5/9x — 3x 

88. 3/x+1+10/x+1 


8% /25y + /64y 90. 3/1614 — 3/5414 
Hh We = ae (92/52/24? + 23/81 


Solving Problems __ 
107. Geometry The foundation of a house is 40 feet 


long and 30 feet wide. The height of the attic is 5 
feet (see figure). 


(a) Use the Pythagorean Theorem to find the length 


of the hypotenuse of the right triangle formed 
by the roof line. 


(b) Use the result of part (a) to determine the total 
area of the roof. 


In Exercises 93-98, perform the addition or subtraction 
and eas your answer. See Example 8. 


— 94, /10 + = 

93. As, aa 
x 
JB - a as 

95. 7 
3) 4 

_ : ——e 3 
Th, <f P55 Six 98 ye Rx 


In Exercises 99-102, place the correct inequality symbol 
(<, >, or =) between the numbers. 


99. /7 + /18 J/7 + 18 
100. /10 — V6 J/10 — 6 
101. 5 J+ 2 
102. 5 J3? + 42 


In Exercises 103-106, find the length of the hypotenuse 
of the right triangle. See Example 9. 


rs - 


105. 


30 


Figure for 107 
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“108. Geometry The four corners are cut from a 4-foot- where f¢ is years, with t = 0 corresponding to 1990. 
Ss by-8-foot sheet of plywood, as shown in the figure. (Source: Educational Research Service) 
a a perimeter of the remaining piece of (a) Use a graphing utility to graph the model over 
plywood. 


the specified domain. 
(b) Use a graphing utility to predict the year when 
the average salary will reach $48,000. 


f 112. Calculator Experiment Enter any positive real 
number into your calculator and find its square root. 
Then repeatedly take the square root of the result. 


Sep Ss) ee 


What real number does the display appear to be 


109. Vibrating String The frequency f in cycles per approaching? 
second of a vibrating string is given by 113. Square the real number 5/./3 and note that the 
aaa 400 x 10° radical is eliminated from the denominator. Is this 
ioe 100 5 : equivalent to rationalizing the denominator? Why 
or why not? 


Use a calculator to approximate this number. 


Geonid the wcult to two decimal’ places) 114. The Square Root Spiral The square root spiral 


(see figure) is formed by a sequence of right trian- 


110. Period of a Pendulum The period T in seconds of gles, each with a side whose length is 1. Let r, be 
a pendulum (see figure) is given by the length of the hypotenuse of the nth triangle. 
T=2 Le (a) Each leg of the first triangle has a length of 1 

Be EN =35 unit. Use the Pythagorean Theorem to show 
that 7, = 2. 


where L is the length of the pendulum in feet. Find 
the period of a pendulum whose length is 4 feet. 
(Round the result to two decimal places.) (c) What can you conclude about r,,? 


(b) Find r,, r3, 74, rs, and rg. 


1 111. Mathematical Modeling The average salary S (in 
thousands of dollars) of public school teachers for 
the years 1992 through 1997 in the United States is 
modeled by 


Si 3404 16h a4 2< tS 7 
_ Explaining Concepts 


115. Give an example of multiplying two radicals. 118. Describe the steps you would use to simplify 1//3. 


116. Describe the three conditions that characterize a 
simplified radical expression. 


117. Is 2 + /18 in simplest form? Explain. 


119. For what values of x is /x? # x? Explain. 


120. Explain what it means for two radical expressions 
to be alike. 
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Hl Use the Distributive Property Multiplying Radical Expressions 


or the FOIL Method to multiply ee 
radical expressions. You can multiply radical expressions by using the Distributive Property or the 


FOIL Method. In both procedures, you also make use of the Multiplication 
Property of Radicals from Section 5.2, 


Yayb = Yab, 


where a and b are real numbers whose nth roots are also real numbers. 


Multiplying Radical Expressions 


Find the products and simplify. 
a Gary 3 Dae 5 16 


Solution 
Ad OPN 3= 6 > 3/1810! raw yD) 
b. 9/5 -3/16 = 2/5 16 = 80 = </Srml0 = 25/10 


lseriilei(1 #49) Multiplying Radical Expressions 


Find the products and simplify. 
a. /3(2 + J5) b. /2 (4 - V8) c. /6 (12 -— V3) 


Solution 
a. /3(2 + /5) =2V3 + V3V5 Distributive Property 
= 2 / Baws 1S: Multiplication Property of Radicals 
b. 9/2.(4 8/8) = 4/9 = Fes Distributive Property 
= 4./2,— ~/16 Multiplication Property of Radicals 
= ee Simplify. 
c. V6 (12 3) = V6/12 603 Distributive Property 
= /72 — ./18 Multiplication Property of Radicals 
= 6/2 - 3/2 Find perfect square factors. 
Sie) Simplify. 


Determine the product of 
conjugates. 
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In Example 2, the Distributive Property was used to multiply radical expres- 
sions. In Example 3, note how the FOIL Method can be used to multiply bino- 
mial radical expressions. 


Using the FOIL Method 


F 0 I LE 
(a een (a. a | 


a. 42/7 — 4)(/7 + 1) = 277) 22/7 — 4/7 —4 FOIL Method 


= 2(7) + (2-4)/7 -4 Combine like radicals. 

=10— 2.7 Combine like terms. 
b. (3 — /x)(1 + Vx) =3 + 3Ve — Vx — (Vx)? 

= 3 4+.2/x — x —7-=0 Combine like radicals. 


Conjugates 


The expressions 3 + /6 and 3 — \/6 are called conjugates of each other. 
Notice that they differ only by the sign between the terms. The product of two 
conjugates is the difference of two squares, which is given by the special product 
formula (a + b)(a — b) = a? — b*. Now, in addition to the FOIL Method, 
you can also use special product formulas to multiply certain binomial radical 
expressions. 


selunle)(euee Using a Special Product Formula 


Find the conjugate of the expression and multiply the number by its conjugate. 


a. (2 — /5) b. (Vx - 2) c: (/3 + Vx) 


Solution 
a. The conjugate of (2 = J/5) is (2 Ee i) 
(2/5) (2/5) 25) Special product formula 
=4-5 
= = 1 
b. The conjugate of (Vx = 2) is (Vx a 2) 
(/x — 2)( Vx + 2) = (Vx)? - 2) Special product formula 


=X ax 0) 
c. The conjugate of (V3 qi J/x) is (V3 = J/x). 
ee ae Sx /3 = J/x) = (S32 = (ele Special product formula 


= 3 >a, se 2 
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Simplify a quotient involving 
radicals by rationalizing the 
denominator. 


Dividing Radical Expressions 


To simplify a quotient involving radicals, we rationalize the denominator. For 
single-term denominators, you can use the rationalizing process described in 
Section 5.2. To rationalize a denominator involving two terms, multiply both the 
numerator and denominator by the conjugate of the denominator. 


Example 5 


v3 S30 V5 


te Gy tp eRe 


P- (V5) 
2 ee 
15 
Vee aS 
—4 
4 4 2+ V3 


_8 +43 
4-3 


=8+4/3 


Simplifying Quotients Involving Radicals 


Multiply numerator and denominator 
by conjugate of denominator. 


Special product formula 


Simplify. 


Simplify. 


Multiply numerator and denominator 
by conjugate of denominator. 


Special product formula 


Simplify. 


Simplify. 


=clilel(aela Simplifying Quotients Involving Radicals 


55/2 oN ey aed 2 


NN 3G 8 peep 


Multiply numerator and denominator 
by conjugate of denominator. 


Special product formula 


Simplify. 


Cancel common factor. 


Simplest form 
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FEya 


> <ctilel (wa Dividing Radical Expressions 


Perform the division and simplify. 


ae 6 = (2-2) —b 2 =13) = (6+) 


Solution 
a 6 fe 6 ‘ a nee Multiply numerator and denominator 
7 Rie 10 Sy pay) Ve eo) by conjugate of denominator. 
6(./x + 2 
= a) Special product formula 
(Vx) - 22 
6/x + 12 
= > aaa we = 0 Simplify. 


Dia Sn eee OA) Ore 
V6 2 67 26 V 


PGs ee ee 


Multiply numerator and denominator 
by conjugate of denominator. 


NO]] bo 


Rar = (ay Special product formula 
Dy Oe ODS SO or. 
= Ree 5) Simplify. 
3/6 — 5./2 Ee: 
= Pe ear e Simplify. 


_ The Golden Section 


The ratio of the width of the Temple of Hephaestus 
to its height is approximately 


Ww D, 


—_ = 


(Nee 
This number is called the golden section. Early 
Greeks believed that the most aesthetically pleasing 
rectangles were those whose sides had this ratio. 


a. Rationalize the denominator for this number. 
Approximate your answer, rounded to two 
decimal places. 


b. Use the Pythagorean Theorem, a straightedge, 
and a compass to construct a rectangle whose 
sides have the golden section as their ratio. 
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- 
me 
ane 
ee 
a 
igre 
Lae 


0 

: i A ieee Ra aE 
t eo eit! Sean 

are ¥ es Me. AS 


multiply and simplify. See Examples 


In Exercises 1-42, 


ra 
(= 
vo 
£ 
vu 
3 ~~ 
ah aS a we 
a 
eS 
as S | ia Sos = cA LAN Os 
N Sr Ss + 
hemes ae! mo, ot eee te 
SS ae e+ Poe eee ot 
aA a a st 
C= a a & of Cin 2 a 
7 : .— 
oe ey ae 
N YA) let Wy SP SS = See) GS a Ulce 
UP Sipe ae ates | Y | | 
aS ai aly ies ere CS |e oH 
J (SESS eas oa ae 
= Sw 
SOV OOS 8 wetu Oa 
fu Ss ea Sco a Ses ses 
Qs aseoras Se oa SP Ra Sg + 
\o ae 


Ge wa a MS & 
SSSPSESE Ge SSR 
Se eee ee at eka 


+S sas eosa 
See GOS 8s 21S se) 8) Sey ees 


3 — 2) 
5 


V3) 
+ 8) 
= a3) 
— /10 
+4) 
Va) 
2 7) 
(¥3 
A 
Va 
i 


) 


a= la 
(ae) 
l 


LB 
J/6 
3/6 
4/6 
2- 
ee 2 20) 
1D 
18 
Vy 
Ate 
3/2 
ap 2 
ap 3 
/20 + 2 


eS eas SS 


(v 
3 
5 
@) 
9 

11 

13 

as) 

17 

19. 

2) 

23 

25 

27 

31 


In Exercises 49-62, find the conjugate of the expression. 
Then multiply the expression by its conjugate. See 
Example 4. 


(392+ J5 30:5) 2D, 
i / 11 —"/3 Bot 10a 
B30 </15 + 3 BA. s/t 3 
G55. /x — 3 56. /t+7 
57. /2u — /3 58. /5a + /2 
59. 2/2 + /4 60/43 + /2 
61. /x + Vy 62. 3/u + 3v 
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83. (Vx — 5) + (2Vx-1) 
84. (2./1 + 1) + (2.7 — 1) 
3x Sy 
Sat S0; Gee 
ig Bepierat/i) PSS Ui 
AT. of 88. eek ag 
See eT J/x - J/2 
8a 7z 
a 0. 
/3a + Ja J5z'— J/z 
3(x — 4) 6(y + 1) 
oN oe 
x? — /x y+ Jy 
Cp | elle SLA SAN 64) 
* Ju-v—- Ju — Jutz- Ju 


In Exercises 63-66, simplify the expression. 


a 4- =3 + 275/ 
a 


ye Oy Rl Oe 
eS 8y (66) 3t 

In Exercises 67-70, evaluate the function. 
(GP fO) =x? - 6x + 1 


(a) f(2 — V3) 
Gaol x) = x° ox 1) 


(ye 22) 


(a) g(-4 + V5) (b) ¢(-4V2) 
BOM rt) — x — 2x — 1 

(a) f(l + V2) (b) f(V4) 
70. e(x) =x? -—4x4+ 1 

(a) g(1 + 5) (b) g(2 - V3) 


In Exercises 71-94, rationalize the denominator of the 
expression and simplify. See Examples 5-7. 


aa) 6 8 
Wa 2. i 
I 5 
Saree Th. se 
3 ry 
5/0 5 (3/5 
_ _—_= Es 
MiGaeo) OS 
9 12 
Oh Spe SUP WET 
gir(/7 +2) +(v7-2) 
(82/ (5 /3) + (3 + V3) 


In Exercises 95-98, use a graphing utility to graph the 
functions on the same screen. Use the graphs to verify 
that the functions are equivalent. Verify your results 
algebraically. 


10 
See ana 
10(/x — 1) 
2 ve = I! 
4x 
Pe Meay ENE 4 
any) 
y2 je = IC 
ae Di 
e tas 
2- Vx 
2(2/x + x) 
eae UN 5 
jg, oe 
Po) a= 
x+6+4/2x 
en oD 


Rationalizing Numerators \n the study of calculus, 
students sometimes rewrite an expression by rationaliz- 
ing the numerator. (Note: The results will not be in sim- 
plest radical form.) In Exercises 99-102, rationalize the 
numerator. 


99. v2 100. v10 
7 5 


5 73 
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- 


103. 


/ aN 


(104) 


105. 


107. 


108. 


Chapter 5 Radicals and Complex Numbers 


_ Solving Problems 


Strength of a Wooden Beam The rectangular 
cross section of a wooden beam cut from a log of 
diameter 24 inches (see figure) will have maximum 
strength if its width w and height h are given by 


w=8/3 and h= /24 - (8/3). 


Find the area of the rectangular cross section and 
express the area in simplest form. 


Figure for 103 


Figure for 104 


Geometry The areas of the circles in the figure 
are 15 square centimeters and 20 square centime- 
ters. Find the ratio of the radius of the small circle 
to the radius of the large circle. 
Force to Move a Block The force required to 
slide a steel block weighing 500 pounds across a 
milling machine is 

500k 
wf sP 1l es 
where k is the friction constant (see figure). 
Simplify this expression. 


Explaining Concepts 


Multiply /3 (1 = 6). State an algebraic property 
to justify each step. 

Describe the differences and similarities of using 
the FOIL Method with polynomial expressions and 
with radical expressions. 


106. 


109. 


110. 


Figure for 105 


Wind Chill The term “wind chill” goes back to 
the Antarctic explorer Paul A. Siple, who coined it 
in a 1939 dissertation, Adaptation of the Explorer to 
the Climate of Antarctica. During the 1940s, Siple 
and Charles F. Passel conducted experiments on the 
time needed to freeze water in a plastic cylinder 
that was exposed to the elements. They found that 
the time depends on the initial temperature of the 
water, the outside temperature, and the wind speed. 
The National Weather Service uses the following 
formula for determining “wind chill.” 


T,,, = 0.0817(3.71V/v + 5.81 — 0.25v)(T — 91.4) 
+ 91.4 


where T is the air temperature in degrees Fahrenheit, 
T,,,. 18 the wind chill, and v is the wind speed in miles 
per hour. Use the formula to determine the wind 
chill for each combination of air temperature and 
wind speed given in the table. 


Multiply 3 — ./2 by its conjugate. Explain why the 
result has no radicals. 


Is the number 3/ (1 + /5 ) in simplest form? If 
not, explain the steps for writing it in simplest form. 
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Take this quiz as you would take a quiz in class. After you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-4, evaluate the expression. 


ee / 228 2, 4/2 3. 641/2 4, (—27)/3 


In Exercises 5-8, simplify the expression. 


4u3 16 
Ss 21x 6. 4/81x® Ts its 8. 3 ne 


In Exercises 9 and 10, combine the radical expressions, if possible. 


9. ./200y — 3/8y 10. 6x3/5x2 + 23/40x4 


In Exercises 11-18, simplify the radical expression. 


11, /8(3 + ./32) 
12. (/50 - 4) V2 
13. (V6 + 3)(4/6 — 7) 
14. (9 + 2V3)(2 + 7V3) 
a 
SN PSS 
6/2 
srr cen 
17. 4 + (¥6 + 3) 
18. (4/2 - 2/3) + (/2 + V6) 


15 


; ie In Exercises 19 and 20, write the conjugate of the number. Find the product of 
2in.] iy 2 . 
f the number and its conjugate. 
ie 
pont 191+ J4 20. 10 — 5 


2in | ' 21. Explain why \/5? + 12? # 17. Determine the correct value of the radical. 
2 in. 2 in. 22. The four corners are cut from an 83-inch-by-11-inch sheet of paper, as shown 


Figure for 22 in the figure at the left. Find the perimeter of the remaining piece of paper. 
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HD solve a radical equation by Solving Radical Equations 
raising both sides to the nth power. 
Solving equations involving radicals is somewhat like solving equations that 


contain fractions—you try to get rid of the radicals and obtain a polynomial 
equation. Then you solve the polynomial equation using the standard procedures. 
The following property plays a key role. 


> Raising Both Sides of an Equation to the nth Power 


Let u and v be real numbers, variables, or algebraic expressions, and let 
n be a positive integer. If uv = v, then it follows that 


This is called raising both sides of an equation to the nth power. 


To use this property to solve an equation, first try to isolate one of the radicals 
on one side of the equation. 


= etl(24) | Solving an Equation Having One Radical 


Solve /x —§=0. 


Solution 
/x-8=0 Original equation 
8 Isolate radical. 
(Vx y = 8? Square both sides. 
x = 64 Simplify. 
Check 
Sx == © Original equation 
TERE Substitute 64 for x. 
8-8 =0 Solution checks. / 


So, the equation has one solution: x = 64. 
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Solving an Equation Having One Radical 


Solve \/3x + 6 = 0. 


Solution 
L /3x +.6 = 0 Original equation 
y /3x = -6 Isolate radical. 
(3x)? = (—6)? Square both sides. 
3x = 36 Simplify. 
x = 12 Divide both sides by 3. 
Check 
J/3x + 6=0 Original equation 
/3(12) + 6 a Substitute 12 for x. 
6+6#0 Solution does not check. 


The solution x = 12 is extraneous. So, the equation has no solution. You can also 
check this graphically, as shown in Figure 5.3. 


As you can see from Example 2, checking solutions of a radical equation is 
z especially important because raising both sides of an equation to the nth power 
to remove the radical often introduces extraneous solutions. 


Solving an Equation Having One Radical 


A Solves 2aa 1 = 23. 


zy Solution 
; ; 2x +1-2=3 Original equation 
1 S2xeal = 5 Isolate radical. 
(3/2x + ip) ee Cube both sides. 
2x + 1 = 125 Simplify. 
2x = 124 Subtract 1 from both sides. 
x = 62 Divide both sides by 2. 
Check 
Smw+1-2=3 Original equation 
3¥/2(62) + 1-2 as Substitute 62 for x. 
3/125 — 2 OG Simplify. 
* 5-2=3 Solution checks. 4 
a ee ee So, the equation has one solution: x = 62. You can also check the solution 
Figure 5.4 graphically, as shown in Figure 5.4. 


348 Chapter 5 Radicals and Complex Numbers 


Solve 5x + 3 = Vx + II. 


Solution 
J5x +3 = Jx +11 Original equation 
(/5x +3 iF = (/agriit F Square both sides. 
ox es =o 1 » Simplify. 
Sx XS Subtract 3 from both sides. 
4x = 8 Subtract x from both sides. 
i Divide both sides by 4. 
Check 
J5x +3 = J/x + 11 Original equation 
5(2) + 3 ts J/24+ 11 Substitute 2 for x. 
w/13 = 18 Solution checks. / 


Solution 
43x + 2x -—5=0 Original equation 
4/3x = 4/2x — 5 Isolate radicals. 
(4/3x \s = (- Ong 5) Raise both sides to 4th power. 
Oke 2) Simplify. 
x=-5 Subtract 2x from both sides. 
Check 
43x + Y2x—5=0 Original equation 
4/3(—5) 4° 4/2(—5) —5 es 0 Substitute —5 for x. 
4-15 + ¥-15 #0 Solution does not check. 


The solution does not check because it yields fourth roots of negative radicands. 
So, this equation has no solution. Try checking this graphically. If you graph both 
sides of the equation, you will discover that they do not intersect. 


In the next example you will see that squaring both sides results in a 


quadratic equation. Remember that you must check the solutions in the original 
radical equation. 
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=cTiils] (Mel An Equation That Converts to a Quadratic Equation 


Solve /x + 2 =x. 


Solution 
/x De x Original equation 
pe) Isolate radical. 
(Vx)? = (x — 2) Square both sides. 
x= x? -—4x+4 Simplify. 
—x*+ 5x -—4=0 General form 
(-1)(« -4@- 1) =0 Factor. 
x-4=0 > x=4 Set Ist factor equal to 0. 
Vaee lie > x=1 Set 2nd factor equal to 0. 
Check 
J/xt+2=x Original equation Jx+2=x Original equation 
x4 +2 = 4 Substitute 4 for x. Al +2 as 1 Substitute 1 for x. 
Ds 2 Y 4 — Simplify. [hae Z 1 Simplify. 
4 =4 Solution checks. / 3 = 1 — Solution does not check. % 


From the check you can see that x = | is an extraneous solution. So, the only 
solution to the equation is x = 4. 


When an equation contains two radicals, it may not be possible to isolate 
both. In such cases, you may have to raise both sides of the equation to a power 
at two different stages in the solution. 


=e liiiel(748| Repeatedly Squaring Both Sides of an Equation 
Solve /3t + 1 = 2 — V3t. 


Solution 


SS = 2; Original equation 
(V Bir ar ii = (2 = een: Square both sides (1st time). 


3t+1=4-4,/3t + 3t Simplify. 
=3 = —4./3t Isolate radical. 
(—3)? = (—4/32) Square both sides (2nd time). 
9 = 16(32) Simplify. 
ga t Divide both sides by 48. 
16 : 


The solution is t = = Check this in the original equation. 
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Solve an application problem 
involving a radical equation. 


Applications 


Serle)(.3 | An Application Involving Electricity @ 


The amount of power consumed by an electrical appliance is given by 


P q 
[= = 
R 
where J is the current measured in amps, R is the resistance measured in ohms, 
and P is the power measured in watts. Find the power used by an electric heater 
for which J = 10 amps and R = 16 ohms. 


Solution 
I s Original ti 
= = riginal equation 
R g q 
Je 
10 = 16 6 Substitute for 7 and R. 


Square both sides. 


= 
SS 
| 
ge ara 
N 


IP 
100 = — Simplify. 
16 pity 
1600 = P Multiply both sides by 16. 
Check 
ga 1600 Substitute 10 for J, 16 for R, and 1600 
Oe 16 for P in the original equation. 
u 
10 = 100 Simplify. 
10 = 10 Solution checks. / 


So, the solution is P = 1600 watts. 


An alternative way to solve the problem in Example 8 would be first to solve 
the equation for P. 


i 
I= ME Original equation 
P 2 
[= ( J5) Square both sides. 
P 
R 


Simplify. 


PR=P Multiply both sides by R. 
At this stage, you can substitute the known values of J and R to obtain 


P = (10)216 = 1600. 
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The Velocity of a Falling Object @ 


The velocity of a free-falling object can be determined from the equation 

v= J2¢eh 
where v is the velocity measured in feet per second, g = 32 feet per second per 
second, and h is the distance (in feet) the object has fallen. Find the height from 


which a rock has been dropped if it strikes the ground with a velocity of 50 feet 
per second. 


Solution 
2¢h Original equation 
50 = /2(32)h Substitute for v and g. 
502 = (64h)? Square both sides. 
2500 = 64h Simplify. 
39 ~h Divide both sides by 64. 
Check 


Because the value of h was rounded in the solution, the check will not result in an 
equality. The expressions on each side of the equal sign will be approximately 
equal to each other. 


2¢h Original equation 
ae /2(32)(39) Substitute 50 for v, 32 for g, and 39 for h. 
50 < /2A96 Simplify. 
50 ~ 49.96 Solution checks. / 


So, the height from which the rock has been dropped is approximately 39 feet. 


_ An Experiment 


_ Without using a stopwatch, you can find the length of time an object 
en falling » a the following equation from physics 


onde 
Jse this equation to test how long: it takes members of your group 
es atch a falling ruler. Hold the ruler vertically while another student 
= hold his or her hands near the lower end of the ruler ready to catch it. 
' Be fore releasing the ruler, record the mark on the ruler closest to the 

_ topo the catcher’s hands. Release the ruler. After it has been caught, 
again note the mark closest to the top of the catcher’s hands. (The 

_ difference between these two measurements is h.) Which member of 
your class reacts most quickly? 
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5.4 


Integrated Review 


Keep mathematically in shape by doing these 


exercises before the problems of this section. 


Properties and Definitions 


| Concepts, Skills, and Problem Solving 


\ 


1. Explain how you determine the domain of the 


function - 


4 


I 5 a + 2)(x 3) 


2. Explain the excluded value (x # —3) in the fol- 


lowing equation. 
ee ae 
peo ie 


2h I 
2 


x #3: 


Simplifying Expressions 


Xo 


64r2s4 - et 
ee Galea. 
3 l6rs?__ A 4y3, 
In Exercises 7-10, ‘perform the operation and 


simplify. 


4 in ee ee] 
pO 2 en ee 
Rees Nee 
> ee tS - — 3) | 
2x 3 | 
Sree Meare i : 
Graphs 


In Exercises 3-6, simplify the oo. (Assume 


that no variable is equal to 0.) 


3.) (—3x2y3)? + (4xy?) 4. (x? = 3xy)° 


Developing Skills 


In Exercises 1-4, determine whether the values of x are 
solutions of the radical equation. 


Equation Values of x 

1, /x— 10=0 @ex—=—4) ) (bux = —100 
OLS] LO hers ico 

2, (= E30: Oy eis On, 
(Cex = 12 (d) x= -46 

(3)%¥x-4=4 ()x=-60 () x=68 

: (c) x = 20 (d) x =0 

4, 2x +2=6 (y= 128 (bya 
(ce) x= —2 (d) x =0 


In Exercises 5-52, solve the equation and check your 
solution(s) in the original equation. (Some of the equa- 
tions have no solution.) See Examples 1-7. 


5) /x = 20 6. Vx =5 
a (8) Jt = 4 


In Exercises 11 and 12, graph the function and — 
identify any intercepts. 


U y=2x-3 12. y= —3x+2 
= 0) ¥% =2 
(i. 4y-7=0 TO 6 Bal 

13. /u+ 13 =0 (a Vy + 15 =0 
15. /x —8 =0 16. /x — 10 =0 
G7 Ji0x = 30 18. /8x = 6 
(19) /—3x = 9 20. /—4y = 4 

21. /5t-2=0 (22 6 — /8x = 0 
23../3y ta1=4 24. /3 —2x =2 
(25,)./4 — 5x = -3 26. /2t-—7 = -5 
27. /3y +5-3=4 28. /5z -2+7=10 
29/5/x+2=8 30. 2V/x+4=7 
31/ J3x$24+5=0 32, /1—-x+10=4 
A FERS /I= 1 (3) Sl © ee 
35. By -5-3/y=0 | 


36) /2u + 10 — 2.\/u = 0 
37, 33x — 4 = 3/x + 10 
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38. 23/10 — 3x = 37/2-—x In Exercises 71-76, match the function with its graph. 
PB. a See AG [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 
(A) 72x + ¥x¥3 = 0 (b) » 


4. Je +5 =x43 42, (x? —4=x-2 
43. /2x=x-4 (@) Ji =x-6 
45. /8x +1=x+2 46. /3x +7 =x+3 
(@ JeF2=14+ Ve 

48. /2x+5=7- 2x 

49. /2t+3=3- 21 

(SB Vat Vx ¥2 = 2 

51. /x+5-VJx=1 

Me 52.\/273-—S/x-1=1 


~T 


Se 


In Exercises 53-60, solve the equation and check your 
solution(s) in the original equation. 


Z (3/ er = 8 54, v2/3 = 25 
= 55. 3y!/3 = 18 (56) 2x3/4 = 54 
87. (x + 42/3 = 4 58. (u — 2) = 81 


(2x+5)/34+3=0 60. (x -— 63/-27=0 


4 © In Exercises 61-70, use a graphing utility to graph each 
side of the equation on the same screen. Use the graphs 


- 


to approximate the solution(s). a fa) = 37x-1 De Ne poerowes | 
61. /x = 2(2 — x) 62,3124 3 = 403 73. fe) =x +341 CIP fe) =—2-1 
(Se MET AG = POE =e Tse (718 fl) = V6 
Be 65. /xt3=5-Vx 66. ¥5x—-8=4- ¥x 
) 67.4Yx=7-x 68. Y/x+4= J6-—x 
69. /15 — 4x = 2x 10. = = 3x ~ 4 
Xx 
_ Solving Problems | 
Geometry \n Exercises 77-80, find the length x of the ae 80. as 
unknown side of the right triangle. (Round your answer iil A 
to two decimal places.) 5 
: i 5 1 X 6 
(EE \ 78. / oa ey Y | 
: Nos Aa 


ee | 
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81. Drawing a Diagram The screen of a computer 
monitor has a diagonal of 13.75 inches and a width of 
8.25 inches. Draw a diagram of the computer monitor 
and find the length of the screen. 


82. Drawing a Diagram A basketball court is 50 feet 
wide and 94 feet long. Draw a diagram and find the 
length of the diagonal of the court. 


83. Geometry A house has a basement floor with 
dimensions 26 feet by 32 feet. The gas hot water 
heater and furnace are diagonally across the basement 
from where the natural gas line enters the house. Find 
the length of the gas line across the basement. 


G coy Geometry A guy wire on a 100-foot-tall radio tower 

\ is attached to the top of the tower and to an anchor 50 
feet from the base of the tower. Determine the length 
of the guy wire. 

85. Geometry A ladder is 17 feet long and the bottom 
of the ladder is 8 feet from the wall of a house. 
Determine the height at which the top of the ladder 
rests against the wall. 

86. Geometry A 10-foot plank is used to brace a base- 
ment wall during construction of a home. The plank 
is nailed to the wall 6 feet above the floor. Find the 
slope of the plank. 

87. Geometry Determine the length and width of a rec- 
tangle with a perimeter of 92 inches and a diagonal of 
34 inches. 

(88, Geometry Determine the length and width of a rec- 

— tangle with a perimeter of 68 inches and a diagonal of 
26 inches. 


89. Geometry The surface area of a cone is given by 
S = oar /r* + h* 


as shown in the figure. Solve the equation for h. 


=: 90. Geometry Write a function that gives the radius of 


a circle in terms of the circle’s area A. Use a graph- 
ing utility to graph this function. 


Height of an Object \n Exercises 91 and 92, use the 
formula t = /d/16, which gives the time t in seconds 
for a free-falling object to fall d feet. 


(1A construction worker drops a nail and observes it 
strike a water puddle after approximately 2 seconds. 
Estimate the height from which the nail was dropped. 


92. A construction worker drops a nail and observes it 
strike a water puddle after approximately 3 seconds. 
Estimate the height from which the nail was dropped. 


Free-Falling Object \n Exercises 93-96, use the equa- 
tion for the velocity of a free-falling object (v = /2gh), 
as described in Example 9. 


93. An object is dropped from a height of 50 feet. Find 
the velocity of the object when it strikes the ground. 


94. An object is dropped from a height of 200 feet. Find 
the velocity of the object when it strikes the ground. 


95. An object that was dropped strikes the ground with a 
velocity of 60 feet per second. Find the height from 
which the object was dropped. 


96. An object that was dropped strikes the ground with a 
velocity of 120 feet per second. Find the height from 
which the object was dropped. 


Length of a Pendulum _\n Exercises 97 and 98, use the 
equation of the time t in seconds for a pendulum of 
length L feet to go through one complete cycle (its 


period). The equation is t = 27/L/32. 


ZO 
How long is the pendulum of a grandfather clock 
with a period of 1.5 seconds (see figure)? 


Ee 


98. How long is the pendulum of a mantle clock with a 
period of 0.75 second? 

99. Demand for a Product The demand equation for 
a certain product is 


D150) =~ 0.8 > 1) 


where x is the number of units demanded per day 
and p is the price per unit. Find the demand if the 
price is $30.02. 

100. Airline Passengers An airline offers daily flights 
between Chicago and Denver. The total monthly 
cost of the flights is 


C= O23 = il, OS x 


9S 103. Answer part (e) of Motivating the Chapter on page 
319. 
104. In your own words, describe the steps that can be 
used to solve a radical equation. 
105. Does raising both sides of an equation to the nth 
power always yield an equivalent equation? 
Explain. 
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101. 


where C is measured in millions of dollars and x is 
measured in thousands of passengers (see figure). 
The total cost of the flights for a certain month 
is 2.5 million dollars. Approximately how many 
passengers flew that month? 


Monthly cost 
(in millions of dollars) 


0 5 LO Se 20 255 350 5 
Number of passengers (in thousands) 


Federal Grants-in-Aid The total amount spent on 
federal grants-in-aid F (in billions of dollars) in the 
United States for the years 1990 through 1997 is 
modeled by 


PHan335+ 931 + 1802 04 =< 7 


where f is time in years, with t = 0 corresponding 

to 1990. (Source: U.S. Office of Management 

and Budget) : 

(a) Use a graphing utility to graph the function. 

(b) In what year did the grants total approximately 
225 billion dollars? 


102. Exploration The solution of the equation x + 


106. 


107. 


/x — a= bis x = 20. Find a and b. (There are 
many correct answers.) 


One reason for checking a solution in the original 
equation is to discover errors that were made when 
solving the equation. Describe another reason. 


Error Analysis Describe the error. 
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Write the square root of a 
negative number in i-form and 
perform operations on numbers 


in i-form. 


The Imaginary Unit / 


In Section 5.1, you learned that a negative number has no real square root. For 
instance, \/— 1 is not real because there is no real number x such that x7 = —1. 
Thus, as long as you are dealing only with real numbers, the equation 


=-1 


has no solution. To overcome this deficiency, mathematicians have expanded the 
set of numbers, using the imaginary unit i, defined as 


i= /-l. Imaginary unit 
This number has the property that i2 = —1. So, the imaginary unit iis a solution 
of the equation x? = —1. y 


> The Square Root of a Negative Number 
Let c be a positive real number. Then the square root of —c is given by 
Vs6= V1) = Vey 1 = vei, 
When writing ./—c in the i-form, \/ci, note that i is outside the radical. 


segs Numbers in j-Form 


a. /—36 = fee 

b. vos" x 1) a faperes 5! 

c. = /5(- =" V5) 1/51 

d. = 54 = /54(-1) = /54./-1 = 3/6: 
v=48 48/0 = 6/487 


Ca —— 


8 
a3 | J5/aTee ST EN este 
JETS SEE IS: TNS 
a! 


— 


f, ~ = YY 


/2 /2 /2 


Study Tip 


When performing operations 
with numbers in i-form, you 
sometimes need to be able to 
evaluate powers of the imagi- 
nary unit i. The first several 
powers of i are as follows. 


i2=-1 

i(i2) = i(-1) = -i 
pet) esis 1 
p= ii.= il) =i 

(i = 0) 4 
pes (0) = a1 
Pe OG) = (00) =A 


Note how the pattern of values 
i, —1, —i, and 1 repeats itself 
for powers greater than 4. 


fon 
II 
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To perform operations with square roots of negative numbers, you must first 
write the numbers in i-form. Once the numbers are written in i-form, you add, 
subtract, and multiply as follows. 


ai + bi = (a+ b)i Addition 
(a — b)i 
(ai)(bi) = ab(i?) = ab(—1) = —ab 


a= bi = Subtraction 


Multiplication 


Example 2 


Operations with Square Roots of Negative Numbers 


Perform the operation. 


a. /-9+ /-49 bb. J/-32 -2/-2 
Solution 
a. /—9 + /—49 = /9./-1 + /49 /=1 Property of radicals 
= 31+ 7i Write in i-form. 
= 101 Simplify. 
b. /—32 — 2/-2 = V32//-1 - 2V2//-1 Property of radicals 
= Ae Died. D4 Write in i-form. 
=e os Simplify. 


Multiplying Square Roots of Negative Numbers 


Find each product. 


ye GES a 

Solution 

a /—15./—15 = (/15i)(/15i) Write in i-form. 
= (Tae? Multiply. 
= .15(—1) Definition of i 
= -15 Simplify. 


= /5i(3/5i — 2) 

= (V5i)(3V5i) — (V5i)(2i) 
3(5)(—1) — 2./5(-1) 
—15+ 2/5 


Be as as ea) 


Write in i-form. 


Distributive Property 


Multiply. 


Simplify. 


When multiplying square roots of negative numbers, be sure to write them in 
i-form before multiplying. If you do not, you can obtain incorrect answers. For 
instance, in Example 3(a) be sure you see that 


5 / S15 = 15) (15) =~/225 =-15. 


358 Chapter 5 Radicals and Complex Numbers 


Determine the equality of two 
complex numbers. 


Complex Numbers 


A number of the form a + bi, where a and b are real numbers, is called a 
complex number. 


> Definition of a Complex Number 


If a and b are real numbers, the number a + bi is a complex number, and it 
is said to be written in standard form. If b = 0, the number a + bi = aisa 
real number. If b # 0, the number a + bi is called an imaginary number. A 
number of the form bi, where b # 0, is called a pure imaginary number. 


A number cannot be both real and imaginary. For instance, the numbers — 2, 
Oz - and ./2 are real numbers (but they are not imaginary numbers), and the 
numbers —3i, 2 + 4i, and —1 + i are imaginary numbers (but they are not real 
numbers). The diagram shown in Figure 5.5 further illustrates the relationship 
among real, complex, and imaginary numbers. 

Two complex numbers a + bi and c + di, in standard form, are equal if and 
only ifa = candb = d. 


eliyiacs | Equality of Two Complex Numbers 


a. Are the complex numbers /9 + \/—48 and 3 — 4./3i equal? 
b. Find values of x and y such that the equation is valid. 


30 ~/ — 25° = =O yt 


Solution 


a. Begin by writing the first number in standard form. 


J9 + J/—48 = /3?2 + /43)(-1) Factor. 


=3-+ Ae 1 Write in i-form. 


From this form, you can see that the two numbers are not equal because they 
have imaginary parts that differ in sign. 


b. Begin by writing the left side of the equation in standard form. 


Oh se 25 = SO Sy Original equation 
aX = Du — Of St Both sides in standard form 


For these two numbers to be equal, their real parts must be equal to each other 
and their imaginary parts must be equal to each other. 


Real Parts Imaginary Parts 
3x 6 syn 5 
Xo ee 2 y= —} 


Courtesy of Dr. Benoit Mandelbrot 


Add, subtract, and multiply 
with complex numbers. 


= 
one 
& 


maya 
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Operations with Complex Numbers 


The real number a is called the real part of the complex number a + bi, and 
the number bi is called the imaginary part of the complex number. To add or 
subtract two complex numbers, we add (or subtract) the real and imaginary parts 
separately. This is similar to combining like terms of a polynomial. 


(a + bi) + (c + di) =(a+c)+(b+d)i Addition of complex numbers 


(a + bi) — (c + di) = (a - c) + (b — dji Subtraction of complex numbers 


=U) (em Adding and Subtracting Complex Numbers 


a. (3 — i) + (-2 + 4) = (3 - 2) + (-14+4i=14+3i 
b. 31 + (5 = 31) = 5+ 6 —3)8=5 
ce. 4—(-1 + 5i) + (7 + 21 = [4 - (-1) + 7] + (—5 + 2)i = 12 - 33 
d. (6 + 3’) + (2 - V—8) — /—4 = 6 + 38) + (2 — 2/21) - 21 
= (6 + 2) + (3 - 22 — 2)i 
=8+(1-2/2)i 


Note in part (b) that the sum of two complex numbers can be a real number. 


The Commutative, Associative, and Distributive Properties of real numbers 
are also valid for complex numbers. 


elle) Multiplying Complex Numbers 


a. (7i)(—3i) = —21i? Multiply. 
= —21(—1) = 21 2=-] 
b. (1 — )(/—9) = (1 - DG Write in i-form. 
= (1)(31) — (Gi) Distributive Property 
= 37 — 3(i2) Simplify. 
= 3j — 3(-1) = 3 + 3i ?2=-1 
e 2— )(4 + 31) =8 + 6 — 4i — 37 FOIL Method 
= § + 6i — 4i — 3(-1) j2=-] 
= ill se Wy Combine like terms. 
d. (3 + 21)(3 — 2i) = 9 — 61 + 61 — 4? FOIL Method 


= 9 — 6i + 6i — 4(—1) i2=-] 


== Oy ab Ale 7/8) Combine like terms. 
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Use complex conjugates to 
divide complex numbers. 


Complex Conjugates 


In Example 6(d), note that the product of two complex numbers can be a real 
number. This occurs with pairs of complex numbers of the form a + bi and 
a — bi, called complex conjugates. In general, the product of complex conju- 
gates has the following form. 


(a + bi)(a — bi) = az — (bi)? 


= 4D 

= a — b(-1) 

=e? 

Here are some examples. 

Complex Number Complex Conjugate Product 
Ace SI 4+ Si 427+ 57=41 
3-4 2i SP Sa) 32-27 =i 
— 22 OL Cans fa? ia har 1 (=2)7702 4 
i=O+i =F SOS Or 1a ai 


Complex conjugates are used to divide one complex number by another. To 
do this, multiply the numerator and denominator by the complex conjugate of the 
denominator, as shown in Example 7. 


Example 7 Division of Complex Numbers 


Decal geal ; (7) Multiply numerator and denominator by 
Aj wt Ai (—i) complex conjugate of denominator. 
= 2) a4 
= ne Multiply fractions. 
= aa) i= —] 
=4(=1) 
Zit 1 
= ate Simplify. 
b 2) = 5 ; 3p 2H Multiply numerator and denominator by 
ey kee 3 eee, complex conjugate of denominator. 
502) 
= C= 2)Ga) Multiply fractions. 
5(3 + 2i) beck? Sa 
ao See a q t of complex conjugates 
32 4 72 roduc 
1S Oi 
= 350 Simplify. 
ise i0) 


os l S ", 
13 13 tandard form 
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po ' 

Cvarmnia @ 

cxampie o 
t 


Divide 2 + 3i by 4 — 2i. 
Solution 
2+3i_ 2+3% 442i 
42) 4 ee 
ann) Ghee 6i2 
4+ 2? 
_ 8+ 16i + 6(=1) 
20 


_2+ 16i 
20 


a2 SiG 


PAVE L994) 


Example 9 


Division of Complex Numbers 


Multiply numerator and denominator by 
complex conjugate of denominator. 


Multiply fractions. 


Combine like terms. 


Standard form 


Simplify. 


Verifying a Complex Solution of an Equation 


Show that x = 2 + iis a solution of the equation x* — 4x + 5 = 0. 


Solution 
x2 -4x+5=0 
9 
(2+ i)? — 42 +71)+5=0 
D) 
44+ 47+7>8—41+5=0 
9 
?+1=0 
? 
(-1)+1=0 
0=0 


Original equation 
Substitute 2 + i for x. 
Expand. 


Combine like terms. 


Solution checks. J 


So, 2 + iis a solution of the original equation. 


_ Prime Polynomials 


The polynomial x? + 1 is prime with respect to the integers. It is not, how- 
ever, prime with respect to the complex numbers. Show how x? + 1 can be 


_ factored using complex numbers. 
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In Exercises 21-42, perform the operation(s) and write 


the result in standard form. See Examples 2 and 3. 


20, write the number in i-form. See 
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In Exercises 1 


W=5 


Z2en x) 0S 


86 


ee tO 


or 6 


tbr 


cee 


Bawrsgd & 


s) 


0+ /—45 
=7./-7 
49./-1.44 


OU 
—0.4 


24 
=27 
28> /-25./-6 
30. 
32 


| aR 
(ove) b | 
Pu a 
Gay || || 
NI | | 
| + 10 6 
S' joo 1a Ce) Iss 
WwW ist [CNM [CO [eS 1O 
FRR EEE 
nm enra xa 
Ma aAaanm 
Ls 
S 
S 
WJ WD | 
S [iC | [5 [yo 
Coke We a a 


8. 
Ao 
12. 
14 
16 


ina 


2) 


=] 


= 


3h 
Ee. 


( 
( 


JU 


5 


(337 
34, 


35. ./—5(./16 —~/=10) 
36) /—24( /-9 + /=4) 


Me 2G 7-8) 38. /=9l1 + </—16) 


BM (/~16) AAY-2) 
a1. (V4) a. (/=3) 


In Exercises 43-50, determine a and b. See Example 4. 


4B. 3 - 4i =a t bi 


44. -8 + 6i=a+bi 

45. 5 — 41 = (a+ 3) + (b- 1)i 
46. —10 + 12i = 2a + (5b — 3)i 
47? -4-— /-8=atbi 

48. /-36 —-3=a+ bi 

AD. (a +5) + (6 -— Lli=7 -3i 
50. Qa + 1)+ Qb+4+ 3)f=5 + 123 


In Exercises 51-66, perform the operation(s) and write 


the result in standard form. See Example 5. 


eZ (4 — 3i) + (6 + 7i) 

5), (10+ ie (4 — 7i) 

53, (—4 — 7i) ~ (—10 — 33i) 

/S4) (15 + 10i) — (2 + 10%) 

55. 131 — (14 — 7i) 

56. (—21 — 501) + (21 — 20%) 
GD (30 — i) — (18 + 6i) + 37? 

58. (4 + 6i) + (15 + 24) -(1 - 9d 
59. 6 — (3 — 4i) + 2i 

60. 22 + (—5 + 8i) + 10i 
DG +31) + +30) 

62. (0.05 + 2.50i) — (6.2 + 11.82) 

15i — 3 — 25i) + /—81 

eae 

65. 8 — (5 — /—63) + (4 — Si) 
(88 (7 — /—96) — (-8 + 10i) — 33 


In Exercises 67-96, perform the operation and write the 


result in standard form. See Example 6. 

67 (3i)(12i) 68. (—5i)(4i) 

69. (3i)(—8i) KIA — 2i)(— 103) 
71. (—6i)(—i)(6i) 72. (10i)(12i)(—3i) 
73. (—3i)° CTH (8i) 
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75. (—3i)? 76. (2i)* 
CI7>—5(13.+ 23) 78. 10(8 — 6i) 
79. 4i(—3 — 5i) 80. —3i(10 — 15i) 


81. (9 — 2i)(./—4) 

83. /—20(6 + 2/5i) 
S4> /—24(-3V6 — 4i) 
85. (4 + 3i)(-—7 + 4i 


(82(11 + 3i)( /—25) 


86. (3 + 5i)(2 + 157) 


) 
87. (—7 + 7i)(4 — 2i) 88. (3 + 5i)(2 — 15i) 
(S90 Ss 2 ee 
90. (-3 — /—12)(4 — /—12) 
91. (3 — 4i) 92. (7 + i) 
(IS (2 + Si)? 94. (8 — 3i) 
95, (2 + i) 96,3 — 2i)3 


In Exercises 97-108, multiply the number by its 
conjugate. 


G2 + i 98. 3 + 2i 
oa 100. 10 — 3i 
101. 5 — /6i 102. -4+ /2i 
103. 10i 104. 20 

(105. ”Al + /-3 106. —3 — /-5 


“407. USS 025 108. 3.2 — /—0.04 


In Exercises 109-118, perform the operation and write 
the result in standard form. See Examples 7 and 8. 


109 2 110. 7 
111. —. 112. Ae 
113. 5 mF ei ae i) 
1s = Ene ee 
ib ee Ua 


In Exercises 119-122, perform the operation and write 
the result in standard form. 


I 4 3i 2 
: + ; + 
SS Pao Aric toy eer) esi 
5 l+i 3 
bee ap er. | ea Ss aes 
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In Exercises 123-126, determine whether each number 
is a solution of the equation. See Example 9. 


123. 
124. 
125. 


126. 


127. 


135. 
136. 


137: 


x7+2x+5=0 


(@) a= il ap 4) (b)ieee=— l= 2 
x2? — 4x + 13=0 

(a) = (0) ie ae 
oe = Axe 19%. +536 = 0 

(a) x= -4 (b) x = —3i 

x? — 8x7 + 25% — 26 = 0 

(a) x=2 () «= 3S) 


Cube Roots The principal cube root of 125, 
2/125, is 5. Evaluate the expression x* for each of 
the following values of x. 
25 ab S/o 
eras eer) 


—5 —5/3i 


(a) 5 


_ Explaining Concepts 


Define the imaginary unit 7. 


2 


Explain why the equation x —1 does not have 


real number solutions. 


Describe the error. 


Error Analysis 


128. 


129. 


130. Algebraic Properties 


Cube Roots The principal cube root of 27, / 2h 
is 3. Evaluate the expression x° for each of the 
following values of x. 
—3 + 3/3i 
2 
Pattern Recognition Use the results of Exercises 
127 and 128 to list possible cube roots of (a) 1, (b) 
8, and (c) 64. Verify your results algebraically. 


= 3 3a ai 


(a) OSS 


Consider the complex 
number | + 5i. 


(a) Find the additive inverse of the number. 


(b) Find the multiplicative inverse of the number. 


In Exercises 131-134, perform the operations. 


131. 
133. 
134. 


138. 


139. 


140. 


(a + bi) + (a — bi) 
(a + bi)-— (a — bi} 
(a + bi)? + (a — bi)? 


132. (a + bi)(a — bi) 


True or False? Some numbers are both real and 
imaginary. Explain. 

Find the product of 3 — 2i and its complex conju- 
gate. 


Describe the methods for adding, subtracting, 
multiplying, and dividing complex numbers. 


Key Terms 


square root, p. 320 index, p. 320 

cube root, p. 320 radicand, p. 320 

nth root of a, p. 320 rationalizing the 

principal nth root of a, denominator, p. 332 
p. 320 Pythagorean Theorem, 

radical symbol, p. 320 p. 334 


Key Concepts 


Properties of nth roots 


1. If ais a positive real number and n is even, then a 
has exactly two (real) nth roots, which are denoted 


by 2/a and — 2/a. 
2. If ais any real number and 7 is odd, then a has only 
one (real) nth root, which is denoted by Ya. 


3. If a is a negative real number and n is even, then a 
has no (real) nth root. 


Inverse properties of nth powers and 
nth roots 


: : Let a be a real number, and let n be an integer such that 
pn 2. 
1. If ahas a principal nth root, then (“/a)" = a. 


_ 2. If nis odd, then 2/a" = a. 
If nis even, then £/a” = |al. 


=| Domain of a radical function 


Let n be an integer that is greater than or equal to 2. 

1. If n is odd, the domain of f(x) = 2/x is the set of all 
real numbers. 

2. If nis even, the domain of f(x) = 2/x is the set of all 


nonnegative real numbers. 
Rules of exponents 


Let r and s be rational numbers, and let a and D be real 
numbers, variables, or algebraic expressions. 


tog + ao = a 22 ea, ar? 
a 
oa oy 
32 (ab) = a’ «<b 4, (2) br b#0 
1 
5. (a’)s = a’®® 6. oy a#0 


conjugates, p. 339 real part, p. 359 
imaginary unit /, p. 356 imaginary part, p. 359 
i-form, p. 356 complex conjugates, 
complex number, p. 358 p. 360 


imaginary number, p. 358 


8. (g)” = (2). CeUPeO 
b a 


Multiplying and dividing radicals 


Let u and v be real numbers, variables, or algebraic 
expressions. If the nth roots of u and v are real, the 
following properties are true. 


1. Suv = Yur/v 
n/t _ Yu 
De ae v#0 
Simplifying radical expressions 


A radical expression is said to be in simplest form if all 
three of the following are true. 


1. All possible nth powered factors have been removed 
from each radical. 


2. No radical contains a fraction. 
3. No denominator of a fraction contains a radical. 


Raising both sides of an equation to the 
nth power 


Let u and v be real numbers, variables, or algebraic 
expressions, and let n be a positive integer. If u = v, 
then it follows that vu” = v”. This is called raising both 
sides of an equation to the nth power. 


The square root of a negative number 


Let c be a positive real number. Then the square root of 
—c is given by /—c = J/c(—1) = VeJ/—1 = Vei. 
When writing \/—c in the i-form, \/ci, note that the i 
is outside the radical. 
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REVIEW EXERCISES | 


Chapter 5 Radicals and Complex Numbers 


SE aa la 


Reviewing Skills 


In Exercises 1-16, evaluate the radical expression. 


1. /49 2/64 

3. —./81 4. /-16 

5. 3/-8 6. 3/—27 

7. — 3/64 8. — 3/125 
9. /(1.2)? 10. (0.4)? 
11. (2) 12. ./(&) 
13. 3/-() 14, — 3/(—22) 
15. /—2 16. /-# 


In Exercises 17-20, fill in the missing description. 


Radical Form Rational Exponent Form 


Ao = 7 

18. 3/0.125 = 0.5 

19. 2161/3 = 6 
20. 16/4 = 9 


In Exercises 21-28, use the rules of exponents to evalu- 
ate the expression. 


Zia 2251671" 

23. —(52)3/2 24. (—9)5/2 
258 47 26. 2432/5 
27, —(2)°" 28. (—;&)'” 


In Exercises 29-40, use the rules of exponents to simplify 
the expression. 


29. x3/4 - x 1/6 30. a2/3 + a3/5 
5 CA a 32. x2 4/33 
4/,3 3 
33. 7 34, ve 
35. Yah? 36. 3/xSy? 
BTN 38. ./ 3/x4 
ay, eee ii, SEE. 
3/3x +2 (x + 64/5 


_In,Exercises 41-44, evaluate the expression. Round the 


result to two decimal places. 


41. 75~3/4 
43.0) 137=94(2)(7) 44, 


42-5107? 


= 3.7 to 18 
2(23) 


In Exercises 45-48, use a graphing utility to graph the 
function. Give the domain of the function. 


45. y = 33/2x 46. y= aa 


AT. g(x) = 42° 


49. /360 soa s 

51. /75uv4 5) 2 ye 
53. /0.25x4y 54, ./0.165°r3 
55. </64a7b> 56. /36xy? 
57, 3/48a3h* 58. 2/32u4v5 


In Exercises 59-64, rationalize the denominator and 


simplify further, if possible. 


59. /3 60. 3 
3 4y 
61. 62. 
af IDs. 10z 
D; 16t 
63. 4. 3/— 
Dx : s? 


In Exercises 65-76, perform the operations and simplify. 


65. 


O75 AT, 


66. 3/5 — 7/5 + 2/5 

67. 3\/40 — 10./90 

68. 9./50 — 5/8 + \/48 

69. 5x — 7x + 9/Sx — 83/x 

70. /3x — 6x2 + 24/62 — 4./3x 
71. 102/y +3 - 34/y +3 

72. 53/x —3 + 43/x — 3 


73. /25x +-~/49x — 3/8x 
74, 3/81x4 + 3/24x4 — ./3x 


3 4 
ae 7s 16. T+ 3/2 


5.3 ih Exercises 77-88, multiply the radical expres- 
sions and simplify. 
Tt) 15 = </20 
79. ./5(./10 + 3) 
81. /10(/2 + V5) 
83. (2/3 + 7)(6 — 2) 
84. (2 - 4/3)(7 + V3) 
85. (/5 + 6)” 86. (4 — 3/2) 
87. (/3 — Vx\(V3 + Vx) 
88. (2 + 3/5)(2 — 3/5) 


18/42/21 
80. /6(/24 — 8) 
82. /12(./6 — V8) 


In Exercises 89-96, simplify the quotient. 


3 V5 

) ———— Cie Sse 

eee S/1043 
Be oi > iniow® 

2 ys 2/8 1172 

J/2-1 ey 8/3) 
93. 94. 

J3=4 5- /3 


95, (/x + 10) + (Vx — 10) 
96. (3s + 4) + (Vs + 2) 


In Exercises 97-100, use a graphing utility to graph the 
functions on the same screen. Use the graphs to verify 
that the expressions are equivalent. Verify the results 
algebraically. 


5 i 
y= — 98. y, = == 
97. y; oe ear a 
me 10x Ss x(1 = J/x) 
Yo Id Y2 | =< 
99, y, =5/x—2Vx 100. y, = —2V9x + 10Vx 
yy = 3x yy = 4Vx 
In Exercises 101-116, solve the given equation. 
f0le yy = 15 102. Vx —-3 =0 
103. /3x +9=0 104. /4x + 6=9 


105. /2(a — 7) = 14 106. /5(4 — 3x) = 10 
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107. 3/5x —-7-3=-1 
108. 4/2x+3+4=5 

109. 3/5x + 2 — 3/7x —8 =0 
110. #/9x —2 — 4/8x =0 
1. /2e +5) =x4+5 


112. y-2= /p4 
113. /v—6=6-—v 


114. /5t = 1+ /5(=— 1) 
115. /1 + 6x =2 — 6x 
116. /2 + 9b + 1=3-/b 


In Exercises 117-122, write the complex number 
in i-form. 


117. /—48 
118. /—0.16 
119 ao oy 


120. 3 + 2/—500 
120 a5 oe 
122. -0.5 + 3/121 


In Exercises 123-130, perform the operation and write 
the result in standard form. 


123. /-81 + /—36 

124. /—49 + /-1 

125. /—121 — /-84 

126. /-—169 — /-4 

127 As/ S55 

128. /—24,/-6 

129. /—10( /—4 — /-7) 
130. /—5(/—10 + /—15) 


In Exercises 131-134, find x and y such that the two 
complex numbers are equal. 

131. 4x — /~36 = 8 — 2yi 

132. 5x + /-81 = 25 + 3yi 

133. 24 + /—Sy = 6x + 25i 

134. 10 — /—4y = 2x — 163 
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In Exercises 135-142, add, subtract, or multiply the 
complex numbers. 


135. 
136. 
137. 
138. 
139. 
141. 


149. 


150. 


151. 


152. 


(—4 + 5i) — (-12 + 8i) 
(—8 + 31) — (6 + 7i) 
(3 — 81) + (5 + 121) 
(—6 + 3i) + (-1 +3) 
(4 — 31)(4 + 33) 

(6 — 5i)? 


140. (12 — 5i)(2 + 7i) 
142, (2 — 9i)? 


Solving Problems 
Perimeter The four corners are cut from an 85: 
inch-by-14-inch sheet of paper (see figure). Find 
the perimeter of the remaining piece of paper. 
<< 14 in, ————__—> 


8+ in. 


! he 
3 in. 
Y 


iy <3 in. 


a 


Geometry Determine the length and width of a 
rectangle with a perimeter of 84 inches and a diag- 
onal of 30 inches. 


Length of a Pendulum The time ¢ in seconds for 
a pendulum of length L in feet to go through one 
complete cycle (its period) is 


L 
t=27 37° 
How long is the pendulum of a grandfather clock 
with a period of 1.3 seconds? 


Height of a Bridge The time t¢ in seconds for a 
free-falling object to fall d feet is given by 
ys 

16 
A child drops a pebble from a bridge and observes 
it strike the water after approximately 4 seconds. 
Estimate the height of the bridge. 


In Exercises 143-148, 


use complex conjugates to 


perform the division. 


7 4 
143. 3] 144, Si 
4i St 
i 2 = Si Lie. Oe 2 SF) 
Sh]! Deroy: 
147. Fae 148. 1 9; 
Power \n Exercises 153-156, use the equation 
posi 
R 


to find the amount of power P (in watts) consumed by 
an electrical device that operates with a current / (in 
amps) and a resistance R (in ohms). 


153. 
154. 
155. 
156. 


157. 


I = 5 amps, R = 20 ohms 

I = 10 amps, R = 20 ohms 
= 15 amps, R = 40 ohms 

I = 15 amps, R = 20 ohms 


Velocity of a Falling Object The velocity of a 
free-falling object can be determined from the 
equation 


v= /2gh 


where v is the velocity (in feet per second), g = 32 
feet per second per second, and h is the distance (in 
feet) the object has fallen. Find the height from 
which a rock has been dropped if it strikes the 
ground with a velocity of 25 feet per second. 


Chapter Test 369 


Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, evaluate the expressions without using a calculator. 


1. (a) 16°/ 2. (a) 2772/3 
(b) 5/20 (bo) 2/18 
In Exercises 3-5, simplify the expressions. 
1/2\2 
3. (a) (=a) 4. (a) ye 5. (a) 240 
(yesh si. 522 (b) 3/24 (b) 4/16x>y8 


6. In your own words, explain the meaning of “rationalize” and demonstrate by 
rationalizing the denominator in the expression a 

do COMbDINC Won Sie ae ONO 

8. Multiply and simplify: //5(/15x + 3) 

9. Expand: (4 ws 2x)? 

10. Factor: 7/27 + 14y/12 = 7/3( _) 


In Exercises 11-13, solve the equation. 


11. /3y —6 =3 
12a = x 2 


13. /x —x+6=0 


In Exercises 14 and 15, find x and y such that the two complex numbers are 
equal. 


14, 3x + /—4y = 12 + 40 
15627) = 1l6y =A 


In Exercises 16-19, perform the operation and simplify. 


16. (2 + 3i) — /—25 17. (2 — 3i)? 
18s. /—16(1 + /—4) 19. (3 — 2i)(1 + 5i) 


20. Divide 5 — 2i by i. Write the result in standard form. 


21. The velocity v (in feet per second) of an object is given by v = /2gh, where 
g = 32 feet per second per second and h is the distance (in feet) the object 
has fallen. Find the height from which a rock has been dropped if it strikes 
the ground with a velocity of 80 feet per second. 
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Motivating the Chapter 


oo Height of a Falling Object 


You drop a rock from a bridge 100 feet above a river. The height h (in feet) 
of the rock at any time t (in seconds) is 


h = —16t? + vot + hy 


_ where vp is the initial velocity (in feet per second) of the rock and hy is the ini- 
tial height. 


See Section 6.1, Exercise 137 


a. Suppose you drop the rock (v, = 0 ft/sec). How long will it take to hit the 
water? What method did you use to solve the quadratic equation? Explain 
why you used that method. 


. Suppose you throw the rock straight up with an initial velocity of 32 feet 
per second. Find the time(s) when h is 100 feet. What method did you 
use to solve this quadratic equation? Explain why you used this method. 


See Section 6.3, Exercise 103 


c. Suppose you throw the rock straight up with an initial velocity of 32 feet 
per second. Find the time when h is 50 feet. What method did you use to 
solve this quadratic equation? Explain why you used this method. 


. You move to a lookout point that is 84 feet above the river. If you throw 
the rock straight up at the same rate as when you were 100 feet above the 
river, would you expect it to reach the water in less time? Verify your con- 
clusion algebraically. 


See Section 6.5, Exercise 116 


e. You throw a rock straight up with an initial velocity of 32 feet per second 
from a height of 100 feet. During what interval of time is the height 
- greater than 52 feet? 


3/1 


Corbis-Bettmann 
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Solve a quadratic equation by 
factoring. 
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Solving Quadratic Equations by Factoring 


In this chapter, you will study methods for solving quadratic equations and 


Chapter 6 Quadratic Equations and Inequalities 


equations of quadratic form. To begin, let’s 


you studied in Section 3 


Remember that the first step in solving a quadratic equation by factoring is 
to write the equation in general form. Next, factor the left side. Finally, set each 
factor equal to zero and solve for x. It is important to check each solution in the 


original equation. 


= elie(s¢) | Solving Quadratic Equations by Factoring 


6 


a. x? + 5x = 24 


x? + 5x —24=0 
(x + 8)(x— 3) =0 


x + 8 =.0 cet 
x3 = 0 x=3 
b. Bye ee Uh IB 
Sheree lees ea) 
(3x — 1)@ + 4) =0 
3k ==) [0 a 
x+4=0 x=-4 
c. Ox2 + 12 = 3 + 12x + 5x7 
Ax —= 124-9 = 0) 
(2x93) 3) 10 
x-3=0. => x= 


When the two solutions of a quadratic equation are identical, they are called 
a double or repeated solution. This occurred in Example 1(c). 


review the method of factoring that 


Original equation 
General form 
Factor. 


Set Ist factor equal to 0. 


Set 2nd factor equal to 0. 


Original equation 
General form 

Factor. 

Set 1st factor equal to 0. 


Set 2nd factor equal to 0. 


Original equation 
General form 
Repeated factor 


Set factor equal to 0. 
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D solve a quadratic equation by Extracting Square Roots 


extracting square roots. 


Consider the following equation, where d > 0 and u is an algebraic expression. 


w=d Original equation 
uw—d=0 General form 
(u + Jd\(u = /d) = 0 Factor. 


u+ /d=0 E> u=—J/d Set Ist factor equal to 0. 
u- /d=0 > Rea) Set 2nd factor equal to 0. 


Because the solutions differ only in sign, they can be written together using a 
“plus or minus sign” 


u=+/d. 
This form of the solution is read as “‘u is equal to plus or minus the square root of 


d.” Solving an equation of the form u? = d without going through the steps of fac- 
toring is called extracting square roots. 


> Extracting Square Roots 
The equation u* = d, where d > 0, has exactly two solutions: 
= ~/d and u= —/d. 


These solutions can also be written as u = + /d. 


Extracting Square Roots 


Original equation 
x= 5 Divide both sides by 3. 
x=t 5 Extract square roots. 


The solutions are \/5 and — \/S. Check these in the original equation. 


b. (x — 2)? = 10 Original equation 
SPs ay Kl) Extract square roots. 
x=2+-/10 Add 2 to both sides. 
The solutions are 2 + /10 ~ 5.16 and2 — /10 ~ —1.16. 
c. (3x — 6)? —-8 =0 Original equation 
(3x — 6)? =8 Add 8 to both sides. 
= = Extract square roots and 
2% OE 2/2 rewrite \/8 as 2./2. 
Bx Ory 2 Add 6 to both sides. 
2/2 
28 = 2 3 v2 Divide both sides by 3. 


The solutions are (6 + 2./2)/3 ~ 2.94 and (6 — 2/2)/3 ~ 1.06. 
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Solve a quadratic equation with 
complex solutions by extracting 
complex square roots. 


Quadratic Equations with Complex Solutions 


Prior to Section 5.5, the only solutions to find were real numbers. But now that 
you have studied complex numbers, it makes sense to look for other types of 
solutions. For instance, although the quadratic equation x* + 1 = 0 has no 
solutions that are real numbers, it does have two solutions that are complex 
numbers: i and —i. To check this, substitute i and —i for x. 


Ge ee ee ea) Solution checks. / 
(-i? +1=-1+1=0 Solution checks. / 


One way to find complex solutions of a quadratic equation is to extend the 
extracting square roots technique to cover the case where d is a negative number. 


> Extracting Complex Square Roots 


The equation u* = d, where d < 0, has exactly two solutions: 
u=J/|di and u=—V{dii. 


These solutions can also be written as u = +/|d]i. 


Extracting Complex Square Roots 


Original equation 


i= Ss Subtract 8 from both sides. 
x=+VJ/8i Extract complex square roots. 
x= +2/2i Simplify. 
The solutions are 2\/2i and —2./2i. Check these in the original equation. 
b.  — 4)? = —3 Original equation 
KSA 8 Extract complex square roots. 
A =) EST Write in i-form. 
x=4+ J3i Add 4 to both sides. 
The solutions are 4 + \/3i and 4 — \/3i. Check these in the original equation. 
c. 2(3x — 5)? + 32 = 0 Original equation 
2x — 5)? = —32 Subtract 32 from both sides. 
(3x — 5)? = —16 Divide both sides by 2. 
3x -—5 =+4i Extract complex square roots. 
Sy has Ch Add 5 to both sides. 
5 + 4i 
35 = Te Divide both sides by 3. 


The solutions are (5 + 4i)/3 and (5 — 47)/3. Check these in the original 
equation. 


yA Fee Ye 


a 


Use substitution to solve an 
equation of quadratic form. 


Od 
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Equations of Quadratic Form 


Both the factoring and extraction of square roots methods can be applied to 
nonquadratic equations that are of quadratic form. An equation is said to be of 
quadratic form if it has the form 


auz+ but+c=0 


where u is an algebraic expression. Here are some examples. 


Equation Written in Quadratic Form 
+ 5x7 4+4=0 (x*)? + 5(x?7) +4=0 
x-5/x+6=0 (Vx)? — 5(/x) +6 =0 
2x7/3 + 5x!/3 — 3 = 0 x)? + 5(¥x) - 3 =0 
18 + 2x7 + G2 + 9)? =8 (x2.+ 9)? + 207 + 9) -—8 =0 


To solve an equation of quadratic form, it helps to make a substitution and rewrite 
the equation in terms of u, as demonstrated in Examples 4 and 5. 


Solving an Equation of Quadratic Form 


Solve x* — 13x? + 36 = 0. 


Solution 
Begin by writing the original equation in quadratic form, as follows. 


x* — 13x? + 36 =0 Original equation 
(x2) = 13(x?) + 36=0 Write in quadratic form. 


Next, let uw = x? and substitute wu into the equation written in quadratic form. 
Then, factor and solve the equation. 


u* — 13u + 36 =0 Substitute u for x?. 
(Cases 4)(u— 9) =0 Factor. 
u—-4=0 > u=4 Set Ist factor equal to 0. 
u—-9=0 > u=9 Set 2nd factor equal to 0. 


At this point you have found the “w-solutions.” To find the “‘x-solutions,” replace 
u by x? and solve for x. 


vr=4 x = +2 
r=9 x= +43 


The solutions are 2, —2, 3, and —3. Check these in the original equation. 


u= 


ku = 


Be sure you see in Example 4 that the w-solutions of 4 and 9 represent only 
a temporary step. They are not solutions of the original equation and cannot be 
substituted into the original equation. 
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Solving an Equation of Quadratic Form 


Solve x — 5./x +6=0. 


Solution 
This equation is of quadratic form with u = ee 


x= 5 ie 8 6 = 0 Original equation 
(/x)” = 5(/x) +6=0 ; Write in quadratic form. 
Ww —S5u-6=0 Substitute u for /x. 
(u — 2)(u — 3) =0 Factor. 
u—-—2=0 i Set Ist factor equal to 0. 
io 3,=.0 “= Set 2nd factor equal to 0. 


Now, using the w-solutions of 2 and 3, you obtain the following x-solutions. 
Vita) 
Teme pares 


> cluile(saeee| Surface Area of a Sphere 


The surface area of a sphere of radius r is given by S = 47r’. If the surface area 
of a softball is 144/72 square inches, find the diameter d of the softball. 


u= 


u=3 


Solution 
144 
— =47r Substitute 144/7 for S. 
T 
36 7 36 Divide both sides by 477 
pars, = r2 aE ip) = if 
qT T and extract square roots. 


Choosing the positive root, you get r = 6/77, and so the diameter of the softball is 


d=2r= 2(5) = ue = 3.82 inches. 
7 7 


ae Analyzing Solutions of Sele 
: _ Equations: 2 ee 


Use a graphing celiey to graph ea of the following equations. How 
“many times does the ae of each equation cross the x-axis? 
ay eS = (x- 1)? +3 
‘Now set each ‘equation ee to zero and solve the resulting equations. ae 
How many of each type of solution (real or complex) does each S 
_ equation have? Summarize the relationship between the number of 


Xx-intercepts in the graph of a quadratic equation and the ee and 
type of roots found algebraically. Pe 
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ee 


Integrated Review 


Concepts, Skills, and Problem Solving 


6u2v—3 
* 27uv3 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


— 14r4s2 
—98rs2 


10. 


Properties and Definitions Problem Solving 


1. Identify the leading coefficient in 5¢ — 3° + 
7t?. Explain. 

2. State the degree of the product (y? — 2) 
(y? + 7). Explain. 


11. The number N of prey t months after a natural 
predator is introduced into the test area is 
inversely proportional to the square root of 
t+ 1. If N = 300 when t = 0, find N when 


t= 8. 

The travel time between two cities is inversely 
proportional to the average speed. If a train 
travels between two cities in 2 hours at an aver- 
age speed of 58 miles per hour, how long 
would it take at an average speed of 72 miles 
per hour? What does the constant of propor- 
tionality measure in this problem? 


3. Sketch a graph for which y is not a function of 
x..Explain why it is not a function. 12. 


4. Sketch a graph for which y is a function of x. 
Explain why it is a function. 


Simplifying Expressions 
In Exercises 5-10, simplify the expression. 
Sis er ele 6. (5x7 4y>)(—3x2y~) 


D5 Bas Tu *\f14n\"! 
E; is 2 (A) 


Developing Skills 


In Exercises 1-20, solve the equation by factoring. See In Exercises 21-42, solve the quadratic equation by 


Example 1. extracting square roots. See Example 2. 

1. x2 — 12x + 35 =0 2. x2 + 15x + 44 =0 21. x2 = 64 22. 2 = 169 

3. x2 +x—-—72=0 4, x2 — 2x - 48 =0 23. 6x2 = 54 24. 52 = 125 

5. x2 + 4x = 45 6. x2 — 7x = 18 IES, USERS INS 26. 922 = 121 

7. x2 — 12x + 36=0 8. x2 + 60x + 900 = 0 97 = 99 eG 

9. 9x2 + 24x + 16 =0 10. 8x2 — 10x +3 =0 2 6 
11. 4x2 — 12x =0 12. 25y? — 75y = 0 29.44" = 23.— 30. 16y? — 121 = 0 
13. u(u — 9) — 12(u — 9) = 0 31. 4u? — 225 = 32.51 6x" — leat) 
14. 16x(x — 8) — 12(x — 8) =0 S34) 7169 34. (y — 20)? = 625 
15. 3x(x — 6) — 5(x — 6) = 0 35. (x — 3)? = 0.25 36. (x + 2)? = 0.81 
16. 3(4 — x) — 2x(4 — x) =0 37... = 2)2=7 38. (x + 8)? = 28 
17. (y — 4)(y — 3) = 6 39. (2x + 1)* = 50 40. (3x — 5)? = 48 
18. (6 + u)(1 — uv) = 10 41. (4x — 3)? -98 =0 42. (5x + 11)? - 300 =0 


19. 2x(3x + 2) =5 — 6x? 
20. (2z + 1)(2z — 1) = —42* —5z +2 


In Exercises 43-64, solve the equation by extracting 
complex square roots. See Example 3. 


43. 27 = —36 44, x = -9 
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45.x°+4=0 46. y + 16=0 == In Exercises 97-100, solve for y in terms of x. Let fand g 
AF 012 © 17 = 0 AS. Ay? 40 = 10 be those functions where f represents the positive 
a oa ; ame square root and g the negative square root. Use a 
49. (¢ — 3)" = —25 SUBS iets! graphing utility to sketch the graphs of f and g in the 
Siegert a AAS O52. yo) tee 0 same viewing rectangle. 
Eb Se SE ek Reh aa 97. 2+ y= 98. x2 — y? = 
2 = /56- =e || 
ST) 58. (2x + 3)? = —54 
Ve Gear We ae Vlaee =0 60. @— 3)? +225=0 In Exercises 101-120, solve the equation of quadratic 
61. (c - 2)? i 5 =() 62. (u ie 3)? af = =10 form. (Find all real and complex solutions.) See 
a re ae i 5)? j Examples 4 and S. 
x SN eG) gees: :) 
; : 101.) x4 — 5x2 + 4 =0 
In Exercises 65-80, find all real and complex solutions 102) x= 10 25 =) 
of the equation. 1030 5 or 0 
6S 2x? — 5x = 0 66. 3° + 6r =0 104. x* — 11x? + 30 =0 
67.22 oP Sx. 12.0 68. 3x7 + 8x — 16 =0 105. x4 — 3x7 -4=0 
69. x7 — 900 = 0 Cis y= 225 0 EU ae 61 0 
71. x? + 900 = 0 72. y? + 225 =0 107? 4a 20 a 80 
ion = ee o 108. (x2 - 1)? + @- 1) -6=0 
75. —5)?—100=0 76. (y+ 12? —400=0 ~ G0 z—7/x + 10=0 


77. (%— 5)? + 100 = 0 
(719 (x + 2)? +18 =0 


78. 
80. 


(y + 12)? + 400 = 0 
(a2 e135 0) 


cx In Exercises 81-90, use a graphing utility to graph the 
function. Use the graph to approximate any x- 
intercepts. Set y = O and solve the resulting equation. 
Compare the result with the x-intercepts of the graph. 


81. S25 x a 

83. Bt Oy — Si 
85. ~ y= 40 + 1)? 99 
87. eye 4a ee el 
89. Se ae the = Is 


y= x — 9 

y= x — ed 5 
y= a Stee he 

A Dies = 59 Me 

ye Se he NS 


cx: In Exercises 91-96, use a graphing utility to graph the 
function and observe that the graph has no x- 
intercepts. Set y = O and solve the resulting equation. 
Identify the type of roots of the equation. 

9. yH=xrt+7 
Vahey es Se al 
95. y= (x + 3)? +5 


92. y= x7 +5 
94. y= (x + 2)2 + 3 
96. y = & — 2)? + 3 


110. x — 11/x + 24=0 


AML? — 1/3 - 6 =0 
(Ca 


112. x23 + 3x'3 — 10 =0 
113. 2x2 — 7x1/3+5=0 
114. 3x7/3 + 8x1/3+5=0 
115. x7 — 3x15 +2=0 
116. x7/5 + 5x15 +6=0 
117. 2x2/5 — 7x15 +3=0 
118. 2x2/5 + 3x1/5+1=0 
119. a pe +2=0 
x x 
Xa? Ps 
12073) | - = 6 = 
0. (45) +44) - 6-0 
Think About It \n Exercises 121-126, find a quadratic 
equation having the given solutions. 
(Aah 53 2 122.°—- 253 
123. 1 + /2,1 — -/2'7 1243/5 ee 
125. 5i, —5i 126. 2i, —2i 


Section 6.1 


Solving Problems _ 


Free-Falling Object \n Exercises 127-130, find the 
time required for an object to reach the ground when it 
is dropped from a height of sy feet. The height h (in feet) 
is given by 


where t measures time in seconds from the time when 
the object is released. 


(W243, = 256 128. s, = 48 
129955 = 2128 130. s, = 500 


131. Free-Falling Object The height h (in feet) of an 
object thrown vertically upward from a tower 144 
feet tall is given by 


h = 144 + 128t — 167 


where f measures the time in seconds from the time 
when the object is released. How long does it take 
for the object to reach the ground? 


132. Revenue The revenue R (in dollars) when x units 
of a product are sold is given by 


1 
R= 2( 120 = »)) 
Determine the number of units that must be sold to 


produce a revenue of $7000. 


Compound Interest The amount A after 2 years when 
a principal of P dollars is invested at percentage rate r 
compounded annually is given by 


A=P(1 +r)’. 

In Exercises 133 and 134, find r. 
133. P = $1500, A = $1685.40 
© 134.5P = $5000, A = $5724.50 


aa Expl ain ing Concepts 


iH) 137. Answer parts (a) and (b) of Motivating the Chapter 


on page 371. 

138. For a quadratic equation ax? + bx + c = 0, where 
a, b, and c are real numbers with a # 0, explain 
why b and c can equal 0, but a cannot. 

139. Explain the Zero-Factor Property and how it can be 
used to solve a quadratic equation. 
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National Health Expenditures \n Exercises 135 and 
136, use the following model, which gives the national 
expenditures for health care in the United States from 
1990 through 1996. 


Wvi=1(26,6 441). 0 Ss es 


In this model, y represents the expenditures (in billions 
of dollars) and t represents the year, with t = 0 corre- 
sponding to 1990 (see figure). (Source: U.S. Health 
Care Financing Administration) 


Expenditures 
(in billions of dollars) 

GN RO OF ta 

a Sy ek eS 


> 
pm 


1 2 3 4 5) 6 
Year (0 <& 1990) 


135. Analytically determine the year when expenditures 
were approximately $892 billion. Graphically 
confirm the result. 


136. Analytically determine the year when expenditures 
were approximately $1000 billion. Graphically 
confirm the result. 


140. Is it possible for a quadratic equation to have only 
one solution? If so, give an example. 


141. True or False? The only solution of the equation 
x? = 25 is x = 5. Explain. 

142. Describe the steps in solving a quadratic equation 
by extracting square roots. 


143. Describe the procedure for solving an equation in 
quadratic form. Give an example. 
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Rewrite a quadratic equation in 
completed square form. 


Constructing Perfect Square Trinomials 


Consider the quadratic equation 
(x ad 2a = 10. Completed square form 


You know from Example 2(b) in the preceding section that this equation has two 
solutions: 2 + ./10 and 2 — \/10. Suppose you had been given the equation in 
its general form 


x*>-— 4x -6=0. General form 


How would you solve this equation if you were given only the general form? You 
could try factoring, but after attempting to do so you would find that the left side 
of the equation is not factorable (using integer coefficients). 

In this section, you will study a technique for rewriting an equation in a 
completed square form. This technique is called completing the square. Note 
that prior to completing the square, the coefficient of the second-degree term must 
bel. 


» Completing the Square 


To complete the square for the expression x? + bx, add (b/2)?, which 
is the square of half the coefficient of x. Consequently, 


p2 2 
et ox + (2) =(x +2). 


= <cluits)(\ 4) Creating a Perfect Square Trinomial 


What term should be added to x* — 8x so that it becomes a perfect square 
trinomial? 


Solution 


For this expression, the coefficient of the x-term is — 8. Divide this term by 2, and 
square the result to obtain (—4)? = 16. This is the term that should be added to 
the expression to make it a perfect square trinomial. 


x* — 8x + 16 = x? —8x + (—4)? Add 16 to the expression. 


= ( = 4) Completed square form 


Solve a quadratic equation by 
completing the square. 


Study Tip 


Completing the square can be 
used to solve any quadratic 
equation. However, sometimes 
it is easier to factor an equation 
than to complete the square. 
For instance, the equation in 
Example 2 could easily be fac- 
tored as x(x + 12) = 0. But 
remember, not all equations are 
factorable. Don’t spend a lot of 
time trying to factor when you 


know that completing the square 


will work. 
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Solving Equations by Completing the Square 


When completing the square to solve an equation, remember that it is essential to 
preserve the equality. Thus, when you add a constant term to one side of the equa- 
tion, you must be sure to add the same constant to the other side of the equation. 


=> <li) (yam Completing the Square: Leading Coefficient Is 1 


Solve x? + 12x = 0. 


Solution 
oe 12 =0 Original equation 
x? + 12x + (6)? = 36 Add (12)* = 36 to both sides. 
(half)? 
(x =F 6)? = 36 Completed square form 


Extract square roots. 


X= — Or 6 Subtract 6 from both sides. 
5 —O 4 Gor = 6 — 6 Separate solutions. 
x=0 y= 12 Solutions 


The solutions are 0 and — 12. Check these in the original equation. 


Completing the Square: Leading Coefficient Is 1 


Solve x? — 6x + 7 = 0. 


Solution 
x — 6x. +e/-= 0 Original equation 
Ox a Subtract 7 from both sides. 
Ao oe OX eNO) pa) aot Add (-$) = 9 to both sides. 
(half)? 
(x = 8)2 =2 Completed square form 
Y= oO) = + /2 Extract square roots. 
= au Add 3 to both sides. 


x=34+ 72 or x=3- V2 


The solutions are 3 + \/2 and 3 — \/2. Check these in the original equation. 
Also try checking the solutions graphically, as shown in Figure 6.1. 


Separate solutions. 
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If the leading coefficient of a quadratic expression is not 1, you must divide 
both sides of the equation by this coefficient before completing the square. This 
process is demonstrated in Example 4. 


A Leading Coefficient That Is Not 1 


Solve 2x2 — x — 2 = On 


Solution 
Di Original equation 
2x*-x=2 Add 2 to both sides. 
er x = 1 Divide both sides by 2. 
= Se (-3) = ih ae a Add (—1)° = $ to both sides. 
4 16 
2 = iy = at Completed square form 
4 16 
Sta i. = feed Extract square roots. 
4 4 
io = s + wall Add + to both sides. 
4 4 


The solutions are 14 - V/y7) and 1] = VTi) 


Solve x? — 4x + 8 = 0. 


A Quadratic Equation with Complex Solutions 


Solution 
n= 46 1 8 =O Original equation 
x = 4¢ = 8 Subtract 8 from both sides. 
x* — 4x + (-2? = -8 +4 Add (—2)? = 4 to both sides. 
(a 2) 4 Completed square form | 
SQ 2i Extract complex square roots. 
DD arn m2) Add 2 to both sides. : 
The solutions are 2 + 2i and 2 — 2i. The first of these is checked below. 
Check 
Sy Hess 0 Original equation 
(2+ 21? -4(22+ 2) + 8 us 0 Substitute 2 + 27 for x. 
A+ op 4 8 eae Simplify. 
0=0 Solution checks. / 
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= eTils)(ea Dimensions of a Cereal Box @ 


A cereal box has a volume of 441 cubic inches. Its height is 12 inches and its base 
has the dimensions x by x + 7. (See Figure 6.2.) Find the dimensions of the base 
~~ in inches. 


Solution 
lwh = V Formula for volume of a rectangular box 
a Substitute 441 for V, x + 7 for 
(x + 7)(x)(12) = 441 length, x for width, and 12 for height. 
12x + 84x = 441 Multiply factors. 
44] 
+ 1x = ECE Divide both sides by 12. 
N22 AT B49 
oaige Thang (2) = Add (3) = oni both sides. 
Z 4 4 
7\? 196 
BO retere tie Completed square form 
2 4 
a 
Met 3 = +/49 Extract square roots. 
7 7 
ae saat) Subtract 3 from both sides. 


Choosing the positive root, you get 


= -i a = ; = 3.5 inches Width of base 


and 


x+7= ; +7 = 3 = 10.5 inches. Length of base 
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Integrated Review 


| Keep mathematically. in shape Dy doing these 


% 


exercises before the problems of this section. 


Properties and Defi nitions | 


In Exercises 1-4, complete the property of expo- Oo £03 


nents and/or On 


ee (2. (@y = 
aes =  ,a#0,b40 
A a : 

Developing Skills 


In Exercises 1-16, add a term to the expression so that 
it becomes a perfect gale trinomial. See Example 1. 


Ax? + 8x + 2. x2 + 12x + 
3. y? — 20y + Om = DIN 
mh oe 2 Nye Se 6. x2 + 18x + 
ai C8> v2 + Tu + 

5 § OE ae 10. 7 — lly + 
De-be 12. y2 + 4y + 
13. y2 —2y + 14. x2 — 2x + 
15.77 = 047 + 16. s* + 4.6s + 


In Exercises 17-34, solve the quadratic equation (a) by 
completing the square and (b) by factoring. See 
Examples 2-4. 


7, # — 20x = 0 

19. x? + 6x =0 

21. y? — 5y=0 

pA tm tee a AW 
Paks Bee eee 2 Nay) 
Nee xe al 2a () 
29 3X 818 = 0 
(319 2x7 —" 144-12) = 0 


Udy oe Ge Spee = 10) 

20. 7 — 10 = 0 

22. 17 — 91 = 0 
(@4>y* — 8y + 12 =0 
26. x7 + 12x + 27=0 
DRY veh GS BY, — MO) 
302 57 — 36.=0 
32.3% — "3x 60 


“Concepts, Skills, ghd Problem Solving dee = * " ay 


Solving Equations ie cee ees Cees 
In Exercises 5-8, solve the equation. i ee 


a F S i 


«6. pte iy 
7. 3x2 = Ler W208 
68. 2G 
“Graphing 


In Exercises 9- a2 graph che function. 


+9. g(x) = oe CUO ee 


AL hye i; 12. fx) = 2x + |x = 1| 


33. 4x7 + 4x — 15 = 0 34. 3x7 — 13x 12 = 0 
In Exercises 35-72, solve the quadratic equation by 
completing the square. Give the solutions in exact form 
and in decimal form rounded to two decimal places. 
(The solutions may. be complex numbers.) See 


Examples 2-5. 


Ree oe Ci eo) 0) 36.078 OX 
Ry com a he = fy K0) 38. x7 + 6x +7 =0 
39. 2 — 4u+1=0 (40., a2 — 10a — 15 = 0 
Al. x? ++ 2x +3 = 0 42s x 16x. 120 
AS Ota? =") 40x? 8x — 4 = 0 
45. y? + 20y + 10 =0 46. y7 + 6y 24 — 0 
47. 2% + 5t+3 =0 48. u2-— 9u —-1=0 
49> 7 + 3v —-2=0 50.022— 77+ 90 
Six ot — 0 52.) =x ee) 
eh af = These Wa) 54. y> + 5y+9=0 
55. x — 4x-3=0 (56x + x -—1=0 
57. 2 + #7 -2=0 58. v2 — 4u+5=0 


59. 2x7 + 8x +3 =0 
. 3x7 +9x4+5=0 
63. 4y? + 4y —-9 =0 


60. 3x? — 24x —-5 =0 
62. 5x* — 15x +7=0 
64. 472 — 3z+2=0 


65. 5x7 — 3x + 10 =0 66. 7x7 + 4x +3=0 
sors 4 
67. —7)=2 $2(x + 4) = 
Paes ) (88D 2x| x 5 5 
69. 0572 +++2=0 70. O.1x? + 0.5x = —0.2 


7 
72. 


O14 02x 0.5 =10 
0:02x7-+- O10xi= 0.050 


In Exercises 73-78, find the real solutions. 


4 x 1 Seer) 
Sy) ~- + >= 
QE ~=1 74.542 =4 

2 ae 2 = 
75, %—-%* 1 76. % +2 _% 1 


4 2 


waaolvingsicebiems 


87. Geometric Modeling 


(a) Find the area of the two adjoining rectangles and 
large square in the figure. 


(b) Find the area of the small square region in the 
lower right-hand corner of the figure and add it 
to the area found in part (a). 


Find the dimensions and the area of the entire 
figure after adjoining the small square in the 
lower right-hand corner of the figure. Note that 
you have shown geometrically the technique of 
completing the square. 


(c) 


|<—_\— x ——_> | <> | 


88. Completing the Square Repeat Exercise 87 for the 
model shown below. 


|x 3 


EESH 
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In Exercises 79-86, use a graphing utility to graph the 
function. Use the graph to approximate any x- 
intercepts of the graph. Set y= 0 and solve the 
resulting equation. Compare the result with the x- 
intercepts of the graph. 
719. y= x + 4e—a1 
Sly =x =24—5 
83. y = 4x2 + 2x — 6 
$55 y= sri x 3 


80. y = x* + 6x — 4 
82. y = 2x7 — 6x — 5 
84. y = 3x2 - 3x41 
86. y= em ed 


C so Gest Find the dimensions of the triangle in 


the figure if its area is 12 square centimeters. 


90. Geometry The area of the rectangle in the figure is 
160 square feet. Find the rectangle’s dimensions. 


x 


91. Fencing Ina Corral You have 200 meters of fenc- 
ing to enclose two adjacent rectangular corrals (see 
figure). The total area of the enclosed region is 1400 
square meters. What are the dimensions of each cor- 
ral? (The corrals are the same size.) 


386 


92. Geometry An open box with a rectangular base of 
x inches by x + 4 inches has a height of 6 inches 
(see figure). Find the dimensions of the box if its 
volume is 840 cubic inches. 


93. 


96. 
97. 


98. 


99. 


100. 


101. 


Cutting Across the Lawn 
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eee 


| <—————_- x + 4 ——> | 


On the sidewalk, the 
distance from the dormitory to the cafeteria is 400 
meters (see figure). By cutting across the lawn, the 
walking distance is shortened to 300 meters. How 
long is each part of the L-shaped sidewalk? 


Explaining Concepts 


What is a perfect square trinomial? 


What term must be added to x” + 5x to complete 
the square? Explain how you found the term. 


Explain the use of extracting square roots when 
solving a quadratic equation by the method of com- 
pleting the square. 


Is it possible for a quadratic equation to have no 
real number solution? If so, give an example. 


When using the method of completing the square to 
solve a quadratic equation, what is the first step if 
the leading coefficient is not 1? Is the resulting 
equation equivalent to the given equation? Explain. 


True or False? If you solve a quadratic equation 
by completing the square and obtain solutions that 
are rational numbers, then you could have solved 
the equation by factoring. Explain. 


Figure for 93 


94. 


OS: 


102. 


Revenue The revenue R from selling x units of a 
certain product is 


R= (so = 1s) 


Find the number of units that must be sold to 
produce a revenue of $1218. 


Revenue The revenue R from selling x units of a 
certain product is 


1 
R= {100 = i) 


Find the number of units that must be sold to 
produce a revenue of $12,000. 


Consider the following quadratic equation. 
Gat" 


(a) What value(s) of d will produce a quadratic 
equation that has exactly one (repeated) 
solution? 


(b) Describe the value(s) of d that will produce two 
different solutions, both of which are rational 
numbers. 


(c) Describe the value(s) of d that will produce two 
different solutions, both of which are irrational 
numbers. 


(d) Describe the value(s) of d that will produce two 
different solutions, both of which are complex 
numbers. 


*. 


Re eT Te ee eS a ee 


1] Derive the Quadratic Formula 
by completing the square for a 
general quadratic equation. 
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The Quadratic Formula 


The Quadratic Formula 


A fourth technique for solving a quadratic equation involves the Quadratic 
Formula. This formula is derived by completing the square for a general quadrat- 
ic equation. 


ax*+ bx +c=0 General form, a # 0 
ax? + bx = -—c Subtract c from both sides. 
ie ve ioe, 77 
Meta Ge eee Divide both sides by a. 
a a 
b a : ip ) a 
PA — = : 
Be ap 58 a |S || SS Se ae Add (2) to both sides. 
a (2 a 2a 2a 
( uf al b* = dae Paar 
x = implity. 
2a 4a aii 
hf b Pe b* = 4ac Laer 
ie SS xtract square roots. 
2a 4a? : 
p ee Subtract fen botraid 
x ubtract — from both sides. 
2a 2\al 2a 
= Di be ae ee 
ee Simplify. 
2a 


> The Quadratic Formula 


The solutions of ax? + bx + c = 0, a # 0, are given by the Quadratic 
Formula 


—b + /b? — 4ac 


oma 2a 


The expression inside the radical, b? — 4ac, is called the discriminant. 


1. If b? — 4ac > 0, the equation has two real solutions. 
2. If b? — 4ac = 0, the equation has one (repeated) real solution. 


3. If b2 — 4ac < 0, the equation has no real solutions. 
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Use the Quadratic Formula to 
solve a quadratic equation. 


Study Tip 


In Example 1, the solutions are 
rational numbers, which means 
that the equation could have been 
solved by factoring. Try solving 
the equation by factoring. 


Study Tip 


If the leading coefficient of a 
quadratic equation is negative, 
we suggest that you begin by 
multiplying both sides of the 
equation by — 1, as shown in 
Example 2. This will produce a 
positive leading coefficient, 
which is less cumbersome to 
work with. 


Solving Equations by the Quadratic Formula 


When using the Quadratic Formula, remember that before the formula can be | 
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applied, you must first write the quadratic equation in general form in order to 
determine the values of a, b, and c. 


Example 1 
x? + 6x = 16 
x2>+ 6x - 16=0 
Senos Acc 
zt 2a 
a= 6/16) 
; 2(1) 
—6 + 100 
0 a 
2 
a —6 + 10 
z 5 
ra? Ce R= =s 


The Quadratic Formula: Two Distinct Solutions 


Original equation 


Write in general form. 


Quadratic Formula 


Substitute: a = 1, 
b=6,c = —16. 


Simplify. 


Simplify. 


Solutions 


The solutions are 2 and — 8. Check these in the original equation. 


Example 2 


The solutions are —2 + 2./3 and —2 — 2./3. Check these in the original 


equation. 


8§=0 
ea DOE VE = 4ac 
2a 
ey OES) 
2(1) 
—4+ /48 
x= 
2) 
-4+4/3 
x= 
2 
2(-2 + 2/3 
x= 
D 
Mesh ke DM 
x= 
Z 
x= 242.3 


The Quadratic Formula: Two Distinct Solutions 


Leading coefficient is negative. 


Multiply both sides by — 1. 


Quadratic Formula 


Substitute: a = 1, 
b=4,c= —8. 


Simplify. 


Simplify. 


Factor numerator. 


Cancel common factor. 


Solutions 


Study Tip 


Example 3 could have been 
solved as follows, without divid- 
ing both sides by 2 in the first 
step. 


ea O24) + VE 24? = 48) 


2(18) 


24 + /576 — 576 
36 


While the result is the same, 
dividing both sides by 2 simpli- 
fies the equation before the 
Quadratic Formula is applied 
and so allows you to work with 
smaller numbers. 


Example 3 
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The Quadratic Formula: One Repeated Solution 


18x? — 24x +8 =0 
Ox = 12x +4 = 0 


ailend2) te (12 rao) 


enbe 5/ aae 
2a 
fe 2(9) 
wes 12 +.0/144— 144 
18 
ele 
- 18 
Meee: 
3 


The only solution is z Check this in the original equation. 


Original equation 
Divide both sides 
by 2. 

Quadratic Formula 
Substitute 9 for a, 
— 12 for b, and 4 


for c. 


Simplify. 


Simplify. 


Solution 


Note in the next example how the Quadratic Formula can be used to solve a 


Example 4 


Xx 


The solutions are 
equation. 


quadratic equation that has complex solutions. 


The Quadratic Formula: Complex Solutions 


=0 

e —b + /b* — 4ac 
2a 

Sys) Get) le 21) 5)) 
2(2) 

44+ /-24 

se 4 

_44+2J6i 

4 

_ 2(2 + V6i) 

Per) 

_ 22+ J6i 

yy 

ee 61 

SR 


Original equation 


Quadratic Formula 


Substitute 2 for a, 
—4 for b, and 5 
for c. 


Simplify. 


Write in i-form. 


Factor numerator 
and denominator. 


Cancel common 
factor. 


Solutions 


1(2 ae /6i) and 4(2 = /6i). Check these in the original 
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Determine the type of solution 
to a quadratic equation using the 
discriminant. 


Study Tip 


From Examples 1-4, you can 
see that equations with rational 
or repeated solutions could 
have been solved by factoring. 
A quick calculation of the dis- 
criminant will help you decide 
which solution method to use to 
solve a quadratic equation. 


1. Use factoring if 


zero 
b? — 4ac is ora 
perfect square 


2. Use completing the square or 
the Quadratic Formula if 


negative 
or not 
a perfect square 


b* — 4ac is 


Chapter 6 Quadratic Equations and Inequalities 


The Discriminant 


The radicand in the Quadratic Formula, b? — 4ac, is called the discriminant 
because it allows you to “discriminate” among different types of solutions. 


> Using the Discriminant 


Let a, b, and c be rational numbers such that a # 0. The discriminant of 
the quadratic equation ax? + bx + c = O is given by b? — 4ac, and can 
be used to classify the solutions of the equation as follows. 


Discriminant: b* — 4ac Solution Types 
Two distinct rational solutions 


(Example 1) 


1. Perfect square 


Two distinct irrational solutions 
(Example 2) 


2. Positive nonperfect square 


3. Zero One repeated rational solution 


(Example 3) 


4. Negative number Two distinct imaginary solutions 


(Example 4) 


Using the Discriminant 


Determine the type of solution for each quadratic equation. 
DM 3x 0 
de 2x 1 


axe —ox + 2=0 
c. x7 = 2 + 1 =0 


Solution 
Equation Discriminant Solution Types 

deer ed 0) b* — 4ac = (-1)? = 4(1)(2) Two distinct 
fe imaginary solutions 
=-7 

b. 2x7 — 3x —-2=0  b? — 4ac = (—3)? — 4(2)(—2) ‘Two distinct 
Sone rational solutions 
= 25 

Cox tr olen) b? — dac = (—2)? = 4(1) (1) One repeated 
cs ET rational solution 


d.x7—-2x-1=9 6b — 4ac = (—2)? — 4(1)(—10) 
=4+ 40 


= 44 


Two distinct 
irrational solutions 
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> Summary of Methods for Solving Quadratic Equations 


Method Example 

1. Factoring 3x + x = 0 

3x + 1)=O—> x=0 and-3x+1=0 
2. Extracting square roots o> 2) = 9 

£P2=23 => 4 = -2-+3'=1 and. x= 32-3 —5 

3. Completing the square x + 6x = 3 

+ 6x+ (3-6) =3+(4-6) 
@+3P=12 = 2=—-34/12 


(25) + /=2) 4G) 1 -/5i 
4. Using the Quadratic Formula 33 =x t+ 2=0 => x= ee ee = (ae 


Using a Calculator with the Quadratic Formula 


Solve 1.2x? — 17.8x + 8.05 = 0. 


Solution 
Using the Quadratic Formula, you can write 
—(—17.8) + /(-17.8)? — 4(1.2)(8.05) 
Bae 2(1.2) 


To evaluate these solutions, begin by calculating the square root. 
17.8 64 &) 12 & 8.05 & Scientific 
17.8 (J 4 te Graphing 
8.05 (ENTER) 


The display for either of these keystroke sequences should be 16.67932852. 
Storing this result and using the recall key, we find the following two solutions. 


17.8 + 16.67932852 
x= : 


A = 14.366 Add stored value. 
ad ie ae = 0.467 Subtract stored value. 


Problem Posing 


_ Suppose you are writing a quiz that covers quadratic equations. Write 
four quadratic equations, including one with solutions x = } and 
- x = —2 and one with solutions x = 4 + V3 and instruct students to 
use any of the four solution methods: factoring, extracting square 
roots, completing the square, and using the Quadratic Formula. Trade 
quizzes with a class member and check each other’s work. 
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6.3, 


Integrated Review 
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Concepts, Skills, and Problem Solving 


Keep mathematically in shape by doing these . 7. (3 is J/2)(3 an a) 


exercises before the problems of this section. 


Properties and Definitions 


In Exercises 1 and 2, rewrite the expression using 
the specified property, where a and 6 are nonneg- 


ative real numbers. 


1. Multiplication Property: /ab = 


2. Division Property: 5 = 
3. Is /72 in simplest form? Explain. 


4. Is 10/,/5 in simplest form? Explain. 
Simplifying Expressions 


In Exercises 5-10, perform the operation and sim- 


plify the expression. 


5, /128 +3/50 63/5/3500 


_ Developing Skills 


In Exercises 1-4, write in general form. 


1 Qeaiieetil ee =9) 
3x10 — x) =35 AvxGx + 8) = 15 


In Exercises 5-16, solve the quadratic equation (a) by 
using the Quadratic Formula and (b) by factoring. See 
Examples 1-4. 
aD 


éx?—11x+28=0 6. 
1.x + 6x>+ 8 =0 8. 
9. 4x7 +4x+1=0 £10. 
Da 9 = 012. 
1356460) 

150 Ox 00 =.0 


eo — 125 OT = 0 
cat 9x 14 = 0 

Ox? ++ 12x +4=0 
Ox? — 30x + 25 =0 
14) 10x? — 11x +3 =0 
16. x2 + 20x — 300 = 0 


In Exercises 17-46, solve the quadratic equation by 
using the Quadratic Formula. (Find all real and complex 
solutions.) See Examples 1-4. 

4 x2-2x-4=0 18. 2-2x-6=0 
19.2+4t+1=0 (20.42 + 6y+4=0 


21. 


Om 
2 
29. 
ail 
33. 

34 
35. 
37. 
38. 

(39. 
41. 
42. 
44, 
45. 
46. 


gees 
10 


Problem Solving 


§. (39/25 
SBA 
BT 


11. Determine the length and width of a rectangle 
with a perimeter of 50 inches and a diagonal of 


5/13 inches. 


12. The demand equation for a certain product is 


given by 


p = 15 = #12010) 

where x is the number of units demanded per 
day and p is the price per unit. Find the 
demand if the price is $59.90. 


Ceo 3 = 0 22. 
23552 wr 43 =O 24. 
w+3x+3=0 26, 
3v2— 2v-—1=0 2S 
2x 4x = 3 = (0) 30: 
977 +674" = 02 32. 


—4;* - 6x +3 =0 
5x? — 15x + 10 =0 


8x7 -—6x +2=0 36. 


= 452 10x + 12 =O 
= 5x2 107 250) 
Ox? = 1 + Ox 40. 
3x = 2x7 = 4 — 5x2 


ie 6-43, 


x? + 0.6x — 0.41 = 0 
2.5x7 +x-0.9=0 


x7 + 8x-4=0 


u? — 12u + 29 = 0 
2x7 -x+1=0 

Ax? + 6x + 1=—0 
2x7 “OXI 0 
8? — 8y -1=0 


6x? + 3x -9 =0 


1x? =Biee 


x? — 0.4x — 0.16 = 0 


0.09x7=— 0.12% = 0.26:= 0 
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In Exercises 47-56, use the discriminant to determine = In Exercises 75-82, use a graphing utility to graph the 

the type of solutions of the quadratic equation. See function. Use the graph to approximate any x-intercepts 

Example S. of the graph. Set y = 0 and solve the resulting equa- 

poe +x 41 £0 1 es Sane a AT AEs the result with the x-intercepts of the 

raph. 

49. 2x7 — 5x —-4=0 50. 10x + 5x +1=0 se ; i 

Bl. 5x2 + 7x +3 =0 523x2 — 2x - 5 =0 ake aaa Lee Sa ag ah 
ee 

Rr 90. 54 OP toy 6 = 0 || eter ety 25) 


78. y=x* —- 4x +3 
79. y = 5x? — 18x + 6 


In Exercises 57-74, solve the quadratic equation by the 80. y = 15x? + 3x — 105 
most convenient method. (Find all real and complex 81. y = —0.04x2 + 4x — 0.8 


55. 3x7 --x+2=0 56. 9x2 — 24x + 16=0 


gayegons.) 82. y = 3.7x2 — 10.2x + 3.2 
57. 2 — 169 = 0 58. ? = 144 2 
(592 Sy? + 15y = 0 60. Ju? + 49u = 0 cx In Exercises 83-86, use a graphing utility to determine 


the number of real solutions of the quadratic equation. 
Verify your answer using the discriminant. 


61. 25(x — 3)?:— 36 =0 
62. 9(x + 4)? + 16=0 


$3. 2 See = 0 84. 2x7 -x-1=0 
ee Oe 8-0 85. 3x2 + &x& — 8 =0 86. 3x2 — 5x + 25 =0 
64. 4y(y + 7) — 5(y + 7) =0 ‘oe aoe jcc) i 
65. x? + 8x + 25 = 0 In Exercises 87-90, solve the equation. 

a Sy a — 

our ak wake 2 ee tee | 
61) 2 — 24x + 128 = 0 Bia | ara rar 
68. y? + 2ly + 108 = 0 eis ie me i ee We ee er 
69. 3x* — 13x + 169 = 0 
me — 15x +225 —0 Think About It \n Exercises 91-94, describe the values 


Bae 182 & 15x — 50 =.0 of ¢ such that the equation has (a) two real number 
San solutions, (b) one real number solution, and (c) two 
Ci 147 Aa ix — AQ =) complex number solutions. 
a — = 
ye. ie eee 8 91. x7 —-6x + c=0 aves Lae = 0 
ula 93. 2 + 8x +c =0 94. 2 + 2vtc=0 


Solving Problems 


95. Geometry A rectangle has a width of x inches, a (96. Geometry A rectangle has a length of x + 1.5 
length of x + 6.3 inches, and an area of 58.14 square inches, a width of x inches, and an area of 18.36 
inches. Find its dimensions. square inches. Find its dimensions. 
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‘97. 


98. 


104. 
105. 


. Aerospace Employment 
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ree-Falling Object A ball is thrown vertically 
upward at a velocity of 40 feet per second from a 
bridge that is 50 feet above the level of the water 
(see figure). The height / (in feet) of the ball at time 
t (in seconds) after it is thrown is 


h = —16f + 40t + 50. 


(a) Find the time when the ball is again 50 feet 
above the water. 


(b) Find the time when the ball strikes the water. 


Free-Falling Object A ball is thrown vertically 
upward at a velocity of 20 feet per second from a 
bridge that is 40 feet above the level of the water. 
The height / (in feet) of the ball at time ¢ (in sec- 
onds) after it is thrown is 


h = —16f2 + 20t + 40. 


(a) Find the time when the ball is again 40 feet 
above the water. 


(b) Find the time when the ball strikes the water. 


The following model 
approximates the number of people employed in 
the aerospace industry in the United States from 
1990 through 1996. 


y= Sol Som lies 4527 0) St s.6 


Explaining Concepts 
Answer parts (c) and (d) of Motivating the Chapter 
on page 371. 


State the Quadratic Formula in words. 


What is the discriminant of ax? + bx + c = 0? 
How is the discriminant related to the number and 
type of solutions of the equation? 


=: 100. 


101. 


102. 


106. 


107. 


In this model, y represents the number employed in 

the aerospace industry (in thousands) and f repre- 

sents the year, with t = 0 corresponding to 1990. 

(Source: U.S. Department of Commerce) 

(a) Use a graphing utility to graph the model. 

(b) Use the graph in part (a) to find the year in 
which there were approximately 750,000 
employed in the aerospace industry in the 
United States. Verify your answer algebraically. 


(c) Use the model to estimate the number employed 
in the aerospace industry in 1997. 


Cellular Phone Subscribers The numbers of 
cellular phone subscribers (in millions) in the 
United States for the years 1989 through 1996 can 
be modeled by 


s-= 0.847 + 1517 +470" Sls 6 


where t = 0 corresponds to 1990. 

(Source: Cellular Telecommunications Industry 
Association) 

(a) Use a graphing utility to graph the model. 

(b) Use the model to determine the year in which 


the cellular phone companies had 10 million 
subscribers. Verify your answer algebraically. 


Exploration Determine the solutions x, and x, of 
each quadratic equation. Use the values of x, and x, 
to fill in the boxes. 


Equation Xy,Xq Hy TAX XX 


(QQ) xx 6 0) 

(by eo 5x 30) 

(c) 4x7 -9=0 

(dy x= 10x34 0 

Think About It Consider a general quadratic 
equation ax? + bx + c = 0 whose solutions are x, 
and x,. Use the results of Exercise 101 to determine 
a relationship among the coefficients a, b, and c, 


and the sum (x, + x,) and product (x,x,) of the 
solutions. 


Explain how completing the square can be used to 
develop the Quadratic Formula. 


Summarize the four methods for solving a quadratic 
equation. 
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Mid-Chapter Quiz 


Take this quiz as you would take a quiz in class. After you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-8, solve the quadratic equation by the specified method. 


1. Factoring: 2. Factoring: 

2 — TG 2 se 2) = 0 
3. Extracting square roots: 4. Extracting square roots: 
= 12 (u — 3)? — 16=0 
5. Completing the square: 6. Completing the square: 
st +.10s +51. =0 2y* + 6y -5=0 
7. Quadratic Formula: 8. Quadratic Formula: 
x + ay — 6 = 0 67 — 3v -4=0 


In Exercises 9-16, solve the equation by the most convenient method. (Find all 
the real and complex solutions.) 


9. 2+ 5x+7=0 10. 36 — (t-— 4/2? =0 

11. x(x — 10) + 3(@% — 10) = 0 x= 310 

13. 4b? — 125+ 9=0 14. 3m? + 10m + 5 =0 
15. x — 2\/x — 24=0 16. x4+ 7x2 + 12 =0 


In Exercises 17 and 18, use a graphing utility to graph the function. Use the 
graph to approximate any x-intercepts of the graph. Set y = 0 and solve the 
resulting equation. Write a paragraph comparing the results of your algebraic 
and graphical solutions. 


17. y = x2 -— 3x -1 18. y= 2-— 0.45% — 4 


19. The revenue R from selling x units of a certain product is given by 
R = x(20 — 0.2x). 
Find the number of units that must be sold to produce a revenue of $500. 


20. The perimeter of a rectangle with sides x and 100 — x is 200 meters. Its area 
A is given by A = x(100 — x). Determine the dimensions of the rectangle if 
its area is 2275 square meters. 
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Use a quadratic equation to 
solve an application problem. 


Applications of Quadratic Equations 


An Investment Problem @ 


A car dealer bought a fleet of cars from a car rental agency for a total of $120,000. 
By the time the dealer had sold all but four of the cars, at an average profit of 
$2500 each, the original investment of $120,000 had been regained. How many 
cars did the dealer sell, and what was the average price per car? 


Solution 


Although this problem is stated in terms of average price and average profit per 
car, we can use a model that assumes that each car sold for the same price. 


Verbal 
Model: per é p 
Labels: Number of cars sold = x (cars) 
Number of cars bought = x + 4 (cars) 
Selling price per car = a (dollars per car) 
120,000 
Cost per car = Er (dollars per car) 
Profit per car = 2500 (dollars per car) 
Equation: EU ge 20. 000 + 2500 
x x+4 ; 


120,000(x + 4) = 120,000x + 2500x(x + 4), x #0,x # —4 
120,000x + 480,000 = 120,000x + 2500x? + 10,000x 
0 = 2500x? + 10,000x — 480,000 
0= x2 + 4x — 192 
O = (& — 12)(x + 16) 
Der 
x+ 16=0 


pecs the positive value, it follows that the dealer sold 12 cars at an average 


price of 5 (120, 000) = $10,000 per car. Check this result in the original statement 
of the problem. 


Figure 6.3 


|<— w —> 
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eT) (wae ~Geometry @ 


A picture is 6 inches taller than it is wide and has an area of 216 square inches. 
What are the dimensions of the picture? 


Solution 


Begin by drawing a diagram, as shown in Figure 6.3. 


Verbal : ; ; 
VORP Area of picture = Width - Height 
Labels: Picture width = w (inches) 
Picture height = w + 6 (inches) 
Area = 216 (square inches) 
Equation: 216 = w(w + 6) 


0 = w? + 6w — 216 
0 = (w + 18)(w — 12) 
wt+18=0 >> w=-is8 
w-—12=0 E> w= 12 
Of the two possible solutions, choose the positive value of w and conclude that 


the picture is w = 12 inches wide and w + 6 or 18 inches tall. Check these 
dimensions in the original statement of the problem. 


elule(emmm An Interest Problem @ 


The formula 
A= Per)? 
represents the amount of money A in an account in which P dollars is deposited 


for 2 years at an annual interest rate of r (in decimal form). Find the interest rate 
if a deposit of $6000 increases to $6933.75 over a 2-year period. 


Solution 
A= Pl +7) Given formula 
6933.75 = 6000(1 + r)? Substitute for A and P. 
161556252— (hate 7)? Divide both sides by 6000. 
Ojos 7 Extract square roots. 
0.075 =r Choose positive solution. 


The annual interest rate is r = 0.075 = 7.5%. 


Check 
A= Pl tar)- Given formula 
y Substitute 6933.75 for A, 6000 for P, 
6933.75 r 6000(1 + 0.075)? aad OOTS font 
6933.75 = 6000(1.155625) Simplify. 
6933.75 = 6933.75 Solution checks. Y 
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Reduced Rates @ 


A ski club chartered a bus for a ski trip at a cost of $720. In an attempt to lower 
the bus fare per skier, the club invited nonmembers to go along. When four non- 
members joined the trip, the fare per skier decreased by $6.00. How many club 
members are going on the trip? 


Example 4 


Solution 
Verbal Cost per Number _ $720 
Model: skier of skiers 
Labels: Number of ski club members = x (people) 

Number of skiers = x + 4 (people) 

Z 

Original cost per skier = a (dollars) 

New cost per skier = me 76.00 (dollars) : 
Equation: (2 = 6.00 + 4) = 720 


(Po=*)\¢ + 4) = 720 


(720 — 6x)(x + 4) = 720x, x #0 

720x — 6x” — 24x +2880 = 720x 
— 6x? — 24x + 2880 = 0 
x? + 4x — 480 = 0 
cea Oe — a) 0) 
x+24=0 
x—20=0 


Choosing the positive value of x implies that there are 20 ski club members. 
Check this solution in the original equation, as follows. 


Check 
Number of Skiers Cost per Skier 
720 
20 ee 
0 $36.00 
720 
24 = 
74 $30.00 


From these two calculations, you can see that the difference in cost per skier is 
$36.00 — $30.00 = $6.00. 
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An Application Involving the Pythagorean Theorem @ 


An L-shaped sidewalk from building A to building B on a college campus is 200 
meters long, as shown in Figure 6.4. By cutting diagonally across the grass, stu- 
dents shorten the walking distance to 150 meters. What are the lengths of the two 
legs of the sidewalk? 


Solution 
Verbal 
[4] Model: ar bee Pythagorean Theorem 
Labels: Length of one leg = x (meters) 
Length of other leg = 200 — x (meters) 
Figure 6.4 Length of diagonal = 150 (meters) 
Equation: x” + (200 — x)? = (150)? 


2x* — 400x + 40,000 = 22,500 
2x* — 400x + 17,500 = 0 
x? — 200x + 8750 = 0 


By the Quadratic Formula, you can find the solutions as follows. 


200 + V(—200)? — 4(1)(8750) 


2(1) 


_ 200 + /5000 
2 


yates 502 
2 


_2(100 #252 


Z 
= 100 + 25/2 
Both solutions are positive, and it does not matter which one you choose. If you let 
x = 100 + 25./2 ~ 135.4 meters, 
the length of the other leg is 
200k = 200 — 1354 


=~ 64.6 meters. 


In Example 5, notice that you obtain the same dimensions if you choose the 
other value of x. That is, if the length of one leg is 


x = 100 — 25/2 =~ 64.6 meters, 
the length of the other leg is 
200 — x ~ 200 — 64.6 


=~ 135.4 meters. 
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Work-Rate Problem @ 


An office contains two copy machines. Machine B is known to take 12 minutes 
longer than Machine A to copy the company’s monthly report. Using both 
machines together, it takes 8 minutes to reproduce the report. How long would it 


take each machine alone to reproduce the report? 


Solution i 


Verbal Work done by Work done by __ 1 complete 


Model: machine A machine B job 


Rate Time Rate Time 


forA for both . forB for both _ 


Labels: Time for machine A = ¢ 
Rate for machine A = x 


Time for machine B_= t + 12 
1 


Rate for machine B = 5 


ae il 
Time for both machines = 8 


Rate for both machines = : 


1 
Equation: e (8) + ; 


(14 aa 


I 
eco aay alee 
J 


2t + 12 
(t + 12) 


8(2¢ + 12) = 2 + 128 
16¢ + 96 =? + 121 


4 


Spa) |e ‘(i 12) 


0=P7 — 4t- 96 
O = (t — 12)(t + 8) 


Choose the positive value for ¢ and find that 
Time for machine A = t = 12 minutes 
Time for machine B = t + 12 = 24 minutes. 


Check these solutions in the original equation. 


(minutes) 
(job per minute) 
(minutes) 
(job per minute) 


(minutes) 


(job per minute) 


oVwrTe 


ST 


Figure 6.5 


432 ft 
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The Height of a Model Rocket @ 


A model rocket is projected straight upward from ground level according to the 
height equation h = —16f? + 192t, t > 0, where h is the height in feet and t is 
the time in seconds. (a) After how many seconds will the height be 432 feet? 


(b) When will the rocket hit the ground? 
Solution 
a. fi = —16r oe 
432 = —16f + 192t 
16” — 1921 + 432 = 0 
t—12t + 27 =0 
(¢ — 3)(¢ -— 9) =0 
t-3=0 ™® :+=3 
1-9=0 > +=9 


Original equation 
Substitute 432 for h. 
Standard form 

Divide both sides by 16. 
Factor. 

Set Ist factor equal to 0. 


Set 2nd factor equal to 0. 


The rocket attains a height of 432 feet at two different times—once (going up) 
after 3 seconds, and again (coming down) after 9 seconds. (See Figure 6.5.) 


b. To find the time it takes for the rocket to hit the ground, let the height be 0. 


Om = 167 1927 
0=#= 121 
0 = ¢(t — 12) 
t=0 or t=12 


The rocket will hit the ground after 12 seconds. (Note that the time of t = 0 


seconds corresponds to the time of lift-off.) 
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Integrated Review Concepts, Skills, and Problem Soiinee 


Keep mathematically in shape by doing these — 


exercises before the problems of this section. 
Properties and Definitions 


1. Define the slope of the line through the points 
(x1, y,) and (x), ys). 


2. Give the following forms of an equation of a 


line. 

(a) Slope-intercept form 
(b) Point-slope form 

(c) General form 

(d) Horizontal line 


Equations of Lines 


In Exercises 3-10, find the general form of the 
equation of the line through the two points. 


3. (0, 0), (4, —2) 4. (0, 0), (100, 75) 


Solving Problems 


ny) Selling Price A store owner bought a case of eggs 
for $21.60. By the time all but 6 dozen of the eggs had 
been sold at a profit of $0.30 per dozen, the original 
investment of $21.60 had been regained. How many 
dozen eggs did the owner sell, and what was the sell- 
ing price per dozen? 

2. Selling Price A manager of a computer store bought 
several computers of the same model for $27,000. 


@ -t32),66) 6 5), 6, 0) 
72 845) + 8 02) a 
9. (0, 8), (5, 8) 10. (—3, 2), (—3, 5) 


Problem Solving 


11. A group of people agree to share equally in the 
cost of a $250,000 endowment to a college. If 
they could find two more people to join the 
group, each person’s share of the cost would 
decrease by $6250. How many Pevele are 
presently in the group? 


(2. A boat travels at a speed of 18 miles per hour 
in still water. It travels 35 miles upstream and 
then returns to the starting point in a total of 4 
hours. Find the speed of the current. 


sweatshirt, the original investment of $850 had been 
regained. How many sweatshirts were sold, and what 
was the selling price of each sweatshirt? 


Dimensions of a Rectangle ~\n Exercises 5-14, com- 
plete the table of widths, lengths, perimeters, and areas 
of rectangles. 


When all but three of the computers had been sold at Width Length Perimeter Area 
a profit of $750 per computer, the original investment (& 0.751 l 42 in. 
of $27,000 had been regained. How many computers ae 6 Sy) AO m 
were sold, and what was the selling price of each? 
7. w 2.5w 250 ft? 
3. Selling Price A storeowner bought a case of video 8 15 : 
games for $480. By the time he had sold all but eight ar oe 216 cm 
of them at a profit of $10 each, the original investment 9. 31 l 192102 
of $480 had been regained. How many video games EZ al l 2700 in.” 
were sold, and what was the selling price of each Wh as apse a ely ae 
game? 
4 Selling Price A math club bought a case of sweat- rae pee 
shirts for $850 to sell as a fundraiser. By the time all Ws oe : 12,000 m* 
but 16 sweatshirts had been sold at a profit of $8 per 14. w Wats 500 ft? 


15; 
17. 


18. 


19. 


20. 


iy 


oy 
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Geometry _ A picture frame is 4 inches taller than it 
is wide and has an area of 192 square inches. What 
are the dimensions of the picture frame? 


Geometry The top of a coffee table is 3 feet longer 
than it is wide and has an area of 10 square feet. 
What are the dimensions of the top of the coffee 
table? 

Geometry The height of a triangle is 8 inches less 
than its base. The area of the triangle is 192 square 
inches. Find the dimensions of the triangle. 


Geometry The height of a triangle is 25 inches 
greater than its base. The area of the triangle is 625 
square inches. Find the dimensions of the triangle. 


Lumber Storage Area A retail lumberyard plans to 
store lumber in a rectangular region adjoining the 
sales office (see figure). The region will be fenced on 
three sides and the fourth side will be bounded by the 
wall of the office building. Find the dimensions of 
the region if 350 feet of fencing is available and the 
area of the region is 12,500 square feet. 


|<—> | 
350 — 2x 


Fencing the Yard You have 100 feet of fencing. Do 
you have enough to enclose a rectangular region 
whose area is 630 square feet? Is there enough to 
enclose a circular area of 630 square feet? Explain. 


Fencing the Yard A family built a fence around 
three sides of their property (see figure). In total, 
they used 550 feet of fencing. By their calculations, 
the lot is 1 acre (43,560 square feet). Is this correct? 
Explain your answer. 


Figure for 21 


22. Geometry Your home is on a square lot. To add 


more space to your yard, you purchase an additional 
20 feet along the side of the property (see figure). 
The area of the lot is now 25,500 square feet. What 
are the dimensions of the new lot? 


x 


| <> | 


20 ft 


23. Open Conduit An open-topped rectangular con- 


duit for carrying water in a manufacturing process is 
made by folding up the edges of a sheet of aluminum 
48 inches wide (see figure). A cross section of the 
conduit must have an area of 288 square inches. Find 
the width and height of the conduit. 


Folds 
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Compound Interest _\n Exercises 24-29, find the inter- 
est rate r. Use the formula A = P(1 + r)?, where A is 
the amount after 2 years in an account earning r 
percent (in decimal form) compounded annually, and P 
is the original investment. See Example 3. 


24. P = $10,000 25. P = $3000 

A = $11,990.25 A = $3499.20 
26. P = $500 27. P = $250 

A = $572.45 A = $280.90 
28. P = $6500 29. P = $8000 

A = $7370.46 A = $8420.20 


(30 2Reduced Ticket Price A service organization paid 
$210 for a block of tickets to a ball game. The block 
contained three more tickets than the organization 
needed for its members. By inviting three more peo- 
ple to attend (and share in the cost), the organization 
lowered the price per ticket by $3.50. How many 
people are going to the game? 

31. Reduced Ticket Price A service organization buys 
a block of tickets for a ball game for $240. After 
eight more people decide to go to the game, the price 
per ticket is decreased by $1. How many people are 
going to the game? 

32. Reduced Fare A science club charters a bus to 
attend a science fair at a cost of $480. In an attempt 
to lower the bus fare per person, the club invites 
nonmembers to go along. When two nonmembers 
join the trip, the fare per person is decreased by $1. 
How many people are going on the excursion? 


Venture Capital HEighty thousand dollars is needed 
to begin a small business. The cost will be divided 
equally among the investors. Some have made a 
commitment to invest. If three more investors are 
found, the amount required from each would 
decrease by $6000. How many have made a commit- 
ment to invest in the business? 


34. Dimensions of a Rectangle The perimeter of a 
rectangle is 102 inches and the length of the diagonal 
is 39 inches. Find the dimensions of the rectangle. 


8? Delivery Route You are asked to deliver pizza to 
offices B and C in your city (see figure), and you are 
required to keep a log of all the mileages between 
stops. You forget to look at the odometer at stop B, 
but after getting to stop C you record the total dis- 
tance traveled from the pizza shop as 18 miles. The 
return distance from C to A is 16 miles. If the route 
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approximates a right triangle, estimate the distance 
from A to B. 


Onieec 


Office B a 
Pizza shop A 


Figure for 35 


36. Shortcut AnL-shaped sidewalk from building A to 
building B on a high school campus is 100 yards 
long, as shown in the figure. By cutting diagonally 
across the grass, students shorten the walking dis- 
tance to 80 yards. What are the lengths of the two 
legs of the sidewalk? 


37. Dimensions of a Rectangle An adjustable rectan- 
gular form has minimum dimensions of 3 meters by 
4 meters. The length and width can be expanded by 
equal amounts x (see figure). 


(a) Write the length d of the diagonal as a function 
of x. Use a graphing utility to graph the function. 
Use the graph to approximate the value of x 
when d = 10 meters. 


(b) Find x algebraically when d = 10. 
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38. Solving Graphically and Numerically A meteor- initial height of ho feet if its height h at any time t (in 


ologist is positioned 100 feet from the point where 
a weather balloon is launched (see figure). The 
instrument package lifted vertically by the balloon 
transmits data to the meteorologist. 


(a) Write the distance d between the balloon and the 
meteorologist as a function of the height h of the 
balloon. 

(b) Use a graphing utility to graph the function in 
part (a). Use the graph to approximate the value 
of h when d = 200 feet. 


(c) Complete the following table. 


——— 100i 4 


(39-7 Work-Rate Problem Working together, two people 
can complete a task in 5 hours. Working alone, how 
long would it take each to do the task if one person 
took 2 hours longer than the other? 


40. Work-Rate Problem An office contains two print- 
ers. Machine B is known to take 3 minutes longer 
than Machine A to produce the company’s monthly 
financial report. Using both machines together, it 
takes 6 minutes to produce the report. How long 
would it take each machine to produce the report? 


41. Work-Rate Problem A builder works with two 
plumbing companies. Company A is known to take 3 
days longer than Company B to do the plumbing in 
a particular style of house. Using both companies, it 
takes 4 days. How long would it take to do the 
plumbing using each company individually? 

42. Work-Rate Problem Working together, two people 

- can complete a task in 6 hours. Working alone, one 
person takes 2 hours longer than the other. How long 
would it take each to do the task alone? 


Free-Falling Object \n Exercises 43-46, find the time 
necessary for an object to fall to ground level from an 


<43;, hy = 144 


seconds) is given by 
he hy — 16 
44. h, = 625 


45. h, = 1454 (height of the Sears Tower) 
46. h,) = 984 (height of the Eiffel Tower) 


47. Height of a Baseball The height h in feet of a 
baseball hit 3 feet above the ground is given by 


h=3 + 75t — 16f2 
where f is time in seconds. Find the time when the 
ball hits the ground in the outfield. 


48. Hitting Baseballs You are hitting baseballs. When 
tossing the ball into the air, your hand is 5 feet above 
the ground (see figure). You hit the ball when it falls 
back to a height of 4 feet. If you toss the ball with an 
initial velocity of 25 feet per second, the height h of 
the ball t seconds after leaving your hand is given by 


h=5 + 25t — 16?. 


How much time will pass before you hit the ball? 


49. Height of a Model Rocket A model rocket is 
projected straight upward from ground level accord- 
ing to the height equation h = —16f? + 160r, where 
h is the height of the rocket in feet and f is the time 
in seconds. 


(a) After how many seconds will the height be 336 
feet? 


(b) When will the rocket hit the ground? 


\50. Height of a Tennis Ball A tennis ball is tossed 


vertically upward from a height of 5 feet according 
to the height equation h = —16f + 21t + 5, where 
h is the height of the tennis ball in feet and tf is the 
time in seconds. 


(a) After how many seconds will the height be 11 
feet? 


(b) When will the tennis ball hit the ground? 
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Number Problems _\n Exercises 51-56, find two posi- 
tive integers that satisfy the given requirement. 


Csie The product of two consecutive integers is 240. 
52. The product of two consecutive integers is 1122. 
53. The product of two consecutive even integers is 224. 
S41 he product of two consecutive even integers is 528. 
55. The product of two consecutive odd integers is 483. 


56. The product of two consecutive odd integers is 255. 


57. Air Speed An airline runs a commuter flight 
between two cities that are 720 miles apart. If the 
average speed of the planes could be increased by 40 
miles per hour, the travel time would be decreased by 
12 minutes. What air speed is required to obtain this 
decrease in travel time? 


(58. Average Speed _ A truck traveled the first 100 miles 
_/ of a trip at one speed and the last 135 miles at an 
average speed of 5 miles per hour less. If the entire 
trip took 5 hours, what was the average speed for the 

first part of the trip? 


59. Speed A small business uses a minivan to make 
deliveries. The cost per hour for fuel for the van is 
C = v’/600, where v is the speed in miles per hour. 
The driver is paid $5 per hour. Find the speed if the 
cost for wages and fuel for a 110-mile trip is $20.39. 


60. Distance Find any points on the line y = 14 that 
are 13 units from the point (1, 2). 


. Geometry The area of an ellipse is given by 
A = mab (see figure). For a certain ellipse, it is 
required that a + b = 20. 


(a) Show that A = zra(20 — a). 


Explaining Concepts 


63. In your own words, describe guidelines for solving 
word problems. 


64. Describe the strategies that can be used to solve a 
quadratic equation. 
65. Unit Analysis 


9 dollars 
hour 


Describe the units of the product. 


- (20 hours) 
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q 


EZ 62. Data Analysis For the years 1990 through 1996, 


66. 


67. 


68. 


(b) Complete the table. 


(c) Find two values of a such that A = 300. 
(d) Use a graphing utility to graph the area function. 


Figure for 61 


the sales s (in millions of dollars) of snowmobiles in 
the United States can be approximated by the model 


s = 12.887 + 43.86¢ + 300.83,0 < t < 6 


where f is time in years, with t = 0 corresponding to 
1990. (Source: National Sporting Goods Association) 


(a) Use a graphing utility to graph the model over 
the specified domain. 


(b) In which year were sales approximately $400 
million? 


Unit Analysis Describe the units of the product. 


20 feet 1 minute 
minute 60 seconds 


(45 seconds) 
Give an example of a quadratic equation that has 
only one repeated solution. 


Give an example of a quadratic equation thathastwo 
imaginary solutions. 


eae eee E 


AS 


OR ENT NEE 


aa 3 


SEN 


<n toe 


cies 


ee Re ee 
ei 
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Quadratic and Rational Inequalities 


1] Determine test intervals for a 
polynomial inequality. 


Finding Test Intervals 

When working with polynomial inequalities, it is important to realize that the 
value of a polynomial can change sign only at its zeros. That is, a polynomial can 
change signs only at the x-values that make the value of the polynomial zero. For 
instance, the first-degree polynomial x + 2 has a zero at — 2, and it changes sign 


at that zero. You can picture this result on the real number line, as shown in Figure 
6.6. 


Figure 6.6 


Note in Figure 6.6 that the zero of the polynomial partitions the real number 
line into two test intervals. The value of the polynomial is negative for every x- 
value in the first test interval (— oo, — 2), and it is positive for every x-value in the 
second test interval (— 2, co). You can use the same basic approach to determine 
the test intervals for any polynomial. 


> Finding Test Intervals for a Polynomial 


1. Find all real zeros of the polynomial, and arrange the zeros in 
increasing order. The zeros of a polynomial are called its critical 
numbers. 


. Use the critical numbers of the polynomial to determine its test inter- 
vals. 


. Choose a representative x-value in each test interval and evaluate the 
polynomial at that value. If the value of the polynomial is negative, 
the polynomial will have negative values for every x-value in the 
interval. If the value of the polynomial is positive, the polynomial 
will have positive values for every x-value in the interval. 
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Use test intervals to solve a 
quadratic inequality. 


Quadratic Inequalities 


The concepts of critical numbers and test intervals can be used to solve nonlinear 
inequalities, as demonstrated in Examples 1, 2, and 4. 


Solving a Quadratic Inequality 


~ 


Solve the inequality x7 — 5x < 0. 


Solution 


First find the critical numbers for x? — 5x < 0 by finding the solutions of the 
equation x? — 5x = 0. 


=x = 0 Corresponding equation 
XN toes 5) =0 Factor. 
x=0,x=5 Critical numbers 


This implies that the test intervals are 


(—oo,.0), (0,5), and - (5, co). 


To test an interval, choose a convenient number in the interval and compute the 
Signlofiae — 3x. 


Interval x-Value Polynomial Value Conclusion 
(— 00, 0) x=-1 (—1)? — 5(-1) = 6 Positive 

(0, 5) 27 (1)? — 5(1) = -4 Negative 
6, oo) gat (6)? — 5(6) =6 Positive | 


From this you can conclude that the value of the polynomial is positive for all x- 
values in (— oo, 0) and (5, 00), and negative for all x-values in (0, 5). This implies 
that the solution of the inequality x2 — 5x < 0 is the interval (0,5), as shownin 
Figure 6.7. 


Figure 6.7 


In Example 1, note that you would have used the same basic procedure if the 
inequality symbol had been <, >, or >. For instance, from Figure 6.7, you can see 
that the solution set of the inequality x? — 5x > 0 consists of the union of the 
half-open intervals (—0o, 0] and [5, 00), which is written as (—00, 0] U [5, 00). 


Study Tip 
In Examples 1 and 2, the critical 
numbers are found by factoring. 
With quadratic polynomials that 
_ do not factor, you can use the 
Quadratic Formula to find the 
critical numbers. For instance, 
to solve the inequality 

x -2k-1<0— 
you can use the Quadratic | 
_ Formula to determine that the 
critical numbers are ~ 


J2~-0414 


(142-2416 
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Just as in solving quadratic equations, the first step in solving a quadratic 
inequality is to write the inequality in general form, with the polynomial on the 
left and zero on the right. Factorization of the polynomial then shows the critical 
numbers, as demonstrated in Example 2. 


=>elilwae Solving a Quadratic Inequality 


Solve the inequality 2x? + 5x > 12. 
Solution 
Begin by writing the inequality in general form. 
RA ashe baal DA Original inequality 
De oY — ee nO Write in general form. 


Next, find the critical numbers for 2x7 + 5x — 12 > 0 by finding the solutions to 
the equation 2x? + 5x — 12 = 0. 


De 54 = 12 =0 Original equation 
(x al 4) (2x —3)=0 Factor. 
x= —-4,x= 5 Critical numbers 


This implies that the test intervals are (— 00, —4), (—4, 3) and 3 oo). To test an 
interval, choose a convenient number in the interval and compute the sign of 
Di geese en lah 


Interval x-Value Polynomial Value Conclusion 
(—co,-4) x=-5 2(—5)? + 5(—5) — 12 = 13 Positive 

(—4, 3) 0 2(0)? + 5(0) — 12 = -12 Negative 

(3, 00) a? 2(2)? + 5(2) - 12 = 6 Positive 


From this you can conclude that the value of the polynomial is positive for all x- 
values in (— 00, —4) and (3, 00), and negative for all x-values in (—4, 3). This 
implies that the solution set of the inequality 2x7 + 5x — 1220 is 
(—oo, —4]U (3, 00), as shown in Figure 6.8. 


Choose x=2. 
| 2x2+5x—-12>0 | 


Figure 6.8 
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The solutions of the quadratic inequalities in Examples 1 and 2 consist, 
respectively, of a single interval and the union of two intervals. When solving the 
exercises for this section, you should be on the watch for some unusual solution 
sets, as illustrated in Example 3. 


cts) | Unusual Solution Sets 


Solve each inequality to verify that the given solution set is correct. 


a. The solution set of the quadratic inequality 
(a) a TOK Ae) 


consists of the entire set of real numbers, (— co, co). This is true because the 
value of the quadratic x? + 2x + 4 is positive for every real value of x, as 
shown in Figure 6.9(a). 


b. The solution set of the quadratic inequality 
se gp Pes ee ih 


consists of the single number {—1}. This is true because x7 + 2x + 1 = 
(x + 1)? has just one critical number, x = —1, and it is the only value that 
satisfies the inequality. [See Figure 6.9(b).] 


c. The solution set of the quadratic inequality 


(b) 7?+3x+5<0 


is empty. This is true because the value of the quadratic x? + 3x + 5 is not less 
than zero for any value of x, as shown in Figure 6.9(c). 


d. The solution set of the quadratic inequality 
oe ee) 


consists of all real numbers except the number 2. In interval notation, this 
solution set can be written as (— 00, 2) U (2, 00). [See Figure 6.9(d).] 


Remember that checking the solution set of an inequality is not as straight- 
(c) forward as checking the solutions of an equation, because inequalities tend to 
have infinitely many solutions. Even so, we suggest that you check several 
y=x2—4e44 x-values in your solution set to confirm that they satisfy the inequality. Also try | 
checking x-values that are not in the solution set to verify that they do not | 
satisfy the inequality. | 
For instance, the solution of x* — 5x < 0 is (0,5). Try checking some | 
| 
. 
| 


numbers in this interval to verify that they satisfy the inequality. Then check some 
numbers outside the interval to verify that they do not satisfy the inequality. 


J Use test intervals to solve a 
rational inequality. 


Study Tip 


When solving a rational 
inequality, you should begin 

by writing the inequality in 
general form, with the rational 
expression (as a single fraction) 


on the left and zero on the right. 


For instance, the first step in 
solving 


2x 


ee 


is to write it as 


2X = 
ae 

2x = A(x + 3) eS 
y+ 3 

= 12 
Ka 3 


4<0 
0. 


= 0, 


Try solving this inequality. You 
should find that the solution set 
is (co, —6) U (3, 00). 
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Rational Inequalities 


The concepts of critical numbers and test intervals can be extended to inequali- 
ties involving rational expressions. To do this, use the fact that the value of a ratio- 
nal expression can change sign only at its zeros (the x-values for which its numer- 
ator is zero) and its undefined values (the x-values for which its denominator is 
zero). These two types of numbers make up the critical numbers of a rational 
inequality. For instance, the critical numbers of the inequality 


aes < 0 
(x — 1) + 3) 
are x = 2 (the numerator is zero), and x = | and x = —3 (the denominator is 


zero). From these three critical numbers you can see that the inequality has four 
test intervals. 


(oe 3) rel (2), oud, co) 
=> eluile(-e- a Solving a Rational Inequality 
Solve the inequality ——~ > 0 
olve the inequality ~~; > 0. 


Solution 


The numerator is zero when x = O and the denominator is zero when x = 2. So, 
the two critical numbers are 0 and 2, which implies that the test intervals are 


(ce; 0): (0; 2), “and” (2, co). 


To test an interval, choose a convenient number and compute the sign of 


Xie?) 


Interval x-Value Rational Expression Value Conclusion 

(-0c0,0)  x=-1 (—1)/(—1 - 2) =3 Positive 

(0, 2) a (1)/Q = 2) = -1 Negative 

(2, cc) vs (B)/3 = 2)'=3 Positive 


From this you can conclude that the value of the rational expression is positive 
for all x-values in (—co, 0) and (2, co), and negative for all x-values in (0, 2). 
This implies that the solution set of the inequality x/(x — 2) > 0 is 
(— oo, 0) U (2, c0), as shown in Figure 6.10. 


? Choon 3 
=e 
x-2 ie 


| Choose x= 1. | 


Figure 6.10 
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Use an inequality to solve an Application 


application problem. : 


The Height of a Projectile 


A projectile is fired straight up from ground level with an initial velocity of 256 
feet per second, as shown in Figure 6.11, so that its height at any time 7 is given by 


can h = — 16? + 256t ; 
Zz ae a te ae 1 where the height h is measured in feet and the time ¢ is measured in seconds. 

1 During what interval of time will the height of the projectile exceed 960 feet? 

: Solution 

: To solve this problem, find the values of t for which h is greater than 960. 

960 ft —16f + 256t > 960 Original inequality 

= 1617 2567 960-0 Subtract 960 from both sides. 

| 164+ 60 <0 Beietereet tS 
Velocity: (G56) owl 0)r0 Factor. 
256 fu/sec \ 1 So, the critical numbers are t = 6 and ¢ = 10. A test of the intervals (— oo, 6), 


(6, 10), and (10, co) shows that the solution interval is (6, 10). So, the height of 
the object will exceed 960 feet for values of ¢ that are greater than 6 seconds and 
less than 10 seconds. 

Figure 6.11 
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Exercises 


Integrated Review Concepts, Skills, and Problem Solving 


Keep mathematically in shape by doing these Mathematical Modeling 
exercises before the problems of this section. ; ; 
In Exercises 9-12, find a mathematical model for 


Properties and Definitions the area of the figure. 
1. Is 36.82 x 108 written in scientific notation? 9, 10. 
Explain. 
2 
2. The numbers n, x 10? and n, x 10* are written a7 
in scientific notation. The product of these two 
numbers must lie in what interval? Explain. b 
_ Simplifying Expressions 
_ In Exercises 3-8, factor the expression. ee el 
~ 3. 6u2v — 192V2_ (45x23 = 10x1/3 By 
5. x(x — 10) — 4 — 10) 
Meets Ay 1D x+6 
7 AG 2101 8. 4x3 — 12x2 + 16x - 
Developing Skills 
In Exercises 1-10, find the critical numbers. 25. 3x(x — 2) < 0 G6. vx(x seals) onl 
<p x(2x — 5) 2. 5x(x — 3) IAL, Ban = 55 AW) 28. 206 =x)= 0 
3. 4x2 - 81 4, 9y? — 16 29. x > 4 30. 2° < 9 
ae) — ox 3) 6. xy -4)- 3-4) Gb? + 3x< 10 32. ° — 4t > 12 
CR 2 = 4x +3 Uae a8 33. w@+2u-2>1 34:87 = 15t 450120 
9) 4x2 — 20x + 25 (>42 — oe S50 axa ee) C305 0° 70x + 10% 0 
: pale et BIS eae a Gon cod basa) SBS Sy 0) 
In Exercises 11-20, determine the intervals or whic 39 ay oe aD 400 ee eee 
the polynomial is entirely negative and entirely positive. 
amtree 4 (AM les Bo? hari Se an O) 42x Sa 16 <0 
Clix -4 eo ee LRG Sh pus th ed Gwe 1neose 0 64h Pies a = 0 
ete) eine 52 45. 3x2 + 2x -8 <0 46. 2° — 31-20 >0 
bcige = 9) 
Cd ae ee 47. —6u2 + 191-10 >0 48, 4x2 — 4x - 63 <0 
cea Ax) 5 BOS 4x3 


49, -2u?+7u+4<0 CS50>-32—44+4<0 
In Exercises 21-60, solve the inequality and sketch the 51. 4x2 + 28x + 49 < 0 52. 9x2 — 24x + 16 >0 
graph of the solution on the real number line. (Some of 53. (x — 5)? < 0 54. (y + 3)2 > 0 
the inequalities have no solution.) See Examples 1-3. BY GuCRE 5) 2% se Par es 

(A Ax + 6 2 0 22. Sx — 20 < 0 87.16 < (u + 5) 58, 25 > (x — 3) 
ot 6 24. 3x— 220 59, x(x — 2)(x +2) >0 60. x(x — 2) < 0 
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ee 


61. y = x — 6x, 

62.9 =2 + 5x, 

63. 

64. y= 5x2 5X, 

65. y=x7 + 4x + 4, 
66. 

67. y = 9 — 0.2(x — 2), 
68. y = 8x — x’, 


yo =10.5x4 l2ox — 935 Ly 


y29 


y= 0x One y= 16 


WS 


Veale 


In Exercises 61-68, use a graphing utility to graph the 
function and solve the inequality. 


s @ 


4 


In Exercises 69-72, determine the critical numbers of 
the rational expression and locate them on the real 


number line. 
5) 

w= 3 
Dye 

se PS 


oe 
(692 


Ab 


70 


=6 


“x+2 


72 


RSD 


“x—- 10 


In Exercises 73-94, solve the rational inequality. As part 
of your solution, include a graph that shows the test 


intervals. See Example 4. 


2 3 =a () 74. nee > O 
iG, etl 76. > 0 
ess) 4 —- 
Mh eal Ee e8 
79, === < 0 Dh Se oe 
(Yr <0 s2, 22> < 
Es pepo A> 0 
Solving Problems 
M07. ) Height of a Projectile A projectile is fired 


vertically upward from ground level with an initial 
velocity of 128 feet per second, so that its height at 
any time fis given by h = —16f? + 128t where the 
height 4 is measured in feet and the time f¢ is 
measured in seconds. During what interval of time 
will the height of the projectile exceed 240 feet? 
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$5.5 0 


87. 


je = 1 


a 


! 


_ In Exercises 95-102, use a graphing utility to solve the 


rational inequality. 


Nee ear 
G 


10ten artes 
x 


== Graphical Analysis 


86.03 0 


90. 


92. 


ge ce a! 
> 


DAS ceraate 


06.8 Le 0 
ag 
pr aee. Aa 
x +2 
Be 4 
100. ing € =5 
1 
10204 er 
= 


In Exercises 103-106, 
graphing utility to graph the function. Use the graph to 
approximate the values of x that satisfy the specified 


use a 


inequalities. 
Equation Inequalities 
3 
103. y= —— (a)y<0 § (b) y>6 
x2 
2(x — 2) | 
: = < = | 
LS yo ae (a) y = 0G) ty 38 
De | 
10S Sia (a) y21 (b) sys o2 
ths pS @y>1 (b)y20 
“yy x2 ae) aA) y= ( ) ye | 
108. Height of a Projectile A projectile is fired 


vertically upward from ground level with an initial 
velocity of 88 feet per second, so that its height at 
any time ¢ is given by h = — 16f? + 88t where the 
height A is measured in feet and the time f is 
measured in seconds. During what interval of time 
will the height of the projectile exceed 50 feet? 
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109. Annual Interest Rate You are investing $1000 in ~~ 113, Geometry You have 64 feet of fencing to enclose 


a certificate of deposit for 2 years and you want the ~~ a rectangular region. Determine the interval for the 
interest for that time period to exceed $150. The length such that the area will exceed 240 square 
interest is compounded annually. What interest rate feet. 

should you have? [Hint: Solve the inequality © 444, Average Cost The cost of producing x units of a 


10001 + 7)? > 1150.] product is C = 3000 + 0.75x, x > 0. 
‘Annual Interest Rate You are investing $500 ina 
certificate of deposit for 2 years and you want the 
interest for that time to exceed $50. The interest is 
compounded annually. What interest rate should 
you have? [Hint: Solve the inequality 
DOO sane 550!) 


Company Profits The revenue and cost equations 
for a product are given by 


(a) Write the average cost C = C/x as a function 
of x. 

(b) Use a graphing utility to graph the average cost 
function in part (a). Determine the horizontal 
asymptote of the graph. 

(c) How many units must be produced if the aver- 


MM age cost per unit is to be less than $2? 


= 115. Data Analysis The temperature T (in degrees 
R = x(50 — 0.0002x) Fahrenheit) of a metal in a laboratory experiment 
C = 12x + 150,000 was recorded every 2 minutes for a period of 16 
minutes. The table gives the experimental data, 


where R and C are measured in dollars and x repre- Sh eee 
where ¢ is the time in minutes. 


sents the number of units sold (see figure). How 
many units must be sold to obtain a profit of at least 


$1,650,000? 

290 | 338 | 410 | 498 
=> 3,250,000 ; 
Z 3,000,000 
= 2,750,000 12 | 14 | 16 
eco 530 | 370 | 160 
= 2,000,000 
s Hergene A model for these data is 
neo} > > 
airy Fe DO 
2 750,000 1 — 0.13¢ + 0.00512’ 

5 500,000 


250,000 (a) Use a graphing utility to plot the data and graph 


al iy Eel | Le ul 
0 25 50 75 100 125 150 175 200 225 250 the model. 
Number of units (in thousands) (b) Use the graph to approximate the times when 


; ; the temperature was at least 400°F. 
112. Geometry A rectangular playing field with a 


perimeter of 100 meters is to have an area of at least 
500 square meters. Within what bounds must the 
length of the field lie? 


Explaining Concepts 


oS 116. Answer part (e) of Motivating the Chapter on page 120. In your own words, describe the procedure for solv- 
os ing quadratic inequalities. 
117. Explain the change in an inequality when both sides 121. Give an example of a quadratic inequality that has 
“~~ are multiplied by a negative real number. no real solution. 
118. Give a verbal description of the intervals 122. Explain the distinction between the critical 
(—co, 5] U (10, 00). numbers of a quadratic inequality and those of a 


119. Define the term critical number and explain its use rational inequality. 


in solving quadratic inequalities. 


Key Terms 


double or repeated discriminant, p. 387 
solution, p. 372 test intervals, p. 407 


quadratic form, p. 375 
Key Concepts 


6.1] Extracting square roots 

The equation u? = d, where d > 0, has exactly two 
solutions: u = /d and u = — Jd. 

Extracting complex square roots 

The equation u? = d, where d < 0, has exactly two 
solutions: u = ./ |dji and u = —¥/ |dji. 
Completing the square 


To complete the square for the expression x* + bx, add 
(b/2)?, which is the square of half the coefficient of x. 
Consequently, x7 + bx + (b/2)* = (x + b/2)?. 


The Quadratic Formula 


The solutions of ax? + bx + c = 0, a # 0, are given by 


the Quadratic Formula x = ( =) b= dac) /(2a). 
The expression inside the radical, b* — 4ac, is called 
the discriminant. 


1. If b? — 4ac > 0, the equation has two real solutions. 


2. If b> — 4ac = 0, the equation has one (repeated) real 
solution. 


3. If b? — 4ac < 0, the equation has no real solutions. 
Using the discriminant 

The discriminant of the quadratic equation 

ax? + bx +c=0, a#0 


can be used to classify the solutions of the equation as 
follows. 


Discriminant Solution Types 
1. Perfect square Two distinct rational solutions 
2. Positive Two distinct irrational solutions 


nonperfect square 
3. Zero One repeated rational solution 
4. Negative number ‘Two distinct imaginary solutions 
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critical numbers, p. 407 


6.3, Summary of methods for solving quadratic 
equations 


1. Factoring 

2. Extracting square roots 

3. Completing the square 

4. Using the Quadratic Formula 


Finding test intervals for inequalities 


1. For a polynomial function, find all the real zeros. 
For a rational function, find all the real zeros and 
those x-values for which the function is undefined. 


2. Arrange the numbers found in step 1 in increasing 
order. These numbers are called critical numbers. 


3. Use the critical numbers to determine the test 
intervals. 


4. Choose a representative x-value in each test interval 
and evaluate the function at that value. If the value 
of the function is negative, the function will have 
negative values for every x-value in the interval. If 
the value of the function is positive, the function will 
have positive values for every x-value in the interval. 


Review Exercises 417 


Reviewing Skills— 


In Exercises 1-10, solve the quadratic equation by 
factoring. 


fox + 12x = 0 


Du 18u-= 0 

3. 4y7— 1 =0 

a, 227 — 72 =0 

5, 4y? + 20y + 25 =0 
6.2+8&x+2= 

Tox 2xi = 180.0 

Region 30x 45 = 0 

Dox et 2x — 4x2-— 3x 18 
105 100-8 = 3x2-— 9x + 12 


In Exercises 11-22, solve the quadratic equation by 
extracting square roots. Find all real and complex solu- 
tions. 


11. 4x2 = 10,000 12. 2x2 = 98 

13. y2- 12 =0 14. y2>-8=0 
15. (x — 16)? = 400 16. (x + 3)2 = 900 
17. 2 = -121 18. u2 = —36 

19. y2 + 50=0 

20. x2 + 48 = 0 


21. (y + 4)2 +18 =0 
22. (x — 2)2 +24 =0 


In Exercises 23-30, solve the equation of quadratic 
form. 

ae Ax 5 () 

24. x* — 10x07 +9=0 

25x — 4/x +3 =0 

26. x + 2/x -3=0 

27. (x? — 2x)? — 402 — 2x) -5=0 

28. (/x — 2) + 2(/x - 2) -3 =0 

29; x2/3 + 3x!/3 — 28 = 0 

30. x2/5 + 4x15 + 3 =0 


In Exercises 31-38, solve the equation by 
completing the square. (Find all real and complex 
solutions.) 

S1ecx = Ogee 30 
B3. scion 3 rte 10 
35. y= —ay+2=0 
37. 2y? + 10y +3 =0 


32. x7 + 12x +6=0 
34. v2 — 5ut+6=0 
36.2 +34r-1=0 
38. 3x2 — 2x +2 =0 


In Exercises 39-46, use the Quadratic Formula to 
solve the equation. Find all real and complex solutions. 
39.97 y — 30 =.0 40..x*° -—x-— 72.=0 
Al. 2y7 +: y— 21 =10 42.:2x* = 341 = 20 = 0 
43.9x° = lox + 2 =0 44, 3x7 + 124 4+4=0 
45.0317 — 2 + 5 ="0 46. —u? + 2:5u +3 =0 


In Exercises 47-54, determine the type of solution of 
the quadratic equation using the discriminant. 

47. x7 +4x+4=0 48. y* — 26y + 169 = 0 
49. s*—s—20=0 50.72 Si at ea 
51, 3a el 0.0) 52,92 413x—18i— 0 
53. v? — 6v + 21 =0 54, 977+ 1=0 


In Exercises 55-64, solve the inequality and graph 
its solution on the real number line. 

Sey SGhstag rea 56.0 2k 10) a0 
LMS Sea) Sh SO bs as) erie (sgtealt) 
SO ale eee Ou) 

6031 xe 8t 0 


364r 3 
5 = EC 
u axe = 7 
[ep ae Le 
x6 — Il 
sp. 2D 
63. tac ea) 
ge ey 
eSB 
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Solving Problems 


65. Selling Price A car dealer bought a fleet of cars 73. 


from a car rental agency for a total of $80,000. By 
the time the dealer had sold all but four of the cars, 
at an average profit of $1000 each, the original 
investment of $80,000 had been regained. How 
many cars did the dealer sell, and what was the aver- 74 
age price per car? 

66. Selling Price A manager of a computer store 
bought several computers of the same model for 
$27,000. When all but five of the computers had 
been sold at a profit of $900 per computer, the orig- 75 
inal investment of $27,000 had been regained. How 
many computers were sold, and what was the selling 
price of each computer? 


67. Geometry The length of a rectangle is 12 inches 
greater than its width. The area of the rectangle 
is 108 square inches. Find the dimensions of the 76 
rectangle. 


68. Geometry Find the dimensions of a triangle if its 
height is 4 centimeters less than its base and its area 
is 240 square centimeters. 77 


69. Compound Interest You want to invest $20,000 
for 2 years at an annual interest rate of r (in decimal 
form). Interest on the account is compounded annu- 
ally. Find the interest rate if a deposit of $20,000 78 
increases to $21,424.50 over a 2-year period. 


70. Compound Interest You want to invest $35,000 
for 2 years at an annual interest rate of r (in decimal 
form). Interest on the account is compounded annu- 
ally. Find the interest rate if a deposit of $35,000 
increases to $38,955.88 over a 2-year period. 


71. Reduced Fare A college wind ensemble charters a 
bus at a cost of $360 to attend a concert. In an 
attempt to lower the bus fare per person, the ensem- 
ble invites nonmembers to go along. When eight 
nonmembers join the trip, the fare is decreased by 
$1.50 per person. How many people are going on the 
excursion? 


72. Think About It When six nonmembers go along 
on the excursion described in Exercise 71, the fare is 
decreased by $16. Describe how it is possible to have 
fewer nonmembers and a greater decrease in the fare. 


79. 


Decreased Price A Little League baseball team 
obtains a block of tickets for a ball game for $96. 
After three more people decide to go to the game, the 
price per ticket is decreased by $1.60. How many 
people are going to the game? 


. Shortcut A corner lot has an L-shaped sidewalk 


along its sides. The total length of the sidewalk is 51 
feet. By cutting diagonally across the lot, the walk- 
ing distance is shortened to 39 feet. What are the 
lengths of the two legs of the sidewalk? 


. Shortcut Two buildings are connected by an L- 


shaped protected walkway. The distance between 
buildings via the walkway is 140 feet. By cutting 
diagonally across the grass, the walking distance is 
shortened to 100 feet. What are the lengths of the 
two legs of the walkway? 


. Work-Rate Problem Working together, two people 


can complete a task in 6 hours. Working alone, how 
long would it take each to do the task if one person 
takes 3 hours longer than the other? 


. Work-Rate Problem Working together, two people 


can complete a task in 10 hours. Working alone, how 
long would it take each to do the task if one person 
takes 2 hours longer than the other? 


- Vertical Motion The height h in feet of an object 


above the ground is 
h = 200 — 167, t20 
where f¢ is time in seconds. 


(a) After how many seconds will the height be 164 
feet? 


(b) Find the time when the object strikes the ground. 


Vertical Motion The height h in feet of an object 
above the ground is 


h = —16t? + 644+ 192, t>0 


where f¢ is time in seconds. 


(a) After how many seconds will the height be 256 
feet? 


(b) Find the time when the object strikes the ground. 


80. Average Cost 


The cost of producing x units of a 
product is 


C = 100,000 + 0.9x, 
and so the average cost per unit is 
Gs Cix: 


Find the number of units that must be produced if 
Crm 2. 


81. Average Cost The cost of producing x units of a 


product is 

C = 50,000 + 1.2x, 

and so the average cost per unit is 
CAG os 


Find the number of units that must be produced if 
Cr: 
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Review Exercises 


82. Annual Interest Rate You are investing $3000 


83. 


in a certificate of deposit for 2 years and you want 
the interest for that period of time to exceed $370. 
The interest is compounded annually. What interest 
rate should you have? [Hint: Solve the inequality 
3000(1 + r)? > 3370.] 


Height of a Projectile A projectile is fired straight 
up from ground level with an initial velocity of 312 
feet per second. Its height at any time f¢ is given by 


h = —16@ + 3122, 


where the height / is measured in feet and the time ¢ 
is measured in seconds. During what interval of time 
will the height of the projectile exceed 1200 feet? 


420 Chapter 6 Quadratic Equations and Inequalities 


Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-6, solve the equation by the specified method. 


1. Factoring: 2. Factoring: 

x(x + 5) — 10% + 5) =0 Sy 
3. Extracting square roots: 4. Extracting square roots: 
(x — 2)? = 0.09 (x + 3)? + 81=0 
5. Completing the square: 6. Quadratic Formula: 
2x* — 6x + 3 =0 2y(y — 2) ah 

In Exercises 7 and 8, solve the equation of quadratic form. 


7.x—5/x+4=0 8. x4 + 62 - 16=0 


9. Find the discriminant and explain how it can be used to determine the type 
of solutions of the quadratic equation 5x? — 12x + 10 = 0. 


10. Find a quadratic equation having the solutions — 4 and 5. 


In Exercises 11-14, solve the inequality and sketch its solution. 


11. 16 < @ — 2)? 12. 2x(x — 3) < 0 
Bw ae D 3 
sen ee " 

13. 73 22 14 enigk 


15. The width of a rectangle is 8 feet less than its length. The area of the rectan- 
gle is 240 square feet. Find the dimensions of the rectangle. 


16. An English club chartered a bus for a trip to a Shakespearean festival. The 
cost of the bus was $1250. To lower the per person cost of the bus, non- 
members were invited. When 10 nonmembers joined the trip, the fare per 
person decreased by $6.25. How many club members were going on the trip? 


17. An object is dropped from a height of 75 feet. Its height h (in feet) at any time 
t is given by h = —16t? + 75, where the time ¢ is measured in seconds. Find 
the time required for the object to fall to a height of 35 feet. 


18. The revenue R for a chartered bus trip is given by R = —35(n? — 240n), 
where n is the number of passengers and 80 < n < 160. How many passen- 
gers will produce a maximum revenue? Explain your reasoning. 


19. A projectile is fired straight up from ground level with an initial velocity of 
288 feet per second. Its height at any time ¢ is given by h = —16t? + 288r, 
where the height h is measured in feet and the time f is measured in seconds. 
During what time interval will the height of the projectile exceed 1040 feet? 


Ves Yuen hub ea 


Cumulative Test: Chapters 4-6 421 


Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


aos. Cag 2x~4y3-\-2 
ik Simplify Gen . 
2. Evaluate (4 x 10°)? without the aid of a calculator. 
3. Divide 4x* —-6x? + x — 4 by 2x — 1. 


In Exercises 4-13, perform the operations and/or simplify. 


et Sat lOne che axe 2 x 1 


18x2 x2 — 16 SLR Scryers 


4. 


as 7. /—2(/-8 +3) 
er 
a p1/2 2 
8. (3 — 4i) 9. (=) 
10. 10./20x + 3.\/125x 11. (2x - 3)” 
6 1 — 2i 
12 5 15a 


In Exercises 14-19, solve the equation. 


1 4 = 3 te 

. oot — a — = 
ae IO = Se ! Ve x ! x6 = (0) 
16. /x —x+12=0 17. /5 —x+10=11 
18. @ — 5)? + 50 =0 19. 3x7 + 66 + 2=0 


20. The volume V of a right circular cylinder is V = arh. The two cylinders in 
the figure have equal volumes. Write r, as a function of r,. 
21. The four corners are cut from a 12-inch-by-12-inch piece of glass, as shown 
in the figure. Find the perimeter of the remaining piece of glass. 
sx) 22. Use a graphing utility to graph the equation y = x* — 6x — 8. Use the graph 
for to approximate any x-intercepts of the graph. Set y = 0 and solve the result- 
me 4 in oe sli ing equation. Compare the results with the x-intercepts of the graph. 


Figure for 21 23. Find a quadratic equation having the solutions — 2 and 6. 


Motivating the Chapter 


LR IRS LDL SE ELILALELD LN SALE OLS TD LN RD ILE LABEL LENW SEL RIEL EEO SITS 


oS Factory Shipments of Computers 


The values (in billions of dollars) of factory shipments of computers and 
peripheral equipment for the years 1991 through 1996 are listed in the table. 
. (Source: Electronic Industries Association) 


| 1991 | 1992 | 1993 | 1994 | 1995 1996 | 
50.1 | 51.9 | 54.8 | 59.3 | 73.6 | 78.7 | 


_ A quadratic model for the value of the shipments is 
by 11 1x = 4:69x + 50.5, Tes 55°65 


_ where y is the value of the shipments in billions of dollars and x represents 
_ the year, with x = 1 corresponding to 1991. 


OA rational model for the value of the shipments is 
48.4 — 4 
Bee 17S 12 AG 


where y' is he Valle of the shipments in billions of dollars and x represents 
ate. eG jwith —s vel arene coslo9 14 


_ ‘Use a sonia +e to draw a scatter plot of the data and the quadratic 
model in the same viewing window. Does the model appear to be accu- 
rate? oe 


z See Section i J Exercise 81 


ZC. EO eerrtine the domain of the graph of the rational model. What is the 
x-intercept of the graph? What are the horizontal and vertical asymptotes 
of the graph? 

. Use a graphing utility to draw a scatter plot of the data and the rational 
‘model in the same viewing window. Does the model appear to be 
accurate? Explain. 

. The domain for both models is 1 < x < 6. Do you think the models 

“are accurate for the years before 1991 and after 1996? If you were to 
estimate the value of the shipments of computers and peripheral equip- 
ment in 1998, which model would you use? Do you think this is a good 
estimate? Explain. 
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Solve an application problem Direct Variation 

involving direct variation. . 
In the mathematical model for direct variation, y is a linear function of x. 
Specifically, y = kx. 


Study Ti > Direct Variation 


The following statements are equivalent. The number k is the constant 
of proportionality. 


1. y varies directly as x. 


2. y is directly proportional to x. 


3. y = kx for some constant k. 


=> clule)(aes Direct Variation @ 


Assume that the total revenue R (in dollars) obtained from selling x units of a 
product is directly proportional to the number of units sold. When 10,000 units 
are sold, the total revenue is $142,500. 

a. Find a model that relates the total revenue R to the number of units sold x. 

b. Find the total revenue obtained from selling 12,000 units. 

Solution 


a. Because the total revenue is directly proportional to the number of units sold, 
the linear model is R = kx. To find the value of the constant k, substitute 
142,500 for R and 10,000 for x 


142,500 = k(10,000) Substitute for R and x. 


which implies that k = 142,500/10,000 = 14.25. So, the equation relating the 
total revenue to the total number of units sold is 


200,000 


150,000 


100,000 


50,000 --» 


Revenue (in dollars) 


R= 14.25x. Direct variation model 


Hace! 
Teer 


ne 10,000 15,000 The graph of this equation is shown in Figure 7.1. 
Units sold b. When x = 12,000, the total revenue is 


Figure 7.1 R = 14.25(12,000) = $171,000. 


: ON 


Equilibrium 


Figure 7.2 


125 


Distance (in inches) 


10 20 30 40 50 60 70 
Force (in pounds) 


Figure 7.3 
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Hooke’s Law for springs states that the distance a spring is stretched (or com- 
pressed) is proportional to the force on the spring. A force of 20 pounds stretches 
a particular spring 5 inches. 


a. Find a mathematical model that relates the distance the spring is stretched to 
the force applied to the spring. 


b. How far will a force of 30 pounds stretch the spring? 


Solution 


a. For this problem, let d represent the distance (in inches) that the spring is 
stretched and let F represent the force (in pounds) that is applied to the spring. 
Because the distance d is proportional to the force F, the model is 


d = kF. 


To find the value of the constant k, use the fact that d = 5 when F = 20. 
Substituting these values into the given model produces 


5 = k(20) Substitute 5 for d and 20 for F. 
2 k Divide both sides by 20 
Sey ivide both sides PAUR 
20 i 

: k Simplif 
Sh imphity. 

4 pily 


So, the equation relating distance and force is 


1 
d= —F. Direct variation model 


4 
b. When F = 30, the distance is 


d= (30) = 7.5 inches. See Figure 7.2. 


In Example 2, you can get a clearer understanding of Hooke’s Law by using 
the model d = 1F to create a table or a graph (see Figure 7.3). From the table or 
from the graph, you can see what it means for the distance to be “proportional to 
the force.” 


10 1b | 201b | 301b | 40 1b (501b | 60 1b 
7] 2.5in. | 5.0in. | 75 in. | 10.0 in. | 12.5 in. | 15.0 in. 


In Examples 1 and 2, the direct variations are such that an increase in one 
variable corresponds to an increase in the other variable. There are, however, 
other applications of direct variation in which an increase in one variable corre- 
sponds to a decrease in the other variable. For instance, in the model y = — 2x, 
an increase in x will yield a decrease in y. 
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A second type of direct variation relates one variable to a power of another. 


> Direct Variation as nth Power 


The following statements are equivalent. 


1. y varies directly as the nth power of x. 


2. y is directly proportional to the nth power of x. 


3. y = kx" for some constant k. 


eli)e)(-9e) 8 Direction Variation as a Power @ 


The distance a ball rolls down an inclined plane is directly proportional to the 
square of the time it rolls. Assume that, during the first second, a ball rolls down 
a particular plane a distance of 6 feet. 


a. Find a mathematical model that relates the distance traveled to the time. 
b. How far will the ball roll during the first 2 seconds? 
Solution 


a. Letting d be the distance (in feet) that the ball rolls and letting t be the time (in 
seconds), you obtain the model 


me d = kt?. 
oO 
€ Because d = 6 when ¢ = 1, you obtain 
3 ad = kt? Original equation 
2 6 = k(1) Substitute 6 for d and | for t. 
‘ 6 =k. Simplify. 
: i , So, the equation relating distance to time is 
Time (in seconds) d = 67. Direct variation as 2nd power model 
Figure 7.4 The graph of this equation is shown in Figure 7.4. 
b. When ¢ = 2, the distance traveled is 
d = 6(2)? = 6(4): = 24-feet. See Figure 7.5. 


Figure 7.5 


Solve an application problem 
involving inverse variation. 


Number of units sold 
iw) 
So 
=) 
S 
(jo) 


20 40 60 80 100 
Price per unit (in dollars) 


Figure 7.6 
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Inverse Variation 


Another type of variation is called inverse variation. For this type of variation, 
we say that one of the variables is inversely proportional to the other variable. 


> Inverse Variation 
1. The following three statements are equivalent. 
a. y varies inversely as x. 


b. y is inversely proportional to x. 


k 
c. y = — for some constant k. 
28 


k ver 
2. If y = 7 then y is inversely proportional to the nth power of x. 


> <liule)(ecme Inverse Variation @ 


The marketing department of a large company has found that the demand for one 
of its products varies inversely as the price of the product. (When the price is low, 
more people are willing to buy the product than when the price is high.) When the 
price of the product is $7.50, the monthly demand is 50,000 units. Approximate 
the monthly demand if the price is reduced to $6.00. 


Solution 


Let x represent the number of units that are sold each month (the demand), and 
let p represent the price per unit (in dollars). Because the demand is inversely 
proportional to the price, the model is 


k 
ae: 
P 
By substituting x = 50,000 when p = 7.50, you obtain 
50,000 = = Substitute 50,000 for x and 7.50 for p. 
375,000 = k. Multiply both sides by 7.50. 


So, the model is 
_ 375,000 
stiles: a : 


The graph of this equation is shown in Figure 7.6. To find the demand that 
corresponds to a price of $6.00, substitute p = 6 into the equation and obtain 


_ 375,000 


56 Inverse variation model 


iy = 62,500 units. 


So, if the price were lowered from $7.50 per unit to $6.00 per unit, the monthly 
demand could be expected to increase from 50,000 units to 62,500 units. 
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Some applications of variation involve problems with both direct and inverse 
variation in the same model. 


elile(eeie Direct and Inverse Variation @ 


A company determines that the demand for one of its products is directly pro- 
portional to the amount spent on advertising and inversely proportional to the 
price of the product. When $40,000 is spent on advertising and the price per unit 
is $20, the monthly demand is 10,000 units. 


a. If the amount of advertising were increased to $50,000, how much could the 
price be increased to maintain a monthly demand of 10,000 units? 


b. If you were in charge of the advertising department, would you recommend 
this increased expense in advertising? 


Solution 


a. Let x represent the number of units that are sold each month (the demand), let 
a represent the amount spent on advertising (in dollars), and let p represent the 
price per unit (in dollars). Because the demand is directly proportional to the 
advertising and inversely proportional to the price, the model is 


ka 
Nia 
P 
By substituting x = 10,000 when a = 40,000 and p = 20, you obtain 
k(4 
10,000 = fo Substitute 10,000 for x, 40,000 for a, and 20 for p. 
200,000 = 40,000k Multiply both sides by 20. 
SE ee, Divide both sides by 40,000. 


So, the model is 
_ Sa 
Pi 


To find the price that corresponds to a demand of 10,000 and an advertising 
expense of $50,000, substitute x = 10,000 and a = 50,000 into the model and 
solve for p. 


x Direct and inverse variation model 


5(50,000) 
10,000 


So, the price increase would be $25 — $20 = $5. 


b. The total revenue from selling 10,000 units at $20 each is $200,000, and the 
revenue from selling 10,000 units at $25 each is $250,000. So, increasing the 
advertising expense from $40,000 to $50,000 would increase the revenue by 
$50,000. This implies that you should recommend the increased expense in 
advertising. 


10,000 = = $25 


5(50,000) A 
sere P 


Amount of Advertising Price Revenue 
$40,000 $20.00 10,000 x 20 = $200,000 
$50,000 $25.00 10,000 x 25 = $250,000 


Solve an application problem 
involving joint variation. 
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Joint Variation 


A third type of variation is called joint variation. For this type of variation, we 
say that one variable varies directly with the product of two variables. 


> Joint Variation 


1. The following three statements are equivalent. 
a. z varies jointly as x and y. 
b. zis jointly proportional to x and y. 
c. z = kxy for some constant k. 


2. If z = kx”y”, then z is jointly proportional to the nth power of x and 
the mth power of y. 


Selile(mem Joint Variation 


The simple interest for a certain savings account is jointly proportional to the time 
and the principal. After one quarter (3 months), the interest for a principal of 
$6000 is $120. How much interest would a principal of $7500 earn in 5 months? 


Solution 


To begin, let / represent the interest earned (in dollars), let P represent the prin- 
cipal (in dollars), and let t represent the time (in years). Because the interest is 
jointly proportional to the time and the principal, the model is 


I = kiP. 
Because J = 120 when P = 6000 and t = 7 it follows that 
k = 120/(6000 - +) = 0.08. 
So, the model that relates interest to time and principal is 
I = 0.08¢P. Joint variation model 
To find the interest earned on a principal of $7500 over a 5-month period of time, 


substitute P = 7500 and t = ro into the model and obtain an interest of 


[= 0.08( 3, }(7500) = $250. 


(Diseasng elCORCAPEN] creasng Variation Mode 


For each type of variation, create a problem for which k = 24. Sketch a 
graph of each model and discuss how the graphs are the same and how 
‘they differ. = 


Direct variation: y = kx Inverse variation: y = : Joint variation: z = ky 
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Integrated Review Concepts, Skills, and Problem Solving 


Keep mathematically in shape by doing these , 8. Verify the factorization by performing the long 
exercises before the problems of this section. division 


Properties and Definitions pe 


oe 
1. Sketch a curve on the rectangular coordinate sys- se 


tem such that y is not a function of x. Explain. 
In Exercises 9 and 10, use the function to find and 


2. Sketch a curve on the rectangular coordinate é s : 
simplify the expression for 


system such that y is a function of x. Explain. 
3. Determine the domain of f(x) = x? — 4x + 9. fee hy =f) 


= h 
4, Determine the domain of h(x) = ee 
xe 1) 

: 9. f(x) =x — 3 

Functions 3 
10. f@) =—= 
In Exercises 5-8, consider the function Ft) eae) 
f(x) = 2x? — 3x2 — 18x + 27 Modeling 
= (2x — 3) + 3)@ — 3). 11. The inventor of a new game believes that the 


variable cost for producing the game is $5.75 
per unit and the fixed costs are $12,000. If x is 


the number of games produced, express the 
6. Verify the factorization by multiplying the total cost C as a function of x. 


polynomials in the factored form of f. 


5. Use a graphing utility to graph both expressions 
for the function. Are the graphs the same? 


12. The length of a rectangle is one and one-half 


7. Verify the factorization by performing the long times its width. Express the perimeter P of 
division the rectangle as a function of the rectangle’s 
2x3 — 3x? — 18x + 27 width w. 

24S 


and then factoring the quotient. 


Developing Skills 


In Exercises 1-14, write a model for the statement. 8. S is inversely proportional to the square of v. 

1. I varies directly as V. 9. P is inversely proportional to the square root of 
2. C varies directly as r. ie 

Bin V 10 cree ronortional tof 10. A varies inversely as the fourth power of t. 

4. s varies directly as the cube of t. Bi -gcaveHcs,Jomily. ast andy. 

5. u is directly proportional to the square of v. 12. V varies jointly as h and the square of r. 

6. V varies directly as the cube root of x. 1 Ee aeace lt ie ieee rtate te 00)F eet SS TE 6) 
Tiere tering, allowed to change, its absolute pressure P is inversely 


proportional to its volume V. 


14. Newton’s Law of Universal Gravitation The grav- 
itational attraction F between two particles of masses 
m, and m, is directly proportional to the product of 
the masses and inversely proportional to the square 
of the distance r between the particles. 


In Exercises 15-22, write a verbal sentence using varia- 
tion terminology to describe the formula. 

15. Area of a Triangle: A = Sbh 

16. Area of a Circle: A = tr? 

17. Area of a Rectangle: A = lw 

18. Surface Area of a Sphere: A = 4tr? 

19. Volume of a Right Circular Cylinder: V = mr?h 
20. Volume of a Sphere: V = $r3 


21. Average Speed: r = < 


22. Height of a Cylinder: h = ae 


r2 


In Exercises 23-36, find the constant of proportionality 
and write an equation that relates the variables. 
23. s varies directly as t, and s = 20 when ¢t = 4. 


24. h is directly proportional to r, and h = 28 when 
r= 12. 


37. Revenue The total revenue R is directly propor- 
tional to the number of units sold x. When 500 units 
are sold, the revenue is $3875. 

(a) Find the revenue when 635 units are sold. 
(b) Interpret the constant of proportionality. 

38. Revenue The total revenue R is directly propor- 
tional to the number of units sold x. When 25 units 
are sold, the revenue is $300. 

(a) Find the revenue when 42 units are sold. 
(b) Interpret the constant of proportionality. 

39. Hooke’s Law A force of 50 pounds stretches a 
spring 5 inches (see figure). 

(a) How far will a force of 20 pounds stretch the 
spring? 

: (b) What force is required to stretch the spring 1.5 
inches? 


25. 


26. 


27. 


28. 


29. 
30. 


31: 


32. 


33; 


34. 


35; 


36. 


40. 
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F is directly proportional to the square of x, and 


F = 500 when x = 40. 


v varies directly as the square root of s, and v = 24 
when s = 16. 


H is directly proportional to vu, and H = 100 when 
u = 40. 

M varies directly as the cube of n, and M = 0.012 
when n = 0.2. 

n Varies inversely as m, and n = 32 when m = 1.5. 
q is inversely proportional to p, and q =3 when 
p = 50. 

g varies inversely as the square root of z, and g = 3 
when z = 25. 


u varies inversely as the square of v, and u = 40 
when v = -: 

F varies jointly as x and y, and F = 500 when 
x = I5 andy = 8. 

V varies jointly as h and the square of b, and 
V = 288 when h = 6 and b = 12. 

d varies directly as the square of x and inversely with 
r, and d = 3000 when x = 10 andr = 4. 


z is directly proportional to x and inversely propor- 
tional to the square root of y, and z = 720 when 
x = 48 and y = 81. 


Figure for 39 

Hooke’s Law A force of 50 pounds stretches a 

spring 3 inches. 

(a) How far will a force of 20 pounds stretch the 
spring? 

(b) What force is required to stretch the spring 1.5 
inches? 
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41. Hooke’s Law _ A baby weighing 105 pounds com- 


presses the spring of a baby scale 7 millimeters (see 
figure). Determine the weight of a baby that will 
compress the spring 12 millimeters. 


42. Hooke’s Law A force of 50 pounds stretches the 


spring of a scale 1.5 inches. 

(a) Write the force F as a function of the distance x 
the spring is stretched. 

(b) Graph the function in part (a) where O < x < 5. 
Identify the graph. 


43. Free-Falling Object The velocity v of a free- 


falling object is proportional to the time that the 
object has fallen. The constant of proportionality is 
the acceleration due to gravity. Find the acceleration 
due to gravity if the velocity of a falling object is 96 
feet per second after the object has fallen for 3 
seconds. 


44. Free-Falling Object Neglecting air resistance, the 


distance d that an object falls varies directly as the 
square of the time f it has fallen. If an object falls 64 
feet in 2 seconds, determine the distance it will fall 
in 6 seconds. 


45. Stopping Distance The stopping distance d of an 


automobile is directly proportional to the square of 
its speed s. On a certain road surface, a car requires 
75 feet to stop when its speed is 30 miles per hour. 
Estimate the stopping distance if the brakes are 
applied when the car is traveling at 50 miles per hour 
under similar road conditions. 


46. Velocity of a Stream The diameter d of a particle 


that can be moved by a stream is directly proportion- 
al to the square of the velocity v of the stream. A 
stream with a velocity of F mile per hour can move 
coarse sand particles of about 0.02 inch diameter. 
What must the velocity be to carry particles with a 
diameter of 0.12 inch? 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 
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Frictional Force The frictional force F between the 
tires and the road that is required to keep a car on a 
curved section of a highway is directly proportional to 
the square of the speed s of the car. If the speed of the 
car is doubled, the force will change by what factor? 


Power Generation The power P generated by a 
wind turbine varies directly as the cube of the wind 
speed w. The turbine generates 750 watts of power in 
a 25-mile-per-hour wind. Find the power it generates 
in a 40-mile-per-hour wind. 

Best Buy The prices of 9-inch, 12-inch, and 15-inch 
diameter pizzas at a certain pizza shop are $6.78, 
$9.78, and $12.18, respectively. One would expect 
that the price of a certain size pizza would be directly 
proportional to its surface area. Is that the case for this 
pizza shop? If not, which size pizza is the best buy? 


Travel Time The travel time between two cities is 
inversely proportional to the average speed. If a train 
travels between two cities in 3 hours at an average 
speed of 65 miles per hour, how long would it take at 
an average speed of 80 miles per hour? What does the 
constant of proportionality measure in this problem? 


Demand Function A company has found that the 
daily demand x for its product is inversely proportion- 
al to the price p. When the price is $5, the demand is 
800 units. Approximate the demand if the price is 
increased to $6. 


Predator-Prey The number N of prey t months after 
a natural predator is introduced into a test area is 
inversely proportional to t + 1. If N = 500 when 
t = 0, find N when t = 4. 


Weight of an Astronaut A person’s weight on the 
moon varies directly with his or her weight on earth. 
Neil Armstrong, the first man on the moon, weighed 
360 pounds on earth, including his heavy equipment. 
On the moon he weighed only 60 pounds with the 
equipment. If the first woman in space, Valentina V. 
Tereshkova, had landed on the moon and weighed 54 
pounds with equipment, how much would she have 
weighed on earth with her equipment? 


Weight of an Astronaut The gravitational force F 
with which an object is attracted to the earth is 
inversely proportional to the square of its distance r 
from the center of the earth. If an astronaut weighs 
190 pounds on the surface of the earth (r ~ 4000 
miles), what will the astronaut weigh 1000 miles 
above the earth’s surface? 


55. Amount of Illumination The illumination J from a 
light source varies inversely as the square of the dis- 
tance d from the light source. If you raise a study 
lamp from 18 inches to 36 inches above your desk 
(see figure), the illumination will change by what 
factor? 


56. 


S17. 


Snowshoes When a person walks, the pressure P 
on each sole varies inversely with the area A of the 
sole. Denise is trudging through deep snow, wearing 
boots that have a sole area of 29 square inches each. 
The sole pressure is 4 pounds per square inch. If 
Denise were wearing snowshoes, each with an area 
11 times that of her boot soles, what would be the 
pressure on each snowshoe? The constant of varia- 
tion in this problem is Denise’s weight. How much 
does she weigh? 


Oil Spill The graph shows the percent p of oil 
that remained in Chedabucto Bay, Nova Scotia, 
after an oil spill. The cleaning of the spill was left 
primarily to natural actions such as wave motion, 
evaporation, photochemical decomposition, and bac- 
terial decomposition. After about a year, the percent 
that remained varied inversely as time. Find a model 
that relates p and t, where ¢ is the number of years 
since the spill. Then use it to find the percent of oil 
that remained 63 years after the spill, and compare 
the result with the graph. 


Percent of 
original oiled shoreline 


eee? aS ae Ae glee OU 7) 
Time since spill (in years) 


433 


Section 7.1. Variation 


58. Ocean Temperatures The graph shows the temper- 


59. 


60. 


ature of the water in the north central Pacific Ocean. 
At depths greater than 900 meters, the water temper- 
ature varies inversely with the water depth. Find a 
model that relates the temperature T to the depth d. 
Then use it to find the water temperature at a depth 
of 4385 meters, and compare the result with the 
graph. 


Temperature (in °C) 


Depth (in thousands of meters) 


Simple Interest Simple interest varies jointly as the 
product of the interest rate and the time. An invest- 
ment at 9% for 3 years earns $202.50. How much 
will the investment earn in 4 years? What does the 
constant of proportionality measure in this problem? 


Engineering The load P that can be safely sup- 
ported by a horizontal beam varies jointly as the 
product of the width W of the beam and the square 
of the depth D and inversely as the length L. 


(a) Write a model for the statement. 


(b) How does P change when the width and length 
of the beam are both doubled? 


(c) How does P change when the width and depth of 
the beam are doubled? 


(d) How does P change when all three of the dimen- 
sions are doubled? 


(e) How does P change when the depth of the beam 
is cut in half? 


(f) A beam with width 3 inches, depth 8 inches, and 
length 10 feet can safely support 2000 pounds. 
Determine the safe load of a beam made from 
the same material if its depth is increased to 10 
inches. 
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Figure for 60 


In Exercises 61-64, complete the table and plot the 
resulting points. 


In Exercises 65-68, complete the table and plot the 
resulting points. 


ial 


68. k = 20 


65. k = 
67. k = 10 


Explaining Concepts 


73. Suppose the constant of proportionality is positive 
and y varies directly as x. If one of the variables 
increases, how will the other change? Explain. 


74. Suppose the constant of proportionality is positive 
and y varies inversely as x. If one of the variables 
increases, how will the other change? Explain. 


In Exercises 69-72, determine whether the variation 
model is of the form y = kx or y = k/x, and find k. 


69. 


10 | 20 | 30 | 40 | so 
2am |i 0) eon 


5 5 15 10 25 


70. 


71. 


75. If y varies directly as the square of x and x is dou- 
bled, how will y change? Use the properties of expo- 
nents to explain your answer. 


76. If y varies inversely as the square of x and x is dou- 
bled, how will y change? Use the properties of expo- 
nents to explain your answer. 


FO ee PE Ce 


RPA SUR Pye ea REN aN SS So meh . Bala Se 8 AN nace, i 


Rey TF 
SX 
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Graphs of Linear Inequalities 


Hl Verify a solution to a linear Linear Inequalities in Two Variables 

inequality in two variables. 
A linear inequality in variables x and y is an inequality that can be written in one 
of the following forms. 


ax + Dy -<"¢,..ax tiDy.> ¢, ax teDY"Ssem ana cere 
Here are some examples. 
ALES yeti OX iy) >) — Se lS02 Gandeeyee eae 


An ordered pair (x,, y,) is a solution of a linear inequality in x and y if the 
inequality is true when x, and y, are substituted for x and y, respectively. For 
instance, the ordered pair (3, 2) is a solution of the inequality x — y > 0 because 
3 — 2 > Ois a true statement. 


Verifying Solutions of Linear Inequalities 


Decide whether each point is a solution of 2x — 3y => —2. 


a. (050) etbail2s2) ent c(OK1) 


Solution 
a. 2h SY rm. Original inequality 
9 
2(0) = 3(0) a2 Substitute 0 for x and 0 for y. 


Orta Inequality is satisfied. J 


Because the inequality is satisfied, the point (0, 0) is a solution. 


b. DES Bap Pde — 9! Original inequality 
% 
22) 3C)r20—2 Substitute 2 for x and 2 for y. 
ay, Inequality is satisfied. / 


Because the inequality is satisfied, the point (2, 2) is a solution. 


c. Xa OVE ae Original inequality 
9) 
2(0) — 3(1) = -2 Substitute 0 for x and 1 for y. 
— See), Inequality is not satisfied. ¥% 


o Because the inequality is not satisfied, the point (0, 1) is not a solution. 
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Sketch the graph of a linear 
inequality in two variables. 


Figure 7.7 


The Graph of a Linear Inequality 


The graph of a linear inequality is the collection of all solution points of the 
inequality. To sketch the graph of a linear inequality such as 


Were wiper 11d Original inequality 
begin by sketching the graph of the corresponding linear equation 


Vie e— al 2) Corresponding equation © 
Use dashed lines for the inequalities < and > and solid lines for the inequalities 
< and >. The graph of the equation separates the plane into two half-planes. In 
each half-plane, one of the following must be true. 
1. All points in the half-plane are solutions of the inequality. 
2. No point in the half-plane is a solution of the inequality. 


So, you can determine whether the points in an entire half-plane satisfy the 
inequality by simply testing one point in the region. 


Sella Sketching the Graphs of Linear Inequalities 


Sketch the graph of each linear inequality. 
atice 3S by <4 Clas. 2 


Solution 


a. The graph of the corresponding equation x = —3 is a vertical line. The points 
that satisfy the inequality x = —3 are those lying on or to the right of this line, 
as shown in Figure 7.7. 


b. The graph of the corresponding equation y = 4 is a horizontal line. The points 
that satisfy the inequality y < 4 are those lying below this line, as shown in 
Figure 7.8. . 


c. The graph of the corresponding equation x = 2 is a vertical line. The points 
that satisfy the inequality x < 2 are those lying on or to the left of this line, as 
shown in Figure 7.9. 


Figure 7.9 


Study Tip 


A convenient test point for deter- 
mining which half-plane con- 
tains solutions to the inequality 
is the origin (0, 0). In Example 
3(a), when you substitute 0 for 

x and 0 for y you can easily see 
that (0, 0) does not satisfy the 
inequality. 


xty>3 
O02 3 


Remember that the origin cannot 
be used as a test point if it lies 
on the graph of the correspond- 
ing equation. 
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We summarize the guidelines for sketching the graph of a linear inequality in 
two variables as follows. 


> Guidelines for Graphing a Linear Inequality 


1. Replace the inequality sign by an equal sign, and sketch the graph of 
the resulting equation. (Use a dashed line for < or >, and a solid 
line for < or 2. ) 


2. Test one point in one of the half-planes formed by the graph in Step 1. 


a. If the point satisfies the inequality, shade the entire half-plane to 
denote that every point in the region satisfies the inequality. 


b. If the point does not satisfy the inequality, then shade the other 
half-plane. 


Sketching the Graphs of Linear Inequalities 


Sketch the graph of each linear inequality. 
a. x Faye>73 Db. 2x yes 2 


Solution 


a. The graph of the corresponding equation x + y = 3 is a line, as shown in 
Figure 7.10. Because the origin (0, 0) does not satisfy the inequality, the graph 
consists of the half-plane lying above the line. (Try checking a point above the 
line. Regardless of which point you choose, you will see that it is a solution.) 


b. The graph of the corresponding equation 2x + y = 2 is a line, as shown in 
Figure 7.11. Because the origin (0, 0) satisfies the inequality, the graph con- 
sists of the half-plane lying on or below the line. (Try checking a point on or 
below the line. Regardless of which point you choose, you will see that it is a 
solution.) 


Figure 7.11 
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For a linear inequality in two variables, you can sometimes simplify the 
graphing procedure by writing the inequality in slope-intercept form. For 
instance, by writing x + y > 1 in the form 


yaor = xirel Slope-intercept form 


you can see that the solution points lie above the line y = —x + 1, as shown in 
Figure 7.12. Similarly, by writing the inequality 4x — 3y > 12 in the form 


4 . 
ie oe 4 Slope-intercept form 
you can see that the solutions lie below the line y = $x — 4, as shown in Figure 
VAS 
y 
¥* a ae 
ns aes at A 
wh < fe 
| ee 


ee 
i 


= 
Figure 7.13 


> elule(c@ | Sketching the Graph of a Linear Inequality 


Use the slope-intercept form of a linear equation as an aid in sketching the graph 
of the inequality 2% — 3y.< 15. 
Solution 


To begin, rewrite the inequality in slope-intercept form. 


DP Bas. IN) Original inequality 
So OY ee ea Subtract 2x from both sides. 
Z 
y2 3* 5 Slope-intercept form 


From this form, you can conclude that the solution is the half-plane lying on or 
above the line 
2» 


Se 


The graph is shown in Figure 7.14. To verify the solution, test any point in the : 
Figure 7.14 shaded region. f 
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clits) wea Working to Meet a Budget @ 


Your budget requires you to earn at least $160 per week. You work two part-time 
jobs. The first job pays $10 per hour and the second job pays $8 per hour. Let 
x represent the number of hours worked at the first job and let y represent the 
number of hours worked at the second job. 


a. Write an inequality that represents the number of hours worked at each job in 
order to meet your budget requirements. 


b. Graph the inequality and identify at least two ordered pairs (x, y) that identify 
the number of hours you must work at each job in order to meet your budget 


requirements. 
Solution 
KP Uerbal 19. - Number of _ Number of > 160 
. hours at job 1 hours at job 2 
model: 
Labels: Number of hours at job 1 = x (hours) 
Number of hours at job2 = y (hours) 
Inequality: 10x + 8y = 160 
b. Solving the inequality for y, you get 
10x + 8y = 160 Original inequality 
Sy 160 = 10% Subtract 10x from both sides. 
ey Mike te ; 
y 2 ae Gees Divide both sides by 8. 
yi 20 ea. Simplify. 


Graph the corresponding equation y = 20 — 1.25x and shade the half-plane 
lying above the line, as shown in Figure 7.15. From the graph, you can see that 
two solutions that will yield the desired weekly earnings of at least $160 are 
(8, 10) and (12, 5). There are many other solutions. 


Using Inequalities 


Try the following activity. One person picks a point with whole number 
coordinates on a grid like the one at the left without revealing the 
coordinates. A second person writes the equation of a line passing 

through the grid region. The first person graphs the line on the grid 
and indicates whether the secret point lies above, below, or on the line. 
Continue writing and graphing lines until the second person is able to 
guess the coordinates of the secret point. Switch roles and try again. 
What is the fewest number of turns your team required to guess the 
point? 
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Integrated Review 


Keep mathematically in shape by doing these 


exercises before the problems of this section. 


_ Properties and Definitions 


1. Identify the index and the radicand of {/6x. 


2. Write the radical form of a!/”, 
Solving Inequalities 


In Exercises 3-8, solve the inequality. 


7 te 


- Developing Skills 


In Exercises 1-8, determine whether the points are solu- 
tions of the inequality. See Example 1. 


4. 20 3-6). 20 22 


Inequality Points 
i x-2y <4 (aya(Os0)emeeii(b) (2.1) 
(c) (3, 4) (drG2) 
jn eae ae (a) (0,6) (b) (4,0) 
(c)R(0, 2)" BEG) 
3. 3x + y > 10 (QaG}3)l P Sut sal) 
(Cee) (d) (2, 15) 
Aw=ox5y6) (ays) (by (10, 3) 
(c) (0, 0) (DiC) 
5. y > 0.2x-1 (a) (0,2) (b) (6,0) 
(C) (4 >a De 257) 
Cae oe sie a1 5) (ba (Sead) 
(©) (-1,4) @ (0,3 
7.9 <3 = [r| TAY Oe) 
(c) (6, 0) CrGr—2) 
(B/y = |x - 3] (a) (0,0) (b) (1,2) 
(c) (4, 10) (ES ta) 


Concepts, Skills, and Problem Solving 


eee a 5a ee 
seas So ecle is = 
ooh can toa . 6 5) | 8 
CPx - 3] = 8. |x — 5| > 3 
Graphing 


In Exercises 9-12, use a graphing utility to graph — 
the function g and identify the transformation of 
f(x) =x ae by g. 
9. gay= x= 2 
11 gG)= an 


10. 2G) = @ —2P 
12. 3G) = (x 


In Exercises 9-14, match the inequality with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(b) 


29. 3x + 2y >2 

BIG 2 09) id 
Bae0ex 0 3y <2 
35. y-1> -$(x - 2) 


AT | 


39. y>dx-1 
41. y < —x +6 
43. 7 2y = 450 
AS 2Gtesy = 12-s 0 


In Exercises 15-38, sketch the graph of the solution of 
the linear inequality. See Examples 2-4. 


an LU Pie | 
| oe 18. y > 2 
19.y > 3x (Dy < 2x 
Des 5 ia le a DPA rays Vie 
ey Sent 2 24. y<sx+1 
2/x+y>4 26.x+y <5 
Bikar eae O 28. 3x +y <9 


(BM 3x + Sy < 15 


S27 att Oy el 
34. 0.25x — 0.75y > 6 
36. y-—2 < -3(x - 3) 


38)— +52 
(83462) 


Shor 


— In Exercises 39-46, use a graphing utility to graph 
(shade) the solution of the inequality. 


40. y < 9 — 3x 
42. y>4x+3 
44, 2x + 4y —3 <0 
46. x — 3y +9 >0 


_ Solving Problems 


2 53. Geometry The perimeter of a rectangle of length x 


new] 


and width y cannot exceed 500 inches. Write a linear 
inequality for this constraint. Use a graphing utility 
to graph the solution of the inequality. 


and width y must be at least 100 centimeters. Write a 
linear inequality for this constraint. Use a graphing 
utility to graph the solution of the inequality. 


55 ‘Storage Space A warehouse for storing chairs and 


tables has 1000 square feet of floor space. Each chair 
requires 10 square feet of floor space and each table 
requires 15 square feet. Write a linear inequality for 
this space constraint if x is the number of chairs and 
y is the number of tables stored. Sketch a graph of 
the solution of the inequality. 
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In Exercises 47-52, write an inequality for the shaded 
region shown in the figure. 


49, 


oF 


56. 


57. 


Storage Space A warehouse for storing desks and 
filing cabinets has 2000 square feet of floor space. 
Each desk requires 15 square feet of floor space and 
each filing cabinet requires 6 square feet. Write a 
linear inequality for this space constraint if x is the 
number of desks and y is the number of filing 
cabinets stored. Sketch a graph of the solution of the 
inequality. 

Roasting a Turkey The time tf (in minutes) that it 
takes to roast a turkey weighing p pounds is given by 
the following inequalities. 


For a turkey up to 6 pounds: t > 20p 

For a turkey over 6 pounds: t > 15p + 30 

Sketch the graphs of these inequalities. What are the 
coordinates for a 12-pound turkey that has been 


roasting for 3 hours and 40 minutes? Is this turkey 
fully cooked? 
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59. 


60. 


64. 
65. 


66. 


67. 


Pizza and Soda Pop You and some friends go out 
for pizza. Together you have $26. You want to order 
two large pizzas with cheese at $8 each. Each 
additional topping costs $0.40, and each small soft 
drink costs $0.80. Write an inequality that represents 
the number of toppings x and drinks y that your 
group can afford. Sketch a graph of the solution of 
the inequality. What are the coordinates for an order 
of six soft drinks and two large pizzas with cheese, 
each with three additional toppings? Is this a solution 
of the inequality? (Assume there is no sales tax.) 


Pizza and Soda Pop You and some friends go out 
for pizza. Together you have $48. You want to order 
three large pizzas with cheese at $9 each. Each 
additional topping costs $1, and each soft drink costs 
$1.50. Write an inequality that represents the number 
of toppings x and drinks y that your group can afford. 
Sketch a graph of the solution of the inequality. What 
are the coordinates for an order of eight soft drinks 
and three large pizzas with cheese, each with two 
additional toppings? Is this a solution of the inequal- 
ity? (Assume there is no sales tax.) 


Diet Supplement A dietician is asked to design a 
special diet supplement using two foods. Each ounce 
of food X contains 30 units of calcium and each 
ounce of food Y contains 20 units of calcium. The 
minimum daily requirement in the diet is 300 units 
of calcium. Write an inequality that represents the 
different numbers of units of food X and food Y 
required. Sketch a graph of the solution of the 
inequality. From the graph, find several ordered pairs 
with positive integer coordinates that are solutions of 
the inequality. 


Explaining Concepts 


List the four forms of a linear inequality in variables 
x and y. 


What is meant by saying that (x,, y,) is a solution of 
a linear inequality in x and y? 


Explain the meaning of the term half-plane. Give an 
example of an inequality whose graph is a half- 
plane. 


How does the solution of x — y > 1 differ from the 
solution of x — y = 1? 
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64 Weekly Pay You have two part-time jobs. One is at 
/ a grocery store, which pays $9 per hour, and the 


62. 


63. 


68. 


69. 


other is mowing lawns, which pays $6 per hour. 
Between the two jobs, you want to earn at least $150 
a week. Write an inequality that shows the different 
numbers of hours you can work at each job, and 
sketch the graph of the solution of the inequality. 


‘From the graph, find several ordered pairs with 


positive integer coordinates that are solutions of the 
inequality. 

Weekly Pay You have two part-time jobs. One is at 
a fast-food restaurant, which pays $6 per hour, and 
the other is providing childcare, which pays $5 per 
hour. Between the two jobs, you want to earn at least 
$120 a week. Write an inequality that shows the 
different numbers of hours you can work at each 
job, and sketch the graph of the solution of the 
inequality. From the graph, find several ordered pairs 
with positive integer coordinates that are solutions of 
the inequality. 

Getting a Workout The maximum heart rate r (Gin 
beats per minute) of a person in normal health is 
related to the person’s age A (in years). The relation- 
ship between r and A is given by r < 220 — A. 


(a) Sketch a graph of the solution of the inequality 
with A measured along the horizontal axis and r 
measured along the vertical axis. 


(b) Physiologists recommend that during a workout 
a person Strive to increase his or her heart rate to 
75% of the maximum rate for the person’s age. 
Sketch the graph of r = 0.75(220 — A) on the 
same set of coordinate axes used in part (a). 


After graphing the corresponding equation, how do 
you decide which half-plane is the solution of a 
linear inequality? 

Explain the difference between graphing the solution 
of the inequality x < 3 on the real number line and 
graphing it on a rectangular coordinate system. 


1) 
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Graphs of Quadratic Functions 


HI identify the graph of a quadratic Graphs of Quadratic Functions 


function as a parabola and deter- 
mine its vertex by completing the 
square. 


Oa al 
Vertex (0, 0) 


Figure 7.16 


at ee ee ae 


Dee 2 ee 


{Bose SE laa tee 


1 use a nee utility to 
"discover a rule for determining 

the appearance of a parabola. 

: Graph the eo ens below. 


yy =~ S 3x = 5 os 
yy = 7-38 

a oS + 62 

M = SO 


In: your own words, write a rule 


_ for determining whether the — 
graph of a parabola opens up 
or down by just looking at the 
equation. Does y = 8 — 2x — 
2x? open up or down? 


In this section, you will study graphs of quadratic functions. 
f(x) = ax* + bx te Quadratic function 


Figure 7.16 shows the graph of a simple quadratic function, f(x) = x. 


> Graphs of Quadratic Functions 
The graph of f(x) = ax? + bx + c, a # 0, is a parabola. The com- 


pleted-square form 
Fla) = ale — hYP + k Standard form 


is the standard form of the function. The vertex of the parabola occurs 
at the point (h, k), and the vertical line passing through the vertex is the 
axis of the parabola. 


Every parabola is symmetric about its axis, which means that if it were 
folded along its axis, the two parts would match. 

If a is positive, the graph of f(x) = ax? + bx + c opens up, and if a is 
negative, the graph opens down, as shown in Figure 7.17. Observe in Figure 7.17 
that the y-coordinate of the vertex identifies the minimum function value if a > 0 
and the maximum function value if a < 0. 


y Opens upward 

; Vertex is the 
maximum 
point. fe 


— Vertex is the 
minimum 


' 
1 
! 


' 
| 
i} 
i) 
i} 
' 
1) 
i} 
' 
' 
i! 
! 
i 
i} 
| 
| 
| 
| 
! 
1 
| 1 
i} 

1 


Opens downward 


Figure 7.17 
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1 ; a: ye % "i i ih 
Vertex (3, —4) 
Figure 7.18 
Study Tip 


When a number is added to a 
function and then that same 
number is subtracted from 

the function, the value of the 
function remains unchanged. 
Notice in Example 1 that (— 3)? 
is added to the function to 
complete the square and then 
(—3)? is subtracted from the 
function so that the value of 
the function remains the same. 


Figure 7.19 


ete Finding the Vertex by Completing the Square 


Find the vertex of the graph of f(x) = x? — 6x + 5S. 


Solution 
Begin by writing the function in standard form. 


FAG ae eee Original function 

f(x) = x2 — 6x + (—3)? — (—3)2? +5 © Add and subtract (—3)?. 
Ab (OS es B= Dae Regroup terms. 

TC ed ee) ae Standard form 


From the standard form, you can see that the vertex of the parabola occurs at the 
point (3, —4), as shown in Figure 7.18. The minimum value of the function is 


LC): 


In Example 1, the vertex of the graph was found by completing the square. 
Another approach to finding the vertex is to complete the square once for a 
general function and then use the resulting formula for the vertex. 


f(x) = ax’? + bx+ec Quadratic function 
; ee | 2 
Slaxe SP Di Add and subtract —. 
4a 4a 4a 
afr +2 + (2) + ua G 
= =x me Ci" = terms. 
a a ie Troup terms 
Daye be 
=F Xe |) EC = Standard form 
2a 4a 
From this form you can see that the vertex occurs when x = —b/2a. 


clits) (wae Finding the Vertex with a Formula 


Find the vertex of the graph of f(x) = x? + x. 


Solution 
From the given function, it follows that a = 1 and b = 1. So, the x-coordinate of 
the vertex is 
we a0 ee seals ail 
2a 2(1) 2) 


and the y-coordinate is 


ica) -3)-(H (at-bat 


al is —.. 
So, the vertex of the parabola is (—3, 4), the minimum value of the function is 


f\-3) = —t, and the parabola opens upward, as shown in Figure 7.19. 


Sketch the graph of a parabola 
by plotting its vertex, axis, and 
additional points. 


Study Tip _ 

The x- and y-intercepts are use- 
ful points to plot. Another con- 
_ venient fact is that the x-coordi- 
nate of the vertex lies halfway 
between the x-intercepts. Keep 
this in mind as you study the 

_ examples and do the exercises 
_ in this section. — 


MORE Be Bec roa ie me Hf 
Vetextss, -! te a? ' 


Figure 7.20 


Section 7.3. Graphs of Quadratic Functions 445 


Sketching a Parabola by Point-Plotting 


To obtain an accurate sketch of a parabola, the following guidelines are useful. 
Remember that the intercepts are convenient points to plot as well. 


P Sketching a Parabola 


1. Determine the vertex and axis of the parabola by completing the 
square or by formula. 


2. Plot the vertex, axis, and a few additional points on the parabola. 
(Using the symmetry about the axis can reduce the number of points 
you need to plot.) 


3. Use the fact that the parabola opens upward if a > O and opens 
downward if a < 0 to complete the sketch. 


>elildeme Sketching a Parabola 


Sketch the graph of x7 — y + 6x + 8 = 0. 
Solution 
Begin by writing the equation in standard form. 


Nose Vact POX oO) Original equation 


Subtract x2 + 6x + 8 


Give seg ae from both sides. 
Via Oe +S Multiply both sides by — 1. 
y =? + 6x 32 — 32) 4:8 Add and subtract 37. 
y= (x? + 6x +9)—9+8 Regroup terms. 
y= @ +3) —1 Standard form 
The vertex occurs at the point (— 3, — 1) and the axis is given by the line x = —3. 


After plotting this information, calculate a few additional points on the parabola, 
as shown in the table. Note that the y-intercept is (0, 8) and the x-intercepts are 
solutions to the equation 


x+6x+8 =(%4+ 4)a4 2) =0. 


The graph of the parabola is shown in Figure 7.20. Note that it opens upward 
because the leading coefficient (in standard form) is positive. Use your graphing 
utility to verify the graph shown in Figure 7.20. 
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Write the equation of a parabola Writing the Equation of a Parabola 


given its vertex and a point on the , ) ; 
graph. To write the equation of a parabola with a vertical axis, use the fact that its 


standard equation has the form y = a(x — h)? + k, where (h, k) is the vertex. 


iS et)(97) | Writing the Equation of a Parabola 
Write the equation of the parabola whose vertex is (—2, 1) and whose y-intercept 
is (0, —3), as shown in Figure 7.21. 


Solution 


Because the vertex occurs at (h, k) = (—2, 1), you can write the following. 


yeas hak Standard form 
y= alx— (—2)|? 4 1 Substitute —2 for h and 1 for k. 
SA Ge eI Se Simplify. 


To find the value of a, use the fact that the y-intercept is (0, — 3). 


eG Geet) Standard form 
5) = a (Ora) eal Substitute 0 for x and —3 for y. 
= =a Simplify. 


This implies that the standard form of the equation of the parabola is 


y = —(« + 2)? + 1. 


Writing the Equation of a Parabola 


Write the equation of the parabola that has a vertex of (3, —4) and contains the 
point (5, —2), as shown in Figure 7.22. 


Solution 


Because the vertex occurs at (h, k) = (3, —4), you can write the following. 


y=ae—-—h?+k Standard form 
y = a(x — 3)? + (—4) Substitute 3 for h and —4 for k. 
y =a(x — 3)? -—4 Simplify. 


To find the value of a, use the fact that (5, —2) is a point on the parabola. 


y =a(x — 3)? -4 Standard form 
—2=a(5—3)*—4 Substitute 5 for x and —2 for y. 

1 

jw Simplify. 


This implies that the standard form of the equation is 


1 
Ze B35 ip 
Figure 7.22 MES) a es 


BI Use a parabola to solve an 
_ application problem. 


en ee 


git a 


> le hall th Vea as 


\\ 


BS aie 


x) 
@ Figure 7.23 


100 ft 
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Application 


An Application Involving a Minimum Point @ 


A suspension bridge is 100 feet long, as shown in Figure 7.23(a). The bridge is 
supported by cables attached at the tops of the towers at each end of the bridge. 
Each cable hangs in the shape of a parabola (see Figure 7.23(b)) given by 


y = 0.01x2 — x + 35 


where x and y are both measured in feet. (a) Find the distance between the lowest 
point of the cable and the roadbed of the bridge. (b) How tall are the towers? 
Solution 
a. Because the lowest point occurs at the vertex of the parabola and a = 0.01 and 
b = —1, it follows that the vertex of the parabola occurs when 
cD, 1 


bn ano" 


x 


At this x-value, the value of y is 
y = 0.01(50)? — 50 + 35 = 10. 


Thus, the minimum distance between the cable and the roadbed is 10 feet. 


b. Because the vertex of the parabola occurs at the midpoint of the bridge, the 
two towers are located at the points where x = 0 and x = 100. Substituting an 
x-value of 0, you can find that the corresponding y-value is 


y = 0.01(0)? — 0 + 35 = 35. 


So, the towers are each 35 feet high. (Try substituting x = 100 in the equation 
to see that you obtain the same y-value.) 
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Integrated Review Concepts, Skills, and Problem Solving 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 
1. Fill in the blanks: (x + b)? =x? + nar 


2. Fill in the blank so that the expression is a per- 
fect square trinomial. Explain how the constant 
is determined. 


oe (—15u + 4v) + 5(3u — 9v) 
5.097 +(x — 3). + 12x 
6. ye —i(y + 2)? + 4y 


7. /24x2y3 8. 3/9 - 3/15 
@A12a-*b°)1/? 10. (161/3)3/4 


Problem Solving 


In Exercises 11 and 12, find the time required for 
an object to reach the ground when it is dropped 


x + Sx + from a height of sy feet. The height h (in feet) is 
Simplifying Expressions given by h = — 16#? + so, where t measures time 
in seconds from when the object is released. 
In Exercises 3-10, simplify the expression. 
11. s,) = 80 12, s5 = 150 
3 tax + ay) = 3(5u Y) 
Developing Skills 
In Exercises 1-6, match the equation with its graph. 1. y =4 — 2x 2y= 1x A 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] Sige ees 4, y = Spot 
(b) | A Soy = — 2)7 (6) y = 2 - (& - 2? 


In Exercises 7-18, write the equation in standard form 
and find the vertex of its graph. See Example 1. 


MNy=H4+2 8. y = x? + 2x 
a cee ea ed 10. y= x? + 6x —5 
I y=24+ 6x45 (127 y =? - 4x +5 


13S ye or — 10 14. y=4- 8-3 
(Seer ol 16. y =" =x — 10x a0 
17. y = 2x7 + 6x +2 18. y = 3x? — 3x — 9 


In Exercises 19-24, find the vertex of the graph of the 
function by formula. See Example 2. 

(19? fe) =x? -—8x+15 20. fe)=24+4r41 
21. g(x) =-x*—2x+1 

22. h(x) = x2 + 14x — 14 

23.y=424+4x4+4 (By = 952 - 12x 


In Exercises 25-32, state whether the graph opens 
upward or downward and find the vertex. 


(28) y = Ax - OF +2 


27. y= 4 —- («x —- 10)? 
29. y= x2—6 
31. y= -—(@ — 3)? 


26. y = —3(x + 5)? — 3 
28. y= 2(x — 12)? + 3 
OAs = G71) 

32. y = x — 6x 


In Exercises 33-40, find the x- and y-intercepts of the 


graph. 
Coy = 255 2 
35. y= x = 9x 


ST. VaR Axe 2.9 
39. y = x? — 3x +3 


34. y = x7 — 49 
36. y= x? + 4x 
@8> y = 10 — x — 2 
40. y = x* — 3x — 10 


In Exercises 41-64, sketch the graph of the function. 
Identify the vertex and any x-intercepts. Use a graphing 
utility to verify your results. See Example 3. 


GI? ox) =P - 4 42. h(x) = 2-9 

43. fix) = —? +4 44, f(x) = —-x2+9 
AS: f(x) at = 3x (46) g(x) = x2 — 4x 
4D y = —2 + 3x 48. y = —x? + 4x 
ayy = (x 4)a 50. y = —(x + 4) 
Sys gx TiS 52. y =x? + 4x +2 
(63? y = —(x? + 6x + 5) 54, y= —2 + 2x +8 
55. g(x) = —x2 + 6x -—7 (56 0(x) = x2 + 4x +7 
(52 y = 202 + 6x + 8) 585 y= 3x7 — 60+ 4 
59. y = 3(x2 — 2x — 3) 

y = —3(x2 — 6x + 7) 
61. y = 4 (3x2 — 24x + 38) 
62. y = § (2x? — 4x + 7) 


7 (3) fs) = 5 19x? 
64. f(x) = 32x* — 2 


In Exercises 65-72, identify the transformation of the 
graph of f(x) = x? and sketch a graph of h. 
(BB h(x) = 2 +2 66. h(x) =x? -— 4 
C&R h(x) = («x + 2? 68. h(x) = (x — 4) 
69. A(x) =(e-12+3 AO A(x) = (x +2)? - 1 
Tie (x) = (i+ 3)? 1 72. 3) — 
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In Exercises 73-76, use a graphing utility to approxi- 
mate the vertex of the graph. Check the result alge- 
braically. 

73. y = ¢(2x2 — 8x + 11) 

74, y = —}(4x2 — 20x + 13) 
132) === (bir tee eS 
76. y = 0.75x? — 7.50x + 23.00 


In Exercises 77-82, write an equation of the parabola. 
See Example 4. 


In Exercises 83-90, write an equation of the parabola 
y=a(x—h)? +k 


that satisfies the conditions. See Example 5. 


($3. Vertex: (2,1); a=1 

84. Vertex: (—3,-3); a=1 

85. Vertex: (2, —4); Point on the graph: (0, 0) 
(86. Vertex: (—2, —4); Point on the graph: (0, 0) 
87. Vertex: (3, 2); Point on the graph: (1, 4) 

88. Vertex: (—1, —1); Point on the graph: (0, 4) 
89. Vertex: (—1,5); Point on the graph: (0, 1) 
(90. Vertex: (5,2); Point on the graph: (10, 3) 
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In Exercises 91-94, identify the transformation of 93. 
y = x’ that will produce the given graph. 


91. 


Solving Problems 


é Path of a Ball The height y (Gn feet) of .a ball 
thrown by a child is given by 


|, 
= —-— 7? + Ix + 
y 1? 2x 4 


where x is the horizontal distance (in feet) from 
where the ball was thrown. 


(a) How high was the ball when it left the child’s 
hand? 


(b) How high was the ball when it reached its max- 
imum height? 

(c) How far from the child did the ball strike the 
ground? 


. Path ofa Ball Repeat Exercise 95 if the path of the 
ball is modeled by y = —7gx? + 2x + 5. 


. Maximum Height of a Diver The path of a diver is 
given by y= —$x2 + ax + 10 where y is the 
height in feet and x is the horizontal distance from 
the end of the diving board in feet. What is the max- 
imum height of the diver? 


. Maximum Height of a Diver Repeat Exercise 97 
if the path of the diver is modeled by 


y= Sy + * a0) 

. Graphical Estimation The number N (in thou- 
sands) of personnel in the Marine Corps reserves in 
the United States for the years 1990 through 1996 is 
approximated by the model 


N = 83.64 + 14.89t — 2.047, O<1t< 6. 


In this model, ¢ is time in years, with t = O corre- 
sponding to 1990. (Source: U.S. Department of 
Defense) 


(a) Use a graphing utility to graph the function. 


(b) Determine the year when the number in the 
Marine Corps reserves was greatest. Approximate 
the number that year. 


100. Graphical Estimation The profit (in thousands of 


dollars) for a company is given by 
P =9230 4 205 — 5° 


where s is the amount (in hundreds of dollars) spent 
on advertising. Use a graphing utility to graph the 
profit function and approximate the amount of 
advertising that yields a maximum profit. Verify the 
maximum profit algebraically. 


- Graphical Interpretation A company manufac- 


tures radios that cost the company $60 each. For 
buyers who purchase 100 or fewer radios, the pur- 
chase price is $90 per radio. To encourage large 
orders, the company will reduce the price per radio 
for orders over 100, as follows. If 101 radios are 
purchased, the price is $89.85 per unit. If 102 
radios are purchased, the price is $89.70 per unit. If 
(100 + x) radios are purchased, the price per unit is 


p = 90 — x(0.15) 


where x is the amount over 100 in the order. 


(a) Show algebraically that the profit P for x orders 


over 100 is 
P = (100 + x)[90 — x(0.15)] — 
(100 + x)60 


3 
= SOO 16 iy 
x — no% 
(b) Find the vertex of the profit curve and deter- 
mine the order size for maximum profit. 


(c) Would you recommend this pricing scheme? 
Explain. 


E 102. 


Graphical Estimation The cost of producing x 
units of a product is given by 

C = 800 -— l0x + 3x2 Oo Al), 

Use a graphing utility to graph this function and use 


the trace feature to approximate the value of x when 
C is minimum. 


. Geometry The area of a rectangle is given by the 


function 
D 
A= 7 1 L00x a) en Oa xe 100) 


where x is the length of the base of the rectangle in 
feet. Use a graphing utility to graph the function 
and use the trace feature to approximate the value of 
x when A is maximum. 


104° Bridge Design A bridge is to be constructed over 


a gorge with the main supporting arch being a 
parabola (see figure). The equation of the parabola 
is 


0) 
2500 


where x and y are measured in feet. 


y= 4{ 100 = 


(a) Find the length of the road across the gorge. 


(b) Find the height of the parabolic arch at the 
center of the span. 


(c) Find the lengths of the vertical girders at inter- 
vals of 100 feet from the center of the bridge. 


_ Explaining Concepts 


GB 106. 


107. 
108. 


109. 


Answer parts (a) and (b) of Motivating the Chapter 
on page 423. 

In your own words, describe the graph of the 
quadratic function f(x) = ax? + bx +c. 

Explain how to find the vertex of the graph of a 
quadratic function. 

Explain how to find any x- or y-intercepts of the 
graph of a quadratic function. 
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105. 


110. 


111. 


112. 


113. 
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y 


Figure for 104 


Highway Design A highway department engineer 
must design a parabolic arc to create a turn in a 
freeway around a city. The vertex of the parabola is 
placed at the origin, and the parabola must connect 
with roads represented by the equations 


Ver —0:4x— 100). x -< = 500 
and 
y = 0.4x — 100, x > 500 


(see figure). Find an equation for the parabolic arc. 


(-500, 100) 


100 


Explain how to determine whether the graph of a 
quadratic function opens up or down. 


How is the discriminant related to the graph of a 
quadratic function? 

Is it possible for the graph of a quadratic function to 
have two y-intercepts? Explain. 


Explain how to determine the maximum (or mini- 
mum) value of a quadratic function. 
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Figure for 8 


Take this quiz as you would take a quiz in class. After you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, write a model for the statement. 


1. A varies directly as the square of r. 


2. z varies directly as x and inversely as the square of y. 


In Exercises 3 and 4, write a sentence using variation terminology to describe 
the formula. 


3. Distance: d = rt 4. Volume of a cube: V = s? 


5. Find the constant of proportionality and write an equation that relates the 
variables. z varies directly as the square of x and inversely as y, and z = 6 
when x = 6 and y = 4. 


6. Decide whether the points are solutions of the inequality 2x — 3y < 4. 
Explain your reasoning. 


(S32) (0) (274) Sc) (2, 4) G0) 


In Exercises 7 and 8, write an inequality for the shaded region. 


7. See figure at left. 8. See figure at left. 


In Exercises 9-11, sketch the graph of the solution of the linear inequality. 


OR eae 2, LOR xe Sy c09 11. 2x yy Ss 


In Exercises 12 and 13, write an equation for the indicated parabola. 


12. Vertex: (3, —1); passes through the point (5, 3) 
13. Vertex: (5, 4); passes through the point (3, 3) 


In Exercises 14 and 15, sketch the graph of the quadratic function. Identify the 
vertex and the x-intercepts. 


14. y = —}(x2 + 6x + 1) 15. y = 2x2 — 4x —7 


16. Methane forms an explosive mixture with air at a concentration of 5% or 
greater. A steady leak of methane begins in a coal mine so that the concen- 
tration of methane gas varies directly as time. Twelve minutes after a leak 
begins, the concentration of methane in the air is 2%. If the leak continues at 
the same rate, when could an explosion occur? 


17. A store sells two models of computers. The costs to the store of the two mod- 
els are $900 and $1400, respectively. Management does not want more than 


$20,000 in computer inventory at any time. Write an inequality that models 
this constraint. 


18. The path of a ball is given by y = —0.005x? + x + 5. Determine the maxi- 
mum height of the ball. 
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Conic Sections 


BI Find an equation of a circle and Circles 
sketch its graph. 

In Section 7.3, you learned that the graph of a second-degree equation of the form 
y = ax’ + bx + c is a parabola. A parabola is one of four types of conics or 
conic sections. The other three types are circles, ellipses, and hyperbolas. All four 
types have equations that are of second degree. As indicated in Figure 7.24, the 
name “conic” relates to the fact that each of these figures can be obtained by 
intersecting a plane with a double-napped cone. 


Circle Parabola Ellipse Hyperbola 
Figure 7.24 


Conic sections occur in many practical applications. Reflective surfaces in 
satellite dishes, flashlights, and telescopes often are of parabolic shape. The orbits 
of planets are elliptical, and the orbits of comets are usually elliptical or hyper- 
bolic. Ellipses and parabolas are also used in building archways and bridges. 

A circle in the rectangular coordinate plane consists of all points (x, y) that 
are a given positive distance r from a fixed point, called the center of the circle. 
The positive distance r is the radius of the circle. If the center of the circle is the 
origin, as shown in Figure 7.25, the relationship between the coordinates of any 
point (x, y) on the circle and the radius r is given by 


Radius = r = (x — 0)? + (y — 0)? Distance Formula, center at (0, 0) 
=e A Vp 


If the center of the circle is translated to the point (h, k), the relationship between 


Radius = r = J/(x — hh)? + (y= k)?. Distance Formula, center at (h, k) 


By squaring both sides of this equation, you obtain the standard form of the 
Figure 7.25 equation of a circle. 
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> Standard Form of the Equation of a Circle 


The standard form of the equation of a circle with center at the 
origin is 


Xe bya 1 Circle with center at (0, 0) 
The standard form of the equation of a circle with center at (h, k) is 
(x — h)? + (y — k)? = 77. Circle with center at (h, k) 


The positive number r is the radius of the circle. 


Finding an Equation of a Circle 


Find an equation of the circle whose center is at (0, 0) and whose radius is 2. 


Solution 


Use the standard form of the equation of a circle with center at the origin. 


x2 + ye = 7 Standard form with center at (0, 0) 
x2 2 = 2? Substitute 2 for r. 
47 = Equation of circle 


The circle given by this equation is shown in Figure 7.26. 


To sketch the circle for a given equation, write the equation in standard form. 
From the standard form, you can identify the center and radius. For instance, the 
standard form of the equation (x — 1)? + (y + 2)? = 4 indicates the center to be 
(h, k) = (1, —2) and the radius to be r = 2. 


elite) (y/4e) Finding the Center and Radius of a Circle 


Identify the center and radius of the circle given by the equation, and sketch the 
circle. 


eye eee Ove a) 


Solution 
Xe Eye 2x Oy. ol 80) Original equation 
(x? + 2x) + (y?7 — 6y) = —1 Group terms. 
(x? + 2x + 1) + G2? — 6y +9) = -14149 Complete each square. 
@ + 1)? +(% -— 3)? =9 Standard form 


From this standard form, you can see that h = —1, k = 3, and r = 3, So, the 


center of the circle is (— 1, 3) and the radius is 3. The graph of the equation of the 
Figure 7.27 circle is shown in Figure 7.27. 


Find an equation of an ellipse 
and sketch its graph. 


Figure 7.29 


Study Tip 


If the equation of an ellipse is of 
the form 


es 

a ob : 

its major axis is horizontal. 
Because a is greater than b and 
its square is the denominator of 
the x? term, you can conclude 
that the major axis lies along the 
x-axis. Similarly, if the equation 
of an ellipse is of the form 


52 y 


pe 


2 


its major axis is vertical. 
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Ellipses 


An ellipse is the set of all points (x, y) such that the sum of the distances between 
(x, y) and two distinct fixed points is a constant. As shown in Figure 7.28(a), each 
of the two fixed points is a focus of the ellipse. (The plural of focus is foci.) In 
this text, we restrict the study of ellipses to those whose centers are at the origin. 


(x, y) Co-vertex 


Major axis 


Co-vertex 


(a) d, + d, is constant. (b) 
Figure 7.28 


The line through the foci intersects the ellipse at the vertices, as shown in 
Figure 7.28(b). The line segment joining the vertices is the major axis, and its 
midpoint is the center of the ellipse. The line segment perpendicular to the major 
axis at the center is the minor axis of the ellipse, and the points at which the 
minor axis intersects the ellipse are co-vertices. 

To trace an ellipse, place two thumbtacks at the foci, as shown in Figure 7.29. 
If the ends of a fixed length of string are fastened to the thumbtacks and the string 
is drawn taut with a pencil, the path traced by the pencil will be an ellipse. 


> Standard Form of the Equation of an Ellipse 


The standard form of the equation of an ellipse with center at the 
origin and major and minor axes of lengths 2a and 2b, respectively, is 


lee ORR besa 


The vertices lie on the major axis, a units from the center, and the 
co-vertices lie on the minor axis, b units from the center. 


Major axis is vertical. 
Minor axis is horizontal. 


Major axis is horizontal. 
Minor axis is vertical. 
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7 | 
Finding an Equation of an Ellipse | 


Find an equation of the ellipse, centered at the origin, whose vertices are (370) 
and (3, 0) and whose co-vertices are (0, —2) and (0, 2). 


Solution 


Begin by plotting the vertices and co-vertices, as shown in Figure 7.30. The 
center of the ellipse is (0, 0), because it is the point that lies halfway between the 
vertices (and halfway between the co-vertices). So, the equation of the ellipse has 
the form 


De SD 
BE, 255), 


a be 
For this ellipse, the major axis is horizontal. So, a is the distance between the 
center and either vertex, which implies that a = 3. Similarly, b is the distance 


between the center and either co-vertex, which implies that b = 2. So, the 
standard form of the equation of the ellipse is 


2 2 
Xx 
vig 


Figure 7.30 32 2 = |, Standard form 


To sketch an ellipse, it helps first to write its equation in standard form, as 
shown in the next example. 


Senile(wmm Sketching an Ellipse 


Sketch the ellipse given by 
4x? + y? = 36 


and identify the vertices and co-vertices. 
Solution : 


Begin by writing the equation in standard form. 


Gy2 + y? =) 36 Given equation 
a Mee ee 
26 36 36 ivide both sides by 36. 
2 2 
Xx 
a at a = | Simplify. 
2 2 
Xx 
zp + 5 al Standard form 


Because the denominator of the y” term is larger than the denominator of the x2 
term, you can conclude that the major axis is vertical. Moreover, because a = 6, 
the vertices are (0, —6) and (0, 6). Finally, because b = 3, the co-vertices are 
Figure 7.31 (—3, 0) and (3, 0), as shown in Figure 7.31. 


Find an equation of a hyperbola 
and sketch its graph. 
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Hyperbolas 


A hyperbola in the rectangular coordinate system consists of all points (x, y) 
such that the difference of the distances between (x, y) and two fixed points is a 
constant, as shown in Figure 7.32. The two fixed points are called the foci of the 
hyperbola. We will consider only equations of hyperbolas whose foci lie on the 
X-axis or on the y-axis. The line on which the foci lie is called the transverse axis 
of the hyperbola. 


d, — d, is constant. 


Figure 7.32 


> Standard Form of the Equation of a Hyperbola 


The standard form of the equation of a hyperbola whose center is at 
the origin is given by 


Transverse axis is horizontal. 


Transverse axis is vertical. 


where a and b are positive real numbers. The vertices of the hyperbola 
lie on the transverse axis, a units from the center. 


Transverse 
axis 


Transverse 


axis SS 


A hyperbola has two disconnected parts, each of which is a branch of the 
hyperbola. The two branches approach a pair of intersecting straight lines called 
asymptotes of the hyperbola. The two asymptotes intersect at the center of the 
hyperbola. 

To sketch a hyperbola, form a central rectangle whose center is the origin 
and whose width and height are 2a and 2b. Note in Figure 7.33 (on page 458) that 
the asymptotes pass through the corners of the central rectangle and the vertices 
of the hyperbola lie at the centers of opposite sides of the central rectangle. 
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‘With r most graphing nates 


conics can be graphed by solving 


the equation for y to get two 
radical functions. For instance, 


to graph the circle x? + y? = 36, | 


you solve for y and obtain the 
a : 


3 = V6 = x2 


Sand <= - 


erie 


ae are ee “ompied in ‘the. 8 


same viewing window. With a 


- standard : setting, the circle will 


appear as an ellipse on the 
graphing utility screen, a 
See below. 


Choose a square setting to 
obtain a true perspective of the 
graph of the equation of a circle. 


Asymptote: y = 2, Asymptote: y = by 


=| Asymptote: y = a 


Transverse axis is horizontal. Transverse axis is vertical. 
Figure 7.33 


etule)(yeee Sketching a Hyperbola 


Sketch the hyperbola 


x2 y? 
Ao 6 
Solution 


From the standard form of the equation 


you can see that the center of the hyperbola is the origin and the transverse axis 
is horizontal. So, the vertices lie 6 units to the left and right of the center at the 
points (— 6, 0) and (6, 0). Because a = 6 and b = 4, you can sketch the hyper- 
bola by first drawing a central rectangle whose width is 2a = 12 and whose 
height is 2b = 8, as shown in Figure 7.34(a). Next, draw the asymptotes of the 
hyperbola through the corners of the central rectangle and plot the vertices. 
Finally, draw the hyperbola, as shown in Figure 7.34(b). 


Figure 7.34 
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Finding an equation of a hyperbola is a little more difficult than finding 
equations of the other three types of conics. However, if you know the vertices 
and the asymptotes, you can find the values of a and b, which enable you to write 
the equation. Notice in Example 6 that the key to this procedure is knowing that 
the central rectangle has a width of 2b and a height of 2a. 


Finding the Equation of a Hyperbola 


Find an equation of the hyperbola with a vertical transverse axis whose vertices 
are (0, 3) and (0, —3) and whose asymptotes are given by y = sx and y = —2x. 


Solution 


To begin, sketch the lines that represent the asymptotes, as shown in Figure 
7.35(a). Note that these two lines intersect at the origin, which implies that the 
center of the hyperbola is (0, 0). Next, plot the two vertices at the points (0, 3) and 
(0, —3). Because you know where the vertices are located, you can sketch the 
central rectangle of the hyperbola, as shown in Figure 7.35(a). Note that the cor- 
ners of the central rectangle occur at the points 


(Sey Si Gye” sie Simei (Sy 8): 


Because the width of the central rectangle is 2b = 10, it follows that b = 5. 
Similarly, because the height of the central rectangle is 2a = 6, it follows that 
a = 3. Now that you know the values of a and b, you can use the standard form 
of the equation of the hyperbola to write the equation. 


y x om ; 

pr aL 1 Transverse axis is vertical. 

a 

ve x2 7 

32 = = = 1 Substitute 3 for a and 5 for b. 
a x 1 Equati f the h bol 
al = ee oe quation of the hyperbola 
9 25 


The graph is shown in Figure 7.35(b). 


(a) 
Figure 7.35 
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Use the equation of an ellipse Application 


to sketch a diagram of an archway. 
etis)( 94 An Application Involving an Ellipse 


You are responsible for designing a semielliptical archway, as shown in Figure | 


a 7.36. The height of the archway is 10 feet and its width is 30 feet. Find an equation 
“ of the ellipse and use the equation to sketch an accurate diagram of the archway. | 
/-———- 30 ft ———] Solution 
Figure 7.36 To make the equation simple, place the origin at the center of the ellipse. This 
means that the standard form of the equation is 
2 y 
ye SF i = jl, 


Because the major axis is horizontal, it follows that a = 15 and b = 10, which 
implies that the equation is 


2 


x beter ek. 
152 = 702 = 1, Standard form 


To make an accurate sketch of the ellipse, solve this equation for y as follows. 


2 2 


x Y 


795 aP 100 = | Simplify denominators. 
Ds P) 
oe ee x 
100 ~ 1 25 Subtract >= from both sides. 
y= 100( = _ Multiply both sides by 100. 
225 
x2 
y= 10 le 395 Take the positive square root of both sides. 


Next, calculate several y-values for the archway, as shown in the table. Then use 
Figure 7.37 the values in the table to sketch the archway, as shown in Figure 7.37. 


+£12.5 | +10 | $7.5 


5.53 | 7.45 | 8.66 
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Exercises 


Integrated Review Concepts, Skills, and Problem Solving 


Keep mathematically in shape by doing these Bx7y? 2 6 
exercises before the problems of this section. ” 18x71y? 10. (x + 1) 
Properties and Definitions Problem Solving 
In Exercises 1-4, name the property demonstrated. 11. A service organization paid $288 for a block of 
Ch 61 ty Bids) = 0 tickets to a ball game. The block contained 
BM) = 332 — 6 three more tickets than the organization need- 
oa ee = 2 ed for its members. By inviting three more 
3. 2(3y) = (2 + 3)y people to attend (and share in the cost), the 
4, —3+x=x-3 organization lowered the price per ticket by $8. 


How many people are going to the game? 


Simplifying Expressions 
12. To begin a small business, $135,000 is needed. 


In Exercises 5-10, simplify the expression. The cost will be divided equally among 
a ROU 6. 4-2-2 investors. Some have made a commitment to 
2, sips invest. If three more investors could be found, 
AP 8. (=) the amount required from each would decrease 
aly 2y by $1500. How many people have made a 


commitment to invest in the business? 


Developing Skills 


In Exercises 1-6, match the equation with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


oe (2) aoa 


2. Ne + 4y? = 
ye 
(d) ; Os" Bey 4 


In Exercises 7-14, find an equation of the circle with 
center at (0,0) that satisfies the given criterion. See 


Example 1. 
(7. Radius: 5 8. Radius: 7 
9, Radius: 5 (10. Radius: 3 


[ 19, Center: 
4 


(29] (x - 2)? + (y- 3)? =4 
30. (x + 4)? + (y — 3)? = 25 
31. (x + 3) + (y +3 =9 
62, (x — 5 + (y+ 4) =1 
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11. Passes through the point (0, 8) 

12. Passes through the point (—2, 0) 
13) Passes through the point (5, 2) 

14. Passes through the point (—1, —4) 


In Exercises 15-22, find an equation of the circle with 
center at (h, k) that satisfies the given criteria. 


is/ Center: (4, 3) 16. Center: (—2, 5) 


Radius: 10 Radius: 6 
17. Center: (5, —3) 18. Center: (—5, —2) 
Radius: 9 Radius: 3 


(2,1) 
Passes through the point (0, 1) 


aS (8, 2) 
Passes through the point (8, 0) 
21. Center: (3, 2) 

Passes through the point (4, 6) 


22. Center: (—3, —5) 
Passes through the point (0, 0) 


In Exercises 23-36, identify the center and radius of the 
circle and sketch its graph. See Example 2. 


b3/ ?+y = 16 
DAN ey 25 
25 ee = 36 
26. x7 + y? = 10 
27. 42 + Ay? = 1 
28. 9x? + Oy? = 64 


33, x2 + y? — 4x —-2yv + 1 =0 
34. x2 + y2 + 6x — 4y -3 = 0 
RY, bi an We oe 2a Se hy Ge) 0 
$07 eye 2k y=, 15.0 


zs In Exercises 37-40, use a graphing utility to graph the 
circle. (Note: Solve for y. Use the square setting so the 
circles appear correct.) 
37. ay = 30 

9a )a ty el 0) 


gre os Mh XG 
AO F932 =F > —115 
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In Exercises 41-52, find the standard form of the equa- 
tion of the ellipse, centered at the origin. See Example 3. 


Vertices Co-vertices 
AM(-4,0), (4,0) (0, -3), (0,3) 
42:*(—4, 0), 4,0) (OW (Unk) 
432 (—270),-(, 0) (0, —1), (0, 1) 
AAA- 10,0), (10,0) (0, —4), (0, 4) 
45. (0, —4), (0, 4) (=3, 0), (3, 0) 
46. (0, —5), (0, 5) (=1,.0),.040) 
47.-(0, —2),, (022) (—1, 0), (4, 0) 
48. (0, —8), (0, 8) (—4, 0), (4, 0) 


(49/ Major axis (vertical) 10 units, minor axis 6 units 


50. Major axis (horizontal) 24 units, minor axis 10 units 
51. Major axis (horizontal) 20 units, minor axis 12 units 


(520 Major axis (horizontal) 50 units, minor axis 30 units 


In Exercises 53-62, sketch the ellipse. Identify its ver- 
tices and co-vertices. See Example 4. 


= x2 y2 x2 y? 
a Dee 
! gE Gy | 
x2 Me x2 y2 
Se ae 
oe 4 16 ; =e Sle eth) : 
x2 y2 x2 y2 
57. y= ngZa bonne) OR 
7+ 3579 * 16/9 SE ky 74a 
(294 tacks Wile As a80) 60. 4x7 + 9y? — 36 = 0 


61. 10x2 + 16y2 — 160 = 0 
62. 16x2 + 4y? — 64 = 0 


=: In Exercises 63-66, use a graphing utility to graph the 


ellipse. Identify the vertices. (Note: Solve for y.) 
63. x? + 2y2 =4 64. 9x7 + y? = 64 
65.30 Py — 12 = 0 66.75x%° +72)" 10 =) 


In Exercises 67-78, sketch the hyperbola. Identify its 
vertices and asymptotes. See Example S. 


(IP 2 - yr =9 68. 32 — x 

69. y7 —x7 = 1 tho gerne 

n.<- 2-1 Gy - == 1 

3.2 -~ =| m4, - 2 =| 
Sa 2 

CF ial ee ree 


TT. 4? eG) 78. Ay? — 937 — 36 =) 
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In Exercises 79-86, find an equation of the hyperbola In Exercises 87-90, use a graphing utility to graph the 


centered at the origin. See Example 6. 


Vertices Asymptotes 
BA(-4,0), (4,0) y=2 er 
80. (—2, 0), (2, 0) y Sax y=-tx 
81. (0, —4), (0, 4) sa mete 
(Op 2) (O82) y = 3x See ys 
83. (—9, 0), (9, 0) yo Paes 
84. (0, —5), (0,5) — =e 
85. (0, —1), (0, 1) weave ne 9 
6/(-1, 0), (1, 0) ye be ee 


_ Solving Problems 


101. Satellite Orbit Find an equation of the circular 
fs orbit of a satellite 500 miles above the surface of 
the earth. Place the origin of the rectangular coor- 
dinate system at the center of the earth and assume 
the radius of the earth is 4000 miles. 


Bee erie The top portion of a stained-glass 


a window is in the form of a pointed Gothic arch (see 
figure). Each side of the arch is an arc of a circle of 
radius 12 feet and center at the base of the opposite 
arch. Find an equation of one of the circles and use 
it to determine the height of the point of the arch 
above the horizontal base of the window. 


|<——— 12 ft ———>| 


. Graphical Estimation _ A rectangle centered at the 
origin with sides parallel to the coordinate axes is 
placed in a circle of radius 25 inches centered at the 
origin (see figure). The length of the rectangle is 2x 

_. inches. 


(a) Show that the height and area are given by 


2./625 — x2 and 4x./625 — x’, respectively. 


equation. (Note: Solve for y.) 


89. 5x* — 2y? +10 =0 90. x? — 2y? -4=0 


In Exercises 91-100, identify the graph of the equation 
as a line, circle, parabola, ellipse, or hyperbola. 
92. y = 10 — 3x 
<94.-4,2 + 4y? = 36 
96. x27 — 4y + 2x = 0 
98. 2x* + 2y? = 


6100- y? aie te 


COL = 22 - 8x +2 
93. 4x2 + 9y* = 36 
95. 4x? — 9y* = 36 

C9? + y—1=—0 

99. 3x +2 =0 


(b) Use a graphing utility to graph the area func- 
tion. Approximate the value of x for which the 
area is maximum. 


104. Height of an Arch A semicircular arch for a tun- 
nel under a river has a diameter of 100 feet (see fig- 
ure). Find an equation of the circle. Determine the 
height of the arch 5 feet from the edge of the tunnel. 


<< 100t0— >| 
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05g ofanArch A semielliptical arch for a tun- 
nel under a river has a width of 100 feet and a 
height of 40 feet (see figure). Find an equation of 
the ellipse. Determine the height of the arch 5 feet 
from the edge of the tunnel. 


106. 


109. 
110. 


111. 


112. 


113. 


114. 


Bicycle Chainwheel The pedals of a bicycle drive 
a chainwheel, which drives a smaller sprocket wheel 
on the rear axle (see figure). Many chainwheels are 
circular. Some, however, are slightly elliptical, which 
tends to make pedaling easier. Find an equation of an 
elliptical chainwheel that measures 8 inches at its 
widest point and 1b inches at its narrowest point. 


Rear sprocket cluster Front 


derailleur 


/ 7 Front 
chainwheels 


IRS Rear derailleur 


Guide pulley 
Explaining Concepts | 


Name the four types of conics. 


Define a circle and give the standard form of the 
equation of a circle centered at the origin. 

Define an ellipse and give the standard form of the 
equation of an ellipse centered at the origin. 
Define a hyperbola and give the standard form of 
the equation of a hyperbola centered at the origin. 
How can you tell if an ellipse is a circle from the 
equation? 


From its equation, how can you determine the 
lengths of the axes of an ellipse? 


107. Area_ The area A of the ellipse 
(igo ML! 
is given by A = zrab. Find the equation of an ellipse 
with area 301.59 square units and a + b = 20. 
108. (a) Sketch a graph of the ellipse that consists of all 
points (x, y) such that the sum of the distances 
between (x, y) and two fixed points is 15 units 
and for which the foci are located at the centers 
of the two sets of concentric circles in the figure. 
(b) Sketch a graph of the hyperbola that consists of 
all points (x, y) such that the difference of the 
distances between (x, y) and two fixed points is 
8 units and for which the foci are located at the 
centers of the two sets of concentric circles in 
the figure. 
LO ve 
PEAS 
SSNS 
SSS 
OOO 
Wines 
NM 
HEY 
ane XXL a z, 
SSS 
TOS Te 
COO 
SESE 
115. Explain how the central rectangle of a hyperbola 
can be used to sketch its asymptotes. 
Think About It \n Exercises 116 and 117, describe the 
part of the hyperbola 
ane 
4 9 


given by the equation. 


116. 


x= 30+ ¥ 117. y =3/—4 
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Graphs of Rational Functions 


4 1] Use a table of values to sketch Introduction 


the graph of a rational function. 
Recall that the domain of a rational function consists of all values of x for which 


oe the denominator is not zero. For instance, the domain of 

i 

Katee 

4 LG ane 

4 

ss is all real numbers except x = 1. When graphing a rational function, pay special 
5 attention to the shape of the graph near x-values that are not in the domain. 

rd 


rk 


Sketching the Graph of a Rational Function 


4 1 ee 

4 Sketch the graph of f(x) = , 

G = 

Solution 

A Begin by noticing that the domain is all real numbers except x = 1. Next, 
Z construct a table of values, including x-values that are close to 1 on the left and 


e the right. 


x-Values to the Left of 1 


x-Values to the Right of 1 


Plot the points to the left of 1 and connect them with a smooth curve, as shown 
in Figure 7.38. Do the same for the points to the right of 1. Do not connect the 
two portions of the graph, which are called its branches. 


© Bh ean ray 
Se es a a 
AX ake el Ue 


In Figure 7.38, as x approaches 1 from the left, the values of f(x) approach 
negative infinity, and as x approaches 1 from the right, the values of f(x) approach 
positive infinity. 
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Determine horizontal and 
vertical asymptotes of a rational 
function. 


am Technology: 
tip 


A graphing utility can help you 
sketch the graph of a rational 
function. With most graphing 
utilities, however, there are 
problems with graphs of rational 
functions. If you use connected 
mode, the graphing utility will 
try to connect any branches of 
the graph. If you use dot mode, 
the graphing utility will draw 

a dotted (rather than a solid) 
graph. Both of these options are 
shown below for the graph of 


y= Die 3) 


Dot Mode 


Horizontal and Vertical Asymptotes 


An asymptote of a graph is a line to which the graph becomes arbitrarily close 
as |x| or |y| increases without bound. In other words, if a graph has an asymptote, 
it is possible to move far enough out on the graph so that there is almost no 
difference between the graph and the asymptote. 

The graph in Figure 7.39(a) has two asymptotes: the line x = —2 is a verti- 
cal asymptote, and the line y = 1 is a horizontal asymptote. The graph in Figure 
7.39(b) has three asymptotes: the lines x = —2 and x = 2 are vertical asymptotes, 
and the line y = 2 is a horizontal asymptote. 


y 


Xadoul Xa 
Graph of y = —— = 
(a) Graph of y A Sar (b) Graph of y <a Ey, 
Horizontal asymptote: y = 1 Horizontal asymptote: y = 2 
Vertical asymptote: x = —2 Vertical asymptotes: x = +2 


Figure 7.39 


The graph of a rational function may have no horizontal or vertical asymp- 
totes, or it may have several. 


P Guidelines for Finding Asymptotes 
Let f(x) = p(x)/q(x), where p(x) and g(x) have no common factors. 


1. The graph of f has a vertical asymptote at each x-value for which the 
denominator is zero. 


2. The graph of f has at most one horizontal asymptote. 


(a) If the degree of p(x) is less than the degree of q(x), the line 
y = Ois a horizontal asymptote. 


(b) If the degree of p(x) is equal to the degree of g(x), the line 
y = a/b is a horizontal asymptote, where a is the leading coeffi- 
cient of p(x) and b is the leading coefficient of g(x). 


(c) If the degree of p(x) is greater than the degree of g(x), the graph 
has no horizontal asymptote. 


Horizontal 
asymptote: 
y=0 


Figure 7.40 


Vertical 
, asymptotes: 
4 —l, x= 1 


Figure 7.41 
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Finding Horizontal and Vertical Asymptotes 


Find all horizontal and vertical asymptotes of the graph of 


2x 


LO) ae el 


Solution 


For this rational function, the degree of the numerator is less than the degree of 
the denominator. This implies that the graph has the line 


= 0 Horizontal asymptote 
M4 P 


as a horizontal asymptote, as shown in Figure 7.40. To find any vertical asymp- 
totes, set the denominator equal to zero and solve the resulting equation for x. 


3x7 +1=0 Set denominator equal to zero. 


Because this equation has no real solution, you can conclude that the graph has 
no vertical asymptote. 


Remember that the graph of a rational function can have at most one hori- 
zontal asymptote, but it can have several vertical asymptotes. For instance, the 
graph in Example 3 has two vertical asymptotes. 


Finding Horizontal and Vertical Asymptotes 


Find all horizontal and vertical asymptotes of the graph of 


2 
f@) =. 


Solution 


For this rational function, the degree of the numerator is equal to the degree of 
the denominator. The leading coefficient of the numerator is 2, and the leading 
coefficient of the denominator is 1. So, the graph has the line 


y= i = Y Horizontal asymptote 


as a horizontal asymptote, as shown in Figure 7.41. To find any vertical asymp- 
totes, set the denominator equal to zero and solve the resulting equation for x. 


x —-1=90 Set denominator equal to zero. 
(+ 1)(x — 1) =0 Factor. 

x+1=0 E> x=-1 Set Ist factor equal to 0. 

x-1=0 > x= 1 Set 2nd factor equal to 0. 


This equation has two real solutions: —1 and 1. So, the graph has two vertical 
asymptotes: the lines x = —1 and x = 1. 
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Use asymptotes and intercepts 
to sketch the graph of a rational 
function. 


Horizontal c 
asymptote: |" 


ee 


Figure 7.42 
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Graphing Rational Functions 


To sketch the graph of a rational function, we suggest the following guidelines. 


‘iz ; 

> Guidelines for Graphing Rational Functions 
Let f(x) = p(x)/q(x),, where p(x) and q(x) have no common factors. 
1. Find and plot the y-intercept (if any) by evaluating f(0). 


2. Set the numerator equal to zero and solve the equation for x. The real 
solutions represent the x-intercepts of the graph. Plot these intercepts. 


3. Find and sketch the horizontal and vertical asymptotes of the graph. 


4. Plot at least one point both between and beyond each x-intercept and 
vertical asymptote. 


5. Use smooth curves to complete the graph between and beyond the 
vertical asymptotes. 


felilelitcl @) Sketching the Graph of a Rational Function 


Sketch the graph of f(x) = —. 


Solution 


: 


6. If p(x) and g(x) have a common factor x — a, then the graph of 
p(x)/q(x) has a hole at x = a. 


Begin by noting that the numerator and denominator have no common factors. 


Following the guidelines above produces the following. 


D yy 
° Because f(0) = 0s the y-intercept is (0. -) 


* Because the numerator is never zero, there are no x-intercepts. 


¢ Because the denominator is zero when x — 3 = 0 or x = 3, the line x = 3 isa 


vertical asymptote. 


* Because the degree of the numerator is less than the degree of the denominator, 


the line y = 0 is a horizontal asymptote. 


Plot the intercepts, asymptotes, and the additional points from the following table. 
Then complete the graph by drawing two branches, as shown in Figure 7.42. Note 


that the two branches are not connected. 


win | oy 


Figure 7.43 


Figure 7.44 


Pp asymptotes: 
x=-2,x=2 
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A Rational Function with a Hole in Its Graph 


Sketch the graph of f(x) = =——. 
graph of f(x) = 3— 

Solution 

Begin by noting that the numerator and denominator have a common factor x, 

and so the graph has a hole at x = 0. 

ad 

bog el Ie 

¢ Because the numerator of the simplified form is never zero, there are no x- 

intercepts. 


* The simplified form of the equation is f(x) = 


¢ Because the denominator is never zero, there are no vertical asymptotes. 
* Because the degree of the numerator is less than the degree of the denominator, 
the line y = 0 is a horizontal asymptote. 


By identifying the hole, sketching the asymptotes, and plotting the additional 
points from the following table, you can obtain the graph shown in Figure 7.43. 


Sketching the Graph of a Rational Function 


4x? 
Sketch the graph of f(x) = Ti 
Solution 
Begin by noting that the numerator and denominator have no common factors. 
4(0)? : 
¢ Because f(0) = 2-4 = 0, the y-intercept is (0, 0). 
¢ Because the numerator is zero when 4x? = 0 or x = 0, the x-intercept is (0, 0). 
¢ Because the denominator is zero when x? — 4 = 0 or (x — 2)(x + 2) = 0, the 
lines x = 2 and x = —2 are vertical asymptotes. 


¢ Because the degree of the numerator equals the degree of the denominator, the 
line y = a/b = 4/1 = 4 is a horizontal asymptote. 


By plotting the intercept, sketching the asymptotes, and plotting the additional 
points from the following table, you can obtain the graph shown in Figure 7.44. 
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Use the graph of a rational 
function to solve an application 
problem. 


_ 3.25x + 850 


Average cost (in dollars) 


1000 2000 3000 4000 5000 
Calendars printed 


Figure 7.45 


Application | 


Finding the Average Cost ©) ! 


As a fundraising project, a club is publishing a calendar. The cost of photography 
and typesetting is $850. In addition to these “one-time” charges, the unit cost of 
printing each calendar is $3.25. Let x represent the number of calendars printed. 
Write a model that represents the average cost per calendar. 


Solution 


To begin, you need to find the total cost of printing the calendars. The verbal model 
for the total cost is 


Total _ Unit | Number of Cost of photography 


cost cost calendars and typesetting 


The total cost C of printing x calendars is 
C = 3.25x + 850. Total cost function 


The verbal model for the average cost per calendar is 


Average _ Total cost 


cost Number of calendars 


The average cost per calendar C for printing x calendars is 


Oi Soe sal) 
era a 


C= 


Average cost function 


From the graph shown in Figure 7.45, notice that the average cost decreases as 
the number of calendars increases. 


als; it possib le 
per calendar 
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Integrated Review Concepts, Skills, and Problem Solving 
Keep mathematically in shape by doing these 6. 3x(5 — 2x) 


exercises before the problems of this section. 7. (2x — 15) 
Properties and Definitions 8. Gx 2)Gx% = 10) 
1. Identify the leading coefficient in 7x? + 3x — 4. S(t) = VIG atk) 
Explain. 10. (x + 3)(x? — 3x + 9) 
ee State the degree of the product (x* + 3)(x — 4). Problem Solving 


Explain. 

CH. The height of a triangle is 12 meters less than 
its base. Find the base and height of the triangle 
if its area is 80 square meters. 


3. Sketch a graph for which y is not a function of 
x. Explain. 


4. Sketch a graph for which y is a function of x. 


Explain. 12. An open box with a square base is to be con- 


eS ae | structed from 825 square inches of material. 
Multiplying Expressions What should be the dimensions of the base if 


. . > 9 
Pine xercice, 5-110; find the product. the height of the box is to be 10 inches? 


5. —2x°(5x°) 
Developing Skills 
Numerical Analysis _\n Exercises 1 and 2, (a) complete Numerical Analysis \n Exercises 3-6, (a) complete 
each table, (b) use the tables to sketch the graph, and (c) each table, (b) use the tables to sketch the graph, and 
determine the domain of the function. See Example 1. (c) determine the domain of the function. 


0 0.5 0.9 0.99 0.999 2.999 


Sil 3.01 3.001 


100 | 1000 


7A. } (x) —— Ps 1h ae 3. f(x) =2+ — 4. f(x) = Z : 


i. fat 1.01 1.001 
2 2a) 


x 


SG oe 


x7 -9 
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In Exercises 7-24, find the domain of the function and 
identify any horizontal and vertical asymptotes. See 
Examples 2 and 3. 


GH) =3 8. g(x) = = 
9. fe) = fb) fu) =~ 

11. 2(1) = = = 2 12. h(x) = ri : 
(ote a 

ibe gu) = t(t = 1) (16. AON 7 : i 
eb y= = 18. g(0) = 
pie sie | rs gazes 
2ige(z) = ‘2, h(v) =—-2 
Dey es aoe - 24, f(t) => — 4 


In Exercises 25-28, identify the horizontal and vertical 
asymptotes of the function. Use the asymptotes to 
match the rational function with its graph. [The graphs 
are labeled (a), (b), (c), and (d).] 


Cet, 


26. f(x) = 


se ae 
5p ae Ml 


a 28. f(x) = - 


je = I 


2D Fo) = 


In Exercises 29-32, match the rational function with its 
graph. [The graphs are labeled (a), (b), (c), and (d).] 


(a) (b) 


-10 


31. f(x) = 


eicka? (whawe xD 


In Exercises 33-58, sketch the graph of the function. As 
sketching aids, check for intercepts, vertical asymp- 
totes, and horizontal asymptotes. See Examples 4-6. 


(331 HO 2 34, fe). = 3 
35. 2(x) = a 36. f(x) = aa 
37. f(x) =—— 43) f) = — 

x = D es gece It 
39. s(x) = 5 : 40. g(x) = — 
410 y meee ae pret ave 
43. h(u) = = ae 44. g(v) = 2 
45. -a"* AG via 
47, y = = AS is “ 5 


Oe ecares SUE ear 
51. s() = 3 - = 52. fl) == 42 
y= s4.-y = 58 
55. f(x) = , 56, g(x) 2 = 5 
57. f(x) = oa 58. 9(0) = 5 — 5 


= In Exercises 59-68, use a graphing utility to graph the 
function. Give the domain of the function and identify 
any horizontal or vertical asymptotes. 


Bx 
ie ap 2 


xe ap 2 


59. f(x) = 60. f(x) = 


_ Solving Problems 


=| 71. Average Cost The cost of producing x units of a 
product is C = 2500 + 0.50x, x > 0. 


(a) Write the average cost C as a function of x. 


(b) Find the average cost of producing x = 1000 
and x = 10,000 units. 

(c) Use a graphing utility to graph the average cost 
function. Determine the horizontal asymptote of 
the graph. Interpret the result. 

“| 72. Average Cost The cost of producing x units of a 

product is C = 30,000 + 1.25x, x > 0. 

(a) Write the average cost C as a function of x. 

(b) Find the average cost of producing x = 10,000 
and x = 100,000 units. 

(c) Use a graphing utility to graph the average cost 
function. Determine the horizontal asymptote of 
the graph. Interpret the result. 

Medicine The concentration of a certain chemical 

in the bloodstream ¢ hours after injection into the 

muscle tissue is given by 


meee oy Wg 
eeAye EOS) 


4 73. 


C 0. 
(a) Determine the horizontal asymptote of the func- 
tion and interpret its meaning in the context of 
the problem. 
(b) Use a graphing utility to graph the function. 
Approximate the time when the concentration is 
the greatest. 


Hg 


& Think About It 
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33 2 
Glo) = Z 62.. h(x) = : 
a Kae 
6 3 
2 = : =2+ 
EA eos. 5 G4) ae 
; PE ate 7 io Se 
ise oe (he eee 
sa ie 
l Lee 
TR ee ee .y=i-- 
ore x-2 ee 


In Exercises 69 and 70, use a graphing 
utility to graph the function. Explain why there is no 
vertical asymptote when a superficial examination of the 
function seems to indicate that there should be one. 


4 —2x x= 9 
69. (x) = Sen 70. h(x) = Paree 


74. Concentration of a Mixture A 25-liter container 
contains 5 liters of a 25% brine solution. You add x 
liters of a 75% brine solution to the container. The 
concentration C of the resulting mixture is 


3 ae SD 
oon A(x + 5)’ 
(a) Determine the domain of the rational function 
based on the physical constraints of the problem. 


(b) Use a graphing utility to graph the function. As 
the container is filled, what does the concentra- 
tion of the brine appear to approach? 

75. Geometry A rectangular region of length x and 
width y has an area of 400 square meters. 


(a) Sketch a figure that gives a visual representation 
of the problem. 


(b) Verify that the perimeter P is given by 
4 
P= af. +P 0) 
Xx 


(c) Determine the domain of the function based on 
the physical constraints of the problem. 

(d) Use a graphing utility to graph the function. 
Approximate the dimensions of the rectangle 
that has a minimum perimeter. 


Q 31. 
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76. Sales The cumulative number N (in thousands) of 
units of a product sold over a period of ¢ years is 
modeled by 

_ 150x(1 + 44) 
Oe 575 a 
(a) Estimate NV when t = 1, t = 2, andt = 4. 
(b) Use a graphing utility to graph the function. 
Determine the horizontal asymptote. 


(c) Explain the meaning of the horizontal asymptote 
in the context of the problem. 


Think About It \n Exercises 77-80, write a rational 
function satisfying each of the criteria. Use a graphing 
utility to verify the results. 
77. Vertical asymptote: x = 3 

Horizontal asymptote: y = 2 


Zero of the function: x = —1 
_ Explaining Concepts — 


Answer parts (c)—(e) of Motivating the Chapter on 
page 423. 


82. In your own words, describe how to determine the 
domain of a rational function. Give an example of a 
rational function whose domain is all real numbers 
Except 2. 


83. In your own words, describe what is meant by an 
asymptote of a graph. 
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78. 
79. 


80. 


84. 


85. 


Vertical asymptote: x = —2 

Horizontal asymptote: y = 0 

Zero of the function: x = 3 

Vertical asymptotes: x = 4 and x = —2 
Horizontal asymptote: y = 0 

Zero of the function: x = 6 

Vertical asymptotes: x = 1 andx = —1 
Horizontal asymptote: y = 1 


Zero of the function: x = 0 


True or False? If the graph of a rational function f 
has a vertical asymptote at x = 3, it is possible to 
sketch the graph without lifting your pencil from the 
paper. Explain. 

Does every rational function have a vertical asymp- 
tote? Explain. 


constant of 


varies directly, p. 424 
varies directly as the nth 


varies inversely, p. 427 
varies jointly, p. 429 


7.1 
i: 


Key Terms 


linear inequality, p. 435 

proportionality, p. 424 
p. 436 

half-planes, p. 436 

parabola, p.443 

vertex of a parabola, 
p. 443 


power, p. 426 


Key Concepts 


Direct variation 


The following three statements are equivalent. 
a. y varies directly as x. 

b. y is directly proportional to x. 

c. y = kx for some constant k. 


2. If y = kx", then y is directly proportional to the nth 


7.1 
cor. 


power of x. 


Inverse variation 


The following three statements are equivalent. 
a. y varies inversely as x. 

b. y is inversely proportional to x. 

c. y = k/x for some constant k. 


2. If y = k/x", then y is inversely proportional to the 


nth power of x. 


Joint variation 


iB 


2, 


The following three statements are equivalent. 
a. z varies jointly as x and y. 

b. z is jointly proportional to x and y. 

c. z = kxy for some constant k. 


If z = kx"y™, then z is jointly proportional to the nth 
power of x and the mth power of y. 


Guidelines for graphing a linear inequality 


i. 


De 


Replace the inequality sign by an equal sign, and 
sketch the graph of the resulting equation. 

Test one point in one of the half-planes formed by the 
graph in Step 1. If the point satisfies the inequality, 


shade the entire half-plane to denote that every point 


in the region satisfies the inequality. If the point does 
not satisfy the inequality, then shade the other half- 
plane. 


graph of a linear inequality, 


conic sections, p. 453 


hyperbola, p. 457 


circle, p. 453 vertices of a hyperbola, 
ellipse, p. 455 p. 457 
vertices of an ellipse, asymptotes of a 
p. 455 hyperbola, p. 457 
co-vertices of an ellipse, asymptotes of a rational 
p. 455 function, p. 466 


Sketching a parabola 


i 


Determine the vertex and axis of the parabola by 
completing the square or by formula. 


. Plot the vertex, axis, and a few additional points on 


the parabola. 


. Use the fact that the parabola opens upward if a > 0 


and opens downward if a < 0 to complete the sketch. 


Standard forms of the equations of conics 


1. 


Circle with center at the origin and radius r: 
Rye = 


. Circle with center at (h, k) and radius r: 


ey 4G ie 


. Ellipse with center at the origin: 


Guidelines for graphing rational functions 


Let f(x) 


= p(x)/q(x), where p(x) and g(x) have no 


common factors. 


i. 
2 


oF 


Find and plot the y-intercept and the x-intercept(s). 
Find and sketch the horizontal and vertical asymp- 
totes of the graph. 

Plot at least one point both between and beyond each 
x-intercept and vertical asymptote. 


. Use smooth curves to complete the graph between 


and beyond the vertical asymptotes. 


. If p(x) and q(x) have a common factor » x — a, then 


the graph of p(x)/q(x) has a hole at x = a. 
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THES au 


REVIEW EXERCISES 


Reviewing Skills 


= Se swiss 


6 \n Exercises 1-4, find a mathematical model for 
the verbal statement. 

1. P varies directly as the cube of f. 

2. R varies jointly as u and v. 

3. z varies inversely as the square of s. 


4. F varies directly as g and inversely as r?. 


In Exercises 5-8, find the constant of proportionality 
and write an equation that relates the variables. 


5. y varies directly as the cube root of x, and y = 12 
when x = 8. 
6. r varies inversely as s, and r = 45 when s = - 


7. T varies jointly as r and the square of s, and 
T = 5000 when r = 0.09 and s = 1000. 
8. D is directly proportional to the cube of x and 


inversely proportional to y, and D = 810 when 
x = 3 and y = 25. 


In Exercises 9-16, sketch the graph of the solution 
of the inequality. 


9 y>4 10. x < 5 
1G 222 0 12S yea. 0 
13.920 y-<o1 14. 3x —4y > 2 


15. -@-1)< 4y-2 16. (y = 3) = 2% — 5) 


= In Exercises 17-20, use a graphing utility to graph 
(shade) the solution of the inequality. 


17. y < 12 — 3x 
19 eee 0 


18 y< ne sell 

20. 4x — 3y = 2 

731 Exercises 21-24, determine the vertex of the 
graph of the quadratic function. 


Pile. Meg) = Ge — he ae & 
23ohwW) =217 — a + 3 


22. g(x) = x2 + 12x -—9 
24. f(t) = 32 + 2t- 6 


In Exercises 25-28, sketch the graph of the function. 
Identify the vertex and any x-intercepts. Use a graphing 
utility to verify your results. 


25. y = x* + 8x 26:5)) 8 


Ko 


CR ee 


DT Vie oe ONES 285 y =x ax 10 
‘ 


In Exercises 29-32, identify the transformation of the 
graph of f(x) = x? and sketch a graph of h. 

29. h(x) =x +3 30. h(x) = 3x7 = 1 

S12. Ge=1Ce 2) 32. h(x) = @ — 2)? + 4 


In Exercises 33-38, write the standard form of an equa- 
tion of the parabola that satisfies the conditions. 

33. Vertex;(3;.5)3) @ == 2 

34. Vertex: (—2,3); a =3 

35. Vertex: (2, —5); y-intercept: (0, 3) 

36. Vertex: (—4, 0); y-intercept: (0, —6) 

37. Vertex: (5,0); passes through the point (1, 1) 

38. Vertex: (—2,5); passes through the point (0, 1) 


In Exercises 39-44, match the equation with the 
correct graph. [The graphs are labeled (a), (b), (c), (d), 
(e), and (f).] 


(b) 


39. 4x? + 4y? = 81 40. 3x + 5y-= 15 
y? 2 ae ve 
ee | 42. —+-= 
Bathe. smi Vie 

2 2 
43. y= -x7 + 6x —-5 44.5 +5 = 1 


In Exercises 45-54, identify and sketch the conic. 


45..x7-— 2y = 0 46. x? — y? = 4 
47. x* + y* = 64 48. x* + 4y* = 64 
49. y=(« -— 6)? + 1 50. y= 9 — (x — 3)? 
ey ey 
.= +2 .=- = 
a! DS 4 : <0 DS 4 : 


53. 4x2 + 4y-9=0 54. 2+ 9y-9=0 


In Exercises 55-62, find the standard form of the equa- 
tion of the conic meeting the given criteria. 
55. Parabola: Vertex: (5, 0) 
Passes through the point (1, 1) 
56. Parabola: Vertex: (—2,5) 
Passes through the point (0, 1) 
57. Ellipse: Vertices: (0, —5), (0, 5) 
Co-vertices: (—2, 0), (2, 0) 
58. Ellipse: Vertices: (—10, 0), (10, 0) 
Co-vertices: (0, —6), (0, 6) 
59. Circle: Center: (0, 0) 
Radius: 20 
60. Circle: Center: (3, —2) 
Radius: 4 
61. Hyperbola: Vertices: (—3, 0), (3, 0) 
Asymptotes: y = —4x, y= ASG 
62. Hyperbola: Vertices: (0, —4), (0, 4) 
Asymptotes: y = 2x, y = —2x 


Yes) In Exercises 63-66, match the function with its 
graph. [The graphs are labeled (a), (b), (c), and (d).] 


Review Exercises 477 


ape 


blO=85 66477 ys 
Egg ult Ae 
5 
OSC AS) i weg 
6x rt Soe: 
65. f(x) = = 66. f(x) = TS 


In Exercises 67-82, use asymptotes and intercepts to 
graph the rational function. 


67. fl) = -2 68. f(x) = 5 

69. P(x) = ane 70. s(x) = ar 2 
71. 2(x) = 2 72. h(x) = - ~ : 

73. flx) = 24 74. f) = => 
ROE ai 76. ex) = 7 <A 
71. yaar 78. ee 

79. y = ore 80. y = ae 

81. y = x2 z a5 4 ehh Ee 7 : 3 


Think About It \n Exercises 83 and 84, write a ration- 
al function satisfying each of the criteria. Use a graph- 
ing utility to verify the results. 
83. Vertical asymptote: x = 4 

Horizontal asymptote: y = 3 

Zero of the function: x = 0 
84. Vertical asymptote: x = —3 

Horizontal asymptote: y = 0 


Zero of the function: x = 2 
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85. 


86. 


87. 


88. 


89. 


90. 


Ee 91. 


Solving Problems _ 
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Hooke’s Law A force of 100 pounds stretches a = 92. Graphical Estimation The number N of orders for 


spring 4 inches. Find the force required to stretch the 
spring 6 inches. 

Stopping Distance The stopping distance d of an 
automobile is directly proportional to the square of its 
speed s. How will the stopping distance be changed 
by doubling the speed of the car? 


Demand Function A company has found that the 
daily demand x for its product varies inversely as the 
square root of the price p. When the price is $25, the 
demand is approximately 1000 units. Approximate 
the demand if the price is increased to $28. 


Weight of an Astronaut The gravitational force F 
with which an object is attracted to the earth is 
inversely proportional to its distance r from the 
center of the earth. If an astronaut weighs 200 
pounds on the surface of the earth (r ~ 4000 miles), 
what will the astronaut weigh 500 miles above the 
earth’s surface? 


Weekly Pay You have two part-time jobs. One is at 
a grocery store, which pays $8 per hour, and the 
other is mowing lawns, which pays $10 per hour. 
Between the two jobs, you want to earn at least $200 
a week. Write an inequality that shows the different 
numbers of hours you can work at each job, and 
sketch the graph of the inequality. From the graph, 
find several ordered pairs with positive integer coor- 
dinates that are solutions of the inequality. 


Perimeter of a Rectangle The perimeter of a rec- 
tangle of length x and width y cannot exceed 800 
feet. Write a linear inequality for this constraint and 
sketch its graph. 


Graphical Estimation The height y (in feet) of a 
ball thrown by a child is given by 


Ee 
=— + 3x + 
y 10* Bx +26 


where x is the horizontal distance (in feet) from 

where the ball was thrown. 

(a) Use a graphing utility to graph the path of the 
ball. 


(b) How high was the ball when it left the child’s 
hand? 


(c) What was the maximum height of the ball? 


(d) How far from the child did the ball hit the 
ground? 


93. 


U.S. civil jet transport aircraft for the years 1990 
through 1996 is approximated by the model 


N = 65350 = 379.897 4802.0). Usa 


where ft represents the calender year, with t = O cor- 
responding to 1990. (Source: Aerospace Industries 
Association of America) 


(a) Use a graphing utility to graph the function N. 


(b) Use the graph in part (a) to approximate the year 
when the number of orders was minimum. 


(c) Use the model to predict the number of orders in 
the year 2000. 


Satellite Orbit Find an equation of the circular 
orbit of a satellite 1000 miles above the surface of 
the earth. Place the origin of the rectangular coordi- 
nate system at the center of the earth and assume that 
the radius of the earth is 4000 miles. 


94. Average Cost A business produces x units at a cost 


95: 


96. 


of C = 0.5x + 500. The average cost per unit is 


Za € 05x + 500 
Xx X 


> 0) 


Find the horizontal asymptote and state what it rep- 
resents in the model. 


Population of Fish The Parks and Wildlife 
Commission introduces 80,000 fish into a lake. The 
population of the fish (in thousands) is 
a 20(4 + 37) 
Lr O:0525 
where f is time in years. 
(a) Find the population when ¢ is 5, 10, and 25. 


(b) Find the horizontal asymptote and state what it 
represents in the model. 


Seizure of Illegal Drugs The cost (in millions of 
dollars) for a government agency to seize p% of a 
certain illegal drug as it enters the country is 


28 
= £00 =p’ 0 sp 100; 
(a) Find the cost of seizing 25%. 
(b) Find the cost of seizing 75%. 


(c) According to this model, would it be possible to 
seize 100% of the drug? Explain. 
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Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


Figure for 11 


Figure for 12 


1 


Write a mathematical model for the statement, “S varies directly as the square 
of x and inversely as y.” 


. Find the constant of proportionality if v varies directly as the square root of 


3 
u, and v = 5 when u = 36. 


In Exercises 3 and 4, sketch the graph of the solution of the linear inequality. 


o 


5 
6. 


y<4 A SkiaeO 


Write an inequality for the shaded region shown in the figure. 
Sketch the graph of f(x) = —2(x — 2)? + 8. Label its vertex and intercepts. 


In Exercises 7-10, identify the conic and sketch its graph. 


ls 


14. 


2+ y= Pa gira 
Xeeecy 9 8 Gute 1 
ene SN ie a ae 
9 ime 10. y = & — 3) 


. Find an equation of the circle shown in the figure. 
. Find an equation of the parabola shown in the figure. 
. Find the standard form of the equation of the ellipse with vertices (0, — 10) 


and (0, 10) and co-vertices (— 3, 0) and (3, 0). 


Find the standard form of the equation of the hyperbola with vertices (— 3, 0) 


and (3, 0) and asymptotes y = 3x and y = —3x. 


In Exercises 15 and 16, graph the function and identify any asymptotes. 


15: 


17. 


18. 


19: 


3 “4 Ox 
eae 10.2 (es aie eas 


ihisbs 


If the temperature of a gas is not allowed to change, its absolute pressure P 
is inversely proportional to its volume V, according to Boyle’s Law. A large 
balloon is filled with 180 cubic meters of helium at atmospheric pressure 
(1 atm) at sea level. What is the volume of the helium if the balloon rises to 
an altitude at which the atmospheric pressure is 0.75 atm? (Assume that the 
temperature does not change.) 


A warehouse operator has up to 24,000 square feet of floor space in which to 
store two products. Each unit of product I requires 20 square feet of floor 
space and each unit of product II requires 30 square feet. Write a linear 


inequality that models this constraint. Graph the inequality. 


The revenue R for a chartered bus trip is given by R = = 35 (n? — 240n), 


where n is the number of passengers and 80 < n < 160. How many passen- 
gers will produce a maximum revenue? Explain your reasoning. 
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Systems of Equatioh: oo 
| women’s NCAA soccer -2 Linear Systems in Two Variables 
-3 Linear Systems in Three Variables . 
-4 Matrices and Linear Systems _ 


: Determinants and Linear Systems 


Motivatin g the Chapter 


| o Soccer Club Fundraiser 


A collegiate soccer club has a fundraising dinner. Student tickets sell for $8 
and nonstudent tickets sell for $15. There are 115 tickets sold and the total 
revenue is $1445. 


- See Section 8.2, Exercise 78 


a. Set up a system of linear equations that can be used to determine how 
many tickets of each type were sold. 


b. Solve the system in part (a) by the method of substitution. 


a  ¢. Solve the system in part (a) by the method of elimination. 


_ The soccer club decides to set goals for the next fundraising dinner. To meet 
_ these goals, a “major contributor” category is added. A person donating 
~ $100 is considered a major contributor to the soccer club and receives a 
“free” ticket to the dinner. The club’s goals are to have 200 people in 

- attendance, with the number of major contributors being one-fourth the 
4 number of students, and to raise $4995. 


a Section 8.3, Exercise ‘65: = 


4 d. Set up a system of linear equations to determine how many of each 
kind of ticket would need to be sold for the second fundraising dinner. 


e. Solve the system in part (d) by Gaussian elimination. 


f. Would it be possible for the soccer club to meet its goals if only 18 
_ people donated $100? Explain. 


See Section 8.5, Exercise 100 


g. Solve the system in part (d) using matrices. 


h. Solve the system in part (d) using determinants. 
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Determine if an ordered pair 
is a solution of a system of 
equations. 


Systems of Equations 


Many problems in business and science involve systems of equations. These 
systems consist of two or more equations, each containing two or more variables. 


ax + by=c Equation 1 
dx + ey=f Equation 2 


A solution of such a system is an ordered pair (x, y) of real numbers that satisfies 
each equation in the system. When you find the set of all solutions of the system 
of equations, you are solving the system of equations. 


=eliiel(-tie Checking Solutions of a System of Equations 


Which of the ordered pairs is a solution of the system: (a) (3, 3) or (b) (4, 2)? 


x een 0 Equation | 
2X5 Die), Equation 2 
Solution 


a. To determine whether the ordered pair (3, 3) is a solution of the system of 
equations, substitute x = 3 and y = 3 into each of the equations. Substituting 
into Equation | produces 


See) et 4 Substitute 3 for x and 3 for y. 
Substituting into Equation 2 produces 
2(3) o 5(3) # —2. Xx Substitute 3 for x and 3 for y. 


Because the ordered pair (3,3) fails to check in both equations, you can 
conclude that it is not a solution of the original system of equations. 


b. By substituting x = 4 and y = 2 into the original equations, you can deter- 
mine that the ordered pair (4, 2) is a solution of the first equation 


AP Ot .6 1 f, Substitute 4 for x and 2 for y. 
and is also a solution of the second equation 

2(4) = 5(2) = —2, J Substitute 4 for x and 2 for y. 
So, (4, 2) is a solution of the original system of equations. 


D solve a system of equations 
graphically. 
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Solving Systems of Equations by Graphing 


A system of two equations in two variables can have exactly one solution, more 
than one solution, or no solution. In practice, you can gain insight about the loca- 
tion and number of solutions of a system of equations by sketching the graph of 
each equation in the same coordinate plane. The solutions of the system 
correspond to the points of intersection of the graphs. For instance, Figure 8.1 
shows the graphs of three pairs (systems) of equations. 


One solution Two solutions No solution 
Figure 8.1 


For a general system of equations, it is possible to have exactly one solution, 
two or more solutions, or no solution. For a system of linear equations, the sec- 
ond of the three possibilities is different. 

Specifically, if a system of linear equations has two different solutions, it 
must have an infinite number of solutions. To see why this is true, consider the 
following graphical interpretations of a system of two linear equations in two 
variables. (Remember that the graph of a linear equation in two variables is a 
straight line.) 


> Graphical Interpretation of Solutions 


For a system of two linear equations in two variables, the number of 
solutions is given by one of the following. 
Number of Solutions Graphical Interpretation 


1. Exactly one solution The two lines intersect at one point. 
The system is called consistent. 


2. Infinitely many solutions The two lines are identical. The 
system is called dependent 
(consistent). 

3. No solution The two lines are parallel. The 


system is called inconsistent. 


These three possibilities are shown in Figure 8.2 on page 484. 


Note that the word consistent is used to mean that the system of linear equa- 
tions has at least one solution, whereas the word inconsistent is used to mean that 
the system of linear equations has no solution. 
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Study Tip 


Note that for dependent sys- 
tems, the slopes of the lines and 
the y-intercepts are equal. For 
inconsistent systems, the slopes 
are equal, but the y-intercepts of 
the two lines are different. 


Figure 8.3 


Consistent Dependent (consistent) Inconsistent 
Two lines intersect at a Two lines coincide and Two lines are parallel 
single point. have infinitely many and have no point of 
(Slopes are not equal.) points of intersection. intersection. 

(Slopes are equal.) (Slopes are equal.) 
Figure 8.2 


You can see from Figure 8.2 that a comparison of the slopes of two lines 
gives useful information about the number of solutions of the corresponding sys- 
tem of equations. So, to solve a system of equations graphically, it helps to begin 
by writing the equations in slope-intercept form. 


The Graphical Method of Solving a System 


Use the graphical method to solve the system of equations. 


Deyn Equation 1 
2x = Oy = 1 Equation 2 
Solution 


Because both equations in the system are linear, you know that they have graphs 
that are straight lines. To sketch these lines, first write each equation in slope- 
intercept form, as follows. 


2 7 
y= ae ar 3 Equation 1 
2 1 
Ja Be + a Equation 2 


Because their slopes are not equal, you can conclude that the graphs will intersect 
at a single point. The lines corresponding to these two equations are shown in 
Figure 8.3. From this figure, it appears that the two lines intersect at the point 
(2, 1). You can check these coordinates as follows. 


Substitute into Ist Equation Substitute into 2nd Equation 


IBA Sy rte gl 2X Via 
a % 
22) ete 37. 2(2) — 501) = 1 
T=71V7A = 1S 


Because both equations are satisfied, the point (2, 1) is a solution of the system. 


| 
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Solve a system of linear Solving Systems of Equations by Substitution 
equations algebraically using the 
method of substitution. Solving a system of equations graphically is limited by the ability to sketch an 


accurate graph. It is difficult to obtain an accurate solution if one or both coordi- 
nates of a solution point are fractional or irrational. One analytic way to deter- 
mine an exact solution to a system of two equations in two variables is to convert 
the system to one equation in one variable by an appropriate substitution. 


=> clils)(e i The Method of Substitution: One-Solution Case 


Solve the system of equations. 


Ser ye Equation 1 
3x +y=—-1 Equation 2 
Solution 


Begin by solving for y in Equation 1. 
Vax tO Revised Equation | 


Next, substitute this expression for y into Equation 2. 


Sekar Equation 2 
Beas) — 1 Substitute x + 3 for y. 
Ae ops) = == 4] Combine like terms. 
4x = —4 Subtract 3 from both sides. 
x=-1 Divide both sides by 4. 
Study Tip At this point, you know that the x-coordinate of the solution is — 1. To find the 


y-coordinate, back-substitute the x-value into the revised Equation 1. 
_ The term back-substitute 
implies that you work back- 
wards. After finding a value for y=-1+3 SHbshnite il fore 
one of the variables, substitute 
that value back into one of the 
equations in the original (or The solution is (—1, 2). Check this in the original system of equations. 
revised) system to find the value 
of the other variable. 


y=xt+3 Revised Equation 1 


y=2 Simplify. 


When you use substitution, it does not matter which variable you solve for 
first. Whether you solve for y first or x first, you will obtain the same solution. 
When making your choice, you should choose the variable that is easier to work 
with. For instance, in the system 


ax ee2y =a Equation 1 
x + 4y =3 Equation 2 
it is easier to begin by solving for x in the second equation. But in the system 
ax+- y= 15 Equation 1 
3x — 2y= 11 Equation 2 


it is easier to begin by solving for y in the first equation. 
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Solve a nonlinear system of 
equations algebraically using the 
method of substitution. 


The steps for using substitution are summarized as follows. | 


> The Method of Substitution 
. Solve one of the equations for one variable in terms of the other. 


. Substitute the expression obtained in Step 1 into the other equation 
to obtain an equation in one variable. 


. Solve the equation obtained in Step 2. | | 


. Back-substitute the solution from Step 3 into the expression obtained 
in Step | to find the value of the other variable. 


. Check the solution in the original system. 


Solving Nonlinear Systems 


Both of the equations in Example 3 are linear. That is, the variables x and y appear 
in the first power only. The method of substitution can also be used to solve a 
system of equations in which one or both of the equations are nonlinear. 


Example 4 


The Method of Substitution: Nonlinear Case 


Solve the system of equations. 


Dae age ey Ns Equation 1 
=44-y == 1 Equation 2 
Solution 


In this system it is easier to solve for y in Equation 2. 
bet eat Revised Equation 2 


Substitute this expression for y into Equation 1. 


Re aelbs = Ie = Oe Substitute x — 1 for y in Equation 1. 
ee (Gn et 5 Use FOIL Method. 
De Dh ms DENG) Combine like terms. : 
2024) (oat 3) 0) Factor. 
(Ae) x =4 _ Set factor equal to 0 and solve for x. 


(x + 3)=0 


xX = —3 Set factor equal to 0 and solve for x. 


Finally, back-substitute these values of x into the revised second equation to solve 
for y. For x = 4, you have 


y=4-1=3 Substitute 4 into revised Equation 2. 
which implies that (4, 3) is a solution. For x = —3, you have 
yao = a Substitute —3 into revised Equation 2. 


which implies that (—3, —4) is a solution. Check these in the original system. 


Solve an application problem 
using a system of equations. 


Mark Joseph/Tony Stone Images 


In 1997, there were about 1.1 
million newly constructed single- 
family houses completed. The 
median floor area was 1975 
square feet. 
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Applications 


To model a real-life situation with a system of equations, you can use the same 
basic problem-solving strategy that has been used throughout the text. 


Write a Tee Write an Solve the Answer 
verbal —> ; ane — algebraic — algebraic — the 
model. Ose model. model. question. 


After answering the question, remember to check the answer in the original 
statement of the problem. 


ele) (-eeme An Application @ 


A roofing contractor bought 30 bundles of shingles and four rolls of roofing paper 
for $528. A second purchase (at the same prices) cost $140 for eight bundles of 
shingles and one roll of roofing paper. Find the price per bundle of shingles and 
the price per roll of roofing paper. 


Solution 
Verbal Price of Frice.or, \ 
Model: ( a ee | as ( a roll nee 
Price of Price of 
+ = 

( a bundle a roll He 

Labels: Price of bundle of shingles = x (dollars) 
Price of roll of roofing paper = y (dollars) 

System: 30x + 4y = 528 Equation 1 

8x + y = 140 Equation 2 


Solving the second equation for y produces y = 140 — 8x, and substituting this 
expression into the first equation produces the following. 


3x + 4(140 — 8x) = 528 Substitute 140 — 8x for y. 
B0KeteS00i—"S2%— 928 Distributive Property 
— 2h) Simplify. 
x= 16 Divide both sides by —2. 


Back-substituting x = 16 into the revised second equation produces 
y— 140 — 86) Substitute 16 for x. 
= 12. Simplify. 


So, you can conclude that the price of shingles is $16 per bundle and the price of 
roofing paper is $12 per roll. Check this in the original statement of the problem. 


Check 
Equation 1 Equation 2 
? 9 
30(16) + 4(12) = 528 8(16) + 12 = 140 Substitute 16 for x and 12 for y. 
480 + 48 = 528 128 + 12 = 140 Solution checks. A 
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C= 0.80x + 14,000 


SS 


40,000 


30,000 


20,000 


Cost and revenue 
(in dollars) 


10,000 


20,000 40,000 
Number of units 


Figure 8.4 
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The total cost C of producing x units of a product usually has two compo- 
nents—the initial cost and the cost per unit. When enough units have been sold 
so that the total revenue R equals the total cost, the sales are said to have reached 
the break-even point. You can find this break-even point by setting C equal to R 
and solving for x. In other words, the break-even point corresponds to the point 
of intersection of the cost and revenue graphs. 


‘ 


elle(sce8 | An Application: Break-Even Analysis @ 


A small business invests $14,000 in equipment to produce a product. Each unit of 
the product costs $0.80 to produce and is sold for $1.50. How many items must 
be sold before the business breaks even? 


Solution 

Verbal Total _ Cost _ Number Initial 

Model: cost per unit of units cost 
Total Price |= Number 
revenue perunit _—of units 

Labels: Total cost = C (dollars) 
Cost per unit = 0.80 (dollars per unit) 
Number of units = x (units) 
Initial cost = 14,000 (dollars) 
Total revenue = R (dollars) 
Price per unit = 1.50 (dollars per unit) 

System: C = 0.80x + 14,000 Equation 1 
R = 1.50x Equation 2 


Because the break-even point occurs when R = C, you have 
1.5x = 0.8x + 14,000 
0.7x = 14,000 
x = 20,000. 


So, it follows that the business must sell 20,000 units before it breaks even. Profit 
P (or loss) for the business can be determined by the equation P = R — C. Note 
in Figure 8.4 that sales less than the break-even point correspond to a loss for the 
business, whereas sales greater than the break-even point correspond to a profit 
for the business. The following table helps confirm this conclusion. 


' 5000 10,000 | 15,000 | 20,000 | 25,000 

a ips alfa 1] 

| $O wT) 

| $ $7500 $15,000 | $22,500 | $30,000 | $37,500 

| $14,000 | $18,000 | $22,000 28.000 $30,000 | $34,000 
— $14,000 | — $10,500 | — $7000 | —$3500 | $0 $3500 
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Example 7 An Interest Rate Problem ( 


A total of $12,000 was invested in two funds paying 6% and 8% simple interest. 
If the interest for 1 year is $880, how much of the $12,000 was invested in each 
fund? 


Solution 
Verbal Amount in mr Amount in _ 12.000 
Model: 6% fund 8% fund ; 
oe ee + el a - eo 
Labels: Amount in 6% fund= x (dollars) 
Amount in 8% fund= y (dollars) 
System: ob y = 12,000 Equation | 
0.06x + 0.08y = 880 Equation 2 
Begin by solving for x in the first equation. 
x + y = 12,000 Equation | 
x = 12,000 — y Revised Equation 1 


Substituting this expression for x into the second equation produces the following. 


0.06x + 0.08y = 880 Equation 2 
0.06(12,000 — y) + 0.08y = 880 Substitute 12,000 — y for x. 
720 — 0.06y + 0.08y = 880 Distributive Property 
0.02y = 160 Santee 
y = 8000 Simplify. 


Back-substitute for y in the revised first equation. 


x = 12,000 — y Revised Equation 1 
x = 12,000 — 8000 Substitute 8000 for y. 
x = 4000 Simplify. 


So, $4000 was invested in the fund paying 6% and $8000 was invested in the fund 
paying 8%. Check this in the original statement of the problem. 


| Problem Posing 


u wan fo) create several systems of equations with relatively simple 

ions that students can use for practice. Discuss how to create a 

m of equations that has a given solution. Illustrate your method 

by creating a system of linear equations that has one of the following 

oe solutions: (1, 4), (—2, 5), (—3, 1), or (4, 2). Trade your system for that 

_ of another student, and verify that each other’s systems have the 
desired solutions. 
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Integrated Review Concepts, Skills, and Problem Solving 


Keep mathematically in shape by doing these Go i bx = 15 8. Tae — 4) = 6 
exercises before the problems of this section. eS 

Properties and Definitions In Exercises 9 and 10, solve for y in terms of x. 
1. Sketch the graph of a line with positive slope. 9. 3x + 4y—5=0 


2. Sketch the graph of a line with undefined slope. AW ix jy 6 = 0 


3. The slope of a line is —3. What is the slope ofa | Graphing 


3 : . . . 9 5; is 
@) fire pot epesculor Julie ne In Exercises 11-14, sketch the graph of the linear 
4, 


Two lines have slopes m = —3 and m= . equation. 
Which line is steeper? Explain. 


: cm Ly == 3x8 2 12. 4x — 2y = -—4 
“BEINGS Be Ean 13. 3x + 2y =8 14.x+3=0 
In Exercises 5-8, solve the equation and check 
your answer. 
Sy ol4y = OS) 6.7% + Oe 2x) 4 
Developing Skills 
In Exercises 1-8, determine whether each ordered pair In Exercises 9-16, determine whether the system Is con- 
is a solution of the system of equations. See Example 1. sistent or inconsistent. 

(i/ x+2y= 9 2. 5x — 4y = 34 (9/x + 2y =6 10. x—2y=3 
—2x + 3y — 10 x-—2y= 8 x ly = 3 2x — 4y =7 
(and) (a) (0, 3) 1 2k — 39 = 12 12. —5x + 8y'= 38 
(Gu 1) (b)) (6; —1) Ox i2y =a be 7x — 4y = 14 

3) 2x + Ty = 46 4. -5x-2y= 23 1 Sey 7 (1) 3 + y= 28 : 

3x ye 0 x + 4y = -19 34 = 12y= = 21 —4x+ 9y= | 
(By (3) (34) 15. aa ee 16. 9x + 6y = 10 
(b) (—2, 6) (baw) 6x — 4y = -3 = OX 4 ed 

3. 4x — Sy = 12 6. 2x - y=1.5 “ 

AA e9 ys 9.5 Ay oye =e In Exercises 17-20, use a graphing utility to graph the 

4 equations in the system. Use the graphs to determine 
(a) , 4) (a) (0, a whether the system is consistent or inconsistent. If 
(b) & —2) b) (2, 3) the system is consistent, determine the number of 

Tee nye HOO 8./x2 + y?=17 solutions. 
17x — Ty = 169 x +3y = 7 17. 3% =) = 1 18. x+y=5 
(a) AS; = 12) (a) (4, 1) = okt vers 0 x-y=5 
(b) (—7, 10) (b) (2, 1) 19. -2i-eBy = 6 20. 2x — 4y =9 


Lies — | x-2=45 
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In Exercises 21-28, use the graphs of the equations to 


In Exercises 29-42, solve the system of linear equations 
determine whether the system has any solutions. Find 


by graphing. See Example 2. 


any solutions that exist. 


(29,9 = = 7 r'3 


30. y= re 4 


2Z2l.x+y= 4 919 a Ne y= x+1 y= —4y4+] 
oe Mi ata x+2y=4 31.x-y=2 32.x-y=0 
x+y=2 x+y=4 

33. 3x - 4y = f D4) 5x + 2y = 18 

x = 3 we y= 2 

35. 4x + Sy = 20 36. —x + 3y=7 

gx + y= 4 2x — 6by = 6 

(31 2x — Sy = 20 38. 5x + 3y = 24 

ae 4x — Sy = 40 Gly 0 

a) sy ean 39. xt+ y=2 40. 4x — 3y = -3 

2x + 3y = 3 ~4x + 2y = -12 pate are pee eros oe 

41. 4x + 5y=7 (42,7ix+4y= 6 

2x > 3y = 9 It = Bye S25 


zs In Exercises 43-46, use a graphing utility to graph the 


equations and approximate any solutions of the system 


of equations. 


43. y = x? 44, y= 8 — x? 

y=4x — x? y=6-x 

Jaz 45. y=x7 46. y =x? — 2x 

@ oe yi "— 426.2% — Sy =) 6 NereE3 io ay ee 
Oca ye— a 2 4x + 3y = 12 


In Exercises 47-76, solve the given system by substitu- 


5x + l6oy = 


y 4x + 3y = 12 tion. See Examples 3 and 4. 
o~ 
(47,7 x — 2y = 0 48. x- y=0 
3x + 2y = 8 5x — 2y =6 
49. x = 4 50. y= 2 
Xs Lyte 2 Mit Sis 
Skok y= 52) -—x + y= 
3 2x ry) =10) x-4y= 
27. x —2y=4 Sa ey 54.x-—2y=-1 
oy — 0 a 
ul antares Ly ae 2 
(55x + 6y = 19 56. x — Sy = —6 
ee 
Aly SS eh 4x —3y = 10 
57. 8x + Sy = 100 58. x + 4y = 300 
9x — 10y = 50 Sy ke ey 
59, —13x + l6y = (60. 2x + Sy = 29 


5x + 2y = 13 
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61. 4x — 14y = -15 62. 
18x-12y= 9 
63) 4x +3y = 8 


yy 


5x — 24y = -12 
17x — 24y = 36 


64. 5x + dy = 10 
3 


x + y = 20 ax Ty Sed 
65. y = 2x? 66. y = 5x? 
y =t=2e + 2 y = —15x -— 10 
67. 3x + 2y = 30 (6B) x + 2y = 16 
y = 3x? x = 5y? 
69.x7+y= 9 70. x — y? =0 
x =-y=—-3 be ae 
71)x2 + y? = 100 72. 2 + y? = 169 
hea 2 Leh e— eg 
(bp ge 3) SP 74. x7°+2y= 6 
3x Fy =2 Keyes 4 
Gh, gs 22 VS OR (1) 2 - y= 16 
2h Say 3xe = ye 12 


Solving Problems 


(83) Break-Even Analysis A small business invests 

\~ $8000 in equipment to produce a product. Each unit 
of the product costs $1.20 to produce and is sold for 
$2.00. How many items must be sold before the busi- 
ness breaks even? 


84. Break-Even Analysis A business invests $50,000 
in equipment to produce a product. Each unit of the 
product costs $19.25 to produce and is sold for 
$35.95. How many items must be sold before the 
business breaks even? 


85. Break-Even Analysis Suppose you are setting up a 
small business and have invested $10,000 to produce 
an item that will sell for $3.25. If each unit can be 
produced for $1.65, how many units must you sell to 
break even? 


86. Break-Even Analysis Suppose you are setting up a 
small business and have made an initial investment 
of $30,000. The unit cost of the product is $16.40, 
and the selling price is $31.40. How many units must 
you sell to break even? 


87. Simple Interest A combined total of $20,000 is 
invested in two bonds that pay 8% and 9.5% simple 
interest. The annual interest is $1675. How much is 
invested in each bond? 


=. In Exercises 77 and 78, use a graphing utility to graph 


each equation in the system. The graphs appear paral- 
lel. Yet, from the slope-intercept forms of the lines, you 
can find that the slopes are not equal and so the graphs 
intersect. Find the point of intersection of the two lines. 


Tl. == 100 y= 72 00 
3x — 2/5y = 198 


Ths Shien = sane 

12%, Lly=192 
Think About It \n Exercises 79-82, write a system of 
equations having the given solution. 
79. (4, 5) 80. (—2, 6) 
Sean) 82. (5, 3) 


/ | 8 Simple Interest A combined total of $12,000 is 
ies invested in two bonds that pay 8.5% and 10% simple 


interest. The annual interest is $1140. How much is 
invested in each bond? 

89. Simple Interest A combined total of $25,000 is 
invested in two funds paying 8% and 8.5% simple 
interest. The annual interest is $2060. How much is 
invested in each fund? 


Number Problems _\n Exercises 90-93, find two posi- 
tive integers that satisfy the given requirements. 


90. The sum of two numbers is 80 and their difference is 
18. 


(91) The sum of the larger number and twice the smaller 
‘ number is 61 and their difference is 7. 

92. The sum of two numbers is 52 and the larger 
number is 8 less than twice the smaller number. 


93. The sum of two numbers is 160 and the larger 
number is 3 times the smaller number. 


Geometry 


In Exercises 94-97, find the dimensions of 


the rectangle meeting the specified conditions. 


94. 50 feet 
95. 


96. 
57. 


98. 


Explaining Concepts 
100. 
101. 


102. 


103. 


Perimeter Condition 


The length is 5 feet greater than 


the width. 
320 inches The width is 20 inches less than 
the length. 
68 yards The width is 75 of the length. 
90 meters The length is ib; times the width. 
Dimensions of a Corral You have 250 feet of 


fencing to enclose two corrals of equal size (see fig- 
ure). The combined area of the corrals is 2400 
square feet. Find the dimensions of each corral. 


|<——_—__ y——_> | 


What is meant by a solution of a system of equa- 
tions in two variables? 

List and explain the basic steps in solving a system 
of equations by substitution. 

When solving a system of equations by substitu- 
tion, how do you recognize that the system has no 
solution? 

What does it mean to back-substitute when solving 
a system of equations? 


es 99, 


104. 


105. 


106. 
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Graphical Analysis From 1980 through 1996, the 
northeastern part of the United States grew at a 
slower rate than the western part. Models that rep- 


resent the populations of the two regions are 


E = 49,088.2 + 194.6 — 2.29? Northeast 
W = 43,132.9 + 977.3t West 


where E and W are the populations in thousands and 
tis the calendar year, with t = 0 corresponding to 
1980. Use a graphing utility to determine when the 
population of the West overtook the population of 
the Northeast. (Source: U.S. Bureau of the 
Census) 


Give a geometric description of the solution of a 
system of equations in two variables. 


Describe any advantages of the method of substitu- 
tion over the graphical method of solving a system 
of equations. 


Is it possible for a consistent system of linear equa- 
tions to have exactly two solutions? Explain. 
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1} Solve a system of linear 
equations algebraically using 
the method of elimination. 


The Method of Elimination 


In Section 8.1, you studied two ways of solving a system of equations—substitu- 
tion and graphing. In this section, you will study a third way—the method of 
elimination. 

The key step in the method of elimination is to obtain, for one of the 
variables, coefficients that differ only in sign so that when the two equations are 
added this variable is eliminated. Notice how this is accomplished in Example 1— 
when the two equations are added, the y-terms are eliminated. 


The Method of Elimination 


Example 1 


Solve the system of linear equations. 


3x + 2y = 4 Equation 1 
Dp) I = ts Equation 2 
Solution 


Begin by noting that the coefficients of y differ only in sign. By adding the two 
equations, you can eliminate y. 


3x + 2y= 4 Equation 1 
5x —2y= 8 Equation 2 
8x = 12 Add equations. 


3 . . : ‘i . 
So, x = 3. By back-substituting this value into the first equation, you can solve 
for y, as follows. 


3x + 2y =4 Equation 1 
3 3 
2) = 2y=4 Substitute 5 for x. 
ae =i Lite 
y 5 Simplify. 
1 
YS a Divide both sides by 2. 


. p. (fo) 1 : é 2 eae 
The solution is 3, —4). Check this solution in the original system of linear 
equations. 
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The steps for solving a system of linear equations by the method of elimina- 
tion are summarized as follows. 
> The Method of Elimination 


1. Obtain coefficients for x (or y) that differ only in sign by multiplying 
all terms of one or both equations by suitably chosen constants. 


. Add the equations to eliminate one variable and solve the resulting 


equation. 


. Back-substitute the value obtained in Step 2 into either of the 
original equations and solve for the other variable. 


. Check your solution in both of the original equations. 


To obtain coefficients (for one of the variables) that differ only in sign, you 
often need to multiply one or both of the equations by a suitable constant. 


=><liule(-wam The Method of Elimination 


Solve the system of linear equations. 


4x — Sy = 13 Equation 1 
Die Nie] Equation 2 
Solution 


To obtain coefficients of y that differ only in sign, multiply Equation 2 by —5. 
4x—S5y=13 > 4¢-S5y= 13 Equation 1 


Seay 7 > alte Ove. Multiply Equation 2 by —S. 


= Ibs = —22 Add equations. 


So, x = 2. Back-substitute this value into Equation 2 and solve for y. 


3%. — y=) Equation 2 
3(2) —y=7 Substitute 2 for x. 
Vi sah Solve for y. 


The solution is (2, — 1). Check this in the original system of equations, as follows. 


Substitute into 1st Equation 


4x — 5y = 13 Equation 1 
G) 
4(2) — 5(-—1) = 13 Substitute 2 for x and — 1 for y. 
8+5= 13 Solution checks. / 


Substitute into 2nd Equation 
3x -—y=7 Equation 2 
Se ka) 


6b = 7 Solution checks. / 


| 


7 Substitute 2 for x and —1 for y. 


496 Chapter 8 Systems of Equations 


Example 3 shows how the method of elimination can be used to determine 
that a system of linear equations has no solution. 


Setuls)(-s) | The Method of Elimination: No-Solution Case 


Solve the system of linear equations. 
4 


3x + 9y = 8 : Equation 1 
2x + 6y =7 Equation 2 
Solution 


To obtain coefficients of x that differ only in sign, multiply the first equation by 
2 and multiply the second equation by —3. 


3x + 9y = 8 6x + 18y = 16 Multiply Equation 1 by 2. 
2x + 6y =7 = 60 = iS ye= 21 Multiply Equation 2 by —3. 
= > —5 Add equations. 
Because 0 = —5S is a false statement, you can conclude that the system is incon- 


sistent and has no solution. You can confirm this by graphing the lines corre- 
sponding to the two equations given in this system, as shown in Figure 8.5. 
Because the two lines are parallel, the system is inconsistent. 


Example 4 shows how the method of elimination works with a system that 
has infinitely many solutions. 


iS elinye)(2 75) The Method of Elimination: Many-Solutions Case 


Solve the system of linear equations. 


elt OVE Equation 1 
4x — 12y = -6 Equation 2 
Solution 


To obtain coefficients of x that differ only in sign, multiply the first equation by 2. 


—4x+ 12y= 6 Multiply Equation 1 by 2. 
4x — 12y = -—6 Equation 2 
0O= O Add equations. 


Because 0 = 0 is a true statement, the system has infinitely many solutions. You 
can confirm this by graphing the lines corresponding to the two equations, as 
shown in Figure 8.6. So, the solution set consists of all points (x, y) lying on the 
Figure 8.6 line —2x, + 6y = 3; 


Use a system of equations to 
solve an application problem. 


Section 8.2 Linear Systems in Two Variables 497 


Applications 


To determine whether a real-life problem can be solved using a system of linear 
equations, consider the following. (1) Does the problem involve more than one 
unknown quantity? (2) Are there two (or more) equations or conditions to be 
satisfied? If one or both of these conditions occur, the appropriate mathematical 
model for the problem may be a system of linear equations. 


A company with two stores buys six large delivery vans and five small delivery 
vans. The first store receives four of the large vans and two of the small vans for a 
total cost of $160,000. The second store receives two of the large vans and three 
of the small vans for a total cost of $128,000. What is the cost of each type of van? 


Solution 
The two unknowns in this problem are the costs of the two types of vans. 


Verbal | (a Se Ve 
Model: (ee) A (| = $160,000 
2( ee )+3(2 | — ieee 
large van ‘small van 
Labels: Cost of large van = x (dollars) 
Cost of small van = y (dollars) 
System: 4x + 2y = 160,000 Equation 1 
2x + 3y = 128,000 Equation 2 


To solve this system of linear equations, use the method of elimination. To obtain 
coefficients of x that differ only in sign, multiply the second equation by —2. 


4x + 2y = 160,000 E> 4x+ 2y= 160,000 
2x + 3y = 128,000 > —4x — 6y = —256,000 = Multiply Equation 2 by —2. 
—4y = -—96,000 = Add equations. 
y= 24,000 _ Divide by —4. 


The cost of each small van is y = $24,000. Back-substitute this value into 
Equation 1 to find the cost of each large van. 


4x + 2y = 160,000 Equation 1 
4x + 2(24,000) = 160,000 Substitute 24,000 for y. 
4x = 112,000 Simplify. 
x = 28,000 Divide both sides by 4. 


The cost of each large van is x = $28,000. Check this solution in the original 
statement of the problem. 
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setuye((e = An Application Involving Two Speeds ©) 


You take a motorboat trip on a river (18 miles upstream and 18 miles 
downstream). You run the motor at the same speed going up and down the river, 
but because of the river’s current, the trip upstream takes 15 hours and the trip 
downstream takes only 1 hour. Determine the speed of the current. 


1 


Solution 


Verbal Boatspeed _ Speedof _ Upstream 
Model: (still water) current speed 


Boat speed Speed of Downstream 
(still water) current speed 


Labels: Boat speed in still water = x (miles per hour) 
Current speed = y (miles per hour) 
Upstream speed = 18/1.5 = 12 (miles per hour) 
Downstream speed = 18/1 = 18 (miles per hour) 


System: x — y = 12 Equation 1 
x+y= 18 Equation 2 


To solve this system of linear equations, use the method of elimination. 


Neon p= Equation | 
x+y= 18 Equation 2 
DK = 30 Add equations. 


So, the speed of the boat in still water is 15 miles per hour. Back-substitute this 
value into Equation 2 to find the speed of the current. 


15 +y= 18 Substitute 15 for x in Equation 2. 
y=3 Subtract 15 from both sides. 


The speed of the current is 3 miles per hour. Check this solution in the original 
statement of the problem. 


ept__ Fitting a Line to Data 


States in 1993 was $121,100, and in 1997 it was $135,400. Suppose 
you wish to find a linear equation that fits the points representing these 
data: (3, 121,100) and (7, 135,400). You remember that one form of 
the equation of a line is y = mx + b, but you can’t remember how to. 
use the methods for finding the equation of a line that you used in pre- 
vious chapters. Write a system of equations that could be solved to find — 
the values of m and b. Solve the system and write the linear equation 
that fits the data. Interpret the slope in the context of the data. By your 
model, what was the median purchase price of a home for first-time 
buyers in 1995? The actual median purchase price of a home for first- 
time buyers in 1995 was $128,300. How does the value obtained from 
your model compare? (Source: National Association of Realtors) 


Section 8.2 Linear Systems in Two Variables 499 


Integrated Review Concepts, Skills, and Problem Solving 


Keep mathematically in shape by doing these Ae 6x S12 Gi 2x 


exercises before the problems of this section. 
"Idx — 12 <0 8. 4x +429 


P rti d Definiti 
rope les an erinitions Problem Solving 


1)” Name the property illustrated by 2(x + y) = ; 
2x + 2y. 9. The annual operating cost of a truck is 


C = 0.45m + 6200, where m is the number of 
miles traveled by the truck in a year. What 
number of miles will yield an annual operating 
4A Sd cost that is less than $15,000? 
x-4+4=7+4 10 


2. What property of equality is demonstrated in 
solving the following equation? 


- You must select one of two plans of payment 
x= ih when working for a company. One plan pays 
$2500 per month. The second pays $1500 per 


Solving Inequalities month plus a commission of 4% of your gross 


In Exercises 3-8, solve the inequality. sales. Write an inequality whose solution is 
such that the second option gives the greater 
34 f= 20 5 = 9 ape d <6 monthly wage. Solve the inequality. 


Developing Skills 


In Exercises 1-12, solve the system of linear equations 3.4 =a 2y 1 AN the vie) 
by elimination. Identify and label each line with its x- y=2 3x — 2y = 10 
equation and label the point of intersection (if any). 
See Examples 1-4. 


Cort y=4 2 xt 3y=2 


cy = 2 —Ketely — >. 
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Te x= Gy =*1 
=3x + 3y=8 


8. 3x+ 4y=2 
0.6x + 0.8y = 1.6 


23. 2x +y= 9 
3x —y = 16 
25. 2u+ 3v= 8 
3u + 4v = 13 
272 IZ — ye 
e —24x + 10y = 6 
(29. 3r—- s= 0 
~~ 10r + 4s = 19 


CADIr — 3 =—25 


2 Tee 4 
26. 4x — 3y = 25 

=3x + 8y = 10 
28. ~2x + 3y == Y 

OXe= VE 27, 


ih = y=-3 
4x — 48y = —35 


10. 


5x + 4y =7 


11. 2x — 8y = -11 12. 3x + 4y = 0 


31. 0.05x — 0.03y = 0.21 
boa = y=9 
32. 0.02x — 0.05y = —0.19 
0.03x + 0.04y = 0.52 
33. 0.7u- v=-—04 
0.3u—0.8v= 0.2 
Aa.) 0.15x — 0.35y = —0.5 
— 0.1236) 0:25 yes Onl 
35. 5x Alaly= 2) 
x+14y= 5 
36. 12b—- 13m= 2 
—60>, Om — 2 


In Exercises 13-40, solve the system of linear equations 


by the method of elimination. See Examples 1-4. 


(13) 3x — 2y = 5 


14. -x+2y= 9 


x 2y = 7 x + 3y = 16 
15. 4x+ y=-3 16. —3x + 5y = —23 
—4xi+-3y = 23 ea 2 Ve meee 
17. 3x — 5y =1 8.) -2 + 2y= 12 
2x Sy = 9 x + 6y = 20 
19. 5x +2y= 7 20. 4x + 3y = 8 
347— ey 913 x —2y.= 13 
(41) x-3y=2 22.25 me 
\Y 3x — Ty = 4 3s + 4¢ = -14 


37. y= 4 
—x+4y=-1 
38. 12x — 3y = 6 
4x- y=2 
392% = 25 


4x — 10y = 0.52 


40. 6x — 6y = 25 
3y = 11 


In Exercises 41-48, solve the system by any convenient 


method. 


(41) 3x + 2y=5 


42. 4x+y=-2 


‘ y= 2x 413 —6x+y= 18 
43.0\ = Ox 44, 3y = 2x + 21 
y==2y + 11 x = 50 -— 4y 
45. 2x—y= 20 (46) 3x — 2y = —20 
=O ae Sp. oS) Sx 4 Gy) = 32 
47. 3x + 2y = 12 48. x+2y=4 
ixt y= 4 Iytiy=1 


In Exercises 49-54, decide whether the system is consis- 
tent or inconsistent. 


ee 


AM.) 4x- Sy= 3 50. 4x-— S5y= 3 
Or LOY =3—6 —8x + 10y = 14 
Ble 2x + Sy = 3 (Say x + 10y 12 
5x + 2y = 8 Set soy 


Bo: a LOX, lovee 1.025 Da AN 
2X AO Syl 24 


Sy = 28 
= tne. 2O5y = — 14 


_ Solving Problems 


59. Break-Even Analysis You are planning to open a 
small business. You need an initial investment of 
$85,000. Each week your costs will be about $7400. 
If your projected weekly revenue is $8100, how 
many weeks will it take to break even? 


60. Break-Even Analysis A small business invests 
$8000 in equipment to produce a product. Each unit 
of the product costs $1.20 to produce and is sold for 
$2.00. How many units must be sold before the busi- 


_-ness breaks even? 
(6 Kimp Interest A combined total of $20,000 is 


invested in two bonds that pay 8% and 9.5% simple 
interest. The annual interest is $1675. How much is 
invested in each bond? 


62. Simple Interest A total of $4500 is invested in two 
funds paying 4% and 5% simple interest. The annu- 
al interest is $210. How much is invested in each 
fund? 


63. Average Speed A van travels for 2 hours at an aver- 
age speed of 40 miles per hour. How much longer 
must the van travel at an average speed of 55 miles 
per hour so that the average speed for the total trip 

will be 50 miles per hour? 

iA ‘Average Speed A truck travels for 4 hours at an 

7 average speed of 42 miles per hour. How much 
longer must the truck travel at an average speed of 55 
miles per hour so that the average speed for the total 
trip will be 50 miles per hour? 

65. Air Speed An airplane flying into a headwind trav- 
els 1800 miles in 3 hours and 36 minutes. On the 
return flight, the same distance is traveled in 3 hours. 

“Find the speed of the plane in still air and the speed 
of the wind, assuming that both remain constant 
throughout the round trip. 
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In Exercises 55 and 56, determine the value of k such 
that the system of linear equations is inconsistent. 


55. 5x —10y = 40 56. 12x —- 18y= 5 
—2x + ky = 30 —18x+ ky=10 


In Exercises 57 and 58, find a system of linear equa- 
tions that has the given solution. (There are many cor- 
rect answers. ) 


57. (3, —3) 58. (—8, 12) 


66. Air Speed An airplane flying into a headwind trav- 
els the 3000-mile flying distance between two cities 
in 6 hours and 15 minutes. On the return flight, the 
distance is traveled in 5 hours. Find the speed of the 
plane in still air and the speed of the wind, assuming 
that both remain constant throughout the round trip. 


67. Ticket Sales Five hundred tickets were sold for a 
fundraising dinner. The receipts totaled $3312.50. 
Adult tickets were $7.50 each and children’s tickets 
were $4.00 each. How many tickets of each type 
were sold? 


68. Ticket Sales A fundraising dinner was held on two 
consecutive nights. On the first night, 100 adult tick- 
ets and 175 children’s tickets were sold, for a total of 
$937.50. On the second night, 200 adult tickets and 
316 children’s tickets were sold, for a total of 
$1790.00. Find the price of each type of ticket. 


) Gasoline Mixture Twelve gallons of regular 
unleaded gasoline plus 8 gallons of premium unlead- 
ed gasoline cost $23.08. The price of premium 
unleaded is 11 cents more per gallon than the price 
of regular unleaded. Find the price per gallon for 
each grade of gasoline. 


70. Gasoline Mixture The total cost of 8 gallons of 
regular unleaded gasoline and 12 gallons of premium 
unleaded gasoline is $27.84. Premium unleaded 
gasoline costs $0.17 more per gallon than regular 
unleaded. Find the price per gallon for each grade of 
gasoline. 


71. Alcohol Mixture How many liters of a 40% alco- 
hol solution must be mixed with how many liters of 
a 65% solution to obtain 20 liters of a 50% solution? 
/72.) Acid Mixture Fifty gallons of 70% acid solution is 
obtained by mixing an 80% solution with a 50% 
solution. How many gallons of each solution must be 
used to obtain the desired mixture? 
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WS 


74. 


TES 


76. 


Q 78. 


79. 


80. 
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Nut Mixture Ten pounds of mixed nuts sell for 
$6.95 per pound. The mixture is obtained from two 
kinds of nuts, with one variety priced at $5.65 per 
pound and the other at $8.95 per pound. How many 
pounds of each variety of nut were used in the 
mixture? 

Best-Fitting Line The slope and y-intercept of the 
line y = mx + b that best fits the three noncollinear 
points (0, 0), (1, 1), and (2 , 3) are given by the solu- 
tion of the following system of linear equations. 


5m + 3b =7 
3m + 3b=4 
(a) Solve the system and find the equation of the 


best-fitting line. 


(b) Plot the three points and sketch the graph of the 
best-fitting line. 

Best-Fitting Line The slope and y-intercept of the 

line y = mx + D that best fits the three noncollinear 

points (0, 4), (1, 2), and (2, 1) are given by the solu- 

tion of the following system of linear equations. 


3b + 3m =7 

3b + 5m = 4 

(a) Solve the system and find the equation of the 
best-fitting line. 


(b) Plot the three points and sketch the graph of the 
best-fitting line. 


U.S. Aircraft Industry The average hourly wages 
for those employed in the aircraft industry in the 
United States from 1994 through 1996 are given in 
the table. (Source: U.S. Bureau of Labor Statistics) 


1995 | 1996 
| $19.50 | $19.97 | $20.49 


_ Explaining Concepts _ 


Answer parts (a)—(c) of Motivating the Chapter on 
page 481. 


When solving a system by elimination, how do you 
recognize that it has infinitely many solutions? 


Explain what is meant by an inconsistent system of 
linear equations. 


Tide 


81. 


82. 


83. 


(a) Plot the data given in the table, where x = O cor- 
responds to 1990. 


(b) The line y = mx + b that best fits the data is 
given by the solution of the following system. 


3b + 15m = 59.96 
Sb Tin = 300,79 


Solve the system and find the equation of this 
line. Sketch the graph of the line on the same set 
of coordinate axes used in part (a). 


(c) Explain the meaning of the slope of the line in 
the context of this problem. 


Vietnam Veterans Memorial “The Wall” in 
Washington, D.C., designed by Maya Ling Lin when 
she was a student at Yale University, has two vertical, 
triangular sections of black granite with a common 
side (see figure). The top of each section is level with 
the ground. The bottoms of the two sections can be 
modeled by the equations y = ee — 10) ;and 
y= —ax — 10 when the x-axis is superimposed on 
the top of the wall. Each unit in the coordinate 
system represents 1 foot. How deep is the memorial 
at the point where the two sections meet? How long 
is each section? 


In your own words, explain how to solve a system of 
linear equations by elimination. 


How can you recognize that a system of linear equa- 
tions has no solution? Give an example. 


Under what conditions might substitution be better 
than elimination for solving a system of linear 
equations? 


™“~ 


RIN . oN 
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Linear Systems in Three Variables 


BD solve a system of equations 
using row-echelon form with 
back-substitution. 


Row-Echelon Form 


The method of elimination can be applied to a system of linear equations in more 
than two variables. In fact, this method easily adapts to computer use for solving 
systems of linear equations with dozens of variables. 

When the method of elimination is used to solve a system of linear equations, 
the goal is to rewrite the system in a form to which back-substitution can be 
applied. For instance, consider the following two systems of linear equations. 


Nee ate2eH) Ke De a) 
Stes, =o yt 225 
Diy ce Oe z=3 


The system on the right is said to be in row-echelon form, which means that it 
has a “stair-step” pattern with leading coefficients of 1. Which of these two sys- 
tems do you think is easier to solve? After comparing the two systems, it should 
be clear that it is easier to solve the system on the right because the value of z is 
already shown and back-substitution will readily yield the values of x and y. 


Using Back-Substitution 


Solve the system of linear equations. 


ye ot. Equation 1 
y+ 2z=5 Equation 2 
z=3 Equation 3 

Solution 


From Equation 3, you know the value of z. To solve for y, substitute z = 3 into 
Equation 2 to obtain 


y+ 2(3).= .5 Substitute 3 for z. 
y= 1. Solve for y. 
Finally, substitute y = —1 and z = 3 into Equation | to obtain 
x — 2(-—1) + 2(3) =9 Substitute —1 for y and 3 for z. 
x=1. Solve for x. 
The solution is x = 1, y = —1, and z = 3, which can also be written as the 


ordered triple (1, — 1, 3). Check this in the original system of equations. 
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Solve a system of linear 
equations using elimination 
with back-substitution. 


The Method of Elimination 


Two systems of equations are equivalent if they have the same solution set. To 
solve a system that is not in row-echelon form, first convert it to an equivalent 
system that is in row-echelon form. To see how this is done, let’s take another 
look at the method of elimination, as applied to a system of two linear equations. 


tui} (am The Method of Elimination 


Solve the system of linear equations. 


34 = 2y= =I Equation 1 
x= Se O Equation 2 
Solution 
Ki y= You can interchange two equations in the system. 
3x3 2y Sl 
—3x7 Fy = —0 Multiply the first equation by —3. 


You can add the multiple of the first equation to the 


= 2se eh = W second equation to obtain a new second equation. 
Sie Zea al 
y=—1 
Xo ee 0) New system in row-echelon form 
yiaiS 


Using back-substitution, you can determine that the solution is (— 1, — 1). Check 
the solution in each equation in the original system, as follows. 


Equation 1 Equation 2 
3x = 2y = 1 x-y=0 
Ne ia) a) 1) —E1)=6 


Rewriting a system of linear equations in row-echelon form usually involves 
a chain of equivalent systems, each of which is obtained by using one of the three 
basic row operations. This process is called Gaussian elimination. 


> Operations That Produce Equivalent Systems 


Each of the following row operations on a system of linear equations 
produces an equivalent system of linear equations. 


1. Interchange two equations. 


2. Multiply one of the equations by a nonzero constant. 


3. Add a multiple of one of the equations to another equation to replace 
the latter equation. 
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cts (em Using Elimination to Solve a System 


Solve the system of linear equations. 


ee 2 or eo Equation 1 

ae hy =-4 Equation 2 

20 Sy Fz 510 Equation 3 
Solution 


There are many ways to begin, but we suggest saving the x in the upper left 
position, because it has a leading coefficient of 1, and eliminating the other x’s 
from the first column. 


Lily a 9 
ire 
on = Oy tz. = 10 


II 
n 


XY 2y ace = 9 
ya2gz == 5 


Vy 32 


Now that all but the first x have been eliminated from the first column, go to work 
on the second column. (You need to eliminate y from the third equation.) 


x= 2y+-2z= 9 
y 122. a 


ee 

Finally, you need a coefficient of 1 for z in the third equation. 
yee ce 

yo 2g == 


z= 3 


This is the same system that was solved in Example 1, and, as in that example, 
you can conclude by back-substitution that the solution is 


x=1, y=—I, and? z= 3. 


You can check the solution by substituting x = 1, y = —1, and z = 3 into each 
equation of the original system, as follows. 
Equation 1: ees 9 
(1) — 2(-1) + 28)= 9vV 
Equation 2° — 1 +--" Sy =-4 
—(1) + 3(-1) =-4V7 
PQUALONOs Salt, — oye z= = —10 


21) - 5(-1) + GB) = 10V 
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Systems of Equations 


Using Elimination to Solve a System 


Solve the following system of linear equations. 


ee alee wraith all Equation 1 

Mime Sy, tele = aw Equation 2 

Ae ae SS ee 3 Equation 3 
Solution . 


Pig ap eae 
2 ay 2 


ll 
= 
al 


AYE y= 23z 


et te 2 Sed, 


Koen ieee 


y = =3 
= te 
KV 2 
y =-3 
z= 
Now you can see that z = —2 and y = —3. Moreover, by back-substituting these 
values into Equation 1, you can determine that x = 2. So, the solution is x = 2, 
y = —3, and z = —2. You can check this solution as follows. 
Equation |: 4x + ‘eee Soe | 
40)" (= 3) = 32) — 11 7 
Equation2:" 2)" = = S3y hes 275 = 9 
2(2) — 3(—3) + 2(-2) = 9 v 
Equation 3°) 4+ ye er 3 
(2) te 3)i (=) 


i 
| 
WwW 
SN 
oe 
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The next example involves an inconsistent system—one that has no solution. 
The key to recognizing an inconsistent system is that at some stage in the elimi- 
nation process, you obtain a false statement such as 0 = —2. Watch for such 
statements when you do the exercises for this section. 


> <lile) (em An Inconsistent System 


Solve the system of linear equations. 


Ka Veo ey wl Equation | 

DN Nene ae =a. it), Equation 2 

Ney er aL Equation 3 
Solution 


eV ee | 


Sy -4z= 0 

a Pa Ns VN onl | 
Xero a tel 
Sy-4z= 0 

IV AZ 2 
Loy ae ee al 
Sy -4z= 0 

0 = -2 


Because the third “equation” is impossible, you can conclude that this system is 
inconsistent and therefore has no solution. Moreover, because this system is 
equivalent to the original system, you can conclude that the original system also 
has no solution. 


As with a system of linear equations in two variables, the solution(s) of a 
system of linear equations in more than two variables must fall into one of three 
categories. 


> The Number of Solutions of a Linear System 


For a system of linear equations, exactly one of the following is true. 
1. There is exactly one solution. 
2. There are infinitely many solutions. 


3. There is no solution. 


508 


Chapter 8 Systems of Equations 


elutes A System with Infinitely Many Solutions 


Solve the system of linear equations. 


XCr Vi = 321 Equation 1 

yo Z= 20 Equation 2 

ae ey. =. Equation 3 
Solution 


Begin by rewriting the system in row-echelon form. 


yy Se sl 
Vo 2S 0 
3Vi 337 a 
tLe = oa 
Y= ZS 0 
0O= 0O 


This means that Equation 3 depends on Equations | and 2 in the sense that it gives 
us no additional information about the variables. So, the original system is equiv- 
alent to the system 


Key = SZ = | 


ye tg S90. 


In this last equation, solve for y in terms of z to obtain y = z. Back-substituting 
for y in the previous equation produces x = 2z — 1. Finally, letting z = a, where 
a is any real number, the solutions to the given system are all of the form 


x =2a-—1,y=a,andz =a. 
So, every ordered triple of the form 
(2a — 1, a, a), a is areal number 


is a solution of the system. 


In Example 6, there are other ways to write the same infinite set of solutions. 
For instance, the solutions could have been written as 


1 1 
() pig tek) 5 + } b is a real number. 


Try convincing yourself of this by substituting a = 0,a = 1,a = 2, anda = 3 
into the solution listed in Example 6. Then substitute b = —1,b = 1,b = 3, and 
b = 5 into the solution listed above. In both cases, you should obtain the same 


ordered triples. So, when comparing descriptions of an infinite solution set, keep 
in mind that there is more than one way to describe the set. 


Solve an application problem 
using elimination with back- 
substitution. 


Section 8.3 Linear Systems in Three Variables 509 


Applications 


><cTils) (wae Position Equation @ 


The height at time ¢ of an object that is moving in a (vertical) line with constant 
acceleration a is given by the position equation 


ae! 2) 
D hgy! TiVobicke Sp: 


The height s is measured in feet, the acceleration a is measured in feet per second 
squared, the time ¢ is measured in seconds, vp is the initial velocity (at time 
t = Q), and Sp is the initial height. Find the values of a, vo, and sp, if s = 164 feet 
at 1 second, s = 180 feet at 2 seconds, and s = 164 feet at 3 seconds. 


Solution 


By substituting the three values of t and s into the position equation, you obtain 
three linear equations in a, Vo, and Sp. 


Wiehe) gs ee sat)? ay a HIGA 


1 
When t = 2, 5 = 180: a2)? + v9(2) + 55 = 180 


164 


1 
When t = 3, s = 164: 74)? -EAV AO) cae 


By multiplying the first and third equations by 2, this system can be rewritten 


@ + 2V, + 255 — 328 Equation | 
20 42), +) So = 180 Equation 2 
9a bv, + 255 = 328 Equation 3 


and you can apply elimination to obtain 
at 2vy + 2s9 = 328 
—2V) — 359 = —476 
289 = 232. 


From the third equation, sy = 116, so that back-substitution into the second 
equation yields 


Din 3(116) = —476 
=—2y, = —128 
Vo = 64. 


Finally, back-substituting sy = 116 and v) = 64 into the first equation yields 
a + 2(64) + 2(116) = 328 
a = —32. 
So, the position equation for this object is s = —16t? + 64r + 116. 


510 


Figure 8.7 
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eile): Data Analysis: Curve-Fitting 


Find a quadratic equation 
y=ax*+bx+c 
whose graph passes through the points (— 1, 3), (1, 1), and (2, 6). 


Solution 


Because the graph of y=ax*?+bx+c passes through the points 
(—1, 3), (1, 1), and (2, 6), you can write the following. 


Whea vi=s— 1aoy —=29:) Gia hk) D(a) eas 
When =i1jiays= 1; .o0)2 Wee 1 
Whenx = 2; y= 6: a(2)? tO) eee 0 


This produces the following system of linear equations. 


a= pore=zz Equation 1 
Gor bae=1 Equation 2 
4at+2b+c=6 Equation 3 
The solution of this system is a = 2,b = —1, andc = 0. So, the equation of the 
parabola is 
y = 2x? — x 


as shown in Figure 8.7. 


t Fitting a Quadratic Model 


The data in the table represent the United States government’ s annual 
net receipts y (in billions of dollars) from individual i income taxes for — 
the year x from 1994 through 1996, where x = 4 corresponds to 1994. — 
(Source: U.S. Office of Management and Budget) 


Use a system of three linear equations to find a quadratic model that 
fits the data. According to your model, what were the annual net _ 
receipts from individual income taxes in 1997? The actual annual net 
receipts for 1997 were $737 billion. How does the value obtained from 
your quadratic model compare? Suppose you had been involved i in plan- 
ning the 1997 federal budget and had used this model to estimate how 
much federal income could be expected from 1997 individual i income _ ce 
taxes. When you review the actual 1997 tax receipts and see that the _ 
model wasn’t completely accurate, how do you evaluate the model’s _ 
prediction performance? Are you satisfied with it? Why c or why not? Se 
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Exercises 


Integrated Review 


Keep mathematically in shape by doing these 


exercises before the problems of this section. 


Properties and Definitions 


(Ci /A linear equation of the form 2x + 8 = 7 has 


~ how many solutions? 


2. What is the usual first step in solving an equa- 


tion such as 
Lah 'S: See 
—-+==-? 
Ge ah = 


Simplifying Expressions 


_ In Exercises 3-6, simplify the expression. (Assume 


all variables are positive. ) 


3. 4x03)? A, (2x%)8Gy9)* 
Ba 8x4 a 
Developing Skills 


In Exercises 1 and 2, determine whether each ordered 
_ triple is a solution of the system of linear equations. 


1. x By + 27 = 1 
Sia y ces z— © 116 

Sot iver 214 

aya(053,— 2) @) UP 8) 

ney (a)(2)5,=3) 
Zor —y + 4z = —10 

tate 22—=" 6 

aay eS 8 

(a) (—2, 4, 0) (b) (0, —3, 10) 

Cal ~—1,5) (d) (7, 19, —3) 


In Exercises 3-6, use back-substitution to solve the 

system of linear equations. See Example 1. 

(3,)x — 2y + 42 = 4 4.5x+ 4y—- z= 0 

ay | 2Z= 2 10y — 3z = 11 
z= 5 z= 3 


Concepts, Skills, and Problem Solving 


Solving Equations 


C7. pox - 4| = 6 
EAS on = oe 
Models and Graphs 
9. The speed of a ship is 15 knots. Write the dis- 


tance d the ship travels as a function of time f. 
Graph the inodel. 


10. The length of each edge of a cube is s inches. 
Write the volume V of the cube as a function 
of s. 

11. Express the area A of a circle as a function of 
its circumference C. 


5. x — 2y + 4z=4 


y = 3 
yt zt) 
(6) x = 10 
Seay, = 2 
OO SN ps ak 


In Exercises 7 and 8, determine whether the two sys- 
tems of linear equations are equivalent. Give reasons 
for your answer. 


(D x4 3y- Z=6 ay = eS 
OI BI he OY haa —Ty+4z= 1 
Seely a ee ly 42 =>"=16 

Sit Xian ey, Fol yy too 29 
ot oy et Bg ea aaa, 
2x = yt oa Ly ae oe hia 
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In Exercises 9-12, perform the row operation and write 
the equivalent system of linear equations. See Example 2. 
9. Add Equation 1 to Equation 2. 
x-—2y=8 
S832 oh) MS) 


Equation | 

Equation 2 
What did this operation accomplish? 

10. Add —2 times Equation 1 to Equation 2. 
2x 3y—= 7 
Ay ely =3—2 


Equation 1 
Equation 2 


What did this operation accomplish? 
11. Add Equation 1 to Equation 2. 


5) VA a vaias ©) Equation 1 
=—xiteytsz=4 Equation 2 
M5 —37.=.0 Equation 3 


What did this operation accomplish? 
12. Add —2 times Equation 1 to Equation 3. 


ed Vote a Equation 1 
Ka yt = 4 Equation 2 
2x — 3z=0 Equation 3 


What did this operation accomplish? 


In Exercises 13-40, solve the system of linear equations. 
See Examples 3-6. 


3 eee 14. x = 


y =2 = Xa oy, = 
4x +2z=7 y+2z= 
ISS y 2 — 6 16.5 3x tye 
DE a i ea tee) =x Syst 27 = 8 
she —z=0 4y + y =4 


17 ty te = 3 (48) x- y+2=-4 
4x+ y—3z= 11 ~ 3x+ y-—4z,=-6 
Det Eh ae Dag at 8) 2x+ 3y-4z= 4 

195 x 2y4+6z—=5 20. x + 6y4522—— 9 
SBR ae his a) Sie) Dye a= 

x= 4y —-2z7=1 AE ie aii: Yea Ya 


/2A.) 2x +22=2 22, 6y +42=-12 
SJ 5x + 3y =4 3x + 3y = © 
3y —4z =4 ie =—37-=" 710 


PRY ean bar ve 2 
20 ye tig a4 
x + 3z=0 
24. 2x-—4y+ z= 0 
ox jy re) el 
Be OC Oy faeces tO 
ey igce GAR Sy 
2x+ 6y + 8z=3 
6x -#i8y' + 182 ="5 


(26, 3x — y - 22 = 5 


x+y t3z=6 
6x'—ly — 42 =—9 


27. yt. =" 28. Sk ey, = -—8 
DX + 4z= 4 z= 5 
2 Oy, =-14 3x = yz ee 

29) x+ 6by—-4z= 8 30. x+2y-2z= 4 

> 3x Oy = 77 — = 12 20 Oy 2 
= 2X == OV ce SK y = 97 =AG 

Sze ve Cee 32920 Vi Zz re 

SV 571 ee Ye 32 = 2 
6x + 20y —=97/— 11 PASTEL, =4 

33. 3X Py te zZ=2 Py +3z=4 
Ax +2z=1 Sk + y+ 22 


Sk ry eS 7r. 0) 
35. 0.2% + L3y + 0:671— 01 
Ox + 0.3z = 0.7 
2X ten Oyichea ozo 
36. 0:3x — 0.1y + 0.27 = 
2 aay ea Z 
2X 4y)4- 9 3z 
( x dy — 22 = 92 7938. x 2) 
=3x = yt = 2 2x ty = 37 =e 
Skat af i= 1522 
39. —4x + y 4-027 = 6 
6x —=3y 4 0.57 = —4 
= $x + Jy 0.67 = 14 
40. x + 6y + 27 39 
3x = 2y 1371 
BEo a Sie aa Hy 


lx + 3y — 37 =30 


i oh Wl 
— | 
or DS 
Nn 1S) 
n 


x48). — 37 =a 


In Exercises 41 and 42, find a system of linear equations 
in three variables that has the given point as a solution. 
(Note: There are many correct answers. ) 


41. (4, —3, 2) 42,015,071 = 10) 


Solving Problems 


Vertical Motion _\n Exercises 43-46, find the position 
equation s = Sat? + Vot + Sq for an object that has the 
indicated heights at the specified times. 


s 
s 
44. s 
S 


s 
45. s 


wn 


46. s 
S 


S 


= 128 feet at t = 1 second 
80 feet at tf = 2 seconds 


II 


= 0 feet at t = 3 seconds 
= 48 feet at t = 1 second 
= 64 feet at t = 2 seconds 
= 48 feet at t = 3 seconds 
= 32 feet at t = 1 second 
= 32 feet at t = 2 seconds 


= 0 feet at t = 3 seconds 
10 feet at t = 0 second 
54 feet at tf = 1 second 
= 46 feet at t = 3 seconds 


Curve-Fitting \n Exercises 47-52, find a quadratic 
equation y = ax? + bx + cwhose graph passes through 
the points. 


e704), (1, 1),(2, 10) 48. (0, 5), C, 6), (2, 5) 
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52: 


Diagonals of a Polygon The total numbers of sides 
and diagonals of regular polygons with three, four, 
and five sides are 3, 6, and 10, as shown in the 
figure. Find a quadratic function y = ax* + bx + ¢, 
where x is the number of sides in the polygon, that 
fits these data. Does it give the correct answer for a 
polygon with six sides? 


A 
# @ 


. Graphical Estimation The table gives the numbers 
y of metric tons of newsprint (in thousands) pro- 
duced in the years 1993 through 1995 in the United 
States. (Source: American Forest and Paper Asso- 
ciation) 


| 1993 1994 | 1995 


(a) Find a quadratic equation y = at? + bt+c 
whose graph passes through the three points, let- 
ting t = 0 correspond to 1990. 


(b) Use a graphing utility to graph the model found 
in part (a). 

(c) Use the model in part (a) to predict newsprint 
production in the year 2000 if the trend 
continues. 


514 


Curve-Fitting 


Chapter 8 Systems of Equations 


In Exercises 55-60, find the equation 


of the circle x? + y? + Dx + Ey + F= 0 that passes 
through the points. 


55: 


59. 
60. 


61. 


C65. 


66. 


67. 


(0, 0), (2, =2): (4, 0) 


56. (0, 0), (0, 6), (—3, 3) 


(2 SCL) 
Cais) a lO gl) 


Crop Spraying A mixture of 12 gallons of chemi- 
cal A, 16 gallons of chemical B, and 26 gallons of 
chemical C is required to kill a certain destructive 
crop insect. Commercial spray X contains 1, 2, and 
2 parts, respectively, of these chemicals. Spray Y 
contains only chemical C. Spray Z contains only 
chemicals A and B in equal amounts. How much of 
each type of commercial spray is needed to get the 
desired mixture? 


Explaining Concepts 


Answer parts (d)—(f) of Motivating the Chapter on 
page 481. 

Give an example of a system of linear equations that 
is in row-echelon form. 


Show how to use back-substitution to solve the sys- 
tem you found in Exercise 66. 


62. 


63. 


64. 


68. 


69. 


Chemistry A chemist needs 10 liters of a 25% acid 
solution. It is mixed from three solutions whose con- 
centrations are 10%, 20%, and 50%. How many 
liters of each solution will satisfy the following? 


(a) Use 2 liters of the 50% solution. 
(b) Use as little as possible of the 50% solution. 
(c) Use as much as possible of the 50% solution. 


School Orchestra The table shows the percents of 
each section of the North High School orchestra that 
were chosen to participate in the city orchestra, the 
county orchestra, and the state orchestra. Thirty 
members of the city orchestra, 17 members of the 
county orchestra, and 10 members of the state 
orchestra are from North High. How many members 
are in each section of North High’s orchestra? 


Percussion 


Rewriting a Fraction The fraction 1/(x? — x) can 
be written as a sum of three fractions as follows. 
1 
VA at B CG; 
ge cr Il 


i= x Ex x-T 


The numbers A, B, and C are the solutions of the 
system 


A+B+C=0 
—~B+C=0 
—A =o. 


Solve the system and write the expression as the sum 
of three fractions. 


Describe the row operations that are performed on a 
system of linear equations to produce an equivalent 
system of equations. 


Write a system of four linear equations in four 
unknowns, and solve it by elimination. 


Mid-Chapter Quiz $15 


Take this quiz as you would take a quiz in class. After you are done, check your 
work against the answers given in the back of the book. 


1. Which is the solution of the system 5x — 12y = 2 and 2x + 1.S5y = 26: 
(1, —2) or (10, 4)? Explain your reasoning. 
In Exercises 2-4, graph the equations in the system. Use the graphs to deter- 
mine the number of solutions of the system. 
2. —6x + 9y = 9 So ey ee 45y =e & 
2x — 3y = 6 3x -2y= 4 y=) oxi 


In Exercises 5-8, solve the system of equations graphically. 


5a ixinin td 6. y = 3(1 — 2x) 
2x-y=6 y = #(5x — 13) 

De 2X tehya= 16 S$. (ety 169 
Bx 2ya— 24 + y= 169 


In Exercises 9-12, use substitution to solve the system. 


9, 2x — 3y = 4 10.-yi= 5 = 
y=2 y = 2x + 1) 
11) 5x y= 32 12. 02+ 4 07y= "8 
6x — Dy = 18 = vial 


In Exercises 13-16, use Gaussian elimination to solve the linear system. 


13.0 x=F 10y7= 18 14. 3x + lly= 38 
Sx+ 2y = 42 Ley 354 

LS pad pte 1 16. x +4z= I17 
4a+2b+c=2 Soi 2 ez = 2) 
9a+ 3b+c=4 x — Sy + 3z =", 19 


In Exercises 17 and 18, find a system of linear equations that has the unique 
solution. (There are many correct answers.) 


17enClOn = 2) 18.(oe—) 


19. Twenty gallons of a 30% brine solution is obtained by mixing a 20% solu- 
tion with a 50% solution. Let x represent the number of gallons of the 20% 
solution and let y represent the number of gallons of the 50% solution. Write 
a system of equations that models this problem and solve the system. 


20. Find the equation of the parabola y = ax* + bx + c that passes through the 
points (1, 2), (—1, —4), and (2, 8). 
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Form a coefficient and an 
augmented matrix and form a 
linear system from the augmented 
matrix. 


Matrices 


In this section, you will study a streamlined technique for solving systems of 
linear equations. This technique involves the use of a rectangular array of real 
numbers called a matrix. (The plural of matrix is matrices.) Here is an example 
of a matrix. 


Column Column Column Column 


ll Zz, S 4 
Row 1 3 =) 4 1 
Row 2 0 | =4l 2 
Row 3 yD 0 =3 0 


This matrix has three rows and four columns, which means that its order is 3 x 4, 
which is read as “3 by 4.” Each number in the matrix is an entry of the matrix. 


><elu)e) (aa ~Examples of Matrices 


The following matrices have the indicated orders. 


a. Order: 2 x 3 b. Order: 2 x 2 c. Order: 3 x 2 
k —2 “| i ‘| 1 =3 
0 { =2 0 0 =2) 0 
a =) 


A matrix with the same number of rows as columns is called a square matrix. 
For instance, the 2 x 2 matrix in part (b) is square. 


A matrix derived from a system of linear equations (each written in standard 
form) is the augmented matrix of the system. Moreover, the matrix derived from 
the coefficients of the system (but that does not include the constant terms) is the 
coefficient matrix of the system. Here is an example. 


System Coefficient Matrix Augmented Matrix 
% dye 3z =9 95 ton 4 3 1 =4 jae 5 
MS Gh) eee 1 3 =] =] Jy "| Seas 


ax — 4y 6 2 0 -4 2 0 455 6 


Section 8.4 Matrices and Linear Systems aEz 


When forming either the coefficient matrix or the augmented matrix of a 
system, you should begin by vertically aligning the variables in the equations. 


Given System Align Variables Form Augmented Matrix 
Lesy = 9 2 ann ae) = 9 1 3 Ome 9 
caiyneto Ae mame aire 40-2 0) | 4 + —2 
i eye BY) i ai1§7="''0 I Dae 0 


eile (wame Forming Coefficient and Augmented Matrices 


Form the coefficient matrix and the augmented matrix for each system of linear 
equations. 


Qe ay — Dex ey 2 eet C Kye 
1x >2y = =6 Ate 2e Dy iON 
=U y = 4 
Solution 
System Coefficient Matrix Augmented Matrix 
a. -x+5y= 2 be | be Sa: ‘| 
1k y= = 6 UL =? 7 =2.02° -=6 
Deo reat 2y er — 1 3 a Jaap 3 al 5 1 
eats 22 =J= 3 1 2 1 pe ea) 
= Many, = 4 gral 0 ee O Ok 4 
Cc. x —By= 1 1 | 1 -3 : a 
—Ovetely — 2) =~ 2 —9 Les 5 


>eliils)(-ee Forming Linear Systems from Their Matrices 


Write systems of linear equations that are represented by the following matrices. 
2 OS Se ee ol 


a eee Be oot | CASO 172 
Sd wie 


Solution 
a. 3x -— S5y=4 
—Nete ny. 0) 
bx+3y= 2 
y=-3 
ow ona 5 — oz = | 


SWeiey tee = 2 
Susy Ge. 
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Perform elementary row Elementary Row Operations 


operations to solve a system of : : 
linear equations. In Section 8.3, you studied three operations that can be used on a system of / 


linear equations to produce an equivalent system: (1) interchange two rows, (2) 
multiply a row by a nonzero constant, and (3) add a multiple of a row to another 
row. In matrix terminology, these three operations correspond to elementary row 


operations. 
Study Tip > Elementary Row Operations 
Although elementary ON Dee Any of the following elementary row operations performed on an 
tions are simple to perform, they augmented matrix will produce a matrix that is row-equivalent to the 
involve a lot of arithmetic. original matrix. Two matrices are row-equivalent if one can be obtained 
Because it is easy to make a from the other by a sequence of elementary row operations. 


mistake, we suggest that you 
get in the habit of noting the 
elementary row operations 2. Multiply a row by a nonzero constant. 
performed in each step so that 
you can go back and check 
your work. People use different 
schemes to denote which 


elementary row operations have : 
pean pecformed the écheme we =< luile)(-t ee Elementary Row Operations 


1. Interchange two rows. 


3. Add a multiple of a row to another row. 


use is to write an abbreviated a. Interchange the first and second rows. 
version of the row operation to 
the left of the row that has been Original Matrix New Row-Equivalent Matrix 
changed. OF gp? heads @ 54 C Rai baa Z ae O Si 
sty AS OPS ee) R, 0) 15 Sauer 
Dig 4 eh 2 3 Ae 
b. Multiply the first row by 5. 
Original Matrix New Row-Equivalent Matrix 
2-4 6 -2 sR, [1 -2 3 -1 
1 35 —3 0 1 3S 0 
Sy =2 1 2 By ees 1 2 


c. Add —2 times the first row to the third row. 


Original Matrix New Row-Equivalent Matrix 
1 2 —4 3) 1 Zot 4 ) 
0 5 — 2's 1 0 3° =2 91 


2 5. 2) oR Ro | 03 ees 


d. Add 6 times the first row to the second row. 


Original Matrix New Row-Equivalent Matrix 
1 2. | 224 1 2 2 4 
= 6 Sy alts) GRR 1 0 1 aI =i) 
0 0 4 7 0 0 4 Uy 
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In Section 8.3, Gaussian elimination was used with back-substitution to solve 
a system of linear equations. Example 5 demonstrates the matrix version of 
Gaussian elimination. The two methods are essentially the same. The basic 
difference is that with matrices you do not need to keep writing the variables. 


Solving a System of Linear Equations 


Linear System Associated Augmented Matrix 
XL Dyce 29 | ee de 9 
Stay =-4 =, SeatQides Gea 
2x a5 yh MZ 1410 Paci i I Mat gl |, 
Add the first equation to the Add the first row to the 
second equation. second row (R, + R;). 
Cely oc Wl ae ane a 
jaan Pia oi) Rice | 20s) ie Dea 5 
2k ay 2 = 10 pr ew pera 
Add —2 times the first equation Add —2 times the first row to 
to the third equation. the third row (—2R, + R,). 
CDi ZO [Ns eas ape 9 
Vi 2a 0 oe eee 5 
=y = 32—1_ 8 Rat Rael One ea erie aos 
Add the second equation to the Add the second row to the 
third equation. third row (R, + R;). 
xy 2 9 (Sd ec 9 
yore 275 0 Lemay ohare 5 
=f RR, Ka =O Of 1a ao 
Multiply the third equation by — 1. Multiply the third row by — 1. 
ea) Gta US 2 2 ore 9 
y+2z=5 0 Le > 
z=3 RO a Mee 3 


At this point, you can use back-substitution to find that the solution is 
Sab, yap eand > 73: 
Check this in the original system as follows. 
(1) - 2(-1) + 28) = 9 Substitute in Equation 1. / 
—(1) + 3(-1) =-4 Substitute in Equation 2. / 
PAG b= Bi(—= ee Gi) 


II 


10 Substitute in Equation 3. / 


The last matrix in Example 5 is in row-echelon form. The term echelon 
refers to the stair-step pattern formed by the nonzero elements of the matrix. 
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Use matrices and Gaussian Solving a System of Linear Equations 
elimination with back-substitution 


to solve a system of linear equations. =a 
> Gaussian Elimination with Back-Substitution 


To use matrices and Gaussian elimination to solve a system of linear 
equations, use the following steps. 


. Write the augmented matrix of the system of linear equations. 


. Use elementary row operations to rewrite the augmented matrix in 
row-echelon form. 


. Write the system of linear equations corresponding to the matrix in 
row-echelon form, and use back-substitution to find the solution. 


When you perform Gaussian elimination with back-substitution, we suggest 
that you operate from left to right by columns, using elementary row operations 
to obtain zeros in all entries directly below the leading 1s. 


Sete (eeMee Gaussian Elimination with Back-Substitution 


Solve the system of linear equations. 


2X 
5 ie say) esc? tS) 
Solution 
2-3 yee = 2 Augmented matrix for system of 
1 DS. 13 linear equations 
G ees | Dn 13 First column has leading 1 in upper 
R, |2 -3 2. —2 left corner. 
1 PAs 13 First column has a zero under its 
SR +R, —1|0--7 : —28 leading 1. 
1 Pee te 13 Second column has leading 1 in 
—5R, I) iP 4 second row. 
The system of linear equations that corresponds to the (row-echelon) matrix is 
x + 2y = 13 
y= 4. 


Using back-substitution, you can find that the solution of the system is 
x = Sandy = 4. 

Check this solution in the original system, as follows. 
2(5) — 3(4) = -2 Substitute in Equation 1. Y 


5 —2(4)= 13 Substitute in Equation 2. / 
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> <Te)(wame Gaussian Elimination with Back-Substitution 


Solve the system of linear equations. 


3x + Sy = 9 
Da: 37 ——er0) 
6y + 4z = -12 
Solution 
oe Bs 0 9 
F 0 -3 H Si oniercque 
0 6 4 =i 
iR, >f1 1 0 3 
aang 5 egies 
OmenG 4 == 
1 1 0 3 
men—|0 23: | eae 
0 6 4 oe 
1 1 0 3 
=2Ra : 1 3 4 (een 
OF .65 94 =i 
1 1 0 2 
: Ls j eee errno 
=6Ko 4 Rh, > 0" 0 eas 0 
1 1 0 3 a 
Seat ie lomsie 
—=shy =| 0 0 1 0 
The system of linear equations that corresponds to this (row-echelon) matrix is 
iy = 3 
y 2 i 
LO: 


Using back-substitution, you can find that the solution is 
x=5, y=-—2, and z=0. 


Check this in the original system, as follows. 


3(5) + 3(—2) = 9 Substitute in Equation 1. / 
2(5) — 3(0) = _=—«:10 Substitute in Equation 2. / 
6(—2) + 4(0) = -12 Substitute in Equation 3. / 
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setiits)(-ts$e| A System with No Solution 


Solve the system of linear equations. 


6x — 10y = —4 
9x - 1ISy= 5 
Solution 
65 — 10, te Augmented matrix for system 
Om — | 5a: 5 of linear equations 
l S 2 : ; ; 
6k, == | 1 3 =—3 First column has leading | in 
9. —A5 & 5 upper left corner. 
5 . 2 ; 
1 amo. Ps 3 First column has a zero under 
—9R, + Ro = (0) i -< 11 its leading 1. 


The “equation” that corresponds to the second row of this matrix is 0 = 11. 
Because this is a false statement, the system of equations has no solution. 


Selim A System with Infinitely Many Solutions 


Solve the system of linear equations. 


12x = 6y = —3 
SO) a UR 
Solution 
PO wea Augmented matrix for system 
=? Ame: 2 of linear equations 
1 
DR, LS -} First column has leading 1 in 
=i) 4 ) upper left corner. 
1 . 1 p 
1 5 att ra First column has a zero under 
8R, +R, > 0 Gy ds 0 its leading 1. 


Because the second row of the matrix is all zeros, you can conclude that the sys- 
tem of equations has an infinite number of solutions, represented by all points 
(x, y) on the line 


Because this line can be written as 
1 | 


= -—--—-+ — 
er ere 


you can write the solution set as 


Lee 
(-4 + 5% a), where a is any real number. 
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ct (-mill An Investment Portfolio ©) 


You have a portfolio totaling $219,000 and want to invest in municipal bonds, 
blue-chip stocks, and growth or speculative stocks. The municipal bonds pay 6% 
annually. Over a 5-year period, you expect blue-chip stocks to return 10% annu- 
ally and growth stocks to return 15% annually. You want a combined annual 
return of 8%, and you also want to have only one-fourth of the portfolio invested 
in stocks. How much should be allocated to each type of investment? 


Solution 


To solve this problem, let M represent municipal bonds, B represent blue-chip 
stocks, and G represent growth stocks. These three equations make up the fol- 
lowing system. 


M+ Bt G = 219,000 Equation 1: total investment is $219,000. 
0.06M + 0.10B + 0.15G = 17,520 Equation 2: combined annual return is 8%. 


Bist G= 54,750 Equation 3: + of investment is allocated 
to stocks. 


The augmented matrix for this system is 


1 1 1 : 219,000 
O06, 20.10 2OSLS: Ps ee 5201p 
0 1 1 Se) D450 


Using elementary row operations, the reduced row-echelon form of this matrix is 


esa ael 219,000 
Owed 225077109500: |, 
Oe Orau 43,800 


From the row-echelon form, you can see that G = 43,800. By back-substituting 
G into the revised second equation, you can determine that B = 10,950. By back- 
substituting B and G into the first equation, you can determine that M = 164,250. 
So, you should invest $164,250 in municipal bonds, $10,950 in blue-chip stocks, 
and $43,800 in growth or speculative stocks. Check your solution by substituting 
these values into the original equations of the system. 


Analyzing Solutions to 
Systems of Equations 


‘Use a graphing utility to graph each system of equations given in 
Example 6, Example 8, and Example 9. Verify the solution given in each 
example and explain how you can reach the same conclusion by using 

the graph. Summarize how you can conclude that a system has a 
‘unique solution, no solution, or infinitely many solutions when you use 
Gaussian elimination. 
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| 
CI ee ae : 
: ci 1 rot 1 ie, 
sand Problem ag || 
awe alge ‘nae eee ae || 
1 So ee eee 
le ee 


a 
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ae a 

5 ae 
itions 
ae 


- 
oer s . 
pec ee perty 
SE i ay Aen paler es 
ee 


Bi 
is 


oe 

ate Geen 

_ Algebraic Operat 
_ In Exercises 5-10, plot the points on the rectan- py customer has 
"gular coordinate system. Find theslope of the line deposit 


ie one ae in dr nb : 
passing through the points. if not possible, state a vanalty for early withdrawal if th 
"pass g through t e points. If not poss ate sa penalty for early withdrawal if th 
See to ty ce evneipbwen amare cates ante 


a r; 

= eZ & or: oa ce 
Be thea Sl aig eS, es, eid mee cote Se a gee i alee 
Ee a 2 Ce ae a 
Cs ee ey ie ee 

eee ae er Lee oe eae on a “hic Cat. = 2 a 
9 3,1.2), (= 20. Wi es ae ae ee 
a ee 


maBeveloping Skillseemenncencs aan 


ay ee teed ae 
In Exercises 1-6, determine the order of the matrix. See 11. 5x+ y-3z= 7 
Example 1. 2y + 4z = 12 
= + 6y — 8 = — 
i ; 4 hwene 12.5 10x + Oy 82 4 
1. 25 Srp eebrginl 19 me eof > 7? 
eau -3 4 
al | gers) In Exercises 13-18, write the system of linear equations 
Kf 0) 29 5 represented by the augmented matrix. (Use variables x, 
3. 4 dw.) See Example 3 
a 11 OF esi y, Z, and w.) See Example 3. 
4 4 Crete Sune 4 ag: 0 
ia [* 22S) og tea 
=) ie 3 6 Lea ae 
5 65{f=1 2 5 : : 
0 | a) we) () 
1 dso (Bm Sm oll 5 
4 2 On 3 
In Exercises 7-12, form the augmented matrix for the 
t f linear equations. See E le 2 ae; : 2 
system of linear equ s. See Example 2. 16. 5 > ae a 
Tem AXa Via 2 8. 8x + 3y = 25 —] 6 0 2) 
=x Sy =" 10 3x — Sy = 12 Sas oy ai aad 
re Oy 37 — 2 LOO Vee 1, 1 Balls a i 9 
5x— 3yt+42=0 12x —8= 5 Lees Oise 2 
2x + Ay =6 3x + 4y—= 2=_6 


3s =2" 4 2 

ed Me ae 6 
18. 

Sacre 4 

eae 3 1) 


In Exercises 19-24, fill in the blank(s) by using elemen- 
tary row operations to form a row-equivalent matrix. 
See Examples 4 and 5S. 


1 - 3 3 6 8 
ie E 10 ;| oN E 3 4 


or 
aw 
| 
— W 
———— 


SS) 
ss 
Ne} 


maak | 


N= 

love) oo 
— 
Nn 

— 

Nn 

he: 


we) 
N 
| 
aN 
on 
No) 
nn 


'~) 
See 


WOR Re WO Ne 


nv 
| 

sl WwW 
= | 
No WN 
Oo OD 


SSIS S&S SS 
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24. ar <i) Z 


oF NR Fe Ne WD 
| 
— 
| 
Oo 
Ne Vln O VY 


= 
i) 


C= Sa le el 
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In Exercises 25-30, convert the matrix to row-echelon 
form. (Note: There is more than one correct answer.) 


2 3 I 2 6 
ra isco dele eat 


4 6 | 3 2 6 
27. EB: 5 | 28. [: 3 e | 
16 5 l fn 
Fh EN a sta VPA at — ANY eS 3 ae a 
5) Get 14 26 he oa. oe 


=: In Exercises 31-34, use the matrix capabilities of a 


graphing utility to write the matrix in row-echelon form. 
(Note: There is more than one correct answer.) 


31. 4 —-4 1 


S283 10 1 ue 


1 | eet | 3 
Sos ee 1 2 5 
3 2 1 8 
be 358 oe 8 
34. | 1 See meee y: 
1 LS eS 


In Exercises 35-40, write the system of linear equations 
represented by the augmented matrix. Then use back- 
substitution to find the solution. (Use variables x, y, 
and z.) 


in ook ln jae 0 
35. [i ihe of 36. k =| 
lgsaeasad.0 
37. la ; = 38.|0 1 0 6 
0 0 gir \hiugen 5 
ig a?) 4 
Fed) eal 2 
F ea ili 
Ly2 23 oad 
40.]0 1 1 9 
F (MSR Se 
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In Exercises 41-62, use matrices to solve the system of 
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linear equations. See Examples 5-9. 


41. 


43. 


45. 


47. 


48. 


49. 


50. 


Si: 


52. 


53. 


63. 


xr 2y =) 7 42. 2x + 6y = 16 
3x + y=8 2x + 3y= 7 
6x — 4y =2 44. 5 ie a 5 
ox er 2y = 7 =2x 4" 6y == 10 
—x + 2y = 1.5 46. 2x- y=—0.1 
2x — 4y =3 5x 2y = 16 
DS fae mie item 
y+4z=5 
4x + 2y + 3z=8 
xy —s30 
Sty 7 = 
24-2 <= 
Bat A) Naya = Ge 
x —2z=1 
25 = Va! 577 () 
2y + z=3 
—4y —2z=0 
it wey 
2x + 4y = 10 
Ie lye 37 = 93 
Sona yt 7 =, — 3 
2x — y+ 3z= 24 
Ly eg =n14 
UX SOY, = 6 
x— 3y PF 2z7=" 8 
2y- z=-4 
iG - Z=, 3 
Solving Problems 
Simple Interest A corporation borrowed $1,500,000 


to expand its product line. Some of the money was 
borrowed at 8%, some at 9%, and the remainder at 
12%. The annual interest payment to the lenders was 
$133,000. If the amount borrowed at 8% was 4 times 
the amount borrowed at 12%, how much was bor- 
rowed at each rate? 


54. 


553 


Sih 


58. 


Se: 


60. 


61. 


62. 


64. 


3 2k 4 ye = 


= 2h — Jy 8) 57s) 
Roy een 
Xe ON ae ez a od, 


x+ 3y + 3z= 
2x + 4y + 4z 
2k +47= 
eae BWaeye 
x 4 3y +52 = 
Sey 2), 
6x + 2y — 4z=1 
y+2z=1 


I 
ee Se 


—3x - 
XY =2 
2x + 6y =4 
2x Sy + 4z=3 
2h ALY oe 
2X + Sy 
ox Sy 37 = 22 


N 
~ © 


N 


OX ae ne, 
3x —2y+4z= 6 
=4x 4) y+ 672 = 12 
Ok oy ya 4 
2x + 6y + z= 
Ki SV ar oe a) 
Investments An inheritance of $16,000 was 


divided among three investments yielding a total of 
$990 in simple interest per year. The interest rates for 
the three investments were 5%, 6%, and 7%. Find the 
amount placed in each investment if the 5% and 6% 
investments were $3000 and $2000 less than the 7% 
investment, respectively. 


Investment Portfolio _\n Exercises 65 and 66, consider 
an investor with a portfolio totaling $500,000 that is to 
be allocated among the following types of investments: 
certificates of deposit, municipal bonds, blue-chip 
stocks, and growth or speculative stocks. How much 
should be allocated to each type of investment? 


65. The certificates of deposit pay 10% annually, and the 
municipal bonds pay 8% annually. Over a 5-year 
period, the investor expects the blue-chip stocks to 
return 12% annually and the growth stocks to return 
13% annually. The investor wants a combined annu- 
al return of 10% and also wants to have only one- 
fourth of the portfolio invested in stocks. 


66. The certificates of deposit pay 9% annually, and the 
municipal bonds pay 5% annually. Over a 5-year 
period, the investor expects the blue-chip stocks to 
return 12% annually and the growth stocks to return 
14% annually. The investor wants a combined annual 
return of 10% and also wants to have only one-fourth 
of the portfolio invested in stocks. 


67. Nut Mixture A grocer wishes to mix three kinds of 
nuts costing $3.50, $4.50, and $6.00 per pound to 
obtain 50 pounds of a mixture priced at $4.95 per 
pound. How many pounds of each variety should the 
grocer use if half the mixture is composed of the two 
cheapest varieties? 

68. Nut Mixture A grocer wishes to mix three kinds of 
nuts costing $3.00, $4.00, and $6.00 per pound to 
obtain 50 pounds of a mixture priced at $4.10 per 
pound. How many pounds of each variety should 
the grocer use if three-quarters of the mixture is 
composed of the two cheapest varieties? 

69. Number Problem The sum of three positive 
numbers is 33. The second number is 3 greater than 
the first, and the third is 4 times the first. Find the 
three numbers. 

70. Number Problem The sum of three positive 
numbers is 24. The second number is 4 greater than 
the first, and the third is 3 times the first. Find the 
three numbers. 


Curve-Fitting \n Exercises 71-74, find a quadratic 
equation y = ax? + bx + c whose graph passes through 
the given points. 
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TAN y 1pz y 


a igell GE) ORO Ty eR) 
74. (1, 1), (—3, 17), (2, -4) 


Curve-Fitting \n Exercises 75 and 76, find the equa- 
tion. ofthe: circle »x2\+y*-FiDx + by 0! that 
passes through the points. 

TSACbHL);) (BGS), (4s 2) 

76. (= ld 2), (23 3), (3, 2) 


77. Mathematical Modeling A videotape of the path 


of a ball thrown by a baseball player was analyzed on 
a television set with a grid covering the screen. The 
tape was paused three times and the coordinates of 
the ball were measured each time. The coordinates 
were approximately (0, 6), (25, 18.5), and (50, 26) 
(see figure). The x-coordinate was the horizontal dis- 
tance in feet from the player and the y-coordinate 
was the height in feet of the ball above the ground. 


(a) Find the equation y = ax? + bx +c of the 
graph that passes through the three points. 


(b) Use a graphing utility to graph the model in part 
(a). Use the graph to approximate the maximum 
height of the ball and the point at which the ball 
struck the ground. 
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78. Data Analysis The table gives the gross private 
savings y (in billions of dollars) for the years 1994 
through 1996 in the United States. (Source: U.S. 
Bureau of Economic Analysis) 


1994 | 1995 | 1996 
1006.3 | 1072.3 | 1161.0 


80. 


(a) Create a bar graph of the data. 

(b) Find a quadratic equation y = at? + bt +c 
whose graph passes through the three points, 
with t = 0 corresponding to 1990. 

(c) Use a graphing utility to graph the model in part 
(b). 

(d) Use the model in part (b) to predict gross private 
savings in the year 2000 if the trend continues. 


79. Rewriting a Fraction The fraction 


2x* — 9x 

Ce?) 

can be written as a sum of three fractions, as follows. 
2X ka Oke A B C 

&-2)2 x-2 (@-2) (@w-2)? 


ambxplainins:Goncentsararns es 
81. Describe the three elementary row operations that 
can be performed on an augmented matrix. 


82. What is the relationship between the three elemen- 
tary row operations on an augmented matrix and the 
row operations on a system of linear equations? 86 


83. What is meant by saying that two augmented matri- 
ces are row-equivalent? 


84. 
85. 


The numbers A, B, and C are the solutions of the 
system 

4A-2B+C= 0 
—4A++ B = —9 

A = 2. 

Write the expression as the sum of three fractions. 
Rewriting a Fraction The fraction 

ye ar Il 
x(x? + 1) 
can be written as a sum of two fractions, as follows. 


se ae I Ae epi G. 
ne? cel) ae ate | 


The numbers A, B, and C are the solutions of the 
system 

2Aut Bet Ge 

2A +.B— C=10 

5A + 4B + 2C = 3. 


Solve the system and verify that the sum of the two 
resulting fractions is the original fraction. 


Give an example of a matrix in row-echelon form. 


Describe the row-echelon form of an augmented 
matrix that corresponds to a system of linear equa- 
tions that is inconsistent. 


. Describe the row-echelon form of an augmented 


matrix that corresponds to a system of linear equa- 
tions that has an infinite number of solutions. 


_ The Granger Collection 
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_. Determinants and Linear Systems 


1] Find the determinants ofa 2 x 2 
matrix and a 3 x 3 matrix. 


The Determinant of a Matrix 


Associated with each square matrix is a real number called its determinant. The 
use of determinants arose from special number patterns that occur during the 
solution of systems of linear equations. For instance, the system 


ax+ by = Cc; 
a,x + b,y = cy 
has a solution given by 


a Cb, — Cyb, A,Cy — Axl) 


and y= 


a,b, — apb, a,b, — ab, 


provided that a,b, — a,b, # 0. Note that the denominator of each fraction is the 
same. This denominator is called the determinant of the coefficient matrix of the 
system. 


Coefficient Matrix Determinant 
a b 
A= B a det(A) = a,b, — a,b, 


The determinant of the matrix A can also be denoted by vertical bars on both sides 
of the matrix, as indicated in the following definition. 


> Definition of the Determinant of a 2 x 2 Matrix 


ay 


det(A) = 


a, 


A convenient method for remembering the formula for the determinant of a 
2 x 2 matrix is shown in the following diagram. 


det(A) = 


= a,b — ayb, 


2 


Note that the determinant is given by the difference of the products of the two 
diagonals of the matrix. 
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Example 1 The Determinant of a 2 x 2 Matrix 


Find the determinant of each matrix. 


2 -3 ) fai oe (meee 
A= |) Bil pe | ae ae J 


Solution 

>, GE ; Bel ayes) sem 

b. det(B) = is 6 = (—1)(—4) — 20) =4=4=0 
e. det(C) = ; | = 1(5) — 23) =5 -6 = -1 


Notice in Example | that the determinant of a matrix can be positive, zero, 
or negative. 

One way to evaluate the determinant of a3 x 3 matrix, called expanding by 
minors, allows you to write the determinant of a 3 x 3 matrix in terms of three 
2 x 2 determinants. The minor of an entry in a 3 x 3 matrix is the determinant 
of the 2 x 2 matrix that remains after deletion of the row and column in which 
the entry occurs. Here are two examples. 


Given Determinant Entry Minor of Entry Value of Minor 
(1:—_+—_3 a 
2 5 1 f 3 2(—7) — 46) =>=34 
= 4 
ae | Goats 
0 5 saci k - | 0(-—7).—= (—2)6) = 
= _4 2 | 


> Expanding by Minors 


det(A) = jay by Cy 


a,(minor of a,) — b,(minor of b,) + c,(minor of c,) 


Doers 
b, C3 


a Cc a b 
nas Me Z 2) —E Cy o . 
a, »b, 


a, C3 


This pattern is called expanding by minors along the first row. A similar 
oy ea pattern can be used to expand by minors along any row or column. 


The signs of the terms used in expanding by minors follow the alternating 
Figure 8.8 Sign Pattern for a pattern shown in Figure 8.8. For instance, the signs used to expand by minors 
3 x 3 Matrix along the second row are —, +, —, as shown at the top of page 531. 
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det(A)=|a, b, cy 
a, b; C; 


eV) (wae Finding the Determinant of a 3 x 3 Matrix 


==] iE 
Find the determinant of A = (ON e™ Veh b 
Shy eemgah, <9) 
Solution 


By expanding by minors along the first column, you obtain the following. 


rahe taly 2 
det(A)=| 0 2 3 
a Ayye2 


=(-1)[ 5} - of s|+ ef ‘1 
= (-4- 12)- OR - 8) + 3B -4) 
ag) kgiais 


Finding the Determinant of a 3 x 3 Matrix 


ihe 1 
Find the determinant of A=|3 0 Dain 
MQ =i 


Solution 


By expanding by minors along the second column, you obtain the following. 


1 ee 
det(4)=|3 0 2 
oe ead 
= - 0} +o, -|- Of; 4 
= —(2)(-3 - 8) +0-0 
= 22 


Note in the expansions in Examples 2 and 3 that a zero entry will always 
yield a zero term when expanding by minors. Thus, when you are evaluating the 
determinant of a matrix, you should choose to expand along the row or column 
that has the most zero entries. 
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a 
Use determinants and Cramer’s 
Rule to solve a system of linear 
equations. 
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Cramer’s Rule 


So far in this chapter, you have studied three methods for solving a system of 
linear equations: substitution, elimination (with equations), and elimination (with 
matrices). We now look at one more method, called Cramer’s Rule, which is 
named after Gabriel Cramer (1704-1752). This rule uses determinants to write 
the solution of a system of linear equations. 


> Cramer’s Rule 


1. For the system of linear equations 


Gixit Di ye=aGy 


a,x + boy = cy 


2 


the solution is given by 


Gauleo; a 
D a, bd, D a, Jb, 
G05 @ «0b; 


provided that D # 0. 
2. For the system of linear equations 
Oita Di Vere Crta id, 
Aax + boy + Coz = d, 
a,x tiDsy 1 C.2 — a, 


the solution is given by 


d, »b, Cy 

Goae> : 

ne D, _ |; by Cy 
D Ch Vee 

: by Cy 

a, bz, Cy 

a d ¢ 

(by el ees 

.s Dy _|43_ a; _ 
DU Geb cs, 

: ly (Gs 

Ce DR ers 


qa b d, 

Da G3 Oe 

i= = = 
D aE at D#0 

a, by Cy 

a, b; Cc, 
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Using Cramer’s Rule for a 2 x 2 System 


Use Cramer’s Rule to solve the system of linear equations. 


4x — 2y = 10 
3x -— Sy = 11 
Solution 
Begin by finding the determinant of the coefficient matrix, D = — 14. 
i 2 
De ie 7 (20) = (=22) 28 aS 
D =14 4 — =14 
i i 
Dy _\Sageabliieedns30, lo 1 
Lor Jpeg —14 14 


The solution is (2, — 1). Check this in the original system of equations. 


=> <lis(aew Using Cramer’s Rule for a 3 x 3 System 
Use Cramer’s Rule to solve the system of linear equations. 

aT terey =D 

PP ete eed) 

3x — 4y + 4z =2 


Solution 
The determinant of the coefficient matrix is D = 10. 


[aD is 
(a man eee 
Dap (294 eels 8) 
va Dye 10 Stiomes 
=> ie auecs 
ey Ml 
Diy tS ete See 
i a 10 eS TONS BED 
pe a 
Ne walt 
it) ted ee ee eS ee 
ose 10 7 ay 8 "5 


The solution is (2, —3, —§). Check this in the original system of equations. 


When using Cramer’s Rule, remember that the method does not apply if the 
determinant of the coefficient matrix is zero. 
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Use the determinant to find 
the area of a triangle, to test for 
collinear points, and to find the 


equation of a line. 


Applications of Determinants 


In addition to Cramer’s Rule, determinants have many other practical applications. 
For instance, you can use a determinant to find the area of a triangle whose 
vertices are given by three points on a rectangular coordinate system. 


> Area of a Triangle ' 


The area of a triangle with vertices (x,, y,), (%, y2), and (x3, y3) is 


Mec ee 1 
Area = +5 Keeney 1 
Pe a3 
where the symbol (+) indicates that the appropriate sign should be chosen 
to yield a positive area. 


Finding the Area of a Triangle 
Find the area of the triangle whose vertices are (2, 0), (1, 3), and (3, 2), as shown 
in Figure 8.9. 


Solution 
Choose (x,, y,) = (2, 0), >, y,) = (1, 3), and (x3, y,) = (3, 2). To find the area of 
the triangle, evaluate the determinant 


tae les Pat 0 wel 


xX. ies tl 3 1 
Xx; Y3 1 3 YD ] 
3 il 1 3 
2 “ + 
; | ol | 1 4 
e107) 
es. 


Using this value, you can conclude that the area of the triangle is 


1 2 0 1 
Area = iol 1 3 1 
3 2 1 
| 
= -3(-5) 


3 
x 


To see the benefit of the “determinant formula,” try finding the area of the 
triangle in Example 6 using the standard formula: 


Area = 4(base) (height). 


Figure 8.11 
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Suppose the three points in Example 6 had been on the same line. What 
would have happened had we applied the area formula to three such points? The 
answer is that the determinant would have been zero. Consider, for instance, the 
three collinear points (1, 1), (3, 2), and (5, 3), as shown in Figure 8.10. The area 
of the “triangle” that has these three points as vertices is 


{<cmley cl) 
1 (1) ; 2 ; : |) 
Bae a ee ad i 4] 
to Me? CN es | Su 

| 

sary had Rite) a9 

= 0. 


This result is generalized as follows. 


> Test for Collinear Points 


Three points (x, y,), (x5, y2), and (x3, y;) are collinear (lie on the same 
line) if and only if 


fi © Bal 1 
X, Vo 1} = 0. 
1 


ous 


Selle) (wae Testing for Collinear Points 


Determine whether the points (—2, —2), (1, 1), and (7, 5) lie on the same line. 
(See Figure 8.11.) 


Solution 
Letting (x,, y,) = (—2, —2), (%, y.) = (1, 1), and (x3, y3) = (7, 5), you have 
eye een 
Sma emotive lanes ama] 
XxX, 3 1 Z| 2 1 
1 1 1 1 1 
=A i|- 2h hele | 
= =2(-4) ~ (=2\(-6) + (-2) 
= -6. 


Because the value of this determinant is not zero, you can conclude that the three 
points do not lie on the same line. 


As a good review, look at how the slope can be used to verify the result in 
Example 7. Label the points A(—2, — 2), B(1, 1), and C(7, 5). Because the slopes 
from A to B and from A to C are different, the points are not collinear. 
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You can also use determinants to find the equation of a line through two 
points. In this case the first row consists of the variables x and y and the number 
1. By expanding by minors along the first row, the resulting 2 x 2 determinants 
are the coefficients of the variables x and y and the constant of the linear equa- 
tion, as shown in Example 8. 


De 


10 NI Se eA Ar 


Nowe 


> Two-Point Form of the Equation of a Line 


An equation of the line passing through the distinct points (x,, y,) and 
(x5, y>) is given by 


1 
1 
1 


=e usts)(aes} 9 Finding an Equation of a Line 


Find an equation of the line passing through (—2, 1) and (3, —2). 


Solution 
x y 1 
eae! 1 1; =0 
re 1 
1 =2 a2 1 
“|-2 i ) 3 [+1] 3 7° 


3x + 5y+1=0 
So, an equation of the line is 3x + 5y + 1 = 0. 
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Exercises 


Integrated Review Concepts, Skills, and Problem Solving 

Keep mathematically in shape by doing these Top Ade — 20 otal af) 

exercises before the problems of this section. sin 0 

Properties and Definitions 9.x + 64=0 

In Exercises 1-4, use (px + m)(qx + n) = ax? + 10.0327 6x" 14x "8 — 0 

bx +c. Models 

Leas" : In Exercises 11 and 12, translate the phrase into 
2 b= an algebraic expression. 

She oe Pee 11. The time to travel 320 miles if the average 
4. Ifa = 1, must p = | and gq = 1? Explain. speed is r miles per hour 

Solving Equations 12. The perimeter of a triangle if the sides are 


x + 1,3x + 5, and 3x + 1 
In Exercises 5-10, solve the equation. 


5. 3x2 + 9x — 12 =0 6. x2 -x-6=0 


Developing Skills 
In Exercises 1-12, find the determinant of the matrix. 1 1 0) 0) 1 Bi 
See Example 1. 15: | Br le ae 16. F La oa 
a) 1 3 i =7 0 3 1 0 D: 
i E A 2 5 ,| 2 4 6 2 3 1 
5 a) Daas) 17. ‘ 3 1 18. ‘ Ee tan”? 
< ie | i b x Qe aas 2 0.9 Dai 
Se A ae =3 =2 2 3 3 2 2: 
5. ka 4 6 fi | 19. 1 -1 j 20. ON Ty 
> 6 =) 3 0 1 4 —4 4 3 
: | 6 “4 | ibe Pe “ : -1 0 
5 5 2s 8 CG Dee 2 1 
9. ey | 10 3 d Sy ee 4 1 
2 eae Bisel ONT tah 
A ie a er ese | 23) | eS 4 24. | is 
O05" 03 eS Se) pe 1 As 
In Exercises 13-32, evaluate the determinant of the 1 1,412 6 oH ad 
matrix. Expand by minors along the row or column 25. 3 2 0 26.;0 O 0 
that, appears to make the computation easiest. See = 4 3 Ay = 64:22 
Examples 2 and 3. Dp 0 8 7 6 
> ae 10 Died Path | 4 ii j 28. - 0 0 
3. |6 0 0 i4s\8 ‘reel sly 7) 3 5 l 4 


4 1 1 4 0 2 
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O02 03 -04 04 03 50. 4x — 2y + 32 = —2 
29 alice OLS O82 ON? SUE |) is OL = (Oi ax + Ly + 5z = AG 
5 4 4 O37 U2 0.2 8x —5y-2z= 4 
tee el es A ees 51. 3x + 4y + 4z = 11 
sib | a 32./-2 -2 1 Aber Meg i 
=e anal it ein ell ae xr ve crs 
zz In Exercises 33-38, use a graphing utility to evaluate the 52. 14x, — 21x, — 74; = 10 
determinant of the matrix. 4%, 1° ZN, = ee 
a as) 2 =; =i 6 SOx7 peste ea 
SERIE BS peal 34.| 8 -; -4 53.53a 3b 4c | 
0 Tl 1 2 l 3@ 4 DD 9G 2 
1 3 \ D440 9D Aig 4 
aa eae pe an ale 54. 2x+3y+ Sz= 4 
SS eee en 36. |) 34 8 9 10 
= 22s. 16 -2 -6 12 Oi Oy OG 
5x + Oy + 172 = 13 
Whee OS ae 55. 5x —3y+2z= 2 
Wh On 0.8 0.6 bs 
10) ans 1 20237 = eS 
0.4 03 03 Tsay he OA a 
38./-02 06 0.6 50.9 30 lym tas 
2 Se 4x —3y — 42 = 1 


— 8% “Pp dyed 3z =10 
In Exercises 39-56, use Cramer’s Rule to solve the system 


of linear equations. (If not possible, state the reason.) 
See Examples 4 and 5. 


z= In Exercises 57-60, solve the system of linear equations 
using a graphing utility and Cramer’s Rule. See 


39 2y = 
=e pays] 
41. 3x + 4y = -2 
Sx +3y= 4 
43. 20x + 8y=11 
12x — 24y = 21 
45. —0.4x + 0.8y = 1.6 
20 =) p4y-= 9 
46. —0.4x + 0.8y = 1.6 
02x +0.3y = 2:2 
47. 3u+ 6v= 5 


6u + 14v = 11 
48. 3x, + 2x, = 1 
2x, + 10x, = 6 


AD Are ye Zs) 
to dy + 3z = 110 
So ey On 


40. 2x- y=—10 


Sey =a 
42. 18x + 12y = 13 
30x + 24y = 23 
44. 13x -— 6y=17 
26x — 12y= 8 


Examples 4 and 5. 
57. —3x + l0y = 22 


%— By= 0 
58,34 + Jy=.3 
1X 259 = V1 


59 Oxy aa 
e+ Sy 67 =——3 
% Dy a Oe ae 

60. 6x+ 4y — 87 —22 
-2x+2y+3z2= 13 
25 2 aa 5 


In Exercises 61 and 62, solve the equation. 
Se 4 
1 28 
A= Xe a 
l 1% 


61. | 


62. | = 0 


_ the shaded region of the figure. 


F 68. (—4, 2), (1,5), (4, —4) 
69. (0, 4), (3, 0), (4, 3) 70. (4, 0), (0, 3), (8, —2) 
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Solving Problems 


Area of a Triangle _\n Exercises 63-70, use a determi- 76. Area of a Region You have purchased a triangular 
nant to find the area of the triangle with the given tract of land, as shown in the figure. How many 
vertices. square feet are there in the tract of land? 


63. (0, 3), (4, 0), (8, 5) 64. (2, 0), (0, 5), (6, 3) 
6520, 0), (3..1)).(1,5) 

Bae 275). (27—= 3), (0,4) 

Bie (= al) (G.= 1), (15.6) 


Area of a Region \n Exercises 71-74, find the area of 


71. 


72. (-1,2) (5, 2) 


Collinear Points \n Exercises 77-82, determine 
whether the points are collinear. 


Tien eubslih) (Ona )etone) 


73. (1, 2) (6, 2) 74. (1, 4) 78. = i ak 1), (1, 9), 2 13) 
Re eee yy TIAN 5) (lew Lae) 
= y 80. (al 8), Gs 2), (2; 0) 
lees _ 81. (-2,1,0.1,03) 82 (0,2).(1,2,(0,4) 
€3,.0) 2 -Du4—1) 
Equation of a Line _\n Exercises 83-90, use a determi- 
75. Area of a Region A large region of forest has been nant to find the equation of the line through the points. 
ai with ade eerie es is ares 83. (0, 0), (5,3) 84. (—4, 3), (2, 1) 
riangular, as shown in the figure. Approxi 
number of square miles in this region. 85. (10, ), Ce =) 86. (8, 3), (4, 6) 
87. (—2,3), (3, -3) 88. (—3, 3), (3, 1) 
89. (2, 3.6), (8, 10) DONG 16) (5-29) 


EB Curve-Fitting \n Exercises 91-96, use Cramer’s Rule 
to find a quadratic equation y = ax? + bx + c whose 
graph passes through the points. Use a graphing utility 
to plot the points and graph the model. 

OT (Oc N)s (a3) (221) 
92. (- il, 0), Gs 4), (4 fw 5) 


94, ee 9.019) (3, 1) 
95. (1, -1), (- oe a 
96. (2,3),(-1 aC 
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EA 97, 


aE 


= 98, 


G 100. 
101. 


102. 
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Mathematical Modeling The table gives the 
merchandise exports y, and the merchandise 
imports y, (in billions of dollars) for the years 1995 
through 1997 in the United States. (Source: U.S. 
International Trade Administration) 


1995 | 1996 | 1997 

y, | 584.7 | 624.8 | 689.2 
eee) 

_| 743.4 | 791.4 | 870.7 


(a) Find the quadratic model y, = a,t? + b,t + c, 
for exports. Let t = 0 represent 1990. 

(b) Find the quadratic model y, = a,t? + bjt + c, 
for imports. Let t = 0 represent 1990. 

(c) Use a graphing utility to graph the models 
found in parts (a) and (b). 

(d) Find a model for the merchandise trade balance 
Yi ~~ Sexe 

(e) Use a graphing utility to graph the model for 
the merchandise trade balance. What does the 
graph show concerning this balance? 

Mathematical Modeling The table gives the agri- 

cultural products exports y, and the agricultural 

products imports y, (in billions of dollars) for the 

years 1995 through 1997 in the United States. 

(Source: U.S. International Trade Administration) 


Explaining Concepts _ 


Answer parts (g) and (h) of Motivating the Chapter 
on page 481. 


Explain the difference between a square matrix and 
its determinant. 


Is it possible to find the determinant of a 2 x 3 
matrix? Explain. 


99. 


103. 


104. 


1995 | 1996 | 1997 | 
56.0 | aoe [ea 
29.3 | 32.6 | 35.2 


Table for 98 

(a) Find the quadratic model y, = a,t? + bt +c, 
for the exports. Let t = 0 represent 1990. 

(b) Find the quadratic model y, = a,t? + bot + c, 
for the imports. Let t = 0 represent 1990. 

(c) Use a graphing utility to graph the models 
found in parts (a) and (b). 

(d) Find a model for the agricultural products trade 
balance y, — yp. 

(e) Use a graphing utility to graph the model for 
the agricultural products trade balance. What 
does the graph show concerning this balance? 

(a) Use Cramer’s Rule to solve the following sys- 
tem of linear equations. 


ko = (1 = ky =a 


(1 —k)x + ky = 3 
(b) For what value(s) of k will the system be 
inconsistent? 


What is meant by the minor of an entry of a square 
matrix? 


What conditions must be met in order to use 
Cramer’s Rule to solve a system of linear equations? 


CHAPTER SUMMARY 


Key Terms 


system of equations, consistent system, p. 483 Gaussian elimination, augmented matrix, p. 516 


p. 482 dependent system, p. 483 p. 504 coefficient matrix, p. 516 
solution of a system of inconsistent system, row operations, p. 504 row-equivalent matrices, 
equations, p. 482 p. 483 matrix, p. 576 p. 518 
points of intersection, row-echelon form, p. 503 matrix order, p. 516 minor (of an entry), 
p. 483 equivalent systems, p. 504 square matrix, p. 516 p. 530 


Key Concepts 


[41 The method of substitution 
_ 1. Solve one of the equations for one variable in terms 
of the other. 


_ 2. Substitute the expression found in Step 1 into the 
other equation to obtain an equation in one variable. 


. Solve the equation obtained in Step 2. 


4. Back-substitute the solution from Step 3 into the 
expression obtained in Step 1 to find the value of the 
other variable. 


_ 5. Check the solution in the original system. 


4 ‘3% The method of elimination 


. Obtain coefficients for x (or y) that differ only in 
sign by multiplying all of the terms of one or both 
equations by suitably chosen constants. 

2. Add the equations to eliminate one variable and 

solve the resulting equation. 

. Back-substitute the value obtained in Step 2 into 

either of the original equations and solve for the 

other variable. 


4. Check your solution in both of the original equations. 


(8.3, Operations that produce equivalent sys- 
4 tems 


Each of the following row operations on a system of 
linear equations produces an equivalent system of linear 
equations. 

1. Interchange two equations. 

2. Multiply one of the equations by a nonzero constant. 


3. Add a multiple of one of the equations to another 
equation to replace the latter equation. 


Elementary row operations for matrices 


Two matrices are row-equivalent if one can be obtained 
from the other by a sequence of elementary row 
operations. 


1. Interchange two rows. 
2. Multiply a row by a nonzero constant. 
3. Add a multiple of a row to another row. 


8.4 | Gaussian elimination with back-substitution 
To use matrices and Gaussian elimination to solve a 
system of linear equations, use the following steps. 


1. Write the augmented matrix of the system of linear 
equations. 


2. Use elementary row operations to rewrite the aug- 
mented matrix in row-echelon form. 


3. Write the system of linear equations corresponding 
to the matrix in row-echelon form, and use back- 
substitution to find the solution. 


8.5) Determinant of a matrix 
ay by 
a, by 
Expanding by minors 


The minor of an entry in a 3 x 3 matrix is the determi- 
nant of the 2 x 2 matrix that remains after the deletion 
of the row and column in which the entry occurs. 


det(A) 


II 
g 
iS) 
> 
is) 
ie) 
wv 


a,(minor of a,) — b,(minor of b,) + 
c,(minor of c,) 


b, C> 
b; C3 


a, C5 
TBs zi oe a = 
a 


a, . 


3 C3 a,b, 


541 
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e ° e 
- Reviewing Skills = —s 
reo Reviewing Siills memes saaearnaa 


))) In Exercises 1-4, determine whether each ordered 21. —5x + 2y=4 228k Dy: ee 
pair is a solution of the system of equations. Pe ace Lie 7 2x + 3y = 10 
Lex ty =2 2e0= 26 Dy 221 233% ey See 24. 24x — 4y = 20 
5x + 6y = 9 on = y= 13 Sx = 9y-= =5 6% = yy =o 
(a) (3, 4) (a) (225) 2 Ok 26. y? = 16x 
(Deol) (bin (= 254) y = 157210 x-=y=~—4 
Sh Seo ge ae ll) 4x 2y = 21 ye 282 y= 32 
20x + 10y = 30 2x — Sy = 26 x y= 1 x + y= "0 
(a) (4, -S) (a) (3, —4) 
$4, In Exercises 29-34, use elimination to solve the 
(b) (7, 12) (b) (2, 8) ea 
ystem in two variables. 
In Exercises 5-14, solve the system graphically. 29. x+y=0 30. 4x + y= 1 
5.xty=2 6. 2x = 3(y — 1) a2x+y=0 ga, 
x-y=0 y=x 3120 a ey =e 2 32. 3xr y= eat 
Us Ghee S$. y= al 6x + 8y = 39 Bale) = 
—x+y=1 3x +2y= 0 33. 0.2x + 0.3y =0.14 34. Ox + 0.5y = —0.17 
9. 2x-y=0 10. x=y+3 0.4x + 0.5y = 0.20 —03x02);—— 0.00 
= + — = 
a aie sa In Exercises 35-40, use elimination to solve the 
I. aet y= 4 12. 3x—-2y= 6 system in three variables. 
pes rig Pee 35. -x+ yt+2z= 1 
IB She = Ap See 14. 2x- y= 4 et 
Oh Lye = 3K 4y= — 11 


Sx+4y+2z= 4 
== In Exercises 15-1 8, use a graphing utility to solve the SO. T eco Y\ eee LO) 


system. ANP OVO SnD 

15. 5x — 3y = 3 16. 8x + 5y= 1 Ay — 2yi + 3z.= = 2 
2x + 2y= 14 3x — 4y = 18 Ue hi yy ll 
17. y=x2-4 18. y=9-~ =2% yet sz 
2x — 3y = 11 2x +y=6 aie a a omaar Goa 16) 
38. 3% yr 22 =-—13 
In Exercises 19-28, use substitution to solve the system. =x— y+ z= 0 
19.°2% + 3y—= 9 1 20, 3x —= Ty = 10 DSi Pen oye ill 


x+ 4y = -2 = 25 ya 14 


39. 2 = Az S217 
ox + ay 37 ="— 14 
Nese Vict 27. = 3 

See 20+ oy 57> 
mcd ly os 


3x + Sy + 22 = 15 


In Exercises 41-48, use matrices and elementary 
row operations to solve the system. 
41. S5x+4y= 2 42. 2x —Sy =2 
ty = 22 3Y hy ek 
43. 0.2x —O.ly = 0.07 
0.4x — 0.5y = —0.01 
44.2x+y= 0.3 
aXe Vo" 3 
45. x+2y+6z= 4 
Ova fy 2= —4 


Ale oe 2z= 16 
HO xX t Sy 7 = 4 
Dye Oz 4: 


aa yr  — 10 
2 te OX t 2 3X, = 3 


Oxat O%5 12415 
OX tno, eae 
Peet, 2x, + 3x,—= 4 
ON AX A lS 
over, 4%,— —1 


_ Solving Problems — 

63. Break-Even Analysis A small business invests 
$25,000 in equipment to produce a product. Each 
unit of the product costs $3.75 to produce and is sold 
for $5.25. How many units must be sold before the 
business breaks even? 


64. Break-Even Analysis A small business invests 
$33,000 in equipment to produce a product. Each 
unit of the product costs $1.70 to produce and is sold 
for $5.00. How many units must be sold before the 
-business breaks even? 
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In Exercises 49-54, find the determinant of the 


matrix. 


110 an a 
a: EB ie ees Ee a 

8 6 3 Cope 1 mrs Fi 
At. | 6 3 0 tal ieete Oo 

3 0 2 12 l | 

8 3 2 + O05 40 
S33 lite 4 54-1" OpetO 0 

6 0 5 10 0 34 


In Exercises 55-60, solve the system of linear equations 
by using Cramer’s Rule. (If not possible, state the 
reason.) 


Sod Xe + L2y— 63 56. 12x + 42y = -17 
2x + 3y = 15 30x — 18y = 19 

57. 3x —2y= 16 58. 4x + 24y = 20 
12% —.8y:=—5 =e 1 2ys=e5 

SOS yr 2 ER GOF i vi oe 
20-SESN + oleae 2X, + 2x, =5 
5x Ay + 22 =. 4 Ve Koc Oke 


In Exercises 61 and 62, create a system of equations 
having the given solution. (Each problem has many cor- 
rect answers. ) 


61. (2, —4) 62. (—10, 12) 


65. Acid Mixture One hundred gallons of a 60% acid 
solution is obtained by mixing a 75% solution with a 
50% solution. How many gallons of each solution 
must be used to obtain the desired mixture? 


66. Alcohol Mixture Fifty gallons of a 90% alcohol 
solution is obtained by mixing a 100% solution with 
a 75% solution. How many gallons of each solution 
must be used to obtain the desired mixture? 
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67. 


68. 


69. 


70. 


71. 


2s 


73. 
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Geometry The perimeter of a rectangle is 480 
meters and its length is 150% of its width. Find the 
dimensions of the rectangle. 


Rope Length Suppose that you must cut a rope that 
is 128 inches long into two pieces such that one 
piece is three times as long as the other. Find the 
length of each piece. 


Cassette Tape Sales You are the manager of a 
music store and are going over receipts for the previ- 
ous week’s sales. Six hundred and fifty cassette tapes 
of two different types were sold. One type of cassette 
sold for $9.95 and the other sold for $14.95. The total 
cassette receipts were $7717.50. The cash register 
that was supposed to record the number of each type 
of cassette sold malfunctioned. Can you recover the 
information? If so, how many of each type of cassette 
were sold? 


Flying Speeds Two planes leave Pittsburgh and 
Philadelphia at the same time, each going to the 
other city. Because of the wind, one plane flies 25 
miles per hour faster than the other. Find the ground 
speed of each plane if the cities are 275 miles apart 
and the planes pass one another (at different alti- 
tudes) after 40 minutes of flying time. 


Flying Speeds One plane flies 450 miles from City 
A to City B while a second plane, leaving at the same 
time, flies from City B to City A. Because of the 
wind, one plane travels 40 miles per hour faster than 
the other. Find the ground speed of each plane, if the 
planes pass one another (at different altitudes) after 
50 minutes of flying time. 


Investments An inheritance of $20,000 is divided 
among three investments yielding $1780 in interest 
per year. The interest rates for the three investments 
are 7%, 9%, and 11%. Find the amount placed in 
each investment if the second and third are $3000 and 
$1000 less than the first, respectively. 


Number Problem The sum of three positive num- 
bers is 68. The second number is four greater than 
the first, and the third is twice the first. Find the three 
numbers. 


Curve-Fitting \n Exercises 74 and 75, find a quadratic 

equation y = ax? + bx + c whose graph passes through 

the given points. 

74. (0,.= 6); (1, 3); 
(2, 4) 


75% (=5,0). (lea), 
(2, 14) 


= 76. Mathematical Modeling A child throws a softball 


over a garage. The location of the eaves and the 

peak of the roof are given by (0, 10), (15, 15), and 

(30, 10). 

(a) Find the equation y = ax? + bx + c for the path 
of the ball if the ball follows a path 1 foot over 
the eaves and the peak of the roof. 

(b) Use a graphing utility to graph the path of the 
ball in part (a). 

(c) From the graph, estimate how far from the edge 
of the garage the child was standing if the ball 
was at a height of 5 feet when it left his hand. 


In Exercises 77-80, use a determinant to find the area 
of the triangle with the given vertices. 


772 (1,0); 3, 0)658) 


78. (—4, 0), (4, 0), (0, 6) 
F912). (45302) 
so. (3,1), (4, —4), (4, 2) 


In Exercises 81-84, use a determinant to find the equa- 
tion of the line through the points. 


81. (—4, 0), (4, 4) 82. (2,5), (6, -1) 
83. (—3,3), @ 1) 84. (—0.8, 0.2), (0.7, 3.2) 
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2x 2y = 1 
ex te dy = 0 
System for 1 


Spa e 
A=|-1 5 
y ] 


Matrix for 15 


5x — 8y = 3 
3x + ay =0 
System for 16 


Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


1b 


Which ordered pair is the solution of the system at the left: (3, —4) or Se 1)9 


In Exercises 2-13, use the indicated method to solve the system. 


2. Substitution: 5x- y= 6 3. Substitution: x +y= 8 
4x —-3y = -4 x+y=10 
4. Graphical: x —2y=-—-1 5. Elimination: 3x — 4y = —14 
2k t3y =" 12 5 ene 8 
6. Elimination: 8x + 3y = 3 7. Elimination: x + 2y — 4z=0 
4x —-6y = -1 SX Ley ee 
Bye aaa 
8. Matrices: x = 37 = 10 9. ‘Matrices: x —3yipee 
32 Vit 22, O 3x + 2y —5z= 18 
iar ely = -7 y + Zia | 
10. Cramer’s Rule: 2x — Ty = 7 11. Graphical: x — 2y = —3 
SX ply" 13 20 SV —aeoe 
12. Any Method: 3x—-—2y+ z= 12 
Keay = 2 
3% =|97 = —6 
13. Any Method: 4x+ y+2z=-4 
3y+ Z= 
= 3 oe 


19. 


20. 


21. 


. Describe the types of possible solutions of a system of linear equations. 
. Evaluate the determinant of A, as shown at the left. 
. Find the value of a such that the system at the left is inconsistent. 


. Find a system of linear equations with integer coefficients that has the solution 


(5, —3). (The problem has many correct answers.) 


. Two people share the driving on a 200-mile trip. One person drives four times 


as far as the other. Write a system of linear equations that models the prob- 
lem. Find the distance each person drives. 

Find a quadratic equation y = ax* + bx + c whose graph passes through the 
points (0, 4), (1, 3), and (2, 6). 

An inheritance of $25,000 is divided among three investments yielding $1275 
in interest per year. The interest rates for the three investments are 4.5%, 5%, 
and 8%. Find the amount placed in each investment if the second and third 
investments are $4000 and $10,000 less than the first, respectively. 


Find the area of the triangle with vertices (0, 0), (5, 4), and (6, 0). 


Motivating the Chapter 


CG Choosing the Best Investment 


You receive an inheritance of $5000 and want to invest it. 


See Section 9.1, Exercise 104 


_ a. Complete the table by finding the amount A of the $5000 investment 
after 3 years with an annual interest rate of r = 6%. Which form of 
_compounding gives you the greatest balance? 


Quarterly 
Monthly 


be Rida are considering two different investment options. The first investment 
option has an interest rate of 7% compounded continuously. The second 
_ investment option has an interest rate of 8% compounded quarterly. 
Which investment would you choose? Explain. 


See Section 9.5, Exercise 139 

c. What annual percentage rate is needed to obtain a balance of $6200 in 3 
years if the interest is compounded monthly? 

d. If r = 6% and the interest is compounded continuously, how long will it 
take for your inheritance to grow to $7500? 

e. What is the effective yield on your investment if the interest rate is 8% 
compounded quarterly? 

f,. With an interest rate of 6%, compounded continuously, how long will it 


take your inheritance to double? How long will it take your inheritance to 
quadruple (reach four times the original amount)? 
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Ml Evaluate exponential functions. 


tt ember ad a AF Lavine bpp ine rem an 


——e 


Exponential Functions 


In this section, you will study a new type of function called an exponential 
function. Whereas polynomial and rational functions have terms with variable — 
bases and constant exponents, exponential functions have terms with constant | 
bases and variable exponents. Here are some examples. ; 


. 
a] 
| 


Polynomial or Rational Function Exponential Function 
Constant Exponent Variable Exponent 
A \ 7, N 
i be Be 
S i \ if 
Variable Base Constant Base 


> Definition of Exponential Function 


The exponential function f with base a is denoted by 


f(a) = a 


where a > 0, a # 1, and x is any real number. 


The base a = 1 is excluded from exponential functions because f(x) = 
1* = 1 is a constant function, not an exponential function. 

In Chapter 5, you learned to evaluate a* for integer and rational values of x. 
For example, you know that 


1 
@=a-a:a, a*= “ae and a3 = (ay. 


i 


However, to evaluate a* for any real number x, you need to interpret forms with 
irrational exponents, such as a¥? or a”. For the purpose of this text, it is sufficient 
to think of a number such as 


av2 


where ./2 ~ 1.414214, as the number that has the successively closer approxi- 
mations 
al4, idl, gl4l4 ql4i42 gi4i421 qiai42i4 


The rules of exponents that were discussed in Section 5.1 can be extended to 
cover exponential functions, as described on page 549. 
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> Rules of Exponential Functions 


Product Rule 


Quotient Rule 


Power Rule 


Negative Exponent Rule 


To evaluate exponential functions with a calculator, you can use the expo- 
nential key (where y is the base and x is the exponent) or (“). For example, 
to evaluate 3~!, you can use the following keystrokes. 


Keystrokes Display 
3 Ihe) (=) 0.239741 Scientific 


3 13 0.239741 Graphing 


Evaluating Exponential Functions 


Evaluate each function at the indicated values of x. Use a calculator only if it is 
necessary or more efficient. 


Function Values 

a. f(x) = 2* x=3,x=-4,x=77 

b. g(x) = 12 Oe 

ce. j(x) = 200(1.04)* ale a =" / 2 

Solution 

Evaluation Comment 

a. f{3) =2=8 Calculator is not necessary. 

f(-4) =274+= a els Calculator is not necessary. 
2 16 
f(a) = 27 = 8.825 Calculator is necessary. 

b. g(3) = 123 = 1728 Calculator is more efficient. 
e(—0.1) = 12-°! = 0.7800 Calculator is necessary. 
(5) = 12°/7 = 5.900 Calculator is necessary. 

ce. j(1) = 200(1.04)? = 216.32 Calculator is more efficient. 
j(—2) = 200(1.04)?-?) = 170.961 Calculator is more efficient. 


(V2) = 200(1.04)2¥2 = 223.464 Calculator is necessary. 
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Use the point-plotting method 
or a graphing utility to graph an 
exponential function. 


Leet 1a 

bere Ha cae eee COE Go ccananginee 
ie f (2, 4) 
rd Le 

snpestgon al em. 

i’ 

= 4% i” 
| ss ied 


Figure 9.1 
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Graphs of Exponential Functions 


The basic nature of the graph of an exponential function can be determined by the 
point-plotting method or by using a graphing utility. 


Selva The Graphs of Exponential Functions 
t 


In the same coordinate plane, sketch the graphs of the following functions. 
Determine the domains and ranges. 

a. f(x) = 2° b. g(x) = 4+ 

Solution 


The table lists some values of each function, and Figure 9.1 shows their graphs. 
From the graphs, you can see that the domain of each function is the set of all real 
numbers and that the range of each function is the set of all positive real numbers. 


3 | 
g 
64 


Note in the next example that a graph of the form f(x) = a* (as shown in 
Example 2) is a reflection in the y-axis of a graph of the form g(x) = a™*. 


>elule(eeme [he Graphs of Exponential Functions 


In the same coordinate plane, sketch the graph of each function. 
aya) —=2 = b. g(x) = 4 
Solution 


The table lists some values of each function, and Figure 9.2 shows their graphs. 


Ble} Mle | 
= Ble 
al i) 


Examples 2 and 3 suggest that for a > 1, the graph of y = a* increases and 
the graph of y = a -* decreases. Remember that a~* = (1/a)*. So, increasing the 
power on a fraction (1/a) < 1 yields smaller and smaller values. The graphs 
shown in Figure 9.3 are typical of the graphs of exponential functions. Note that 
each has a y-intercept at (0, 1) and a horizontal asymptote of y = 0. 
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x 
Graph of y = a* Graph of y = a * = (*) 
* Domain: (— 00, oo) * Domain: (—o0, 00) 
* Range: (0, 00) * Range: (0, co) 
* Intercept: (0, 1) * Intercept: (0, 1) 
¢ Increasing ¢ Decreasing 


Figure 9.3. Characteristics of the Exponential Functions a* and a-*(a > 1) 


In the next two examples, notice how the graph of y = a* can be used to 
sketch the graphs of functions of the form f(x) = b + a**°. Also note that the 
transformation in Example 4(a) keeps the x-axis as a horizontal asymptote, but the 
transformation in Example 4(b) yields a new horizontal asymptote of y = —2. 
Also, be sure to note how the y-intercept is affected by each transformation. 


Sketching Graphs of Exponential Functions 


Each of the following graphs is a transformation of the graph of f(x) = 3*, as 
shown in Figure 9.4. 


a. Because g(x) = 3**! = f(x + 1), the graph of g can be obtained by shift- 
ing the graph of f 1 unit to the left. 


b. Because h(x) = 3* — 2 = f(x) — 2, the graph of h can be obtained by shift- 
ing the graph of f down 2 units. 


(a) 
Figure 9.4 
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Evaluate the natural base e 
and graph the natural exponential 
function. 


Reflections of Exponential Functions 


Each of the following graphs is a reflection of the graph of f (x) = 3%, as shown 
in Figure 9.5. 


a. Because k(x) = —3* = —f(x), the graph of k can be obtained by reflecting 
the graph of f in the x-axis. 


b. Because j(x) = 3~>* = f(—x), the graph of j can be obtained by reflecting 
the graph of f in the y-axis. ‘ 


Figure 9.5 


The Natural Exponential Function 


So far, we have used integers or rational numbers as bases of exponential func- 
tions. In many applications of exponential functions, the convenient choice for a 
base is the irrational number, denoted by the letter “e.” 


BEE MINORS 5 9 Natural base 
This number is called the natural base. The function 
f(x) = @ Natural exponential function 


is called the natural exponential function. Be sure you understand that for this 
function, e is the constant number 2.71828. . . , and x is a variable. To evaluate 
the natural exponential function, you need a calculator, preferably one having a 
natural exponential key (ex). Here are some examples of how to use such a calcu- 
lator to evaluate the natural exponential function. 


Value Keystrokes Display 
e 2 7.3890561 Scientific 
e? 2 7.3890561 Graphing 
ena 3 0.049787 Scientific 
e73 (ex) (O ©) 3 | CENTER} 0.049787 Graphing 
Bree Be 1.3771278 Scientific 


ee 32 LeS7 7127s Graphing 


See CU 


SOS SEY eas" 


Qe AAAS Aarw man cn ~ A 


Figure 9.6 


4 Use an exponential function to 
solve an application problem. 


Weight (in grams) 


a 


D5 SOL ior 00R25 


Time (in years) 


Figure 9.7 
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Some calculators do not have a key labeled (e*). If your calculator does not 
have this key, but does have a key labeled (In x], you will have to use the two- 
keystroke sequence in place of {e*). 

After evaluating the natural exponential function at several values, as shown 
in the table, you can sketch its graph, as shown in Figure 9.6. 


to ]-0s [oo [os [io [rs 


From the graph, notice the following properties of the natural exponential function. 


¢ The domain is the set of all real numbers. 
¢ The range is the set of positive real numbers. 
¢ The y-intercept is (0, 1). 


Applications 


A common scientific application of exponential functions is that of radioactive 
decay. 


Radioactive Decay @ 


Let y represent the mass of a particular radioactive element whose half-life is 25 
years. The initial mass is 10 grams. After ¢ years, the mass (in grams) is given by 


1 t/25 
y= 10(5] Petey 


How much of the initial mass remains after 120 years? 


Solution 
When t = 120, the mass is given by 


1 \ 120/25 
y= 10() Substitute 120 for t. 
1 \48 
= 10(;) Simplify. 
= 0.359 gram. Use a calculator. 


So, after 120 years, the mass has decayed from an initial amount of 10 grams to 
only 0.359 gram. Note in Figure 9.7 that the graph of the function shows the 
25-year half-life. That is, after 25 years the mass is 5 grams (half of the original), 
after another 25 years the mass is 2.5 grams, and so on. 
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One of the most familiar uses of exponential functions involves compound 
interest. A principal P is invested at an annual interest rate r (in decimal form), | 
compounded once a year. If the interest is added to the principal at the end ofthe 
year, the balance is 


A=P+ Pr=P(K+ 7). 


This pattern of multiplying the previous principal by (1 + r) is then repeated each 
successive year, as shown below. 


Time in Years Balance at Given Time 
0 A=P 
1 A=P(1 +r) 
2 A = Pilsen de 1) = Pl rz 
3 A= P(1+7)(1 + r) = Pl + 7) 
t A = P@- +r) 


To account for more frequent compounding of interest (such as quarterly or 
monthly compounding), let n be the number of compoundings per year and let ¢ 
be the number of years. Then the rate per compounding is r/n and the account 
balance after f years is 


nt 
a= P(r +2)" 
n 


Example yZ—_ Finding the Balance for Compound Interest ©) 


A sum of $10,000 is invested at an annual interest rate of 7.5%, compounded 
monthly. Find the balance in the account after 10 years. 


Solution 


Using the formula for compound interest, with P = 10,000, r = 0.075,n = 12 | 
(for monthly compounding), and t = 10, you obtain the following balance. | 


0.075 
12 


~ 


12(10) 
A= 10,000( 1 =r = $21,120.65 


A second method that banks use to compute interest is called continuous 
compounding. The formula for the balance for this type of compounding is 


A = Pe". 


The formulas for both types of compounding are summarized on the next page. 


aa) eS I a\ Cn . ad 


A 


aN AS OS Tee Nee 
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> Formulas for Compound Interest 


After t years, the balance A in an account with principal P and annual 
interest rate r (in decimal form) is given by the following formulas. 


nt 
1. For n compoundings per year: A = P(i EE ") 
n 


2. For continuous compounding: A = Pe” 


Sells) (e-a Comparing Three Types of Compounding @ 


A total of $15,000 is invested at an annual interest rate of 8%. Find the balance 
after 6 years if the interest is compounded 


a. quarterly, b. monthly, and c. continuously. 


Solution 

a. Letting P = 15,000, r = 0.08, n = 4, and t = 6, the balance after 6 years at 
quarterly compounding is 

omy 


A 
4 


15,000( 1 Be 


$24,126.56. 


b. Letting P = 15,000, r = 0.08, n = 12, and t = 6, the balance after 6 years at 
monthly compounding is 


12(6) 
A ‘hee os) 


12 


II 

— 

Nn 

SS 

SS 

S 
LE aS 


$24,202.53. 


c. Letting P = 15,000, r = 0.08, and t = 6, the balance after 6 years at contin- 
uous compounding is 


A = 15,000e°.8(6) 
$24,241.12. 


Note that the balance is greater with continuous compounding than with quarterly 
and monthly compounding. 


Example 8 illustrates the following general rule. For a given principal, inter- 
est rate, and time, the more often the interest is compounded per year, the greater 
the balance will be. Moreover, the balance obtained by continuous compounding 
is larger than the balance obtained by compounding n times per year. 


_ Finding a Pattern 


Use a graphing utility to investigate the function f(x) = k* for 
0<k<1,k=1,andk > 1. Discuss the effect that k has on the 
shape of the graph. 
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In Exercises 1-8, simplify the expression. 


ih, 92) oe 2. 10e~ =e 
ext2 32x43 
ex 4. 3xt1 
By (eae he tle 
7. 3/-8e* 8. //4e% 


In Exercises 9-16, approximate the expression to three 
decimal places. 


9. 4v3 10. 6-7 
11. e!/3 128 ca): 
13. 4(3e4)1/2 14, (9¢2)3/2 

4e3 6e° 
15. De 16. 1007 


In Exercises 17-30, evaluate the function as indicated. 
Use a calculator only if it is more efficient or necessary. 
(Round to three decimal places.) See Example 1. 


Wks java ee es 18. F(x) = 3-* 
G@xw= —2 (a) x = -—2 
(b) x=0 (b) x =0 
(c) x=1 (c)x=1 
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19. 


21. 


23. 


Py 


PA 


en) OT 

(a) x= —-1 

(b) x =3 

(c) x= J5 

F(t) = 500(5)' 

(a) t=0 

(b) t= 1 

(c) t= 7 

f(x) = 1000(1.05)** 

(a) x =0 

(b) x =5 

(c) x = 10 
5000 

ae (1.06)®* 

(a) x =5 

(b) x = 10 

(c) x = 20 

e(x) = 10e-0-5* 

(a) x= —-4 

(b) x =4 

(c) x =8 


20. G(x) = 2.04-* 
(a) x= —-1 
(b) x= 1 
(Oma 
22. g(s) = 1200(3)° 
(a) s=0 
(b) s=2 
() s=/2 
24. g(t) = 10,000(1.03)* 
(a) t=1 
(b) t= 3 
(c) t= 5.5 
26. P(t) = ae 
(a) t=2 
(b) t= 10 
(c) t = 20 
28. A(t) = 200e%"" 
(a) t= 10 
(b) ¢ = 20 


(c) t= 40 


a 


Be er eee 


X 


2 
3 
y 
: 
e 
4 
4 
4 
; 


“i. Sa, 
AN) I 


CEE 


he ae 


1000 100 
29. g(x) = ee nO 30. f(z) = 1 + e708 
(a) x = 0 (a) z= 0 
(b) x =10 (ez ="10 
(Cer 50 (c) z= 20 


In Exercises 31-SO, graph the function. See Examples 2 
and 3. 


31. f(x) = 3° 32. f(x) = 3-* = (7) 
33. h(x) = 3(3*) 34. h(x) = 5(37*) 
35. g(x) = 3* — 2 36... 2(x).= 3% +1 
37. f(x) = 4*-5 38. f(x) = 4*+! 

39. g(x) = 4° -5 40. g(x) = 4° +1 


EON ro kane 42. f()) = 2" 
aon) = —20°* 44, h(t) = —2-0* 
BSI x) = "205" 46. 2(x) = 2-9 
AT. fe) = -G) 48. f(x) = (j) +1 
49. 9(t) = 200(3)' 50. h(y) = 27(3) 


_ In Exercises 51-58, match the function with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), (f), (g), 
and (h). | 
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Exponential Functions 


(g) " (h) 4 


51. f(x) = 2* 

53. f(x) =27* 
55) 2 
57. f(x) = (3)' —2 


52. f(x) = -—2 
54. f(x) =2*-1 
56. f(x) = 2**! 
58. f(x) =e 


=| In Exercises 59-70, use a graphing utility to graph the 


function. 

59, y = 5°? 60. y =5 

61. y 5% 2 62. y= 52 7-2 
63. y = 500(1.06)' 64. y = 100(1.06)~' 
65. y = 3e° 66. y = 50e~ °.9>* 
67. P(t) = 100e~-°" 68. A(t) = 1000e°-°% 
69. y = 6e7* 3 70. g(x) = Te * 0/2 


In Exercises 71-76, identify the transformation of the 
graph of f(x) = 4% and sketch a graph of h. See Examples 
4and 5. 


Tih = ea 
73. h(x) = 4**2 
75. h(x) = —4* 


72. h(x) = 4° +2 
74. hx) =4°-* 
76. h(x) = —4°+ 2 


77. Think About It What type of function does each 
equation represent? 


(aly Gaze (b) f(x) = V2x 

(c) f@) = 2 (d) f(%) = 2x? 
78. Identifying Graphs Identify the graphs of 

vie e 02x, = 05%, and y3 =e 


in the figure. Describe the effect on the graph of 
y = e when k > 0 is changed. 
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Solving Problems 


79. Radioactive Decay After t years, the initial mass of 
16 grams of a radioactive element whose half-life is 
30 years is given by 


1 t/30 
v= 16(5 se Rea 


How much of the initial mass remains after 80 years? 

80. Radioactive Decay After t years, the initial mass of 
23 grams of a radioactive element whose half-life is 
45 years is given by 


1 t/45 
y= 23(5) #20 


How much of the initial mass remains after 150 
years? 


In Exercises 81-86, complete the table to determine the 
balance A for P dollars invested at rate r for t years, 
compounded n times per year. 


4} 12 | 365 | Continuous compounding 
| 
’ Principal Rate Time 

81. P = $100 r = 8% t = 20 years 
82. P = $400 r= 8% t = 50 years 
83. P = $2000 r= 9% t = 10 years 
84. P = $1500 r= 7% t = 2 years 
85. P = $5000 r= 10% t = 40 years 
86. P = $10,000 r= 9.5% t = 30 years 


In Exercises 87-90, complete the table to determine the 
principal P that will yield a balance of A dollars when 
invested at rate r for t years, compounded n times per 


year. 


4 | 12 365 | Continuous compounding 
ee 
Balance Rate Time 
87. A = $5000 r=7% t = 10 years 
88. A = $100,000 r=9% t = 20 years 
89. A = $1,000,000 r= 10.5% t = 40 years 
90. A = $2500 r= 7.5% t = 2 years 
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91. 


92. 


93. 


94. 


95. 


Price and Demand The daily demand x and the 
price p for a certain product are related by 


p =25)— 04°" 


Find the prices for demands of (a) x = 100 units and 
(b) x = 125 units.. 

Population Growth The population of the United 
States (in recent years) can be approximated by the 
exponential function 


P(t) = 205.7(1.0098) 


where P is the population (in millions) and ¢ is the 
time in years, with t = 0 corresponding to 1970. Use 
the model to estimate the population in the years 
(a) 2000 and (b) 2010. 


Property Value Suppose that the value of a piece 
of property doubles every 15 years. If you buy the 
property for $64,000, its value t years after the date 
of purchase should be 


V(t) = 64,000(2)'/15, 


Use the model to approximate the value of the prop- 
erty (a) 5 years and (b) 20 years after it is purchased. 


Inflation Rate Suppose that the annual rate of 
inflation averages 5% over the next 10 years. With 
this rate of inflation, the approximate cost C of 
goods or services during any year in that decade will 
be given by 


C(t) = P(L05)Re 0 = 715510 


where f is time in years and P is the present cost. If 
the price of an oil change for your car is presently 
$24.95, estimate the price 10 years from now. 


Depreciation After t years, the value of a car that 
originally cost $16,000 depreciates so that each year 
it is worth 3 of its value for the previous year. Find a 
model for V(t), the value of the car after t years. 
Sketch a graph of the model and determine the value 
of the car 2 years after it was purchased. 


96. Depreciation Suppose straight-line depreciation is 


used to determine the value of the car in Exercise 95. 
Assume that the car depreciates $3000 per year. 


(a) Write a linear equation for V(t), the value of the 
car for year f. 


(b) Sketch the graph of the model in part (a) on the 
same coordinate axes used for the graph in 
Exercise 95. 


(c) If you were selling the car after owning it for 
2 years, which depreciation model would you 
prefer? 


(d) If you were selling the car after 4 years, which 
model would be to your advantage? 


- Graphical Interpretation An investment of $500 
in two different accounts with respective interest 
rates of 6% and 8% is compounded continuously. 


(a) Write an exponential function to represent the 
balance after t years for each account. 

(b) Use a graphing utility to graph each of the mod- 
els in the same viewing rectangle. 

(c) Use a graphing utility to graph the function 
A, — A, on the same screen used for the graphs 
in part (b). 

(d) Use the graphs to discuss the rates of increase of 
the balances in the two accounts. 


. Savings Plan Suppose you decide to start saving 
pennies according to the following pattern. You save 
1 penny the first day, 2 pennies the second day, 4 the 
third day, 8 the fourth day, and so on. Each day you 
save twice the number of pennies as the previous 
day. Write an exponential function that models 
this problem. How many pennies do you save on the 
thirtieth day? (In the next chapter you will learn how 
to find the total number saved.) 

. Parachute Drop A parachutist jumps from a plane 
and opens the parachute at a height of 2000 feet (see 
figure). The distance between the parachutist and the 
ground is 


h = 1950 + 50e—!- — 20¢ 
where h is the distance in feet and ¢ is the time in 


seconds. (The time t = 0 corresponds to the time 

when the parachute is opened.) 

(a) Use a graphing utility to graph the function. 

(b) Find the distance between the parachutist and 
the ground when ¢t = 0, 25, 50, and 75. 


(c) Approximate the time when the parachutist 
reaches the ground. 
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Figure for 99 


Parachute Drop A parachutist jumps from a 
plane and opens the parachute at a height of 3000 
feet. The distance between the parachutist and the 
ground is 


Ri= 2940 + Gent 2227 


where h is the distance in feet and ¢ is the time in 

seconds. (The time t = 0 corresponds to the time 

when the parachute is opened.) 

(a) Use a graphing utility to graph the function. 

(b) Find the distance between the parachutist and 
the ground when tf = 0, 50, and 100. 


(c) Approximate the time when the parachutist 
reaches the ground. 


. Data Analysis A meteorologist measures the 


atmospheric pressure P (in kilograms per square 
meter) at altitude h (in kilometers). The data are 
shown in the table. 


Ih | 0 en he Ra 
FP | 10,332 | 5583 | 2376 | 1240 | 517 


(a) Use a graphing utility to plot the data points. 
(b) A model for the data is given by 


P = 10,958e~015h, 


Use a graphing utility to graph the model in the 
same viewing rectangle as in part (a). How well 
does the model fit the data? 

(c) Use a graphing utility to create a table compar- 
ing the model with the data points. 


(d 


wm 


Estimate the atmospheric pressure at an altitude 
of 8 kilometers. 


(e) Use the graph to estimate the altitude at which 
the atmospheric pressure is 2000 kilograms per 
square meter. 
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Data Analysis For the years 1991 through 1996, 
the median price of a one-family home sold in the 


United States is given in the table. (Source: 
National Association of Realtors) 

1992 1993 

$103,700 | $106,800 

1995 1996 

$113,100 | $118,200 


A model for these data is given by 
y= 97,107e9-9317 


where ¢ is time in years, with tf = O representing 
1990. 


(a) Use the model to complete the table and com- 
pare the results with the actual data. 


1991 1992| 1993) 1994. 1995) 1996 | 


ed ee 


(b) Use a graphing utility to graph the model. 


103. 


Explaining Concepts 


Answer parts (a) and (b) of Motivating the Chapter 
on page 547. 


. Describe the differences between exponential func- 


tions and polynomial or rational functions. 


. Explain why 1* is not an exponential function. 
. Compare the graphs of f(x) = 3* and g(x) = (4)". 


108. 


109. 


110. 


(c) If the model were used to predict home prices 
in the years ahead, would the predictions be 
increasing at a faster rate or a slower rate with 
increasing t? 

(d) Compare the model with the continuous com- 
pound interest model. What does the coefficient 
of t represent? 

Calculator Experiment 


(a): Use a calculator to complete the table. 


100 | 1000 | 10,000 | 


(b) Use the table to sketch the graph of the function 


rece (1 i y. 


Xx 


Does this graph appear to be approaching a 
horizontal asymptote? 


(c) From parts (a) and (b), what conclusions can 
you make about the value of 


(4) 


as x gets larger and larger? 


Describe some applications of the exponential 
functions f(x) = a* and g(x) = a™. 
271,801 
Ni False? 2S Pe eed in. 
rue or False? e 99.990 Explain 


Without using a calculator, how do you know that 
2v? is greater than 2, but less than 4? 
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Inverse Functions 


Form the composition of two 
functions and find the domain of 
_ the composite function. 


__ Domain of g Domain of f 


Figure 9.8 


Study Tip 


tat ES TONE EM 


eet 


ae 


NY 


Composition of Functions 


Two functions can be combined to form another function called the composition 
of the two functions. For instance, if f(x) = 2x? and g(x) = x — 1, the composi- 
tion of f with g is denoted by f° g and is evaluated as 


F(eG)) Wr Gaal r= 261). 


> Definition of Composition of Two Functions 


The composition of the functions f and g is given by 
(fe g)() = f(g(x)). 


The domain of the composite function (f ° g) is the set of all x in the 
domain of g such that g(x) is in the domain of f. (See Figure 9.8.) 


Forming the Composition of Two Functions 


Find the composition of f with g. Evaluate the composite function when x = 1 
and when x = —3. 


f (x) 2k 4 and “'e(x) = "3x 1 
Solution 
The composition of f with g is given by 


(f S g)(x) =i (g (x)) Composite form 
= f(3x — 1) g(x) = 3x — 1 is the inner function. 
= (y= 1) 4 Input 3x — 1 into the outer function f. 
=6x—-2+4 Simplify. 
= 6x + 2. Simplify. 


When x = 1, the value of this function is 


(f°g)(1) = 611) + 2 = 8. 


When x = —3, the value of this function is 


(f+ g)(—3) = 6(-3) + 2 = -16. 
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The composition of f with g is generally not the same as the composition of 
g with f. This is illustrated in Example 2. 


Selis}(-1 4. Comparing the Compositions of Functions 


Given f(x) = 2x — 3 and g(x) = x? + 1, find each of the following. 
i 

a. (fog)(x) — b. (g of )(x) 

Solution 

a. The composition of f with g is as follows. 


(f° g(x) = f(g(x)) Composite form 
a Coa) g(x) = x? + 1 is the inner function. 
= I(x? + 1) —3 Input x? + 1 into the outer function f. 
=22x7+2-3 Distributive Property 
= 2x7 - 1 Simplify. 


b. The composition of g with f is as follows. 


(g of )(x) = g(f(x)) Composite form 
= (2x — 3) f(x) = 2x — 3 is the inner function. 
= (2x — 3)? + 1 Input 2x — 3 into the outer function g. 
= 4x? — 12x + 9 #1 Expand (2x — 3)2. 
= 4x? — 12x + 10 Simplify. 


Note that (f° g)(x) # (g °f)(x). 


Study Tip eluits}(-36) 9 Finding the Domain of a Composite Function 


To determine the domain of a 
composite function, first write 
the composite function in sim- Solution 
plest form. Then use the fact 

that its domain either is equal to 


Find the domain of the composition of (f ° g)(x) when f(x) = x? and g(x) = \/x. 


The composition of f with g is given by 


or is a restriction of the domain (f° g)(x) = f(g(x)) Composite form 

Ge : gee penn. es = ( Jx) g(x) = \/x is the inner function. 
to see if the domain of g °f in > 

Example 3 is the same as or is a * We ) Input ./x into the outer function f. 


restriction of the domain of f. =O) Domain of f° g is all x > 0. 

The domain of the inner function g(x) = \/x is the interval [0, 00). The simpli- 
fied form of f° g has no restriction on this set of numbers. So, the restriction 
x 2 O must be added to the composition of this function. The domain of fegis 
[Oseo). 


Use the Horizontal Line Test to 
determine if a function has an 
inverse. 


A: Domain of f B: Range of f 


Domain of f~! 


Range of f~! 


Figure 9.9 fis one-to-one and has 
inverse f'. 


Figure 9.10 
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Inverse and One-to-One Functions 


In Section 2.5, you learned that a function can be represented by a set of ordered 
pairs. For instance, the function f(x) = x + 2 from the set A = {1, 2, 3, 4} to the 
set B = {3, 4,5, 6} can be written as follows. 


F(x) = x + 2:40, 3), 2, 4); (3, 5), (4, 6)} 


By interchanging the first and second coordinates of each of these ordered pairs, 
you can form another function that is called the inverse function of f. The inverse 
function is denoted by f~!. It is a function from the set B to the set A, and can be 
written as follows. 


f(a) =%.= 2> 1G, 1), (4, 2), G; 3), (6, 4)} 


Interchanging the ordered pairs for a function f will only produce another function 
when f is one-to-one. A function f is one-to-one if each value of the dependent 
variable corresponds to exactly one value of the independent variable. Figure 9.9 
shows that the domain of f is the range of f~! and the range of f is the domain of 


Ie 


® Horizontal Line Test for Inverse Functions 


A function f has an inverse function if and only if f is one-to-one. 


Graphically, a function f has an inverse function if and only if no hori- 
zontal line intersects the graph of f at more than one point. 


elute) (-wset Applying the Horizontal Line Test 


a. The function f(x) = x° — 1 has an inverse because no horizontal line intersects 
its graph at more than one point, as shown in Figure 9.10. 

b. The function f(x) = x? — 1 does not have an inverse because it is possible to 
find a horizontal line that intersects the graph of f at more than one point, as 
shown in Figure 9.11. 

c. The function f: {(1, 3), (2, 0), (3, —1), (4, 3)} does not have an inverse func- 
tion because the horizontal line y = 3 intersects two points of the graph of f, as 
shown in Figure 9.12. 


Figure 9.12 


Figure 9.11 
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Don’t be confused by the use of —1 to denote the inverse function f!. | 
Whenever we write f—!, we will always be referring to the inverse of the function 
f and not the reciprocal of f(x). 

The formal definition of the inverse of a function is given as follows. 


> Definition of the Inverse of a Function 


Let f and g be two functions such that 
f(g(x)) = x for every x in the domain of g 
and 


e(f(x)) =x for every x in the domain of f. 


The function g is the inverse of the function f, and is denoted by f! 
(read “f-inverse”). So, f(f~!(x)) = x and f-!(f(x)) = x. The domain of 


f is equal to the range of f~', and vice versa. 
Se 


If the function g is the inverse of the function f, it must also be true that the 
function f is the inverse of the function g. For this reason, you can refer to the 
functions f and g as being inverses of each other. 


> elulia=) | Verifying Inverse Functions 


Show that each function is an inverse of the other. 
fia) = 2 + 1% andese(a aaa 1 


Solution 


Begin by noting that the domain and range of both functions are the entire set of 
real numbers. To show that f and g are inverses of each other, you need to show 
that f(g(x)) = x and g(f(x)) = x, as follows. | 


f(g) =F(Yx - 


g(x) = 3/x — 1 is the inner function. 


| 

oa (3 ig = i) ae I Input 3/x — 1 into the outer function f, 
=(-1)+1 Simplify. 

= oF Simplify. 

e( f(x)) = abe > 1) f(x) = x3 + 1 is the inner function. 

= S03 +1)-1 Input x? + 1 into the outer function g. 

a Simplify. 

= OF Simplify. 


Note that the two functions f and g “undo” each other in the following verbal 
sense. The function f first cubes the input x and then adds 1, whereas the func- 
tion g first subtracts 1, and then takes the cube root of the result. 


3 | Find the inverse of a function 
algebraically. 


Study Tip 


You can graph a function and 
use the Horizontal Line Test to 
see if the function is one-to-one 
before trying to find its inverse. 
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Finding Inverse Functions 


You can find the inverse of a simple function by inspection. For instance, the 
inverse of f(x) = 10x is f(x) = x/10. For more complicated functions, how- 
ever, it is best to use the following steps for finding the inverse of a function. The 
key step in these guidelines is switching the roles of x and y. This step corresponds 
to the fact that inverse functions have ordered pairs with the coordinates reversed. 


> Finding the Inverse of a Function 


1. In the equation for f(x), replace f(x) by y. 
2. Interchange the roles of x and y, and solve for y. 


3. If the new equation does not represent y as a function of x, the 
function f does not have an inverse function. 


> 


. If the new equation represents y as a function of x, replace y by 


FQ). 


Finding the Inverse of a Function 


Find the inverse, if it exists. 


a. f@)= 2x + 3 b. f@) =x? c fa) =x+3 


Solution 
PM gAGa) 9d Ges) Original function 
y=2x+3 Replace f(x) by y. 
x=2y+3 Interchange x and y. 
ye iad Solve for y. 
5) j 
fa) =+ a 2 Replace y by f!(x). 
b. f(x) = x? Original function 
y=x? Replace f(x) by y. 
Xa y? Interchange x and y. 
SEW / 35 = 5 Solve for y. 


Because y is not a function of x, the original function f has no inverse. 


c. foil=xe 43 Original function 
tee ae 6) Replace f(x) by y. 
K—hy aS Interchange x and y. 


se Solve for y. 
fI@= 2-3 Replace y by f-'(x). 
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Graphically show that two 
functions are inverses of each other. 


Graphs of Inverse Functions 


The graphs of a function f and its inverse f~! are related to each other in the 
following way. If the point (a, b) lies on the graph of f, the point (b, a) must lie 
on the graph of f~!, and vice versa. This means that the graph of f~! is a reflec- 
tion of the graph of f in the line y = x, as shown in Figure 9.13. 


Figure 9.14 


Sketch the graphs of the inverse functions f(x) = 2x — 3 and f-'(x) = 3(x + 3) 
on the same rectangular coordinate system and show that the graphs are reflec- 
tions of each other in the line y = x. 


Solution 


The graphs of f and f~! are shown in Figure 9.14. Visually, it appears that the 
graphs are reflections of each other. You can further verify this by testing a few 
points on each graph. Note in the following list that if the point (a, b) is on the 
graph of f, the point (b, a) is on the graph of f!. 


f@) = 2x = 3 f(x) = $x + 3) 


(=, = 8) (esr 1) 
(0; = 3) (33, 0) 
(Lee Ls) b-gie 1) 

(2,1) (182) 
(N32) (393) 


You can sketch the graph of the inverse of a function without knowing the 
equation of the inverse function. Simply find the coordinates of points that lie on 
the original function. By interchanging the x- and y-coordinates you have points 
that lie on the graph of the inverse function. Plot these points and sketch the graph 
of the inverse. 


0, 0). 


Figure 9.15 
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In Example 6(b) we said that the function f(x) = x? has no inverse. What we 
mean is that assuming the domain of f is the entire real line, the function 
f(x) = x? has no inverse. If, however, we restrict the domain of f to the 
nonnegative real numbers, f does have an inverse. 


The Graphs of f and f~' 


Graphically show that each function is an inverse of the other. 
FQ ous 0, and fal 
Solution 


The graphs of f and f~! are shown in Figure 9.15. Visually, it appears that the 
graphs are reflections of each other in the line y = x. You can further verify this 
by testing a few points on each graph. Note in the following list that if the point 
(a, b) is on the graph of f, the point (b, a) is on the graph of f"!. 


f@) =x, x20 f@) = Vx 


(0, 0) (0, 0) 
(1, 1) Ga) 
(2, 4) (4, 2) 
(3, 9) (9, 3) 


Suppose you are an algebra instructor and one of your students hands 
in the following solutions. Find and correct the errors and discuss how 
: _& can i your student avoid such errors in the future. 


a. fs = 2x1 and lx) Lp 2 1, find (fe g)(2). 
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ee 


Pion sea 
pie 


y of a free-fallins 


In Exercises 1-10, find the compositions. See Examples Re ile lke 3], g(x) = 3x 


WelilasZe (a) (fe g)(x) (b) (g ° f)(x) 
Vai) = 3 (x) — 2x — 4 (c) (feg)(1) (d) (g °f)(2) 
(a) (f° g)(x) (b) (g °f)(x) 6. f(x) = |x|, ge@) = 2x +5 
(c) (f° g)(4) (d) (g °f)(7) (a) (f° g)(x) (b) (g °f)(x) 
Deitel rex = 9S 23x (c) (f° g)(—2) (d) (g °f)(—4) 
(a) (fe g)(x) (b) (g °f)(x) 7. fx) =Vx-—4, gx) =xt+5 
(c) (f° g)(3) (d) (g °f)(3) (a) (f° g)(x) (b) (g of)(x) 
Jy eex tos eX) = 2x — 6 (c) (f° g)(3) (d) (g °f)(8) 
(a) (f° g)(x) (b) (g of)(x) oh GCOS Cape, 3) 
(c) (f° g)(2) (d) (g °f)(—3) (a) (f° g)(x) (b) (g °f)(x) 
Ai) == 32,0 6x) = 3 = x (c) (fe g)(3) (d) (g °f)(—2) 
(a) (f° g)(x) (b) (g °f)(x) 


CO) EGiic1e) coal) (Die) 


9. FG) = S25, &@) = 


(a) (f° ‘n0) 
(c) (fe a 


10. f(x) = 


(a) (f° ae 
(c) (fe g)(—2) 


*, g(x) = 


6 (g of )() 
(d) (g °f)(2) 
1 
X 
(b) (g °f)() 
(d) (g ef) 


In Exercises 11-14, use the functions f and g¢ to find the 


indicated values. 


ae a 2515) Nala), (0,.0),"(1 
see) AO 2), (2512), (25.1) 


Beet (G31), (1, 
11. (a) (1) 

(b) g(-1) 

(c) (g ef )() 
13. (a) (f° g)(-3) 

(b) (g °f)(—2) 


p= I 377, 


12. (a) ¢(0) 
(b) f(2) 
(c) (f° g)(0) 
14. (a) (f° g)(2) 
(b) (g °f)(2) 


In Exercises 15-18, use the functions f and g to find the 


indicated values. 


fa 0), ie2)542,°5), (3, 10),.(4, 17), 
5 = (5, 4),(10; 1), (2; 3), (12,-0);4, 2)} 


15. (a) f(3) 
(b) g(10) 
(c) (g °f)(3) 
17. (a) (g f)(4) 
(b) (f° g)(2) 


16. (a) 9(2) 
(b) f(0) 
(c) (fe g)(10) 
18. (a) (f° g)(1) 
(b) (g °f)(0) 


In Exercises 19-26, find the domain of the composition 
(a) feg and (b) g°f. See Example 3. 


19. f(~) =x+1 


e(x) = 2x — 5 
G5, SAG ane 
ean) =x — 2 
pei x — | 
g(x) = Vx +3 
25.. f(x) = 2 ce 
g(x) = Vx'- 1 


20s f ()=22 — 3x 


g(x) = 5x + 3 
22 (X= yx 

ean + 3 
DA ey ay Ol 

g(x) =x? +1 
26, fe) = = f 

g(x) = Vx 


Section 9.2. Inverse Functions 569 


In Exercises 27-32, use the Horizontal Line Test to deter- 
mine whether the function has an inverse. See Example 4. 


27. f(x) =x? -2 2S. Fahey 


y y 


29. =i eo 0) 


30. f(x) = 
31. g(x) = /25 — x 32. g(x) = |x — 4| 
y y 


z= In Exercises 33-42, use a graphing utility to graph the 
function and determine whether the function is one-to- 
one. 


33: {6) =a 1 34. f(x) = 2 — xP 
35. f(t) = /5—1t 36. h(t) =4 — 3/1 

37. a(x) = x= — 6 38. f(x) = & + 2)5 
39. h(t) = 2 40. e(t) = 3 

4. f) = = 42. fs) = . ; 


In Exercises 43-54, verify algebraically that the func- 
tions fand g are inverses of each other. See Example 5. 


43. f(x) = 10x AA f(x) =o 
co 70a 

45. f(x) =x+ 15 46. f(x) =3-x 
eo) xen g(x) =3-—x 
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ATS (x)s= ex 
g(x) = 3(1 — x) 

49. f(x) =2 — 3x 
g(x) =3(2 = x) 

Ss) = ae 
doe 

53. f(x) =~ 
g(x) = . 


48. f(x) = 2x —1 
g(x) = (x + 1) 


50. f(x) = —yx +3 
2G) Sax 13) 
52. f(x) =x! 
g(x) = Vx 
54a Oe) = a 
gQ) =3+- 
X 


In Exercises 55-66, find the inverse of the function f- 
Verify that f(f—'(x)) and f-'(f(x)) are equal to the iden- 
tity function. See Example 6. 


88. f(x) = 


In Exercises 89-92, match the graph with the graph of 
its inverse. [The graphs of the inverse functions are 


labeled (a), (b), (c), and (d).] 


(0?) ices 


i Ole Sie 2 


7 (b) 


55. f(x) = 5x 56. f(x) = 2x 
57. f(x) = Ax 58.07) = ae 
595 f(x) = 10 60. f@%) =x-—5 
61 {QOH 3 == 62. f(xt="8 — x 
63. f@) =x! 64. f(x) =x 
65. f(x) = 3/x 66. f(x) = xI/5 


In Exercises 67-82, find the inverse of the function. See 
Example 6. 


67. f(x) = 8x 68. f(x) = Fax 

69. o(x) =x + 25 70. f(x) =7 — x 
Tice 72. 2(t) = 6t + 1 
73. 2() =40 +2 74, h(s) =5 — 3s 
7 She 76. h(x) = /x +5 
1 JAG) So = Il 78. h(t) = +8 
79, g(s) = 80. f(s) = —— 


Sie ne 3 x 
S25 ea ee 


In Exercises 83-88, sketch the graphs of f and f~' on 
the same rectangular coordinate system. Show that the 
graphs are reflections of each other in the line y = x. 
See Example 7. 


83. fa) =x +4, f'@)=x-—4 

S45 l= — ef oy 

85. f(x) = 3x — 1, f(x) = 3(« + 1) 
) 


= In Exercises 93-1 00, use a graphing utility to verify that 


the functions are inverses of each other. 


93. f(x) = 3x 94 f@)=4x 1 
g(x) = 3x e(x) = 5x4+ 5 

95. fx) Ss Vx t1 96. f(x) = /4—x 
glx) = 27 — 1; x20 g(x) = 4-272, x20 

97. f(x) = 4x 98. f(x) = 7x +2 
g(x) = 29/x g(x) = -2 

99 eee 100. f(x) = |x -2|, x >=2 
g(x) = 3(x — 4) g(x) =x+2,x20 


In Exercises 101-104, delete part of the graph of the 
function so that the remaining part is one-to-one. Find 
the inverse of the remaining part and give the domain 
of the inverse. (Note: There is more than one correct 
answer.) See Example 8. 


101. f(x) = @ -— 2)2 102. f(x) = 9 — x? 


y 


y y 


Solving Problems 


110. Hourly Wage Your wage is $9.00 per hour plus 
$0.65 for each unit produced per hour. Thus, your 
hourly wage y in terms of the number of units 
produced is y = 9 + 0.65x. 

(a) Determine the inverse of the function. 


(b) What does each variable represent in the 
inverse function? 

(c) Determine the number of units produced when 
your hourly wage averages $14.20. 

111. Cost You need 100 pounds of two commodities 
that cost $0.50 and $0.75 per pound. 

(a) Verify that your total cost is y = 0.50x + 
0.75(100 — x), where x is the number of 
pounds of the less expensive commodity. 

(b) Find the inverse of the function. What does 
each variable represent in the inverse function? 

(c) Use the context of the problem to determine the 
domain of the inverse function. 

(d) Determine the number of pounds of the less 
expensive commodity purchased if the total 
cost is $60. 
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In Exercises 105-108, use the graph of f to sketch the 
graph of f—!. 


Ss 106. 


107. 108. 


109. Consider the function f(x) = 3 — 2x. 
(a) Find f—'(x). (b) Find (f~)~!(x). 


112. Geometry You are standing on a bridge over a 
calm pond and drop a pebble, causing ripples of 
concentric circles in the water (see figure). The 
radius (in feet) of the outer ripple is given by 
r(t) = 0.6t, where ¢ is time in seconds after the 
pebble hits the water. The area of the circle is given 
by the function A(r) = wr?. Find an equation for 
the composition A(r(z)). What are the input and 
output of this composite function? 


113. Sales Bonus You are a sales representative for a 
clothing manufacturer. You are paid an annual salary 
plus a bonus of 2% of your sales over $200,000. 
Consider the two functions f(x) = x — 200,000 
and g(x) = 0.02x. If x is greater than $200,000, 
which of the following represents your bonus? 
Explain. 


(a) f(g(x) (b) g(f(x)) 


a72 


114. Daily Production Cost The daily cost of produc- 
ing x units in a manufacturing process is C(x) = 
8.5x + 300. The number of units produced in 
t hours during a day is given by x(t) = 121, 
0 < ¢t < 8. Find, simplify, and interpret (C © x)(¢). 
Rebate and Discount The suggested retail price 
of a new car is p dollars. The dealership advertised 
a factory rebate of $2000 and a 5% discount. 


115. 


(a) Write a function R in terms of p, giving the cost 
of the car after receiving the factory rebate. 


(b) Write a function S in terms of p, giving the cost 
of the car after receiving the dealership discount. 

(c) Form the composite functions (R ° S)(p) and 
(S ° R)(p) and interpret each. 


(d) Find (R ¢ S)(26,000) and (S ° R)(26,000). Which 
yields the smaller cost for the car? Explain. 


ne 


True or False? \n Exercises 117-120, decide whether 
the statement Is true or false. If true, explain your rea- 
soning. If false, give an example. 


117. If the inverse of f exists, the y-intercept of f is an 
x-intercept of f-!. Explain. 
118. 


119. 


There exists no function f such that f = f7!. 


If the inverse of f exists, the domains of f and f7! 
are the same. 


120. If the inverse of f exists and its graph passes 
through the point (2,2), the graph of f-! also 


passes through the point (2, 2). 


_ Explaining Concepts 


* 
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116. Exploration and Conjecture Consider the 


functions f(x) = 4x and g(x) = x + 6. 

(a) Find (f° g)(x). 

(b) Find (f eg) !(x). 

(c) Find f-'(x) and g~!(x). 

(d) Find (g~! ° f~!)(x) and compare the result with 

that of part (b). 

(e) Repeat parts (a) through (d) for f(x) = 2x° + 1 
and g(x) = 2x. 

(f) Write two one-to-one functions f and g, and 
repeat parts (a) through (d) for these functions. 

(g) Make a conjecture about (f° g) '(x) and 


(aa 


121. Give an example showing that the composite func- 
tions (f° g)(x) and (g °f)(x) are not necessarily 
the same. 


122. Describe how to find the inverse of a function given 


by a set of ordered pairs. Give an example. 


123. Describe how to find the inverse of a function given 


by an equation in x and y. Give an example. 


124. Give an example of a function that does not have an 


inverse. 


125. Explain the Horizontal Line Test. What is the 
relationship between this test and a function being 
one-to-one? 

126. Describe the relationship between the graph of a 


function and its inverse. 
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Logarithmic Functions 


1] Evaluate a logarithmic function. 


Logarithmic Functions 


In Section 9.2, you were introduced to the concept of the inverse of a function. 
Moreover, you saw that if a function has the property that no horizontal line inter- 
sects the graph of the function more than once, the function must have an inverse. 
By looking back at the graphs of the exponential functions introduced in Section 
9.1, you will see that every function of the form 


Fe a" Exponential functions have inverses. 


passes the Horizontal Line Test, and so must have an inverse. To describe the 
inverse of f(x) = a*, we follow the steps used in Section 9.2. 


VSO Replace f(x) by y. 
x=a@ Interchange x and y. 


At this point we have no way to solve for y. A verbal description of y in the equa- 
tion x = a” is “y equals the exponent needed on base a to get x.” This inverse of 
f(x) = a* is denoted by 


fe (x), = log, =: 


> Definition of Logarithmic Function 


Let a and x be positive real numbers such that a # 1. The logarithm of 
x with base a is denoted by log, x and is defined as follows. 


y=log,x ifandonlyif a =x 


The function f(x) = log, x is the logarithmic function with base a. 


From the definition it is clear that 


Logarithmic Equation Exponential Equation 


y = log, x is equivalent to ay =x. 
So, to find the value of log, x, think 


“log, x = the exponent needed on base a to get x.” 
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The Granger Collection 


(1550-1617) 
“John Napier, a Scotsh mathe 
-matician, developed logarithms 
i asa 2 way to simplify s some of 


x “the tedious calc culations of 6 


> 


Sane 


hic) 
: his day. Beginning in. 1594, % : 
a Nap ier worked about 20 y years es 


on logarithms, but he he | was only 
- partially successful in his quest. 
~ Nonetheless, the development _ 
- of los arithms w was a step for. 
: ward and oe immediate 
- Fecognition. — ee i a 


ie es oS 
Sure 


Study Tip 


i 


. 


Study the results in Example 2 
carefully. Each of the logarithms 
illustrates an important special 
property of logarithms that you 
should know. 


For instance, 


y = log, 8 Think: “The exponent needed on 2 to get 8.” 
y=3., 

That is, 
3 = log, 8. This is equivalent to 2? = 8. 


By now it should be clear that a logarithm is an exponent. 


clued) Evaluating Logarithms 


Evaluate each logarithm. 


a. log, 16 b. log, 9 c. log, 2 


Solution 


In each case you should answer the question, “To what power must the base be 
raised to obtain the given number?” 


a. The power to which 2 must be raised to obtain 16 is 4. That is, 


log, Ore. 


4i/2 = 2 


Sc l(3¢4) Evaluating Logarithms 


Evaluate each logarithm. 


1 
a. log, | b. loS10 7p eslog,(=1) d. log, 0 


Solution 


a. The power to which 5 must be raised to obtain | is 0. That is, 
al loge] = 0: 


b. The power to which 10 must be raised to obtain 75 a is — 1. That is, 


ion = tL log 


cy 
10 One 


c. There is no power to which 3 can be raised to obtain — 1. The reason for this 
is that for any value of x, 3* is a positive number. So, log,(— 1) is undefined. 


d. There is no power to which 4 can be raised to obtain 0. So, log, 0 is undefined. 
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The following properties of logarithms follow directly from the definition of 
the logarithmic function with base a. 


> Properties of Logarithms 


Let a and x be positive real numbers such that a # 1. Then the follow- 
ing properties are true. 


1. log, 1 = 0 because a° = 
2. log, a = 1 because a! 


3. log,a* =x because a* 


The logarithmic function with base 10 is called the common logarithmic 
function. On most calculators, this function can be evaluated with the common 
logarithmic key (LOG), as illustrated in the next example. 


Selle (em Evaluating Common Logarithms 
Evaluate each logarithm. Use a calculator only if necessary. 


a. log), 100 

b. log), 0.01 

c. logig 5 

Solution 

a. Because 10* = 100, it follows that 


log; 100 = 2. 
b. Because 107? = 79 = 0.01, it follows that 
log,, 9.01 = —2. 


c. There is no simple power to which 10 can be raised to obtain 5, so you should 
use a calculator to evaluate log), 5. 


Keystrokes Display 
5 0.69897 Scientific 


5 0.69897 Graphing 
So, rounded to three decimal places, log,,) 5 ~ 0.699. 


Be sure you see that the value of a logarithm can be zero or negative, as in 
Example 3(b), but you cannot take the logarithm of zero or a negative number. 
This means that the logarithms log,)(— 10) and logs 0 are not valid. 
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Sketch the graph ofa logarith. Graphs of Logarithmic Functions 
mic function using its inverse 


exponential function. To sketch the graph of y = log, x, we can use the fact that the graphs of inverse 


functions are reflections of each other in the line y = x. 


Graphs of Exponential and Logarithmic Functions 

t 
On the same rectangular coordinate system, sketch the graphs of the following. 
a. f(x) = 2% b. g(x) = log, x 


Solution 
a. Begin by making a table of values for f(x) = 2°. 


By plotting these points and connecting them with a smooth curve, you obtain 
the graph shown in Figure 9.16. 


b. Because g(x) = log, x is the inverse function of f(x) = 2*, the graph of g is 
obtained by reflecting the graph of f in the line y = x, as shown in Figure 
Figure 9.16 Inverse Functions On G: 


Study Tip Notice from the graph of g(x) = log, x, shown in Figure 9.16, that the 
a —— domain of the function is the set of positive numbers and the range is the set of 
all real numbers. The basic characteristics of the graph of a logarithmic function 
are summarized in Figure 9.17. In this figure, note that the graph has one x- 
intercept at (1, 0). Also note that the y-axis is a vertical asymptote of the graph. 


In Example 4, the inverse nature 
of logarithmic functions is used 
to sketch the graph of 

g(x) = log, x. You could also 
use a standard point-plotting 
approach or a graphing utility. 


y Graph of y = log, x, a> 1 
4 | * Domain: (0, co) 

¢ Range: (—co, 00) 

¢ Intercept: (1, 0) 

¢ Vertical asymptote: x = 0 
¢ Increasing 


Figure 9.17 
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In the following example, the graph of log, x is used to sketch the graphs of 
functions of the form y = b + log,(x + c). Notice how each transformation 
affects the vertical asymptote. 


Sketching the Graphs of Logarithmic Functions 


The graph of each of the following functions is similar to the graph of 
f(x) = log), x, as shown in Figure 9.18. From the graph you can determine the 
domain of the function. 


a. Because g(x) = log, (x — 1) = f(x — 1), the graph of g can be obtained by 
shifting the graph of f 1 unit to the right. The vertical asymptote of the graph 
of g is x = 1. The domain of g is x > 1. 


b. Because h(x) = 2 + log,)x = 2 + f(x), the graph of h can be obtained by 
shifting the graph of f 2 units up. The vertical asymptote of the graph of h is 
x = 0. The domain of h is x > 0. 


c. Because k(x) = —log,) x = —f(x), the graph of k can be obtained by reflect- 
ing the graph of f in the x-axis. The vertical asymptote of the graph of k is 
x = 0. The domain of k is x > 0. 


d. Because j(x) = log, )(—x) = f(—x), the graph of j can be obtained by reflect- 
ing the graph of f in the y-axis. The vertical asymptote of the graph of j is 
x = 0. The domain of j is x < 0. 


|h(x) =2 + logigx 


tie? A 
Soe a 


eff 
. 


g(x) = 


(a) (b) 


=i) IN 


x yf | | | 
i) =logio 9] ¥ [F@) = logiox 


\ = 
de) lot E 
/ 
es 


k(x) = -log 10x 


(c) (d) 
Figure 9.18 
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Use the natural base e to define 
the natural logarithmic function. 


Figure 9.19 


The Natural Logarithmic Function | 


As with exponential functions, the most widely used base for logarithmic functions 
is the number e. The logarithmic function with base e is the natural logarithmic 
function and is denoted by the special symbol In x, which is read as “el en of x.” 


> The Natural Logarithmic Function 
The function defined by 
f(x) = log, x = Inx 


where x > 0, is called the natural logarithmic function. 


The three properties of logarithms listed earlier in this section are also valid for 
natural logarithms. 


> Properties of Natural Logarithms 


Let x be a positive real number. Then the following properties are true. 
1. Inl =0 _ because e° = 
2. Ine=1 _ because e! 


3. Ine* =x because e* 


Evaluating the Natural Logarithmic Function 


Evaluate each of the following. Then incorporate the results into a graph of the 
natural logarithmic function. 


a. In e? b. In i | 
e 


Solution 


Using the property that In e* = x, you obtain the following. 


awinves = 


b. eee =-] 
e 


Using the points (1/e, — 1), (1, 0), (e, 1), and (e?, 2), you can sketch the graph of 
the natural logarithmic function, as shown in Figure 9.19. 


On most calculators, the natural logarithm key is denoted by (LN). For 
instance, on a scientific calculator, you can evaluated In 2 as 2 and on a 


graphing calculator, you can evaluate it as 2 (ENTER]. In either case, you 
should obtain a display of 0.6931472. 


4 Use the change-of-base formula 
to evaluate logarithms. 
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Change of Base 


Although 10 and e are the most frequently used bases, you occasionally need to 
evaluate logarithms with other bases. In such cases the following change-of-base 
formula is useful. 


> Change-of-Base Formula 


Let a, b, and x be positive real numbers such that a # 1 and b # 1. 
Then log, x is given as follows. 


] ] 
ae or log, x = — 


] Sy 
8a * Ina 


~ log,a 


The usefulness of this change-of-base formula is that you can use a calculator 
that has only the common logarithm key and the natural logarithm key 
to evaluate logarithms to any base. 


Changing the Base to Evaluate Logarithms 


a. Use common logarithms to evaluate log, 5. 


b. Use natural logarithms to evaluate log, 2. 


Solution 


Using the change-of-base formula, you can convert to common and natural loga- 
rithms by writing 


log, 5 = ae and log, 2 = a 
Now, use the following keystrokes. 
a. Keystrokes | Display 
5 (=) 3 (=) 1.4649735 Scientific 


5 (=) 3 1.4649735 Graphing 
So, log, 5 ~ 1.465. 


b. Keystrokes Display 
2 (LN) &) 6 (LN) &) 0.3868528 Scientific 
(LN) 2 (=) (LN) 6 (ENTER 0.3868528 Graphing 


So, log, 2 ~ 0.387. 


In Example 7(a), log, 5 could have been evaluated using natural logarithms 
in the change-of-base formula. 
In 5 
= —— = 1.465 
log, 5 ee 


Notice that you get the same answer whether you use natural logarithms or 
common logarithms in the change-of-base formula. 
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At this point, you have been introduced to all the basic types of functions that 
are covered in this course: polynomial functions, radical functions, rational func- 
tions, exponential functions, and logarithmic functions. The only other common 
types of functions are trigonometric functions, which you will study if you go on 
to take a course in trigonometry or precalculus. 
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In Exercises 1-12, write the logarithmic equation in 
~ exponential form. 


slg e252 12 2. log, 36 = 

3. log, 7g = —2 4. log,3 = —1 

5. log; a5 = —5 6. log, 10,000 = 4 
7. logs,6 =4 8.105% 4 = 3 

9 lop. 4 =2 Owls Ss — 


11. log, 2.462 ~ 1.3 12. log, 1.179 ~ 0.15 


In Exercises 13-24, write the exponential equation in 
logarithmic form. 


13. 7? = 49 14. 64 = 1296 
i5e.3-? 1h 165 
17. 87/3 =4 18. 8139/4 = 27 
e542 — 1 20862 t= 57 
2 = Gos 

© 23. 514 ~ 9.518 24. 10°12 ~ 1.318 


In Exercises 25-48, evaluate the logarithm without 


using a calculator. (If not possible, state the reason.) 


25. log, 8 


See Examples 1 and 2. 
26. log, 27 


27. log,, 10 28. log, 8 
29. log, 1000 30. log,, 0.00001 
31. log, } 32. log, 3 
33. log. a 34. logs 75 
35s log mio 00 36, og:6 i00 
37. log,(—3) 38. log,(—4) 
39. log, 1 40. log, 1 
41. log,(—6) 42. log, 0 
43. log, 3 44. log,; 125 
45. log,, 8 46. log,4, 12 
47. log, 7* 48. log, 5° 


In Exercises 49-54, use a calculator to evaluate the 
common logarithm. Round to four decimal places. See 
Example 3. 
49. log.) 31 
51. log), 0.85 


50. log,) 5310 
52. log), 0.345 


v3 


53. log,o(/2 + 4) 54, logio => 
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In Exercises 55-58, sketch the graphs of f and g on the 69. f(x) = 4 + log; x 70. f(x) = —2 + log, x | 
ns cs Beanies axes. eagle ee aes 71. f(x) = —log, x 72. f(x) = log,(—x) | 
about the relationship between fand g? See Example 4. 73. f(x) = log,(x — 4) 74. fC) = lon eee) 
55. f(x) = log,x 56. f(x) = log,x 

g(x) = 3* g(x) = 4 In Exercises 75-84, sketch the graph of the function. 
57. f(x) = log, x 58. f(x) = log, /. x 75. f(x) = logs x 76. g(x) = log, x 

g(x) = 6 exits), 77. e(t) = —log,t 78. h(s) = —2 log, s 


79.. f(x) = 3 + log, x 80. f(x) = -2+log,x || 
81. 2(x) = log,(x — 3) 82. h(x) = log,(x + 1) | 
83. f(x) = log, (10x) 84. g(x) = log,(4x) 


In Exercises 59-62, state the relationship between the 
functions fand g. 


59. f(x), = 7 60. f(x) = 5 
g(x) = log, x g(x) = logs x In Exercises 85-90, find the domain and vertical asymp- | 
61. f(x) = e* 62. f(x) = 10 tote of the logarithmic function. Sketch its graph. 
g(x) = Inx g(x) = logy, x 85. f(x) = log,x 86. 9(x) = log, x 
87. h@) = log, (% = 3 88. f(x) = —log.(x +2 
In Exercises 63-68, identify the transformation of the 89. as “We a ) 90. Sani at A x 


graph of f(x) = log, x and sketch the graph of h. See 


EX le 5. = 

a sx In Exercises 91-96, use a graphing utility to graph the 
63. h(x) = 3 + log, x 64. h(x) = —4 + log, x function. Determine the domain and identify any vertical 
65. h(x) = log,(x — 2) 66. h(x) = log,(x + 4) asymptotes. 
67. h(x) = log,(—x) 68. h(x) = —log,(x) 91. y = 5 logiyx 92. y = 5 log,,(x — 3) 


93. y = =3.4+ 5: log, , x 94. y = 5 log,,(3x 
In Exercises 69-74, match the function with its graph. : aw Y B10(3%) 


[The graphs are labeled (a), (b), (c), (d), (e), and (f).] Le k= lose 2) 96. y = logyo(—~) 
(a) (b) 


© In Exercises 97-102, use a calculator to evaluate the 
natural logarithm. Round to four decimal places. See 


Example 6. 

97. In 25 98. In 6.57 

99, In 0.75 100. In(/3 + 1) 
+ 

101. n+) 102. in( 1 + a 


In Exercises 103-108, match the function with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


Section 9.3. Logarithmic Functions 583 


11 f(x) 3 nx 112. A(t) = 4 Int 
113. f(x) =1+1n x 114. h(x) = 2+ Inx 
115. g(t) = 2 In(t — 4) 116. g(x) = —3 In(x + 3) 


hicion. Determine ie domain and identify any vertical 


asymptotes. 
117. g(x) = In(x + 6) 118. h(x) = —In(x — 2) 
119. f(t) =3+2Int 120. g(t) = In(3 — 2) 


8 In Exercises 121- 134, use a calculator to evaluate the 
logarithm by means of the change-of-base formula. Use 
(a) the common logarithm key and (b) the natural 
logarithm key. See Example 7. 


121. log, 132 122. log; 510 
123. log, 7 124. log, 4 
125. log, 0.72 126. log,, 0.6 
127. log,; 1250 128. log,, 125 
103. f(x = In(x = 1) 104. ae) =4 i In(x ar 4) 129. log, /24 130. log /3 18 
105. f(x) =Infx— 3) 106. f(x) = —jInx 131. log, /42 132. log, 26 
ID7. fit) = 10 In x TOS ae) 133. log,(1 + e) 134. log,(2 + e°) 
In Exercises 109-116, sketch the graph of the function. 
109. f(x) = —Inx 110. f(x) = —2Inx 
- Solving Problems 
135. American Elk The antler spread a (in inches) and Complete the following table, which shows the 
shoulder height / (in inches) of an adult male “doubling times” for several annual percentage 
American elk are related by the model rates. 


h = 116 logyo(a + 40) — 176. 0.07 | 0.08 | 0.09 | 0.10 | 0.11 | 0.12 | 


Approximate the shoulder height of a male 
American elk with an antler spread of 55 inches. 


136. Intensity of Sound The relationship between the 138. Tornadoes Most tornadoes last less than 1 hour 
number of decibels B and the intensity of a sound / and travel less than 20 miles. The speed of the wind 
in watts per centimeter squared is given by S (in miles per hour) near the center of the tornado 

it is related to the distance the tornado travels d (in 
Eon: 10 loge( quia) miles) by the model 
Determine the number of decibels of a sound with S = 93 log,,d + 65. 
an intensity of 10~* watts per centimeter squared. On March 18, 1925, a large tornado struck portions 

137.- Creating a Table The time ¢ in years for an of Missouri, Illinois, and Indiana, covering a dis- 
investment to double in value when compounded tance of 220 miles. Approximate the speed of the 
continuously at the rate r is given by wind near the center of this tornado. 

In 2 
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140. 
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Tractrix A person walking along a dock (the y- 
axis) drags a boat by a 10-foot rope (see figure). 
The boat travels along a path known as a tractrix. 
The equation of the path is 


10 + /100 = 2 
pea) - Vi=# 


y= 1o1n( 100 — x. 


(a) Use a graphing utility to graph the function. 
What is the domain of the function? 


(b) Identify any asymptotes of the graph. 


(c) Determine the position of the person when the 
x-coordinate of the position of the boat is x = 2. 


Home Mortgage The model 


t = 10.042 in| IDS 0 g-<5 


=) 
aero) | 
approximates the length ¢ (in years) of a home 
mortgage of $150,000 at 10% in terms of the 
monthly payment x. 


_ Explaining Concepts 


142. 
143. 


144. 
145. 
146. 


147. 


Write “logarithm of x with base 5” symbolically. 
Explain the relationship between the functions 
f(x) = 2* and g(x) = log, x. 

Explain why log, a = 1. 

Explain why log, a* = x. 

What are common logarithms and natural loga- 
rithms? 


Describe how to use a calculator to find the loga- 
rithm of a number if the base is not 10 or e. 


E 141. 


Think About It 


(a) Use a graphing utility to graph the model. 
Describe the change in the length of the mort- 
gage as the monthly payment increases. 


(b) Use the graph in part (a) to approximate the 
length of the mortgage if the monthly payment 
is $1316.35. 


(c) Use the result of part (b) to find the total 
amount paid.over the term of the mortgage. 
What amount of the total is interest costs? 


Data Analysis The table gives the prices x of a 
half-gallon of milk and the prices y of a half-gallon 
of ice cream in the United States for the years 1990 
through 1996. The data were collected in December 
of each year. (Source: U.S. Bureau of Labor 
Statistics) 


| 
| 


| 


| 1990 | 1991 | 1992 1993 | 1994 | 1995 1996 


A model for the data is 

y = 435.33 — 527.72x + 396.68 Inx + 88.05x?. 

(a) Use a graphing utility to plot the data and graph 
the model on the same screen. 


(b) Use the model to estimate the price of a half- 
gallon of ice cream if the price of a half-gallon 
of milk was $1.59. 


In Exercises 148-153, answer the 


question for the function f(x) = log,, x. (Do not use a 
calculator. ) 


148. 
149. 
150. 
151. 
152. 


153. 


What is the domain of f? 

Find the inverse function of f. 

Describe the values of f(x) for 1000 < x < 10,000. 
Describe the values of x, given that f(x) is negative. 


By what amount will x increase, given that f(x) is 
increased by 1 unit? 


Find the ratio of a to b, given that f(a) = 3 + f(b). 


Mid-Chapter Quiz 585 


Take this quiz as you would take a quiz in class. After you are done, check your 
work against the answers given in the back of the book. 


1. Given f(x) = (%)', find (a) (2), (b) f(), (©) f(—1), and (d) f(1.5). 
2. Find the domain and range of g(x) = 2~°>. 


In Exercises 3-6, sketch the graph of the function. 
3. y= +(4*) 

4. y= 5(27*) 

Sif Oe=allene 

6. g(x) = 100(1.08)* 


7. You deposit $750 at 75% interest, compounded n times per year or continu- 
ously. Complete the table, which shows the balance A after 20 years for 
several types of compounding. 


yt 12 | 365 | Continuous compounding | 


8. A gallon of milk costs $2.23 now. If the price increases by 4% each year, 
what will the price be after 5 years? 


9. Given f(x) = 2x — 3 and g(x) = x°, find the indicated composition. 
(a) (feg)x) (b) (gef)@) © (feail-2)  @ (gef)(4) 

10. Verify algebraically and graphically that f(x) = 3 — 5x and g(x) = 4(3 — x) 
are inverses of each other. 


In Exercises 11 and 12, find the inverse of the function. 


11. h(x) = 10x + 3 
12. g(t) = 423 +2 


13. Write the logarithmic equation log, (3) = —2 in exponential form. 

14. Write the exponential equation 3* = 81 in logarithmic form. 

15. Evaluate log; 125 without the aid of a calculator. 

16. Write a paragraph comparing the graphs of f(x) = log, x and g(x) = 5. 


In Exercises 17 and 18, use a graphing utility to sketch the graph of the function. 


Ss 17. f(t) =4int 
18. h(x) = 3 — Inx 


19. Use the graph of f at the left to determine h and k if f(x) = log.(x — h) + k. 


20. Use a calculator and the change-of-base formula to evaluate log, 450. 


Figure for 19 
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Use the properties of 
logarithms to evaluate a 
logarithm. 


Tony Freeman/PhotoEdit 
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Properties of Logarithms 


You know from the preceding section that the logarithmic function with base a is 
the inverse of the exponential function with base a. So, it makes sense that each 
property of exponents should have a corresponding property of logarithms. For 
instance, the exponential property 


a® = | Exponential property 
has the corresponding logarithmic property 
log, 1 = 0. Corresponding logarithmic property 


In this section you will study the logarithmic properties that correspond to the 
following three exponential properties: 


Base a Natural Base 
iL, a? S Gere Ge = gern Product Rule 
nA n 
2 a SS a ee SS Aid : 
Che a es é Quotient Rule 
a e 
She(Ga) eras (aie Power Rule 


> Properties of Logarithms 


Let a be a positive real number such that a # 1, and let n be a real num- 
ber. If u and v are real numbers, variables, or algebraic expressions such 
that u > 0 and v > 0, the following properties are true. 

Logarithm with Base a Natural Logarithm 


1. log (uv) = log,u + log,v  In(uwv) =Inu+ Inv __ Product Rule 


2. log, ~ = 10g, ui 1027y In~ = Inu — Inv Quotient Rule 


3. log, u" = nlog,u Inu" =nInu Power Rule 


There is no general property of logarithms that can be used to simplify 
log (u + v). Specifically, 


log,(u + v) does not equal log, u + log, v 


Study Tip 


_ Remember that you can verify 
results such as those given in 
Example 2 with a calculator. 
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><cUle (les Using Properties of Logarithms 


Use the fact that In 2 ~ 0.693, In 3 ~ 1.099, and In 5 ~ 1.609 to approximate 
each of the following. 


a. ig b. In 10 c. In 30 


3 
Solution 
a. n= = In2 —-In3 Quotient Rule 
= 0.693 — 1.099 Substitute for In 2 and In 3. 
= —0.406 Simplify. 
b. In 10 = In(2 + 5) Factor. 
=In2+1n5 Product Rule 
= ().693 + 1.609 Substitute for In 2 and In 5. 
= 2.302 Simplify. 
c. In 30 = In(2: 3-5) Factor. 
=In2+1n3 + In5 Product Rule 
= 1.693 + 1.099 + 1.609 Substitute for In 2, In 3, and In 5. 
= 3.401 Simplify. 


When using the properties of logarithms, it helps to state the properties 
verbally. For instance, the verbal form of the Product Property 
In(uv) = Inu + Invis: The log of a product is the sum of the logs of the factors. 


Similarly, the verbal form of the Quotient Property in“ = Inu — Invis: The 


log of a quotient is the difference of the logs of the numerator and denominator. 


seliile)(-3/48 | Using Properties of Logarithms 


Use the properties of logarithms to verify that —In 2 = In 5. 


Solution 
Using the Power Rule, you can write the following. 


—In2= (= 1) In 2 Rewrite coefficient as — 1. 
=In27} Power Rule 
= In— Rewrite 2~! as 5. 
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Use the properties of loga- 
rithms to rewrite a logarithmic 
expression. 


Rewriting Logarithmic Expressions 


In Examples 1 and 2, the properties of logarithms were used to rewrite logarith- 
mic expressions involving the log of a constant. A more common use of the prop- 
erties is to rewrite the log of a variable expression. 


el)(36) | Rewriting the Logarithm of a Product 


Use the properties of logarithms to rewrite log,, 7x°. 
Solution 


login (x = 10g;, (loc ig Product Rule 


= logio 7 + 3 log, x Power Rule 


When you rewrite a logarithmic expression as in Example 3, you are 
expanding the expression. The reverse procedure is demonstrated in Example 4, 
and is called condensing a logarithmic expression. 


> clale(ocs = Condensing a Logarithmic Expression 


Use the properties of logarithms to condense each expression. 
Ey Ahi = INS) 

b. 2 log, x + log, 5 

Solution 


a. Using the Quotient Rule, you can write 


In x — In3 = In Quotient Rule 
b. 2 log, x + log, 5 = log, x? + log, 5 Power Rule 
= log, 5x? Product Rule 


Confirm these results by graphing both sides of the equation on a graphing utility. 


= eTils)(63 2) Expanding a Logarithmic Expression 


Expand the logarithmic expression. 
log, 3xy-s x10" y 10 
Solution 
log, 3xy? = log, 3 + log, x + log, y” Product Rule 


= log, 3 + log, x + 2 log, y Power Rule 
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Sometimes expanding or condensing logarithmic expressions involves sever- 
al steps. In the next example, be sure that you can justify each step in the solution. 
Also, notice how different the expanded expression is from the original. 


Expand the logarithmic expression. 
iy yee 


Solution 


InJ/x? — 1 = In(x? — 1)!/ Rewrite using fractional exponent. 
= 4 In(x? — 1) Power Rule 
= $In[(x — 1)(x + 1)] Factor. 
= 4[In(x — 1) + In(x + 1)] Product Rule 
= + In(x —1)+ 5 In(x + 1) Distributive Property 


Condensing a Logarithmic Expression 


Use the properties of logarithms to condense the expression. 


ayn 2 Iie b. 3(In 4 + In x) 


Solution 
Qin 2 in = Ine — Inne x > 0 Power Rule 
=In = eC) Quotient Rule 
b. 3(In 4 + In x) = 3(In 4x) Product Rule 
= In(4x)? Power Rule 
= In 64x7, x20 Simplify. 


When you expand or condense a logarithmic expression, it is possible to 
change the domain of the expression. For instance, the domain of the function 


f(x) = 2Inx Domain is the set of positive real numbers. 
is the set of positive real numbers, whereas the domain of 
g(x) = In x? Domain is the set of nonzero real numbers. 


is the set of nonzero real numbers. So, when you expand or condense a logarithmic 
expression, you should check to see whether the rewriting has changed the domain 
of the expression. In such cases, you should restrict the domain appropriately. For 
instance, you can write 


fa) = inx=In x7; x > 0. 
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Use the properties of loga- Application 


rithms to solve an application 


problem. 
Students participating in a psychological experiment attended several lectures on 
a subject. Every month for a year after that, the students were tested to see how 
much of the material they remembered. The average scores for the group are 
given by the human memory model 


f(@) = 80 — Int + 1), Osts 12 


where ¢ is the time in months. Find the average scores for the group after 2 months 
y and 8 months. 


Solution 


: iz 
(8, 60.2) 


To make the calculations easier, rewrite the model as 


f(t) = 80 -9In(t + 1), O< 1 < 12. 


& 


a 


0 = Dine sr il) 


Average score 


After 2 months, the average score will be 
f(Q) = 80 —-9in3 = 70.1 Average score after 2 months 


and after 8 months, the average score will be i 


Time (in months) 


SqueOA) Pee Meaty f(8) = 80 — 91n9 = 60.2. Average score after 8 months 


Model The graph of the function is shown in Figure 9.20. 


ee 
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Integrated Review Concepts, Skills, and Problem Solving 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 


In Exercises 1 and 2, use the property of radicals 
to fill in the blank. 


1. Multiplication Property: @/u 2/v = 


Yu 
2. Division Property: = 
EL e ey 
3. Explain why the radicals /2x and 3/2x cannot 


be added. 
4. Is 1/./2x in simplest form? Explain. 


Simplifying Expressions 


In Exercises 5-10, perform the operations and 
simplify. (Assume all variables are positive.) 


5, 25./3x - 3/12 6. (Vx + 3)(Vx — 3) 


Developing Skills 


In Exercises 1-24, use properties of logarithms to eval- 
uate the expression without using a calculator. (If not 
possible, state the reason.) 


1. log, 5S? 2. log, 9 

3. log,(¢). 4. logs(gi) 

5. log, 6 6. In ve 

7, In 8° 8. log, 4° 

9. In e* 10. Ine~* 
11. log, 8 + log, 2 12. log, 2 + log, 3 
13. log, 4 + log, 16 14. log), 5 + log, 20 
i. log, 8 — log, 2 16. log; 50 — log; 2 
17. log, 72 — log, 2 18. log, 324 — log, 4 
19. log, 5 — log, 40 20. log, (3) tj log,(5) 
21. In e® + Ine? 220iin eee ine? 
23- a 24. In(e? - e*) 

e 


In 


7. JSu(/20 — V5) 
a ON eae) 

9, 20x 

caeee2 

‘ 12 
Ma/tasete st 


Problem Solving 


1 


11. The demand equation for a product is given by 
p = 30 — \/0.5(x — 1), where x is the num- 
ber of units demanded per day and p is the 
price per unit. Find the demand if the price is 
$26.76. 

12. The sale price of a computer is $1955. The 
discount is 15% of the list price. Find the list 
price. 


Exercises 25-36, use log, 2 = 0.5000, log, 3 ~ 


0.7925, and the properties of logarithms to approximate 
the value of the logarithm. Do not use a calculator. See 


Example 1. 

25. log, 4 26. log, 8 

27. log, 6 28. log, 24 

29. log, 5 30. log, 3 

31. log, /2 32. log, 3/9 

33. log, Gig 27) 34) log 0/3 2 
352 10g,3° 36. log, 4 


In Exercises 37-42, use log,, 3 ~ 0.477, log,, 12 = 
1.079, and the properties of logarithms to approximate 
the value of the logarithm. Use a calculator to verify 


your result. 

37. log, 9 38. logioi 
39. log), 36 40. log,, 144 
41. log, V36 42. log,, 5° 
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In Exercises 43-76, use the properties of logarithms to 99. log,(x + 8) — 3 log, x 
expand the given expression. See Examples 3, 5, and 6. 100. 5 log, x + log3(x 16} 
43. log, 11x 44. log, 3x 101. 5 log.(x + 2) — log.(x — 3) 
45. log, x? 46. log, x° 102. j log.(x + 1) — 5 logg(x — 4) 
47. log; x7? 48. log, s~+ 103. 5 log,(c + d) — 5 log,(m — 1) 
49. log, 3x 50. log, 2/5y 104. 2 log.(x + y) + 3 log, w 
51. In 3y 52. In 5x 105. 4(3 log, x — 4 log, y) 
7 . 3{In@ — 6) — 4Iny — 21Inz 
Bi to 54, log.o— teat Mea ai Tie 27 
17 y 107. 4 log.(x — 3) — 2 log, x — 3 log,(x + 1) 
5 I 108. 3[} log,(a + 6) — 2 log,(a — 1)] 
: 56102 f= = - IL2 10894 89 
55. In-—> 6. log, or 
579 inx-(y)— 2) 58. In y(y — 1)? In Exercises 109-114, simplify the expression. 
59. loga[x°(x — 7)?] 60. logg[(x — y)*z°] 109. In 3¢? 110. log,(32 - 4) 
61. log; /x + 1 62. logs xy 111. log; /50 112. log, /22 
63. In x(x + 2) 64. In 2/x(x + 5) 4 6 
DSF logis, 114. In= 
(= a ry 66.1 ( ie y x e& 
65. In » log)| 23 
5 f= In Exercises 115-118, use a graphing utility to graph the 
i 3% ; 
67. In 2 68. In two equations on the same screen. Use the graphs to 
Bee ge verify that the expressions are equivalent. Assume 
Ae 2 
69. meer 70. logs AD: 
10% \7 
S a + WE y= in | 
will po 73 los ee Sigel 
(wz) (ab) 2 
73. lo ede _ d)'| 74. Inf (xy)2(x + 3)*] y> = 2[In 10 — In(x? + 1)] 
eae Tipe 116. y, = In /xe + 1) 
ey ig 3/e el 
75. a Bg) asl erg hata h ae y) ee Yo = alin + In + 1)] 
3t 3v 117. y, = In[x?(x + 2)] 


In Exercises 77-108, use the properties of logarithms to Ss tenes NG so) 


condense the expression. See Examples 4 and 7. 118. y, = in( ) 
x5 
77. log;, x — log), 3 78. log, 12 — log, y : 
79. log, 3 + log, x 80. log, 2x + log; 3y Yo = 9 Inx — In& — 3) 
81. logig 4 — logiox 82. In 10x — Inz 119. Think About It Explain how you can show that 
83. 4Inb 84. 10 log, z 1 
n 

$5. —2 log, 2x Ts Sie 2 i ee 
87. 5 In(2x + 1) 88. —5 log, Sy 
Sone a ic Dine ee 120. Think About It Without a calculator, approximate 

» 1083 22023), : ‘ the natural logarithms of as many integers as possi- 
12ine Sinyin zz 92. 4dn sein x oy ble between 1 and 20 using In 2 ~ 0.6931, In3 ~ 
93 -son ne ne. Lng 1.0986, In 5 ~ 1.6094, and In 7 ~ 1.9459. Explain 
OVE ZU Or Se: Dike = 4 In y the method you used. Then verify your results with 
Os edin ge sity) 96. 1 (in Seetne) seal and explain any differences in the 


97. 2[Inx —In(x+1)] 98. 5[Inx — 4 In(x + 4)] 


Solving Problems 


121. Intensity of Sound The relationship between the 
number of decibels B and the intensity of a sound J 
in watts per centimeter squared is given by 


I 
B= 10 lose i518) 


Use properties of logarithms to write the formula in 
simpler form, and determine the number of decibels 
of a sound with an intensity of 10~!° watts per 
centimeter squared. 


| 122. Human Memory Model Students participating in 


a psychological experiment attended several lec- 
tures on a subject. Every month for a year after that, 
the students were tested to see how much of the 
material they remembered. The average scores for 
the group are given by the human memory model 


te 80 “log get 1), Os ts 12 


where f¢ is the time in months. 


(a) Find the average scores for the group after 2 
months and 8 months. 


(b) Use a graphing utility to graph the function. 
_ Explaining Concepts 


True or False? \n Exercises 125-132, use properties 
of logarithms to determine whether the equation is true 
or false. If false, state why or give an example to show 
that it is false. 

ms. ne? *=2—x 

126. log, 8x = 3 + log, x 

127. log, 4 + log, 16 = 2 

128. log,(u + v) = log, u + log; v 

129. log,(u + v) = log, u ° log; v 

log, 10 
log, 3 
131. If f(x) = log, x, then f(ax) = 1 + f(x). 
132. If f(x) = log, x, then f(a") = n. 


130. = log, 10 — log, 3 
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Biology \n Exercises 123 and 124, use the following 
information. The energy E (in kilocalories per gram 
molecule) required to transport a substance from the 
outside to the inside of a living cell is given by 


EB ="1-A(logaarGr logy GC) 

where C, and C, are the concentrations of the sub- 
stance outside and inside the cell, respectively. 

123. Condense the equation. 


124. The concentration of a particular substance inside a 
cell is twice the concentration outside the cell. How 
much energy is required to transport the substance 
from outside to inside the cell? 


True or False? \n Exercises 133-138, determine 
whether the statement is true or false given that 
f(x) = Inx. If false, state why or give an example to 
show that the statement is false. 

133. f(0) =0 

134, f(2x) = In2 + Inx 

135." (G93) = Inx— ins, x > 3 

136. /f(x) = 41Inx 

137. If f(u) = 2f(v), then v = u2. 

138. If f(x) > 0, then x > 1. 
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= é 
Solve an exponential or a 
logarithmic equation in which 


both sides have the same base. 


Exponential and Logarithmic Equations 


In this section, you will study procedures for solving equations that involve expo- 
nential or logarithmic expressions. As a simple example, consider the exponential 
equation 2° = 16. By rewriting this equation in the form 2* = 2+, you can see that 
the solution is x = 4. To solve this equation, you can use one of the following 
properties, which result from the fact that exponential and logarithmic functions 
are one-to-one. 


> Properties of Exponential and Logarithmic Equations 


Let a be a positive real number such that a # 1, and let x and y be real 
numbers. Then the following properties are true. 


1 aw=a if and only if x = y. 


2. log, x =log,y if andonlyifx=y (> 0,y > 0). 


creat | Solving Exponential and Logarithmic Equations 


Solve each equation. 
a, 4*+2 = 64 b. In(2x — 3) = In11 


Solution 
a. 4**2 = 64 Original equation 
At? = 43 Rewrite with like bases. 
eta. = 3 Property of exponential equations 
x=] Subtract 2 from both sides. 


The solution is 1. Check this in the original equation. 


bain@x 93) = In 11 Original equation 
2h —93-—— 1) Property of logarithmic equations 
2x = 14 Add 3 to both sides. 
x=7 Divide both sides by 2. 


The solution is 7. Check this in the original equation. 


Use inverse properties to solve 
an exponential equation. 


fecnnoliogy 


VISCOVETY 


Study Tip 


Remember that to evaluate a 
logarithm like log,7 you need to 
use the change of base formula. 


In 7 


Se 2 7 
log, 7 In2 2.80 
Similarly, 
In9 
= — + — 
log,9 + 3 a 3 


1.585 + 3 ~ 4.585 
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Solving Exponential Equations 


In Example 1(a), you were able to solve the given equation because both sides of 
the equation could be written in exponential form (with the same base). However, 
if only one side of the equation can be written in exponential form or if both sides 
cannot be written with the same base, it is more difficult to solve the equation. 
For example, how would you solve the following equation? 


x= 7 
To solve this equation, you must find the power to which 2 can be raised to obtain 
7. To do this, rewrite the exponential form into logarithmic form by taking 


the logarithm of both sides and use one of the following inverse properties of 
exponents and logarithms. 


> Inverse Properties of Exponents and Logarithms 


Base a Natural Base e 


1. log (a) = x In(e*) = x 


2. allogax) = x efinx) = x 


Solving an Exponential Equation 


Solve the exponential equation. 
a. 2% =7 b. 47°37 =9 c. 2e* = 10 


Solution 


a. To isolate the x, take the log, of both sides of the equation, as follows. 


2*°=7 Original equation 
log, 2* = log, 7 Take the logarithm of both sides. 
x = log,7 Inverse property 


The solution is x = log, 7 ~ 2.807. Check this in the original equation. 
b. To isolate the x, take the log, of both sides of the equation, as follows. 


Le aS Original equation 
log, 4*~? = log, 9 Take the logarithm of both sides. 
x—3=1og,9 Inverse property 
OC sue Add 3 to both sides. 


The solution is x = log, 9 + 3 ~ 4.585. Check this in the original equation. 


c. 2e* = 10 Original equation 
GS Divide both sides by 2. 
In e* = In5 Take the logarithm of both sides. 
x =I1n5 Inverse property 


The solution is x = In 5 ~ 1.609. Check this in the original equation. 
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= elle)(yey. Solving an Exponential Equation 


Solve 5 + e**! = 20. 


Solution 
5 + ext! = 20 
BE 3 Nb 
In e*t! = In 15 
x 1 = In is 


xe = = Il sb iin 15) 


Original equation 


Subtract 5 from both sides. 


Take the logarithm of both sides. 


Inverse property 


Subtract 1 from both sides. 


The solution is x = —1 + In 15 = 1.708. 


Check 
5 + et*! = 20 


5 + e}708+1 es 20 
9 

5 440% = 20 

5 + 14.999 = 20 


Original equation 
Substitute 1.708 for x. 
Simplify. 


Solution checks, / 


Psnenecementid tale ace 


eee 


6 A 


re a emmantnetl hipne gut bth jim eralitarcnmes semis be cements asl Yalta ta cal MC tac 
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EI Use inverse properties to solve a Solving Logarithmic Equations 


logarithmic equation. 


You know how to solve an exponential equation by taking the logarithms of both 
sides. To solve a logarithmic equation, you need to exponentiate both sides. For 
instance, to solve a logarithmic equation such as 

Inx =2 
you can exponentiate both sides of the equation as follows. 

Inx = 2 Original equation 

elnx = ¢ Exponentiate both sides. 

x=e 


Inverse property 


This procedure is demonstrated in the next three examples. We suggest the 
following guidelines for solving exponential and logarithmic equations. 


P Solving Exponential and Logarithmic Equations 


1. To solve an exponential equation, first isolate the exponential expres- 
sion, then take the logarithm of both sides of the equation and 
solve for the variable. 


2. To solve a logarithmic equation, first isolate the logarithmic expres- 
sion, then exponentiate both sides of the equation and solve for the 
variable. 


Solving a Logarithmic Equation 


Solve 2 log, x = 5. 


Solution 
2 log,x = 5 Original equation 
5 of 
log, x = 5 Divide both sides by 2. 
Alog,x = 45/2 Exponentiate both sides. 
y= 4 Inverse property 
x = 32 Simplify. 


The solution is x = 32. Check this in the original equation, as follows. 


Check 


210g, = 5) Original equation 
2 log,(32) 2 5 Substitute 32 for x. 
2(25) is 5 Use a calculator. 
5=5 Solution checks. / 
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Example Solving a Logarithmic Equation 


Solve 3 log, ) x = 6. 
Solution 
3 logig x = 6 Original equation 
logigx = 2 ‘Divide both sides by 3. | 
10!°S10* = 102 Exponentiate both sides. | 
x = 100 Inverse property | 
The solution is x = 100. Check this in the original equation. | 


Example 7 Solving a Logarithmic Equation 


Solve 20 In 0.2x = 30. 


Solution 
20 In 0.2x = 30 Original equation 
In 0.2x = 1.5 Divide both sides by 20. 


(Guar Exponentiate both sides. 


0.2x 


I 
NS 


Inverse property 
% = 5e\> Divide both sides by 0.2. 


The solution is x = 5e!° ~ 22.408. Check this in the original equation. 


The next example uses logarithmic properties as part of the solution. 


Example 7 


Solving a Logarithmic Equation 
Solve log, 2x — log,(x — 3) = 1. 
Solution 

logse2vielog,(xi-83 eal Original equation 


5) a 
Xo e3 


Zlogl2x/(x—3)] = 31 


log, 1 Condense the left side. 


Exponentiate both sides. 


ea =3 Inverse property 
ye as | 
2X -—15x1— 9 Multiply both sides by x — 3. 
=x =—9 Subtract 3x from both sides. 
x=9 Divide both sides by — 1. 


The solution is x = 9. Check this in the original equation. 


ZI Use an exponential or a 
logarithmic equation to solve an 
application problem. 
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Application 


Example 8 


Compound Interest ‘e) 


A deposit of $5000 is placed in a savings account for 2 years. The interest on the 
account is compounded continuously. At the end of 2 years, the balance in the 
account is $5867.55. What is the annual interest rate for this account? 


Solution 


Using the formula for continuously compounded interest, A = Pe’', you have the 
following solution. 


Formula: A = Pe" 


Labels: Principal = P = 5000 (dollars) 
Amount = A = 5867.55 (dollars) 
Time = 7 = 2 (years) 
Annual interest rate = r (percent in decimal form) 
Equation: 5867.55 = 5000e7” 
S075: =e" Divide both sides by 5000 
5000 1vide both sides Dy ° 
1735 =e" Simplify. 
In 1.1735 = In(e?”) Logarithmic form 
0.16 ~ 2r Inverse property 
0.08 ~ r Divide both sides by 2. 


The rate is 8%. Check this in the original statement of the problem, as follows. 


Check 


A = Pe” Original equation 
A = 5000e8)2) Substitute 5000 for P, 0.08 for r, and 2 for t. 
Al—25 580.55 Solution checks. J 


Solving Equations 


“Solve each equation. 
ae 5 14 = 0 

b. eX — 5e8-14=0 

-e (Inx)? — 5Inx — 14=0 


‘Explain your strategy. What are the similarities among the three equa- 
‘tions? One of the equations has only one solution. Explain why. 
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Integrated Review 


Keep mathematically in shape by doing these 


exercises before the problems of this section. 
Properties and Definitions 
1. Is it possible for the system 
1k y= 8 
x+ y=4 


to have exactly two solutions? Explain. 


2. Explain why the following system has no 


solution. 
8x — 4y =5 
eA ey = 


Solving Equations 

In Exercises 3-8, solve the equation. 
Jak 3 = 4x 6 

Axe = 10x E17 = 0 


Developing Skills 


In Exercises 1-6, determine whether the x-values are 
solutions of the equation. 


1. 32*-5 = 27 2. 4*+3 = 16 
(a) x= 1 (a) x= —-1 
(b) x =4 (b) x =0 

3, ext = 45 4, 23*-1 = 324 
(a) x= —5 +1n45 (a) x ~ 3.1133 
(by == 5 +e" (O) x =2.4327 

5. log(6x) = 3 6. In(x + 3) = 2.5 
(a) eo 227. (a) x = —3 + e7> 
(b) x = 5 (b) x ~ 9.1825 


In Exercises 7-34, solve the equation. (Do not use a cal- 
culator.) See Example 1. 


Uh ee See 
Diese tia 312 UK, t= ne 
ilk; Bs a IBY, Ae dt 


Concepts, Skills, and Problem Solving 


5 4 1 2 

2 ae See = 
, x : SS x-5 
7. |x — 4| =3 §.3/xe +27 


Models and Graphing 


9. A train is traveling at 73 miles per hour. Write 
the distance d the train travels as a function of 
the time ¢. Graph the function. 


10. The diameter of a right circular cylinder is 10 
centimeters. Write the volume V of the cylin- 
der as a function of its height / if the formula 
for its volume is V = 7r2h. Graph the model. 


11. The height of a right circular cylinder is 10 
centimeters. Write the volume V of the cylin- 
der as a function of its radius r if the formula 
for its volume is V = 7rr7h. Graph the model. 


12. A force of 100 pounds stretches a spring 4 
inches. Write the force F as a function of the 
distance x that the spring is stretched. Graph 


the model. 
13. 4°* = 16 14. 3° = 81 
15.3625 3 = 216 16. 5°~* = 625 
17. 5° =>: 1843 = 
19, +2 =, 20. 32-7 = 9 
21. 4**3 = 32* 22. 9%? = 243%) 
23. In 5x = In 22 24. In 3x = In 24 
25. log, 3x = log, 18 26. log, 2x = log, 36 


Phe Ni CXige 8) = TES 28. In(2x — 3) = In 17 
29. log,(x + 3) =log,7 30. log,(x — 4) = log, 12 
31. log;(2x — 3) = log.(4x — 5) 

32. log;(4 — 3x) = log,(2x + 9) 

33, log,(2 — x) = 2 34. log,(3x — 1) = 5 


In Exercises 35-38, simplify the expression. 


35. In e2*~! 36. log, 3*” 
37. 10/0810 2x 38. eine +1) 


In Exercises 39-82, solve the exponential equation. 
Round the result to two decimal places. See Examples 2 


Section 9.5 Solving Exponential and Logarithmic Equations 601 
91. log.) 4x = 2 92. log, 6x = 4 
93. In2x = 3 94. In(0.5t) = j 
95. Inx? = 6 96. In /x = 6.5 
97. 2 log,(x + 5) = 3 98. 5 log,o(x + 2) = 15 
99. 2 log,(x + 3) = 3 100. <In(x + 1) = -1 
101. 1 —2Inx = —4 102. 5 — 4log,x = 2 
103. —1 + 3 log = 8 104. —5 + 2In3x=5 
105. log,x + log,5 =2 106. log; x — log;4 = 2 
107. log,(x + 8) + log, 3 = 2 
108. log.(x — 1) — log, 4 = 1 
109. log.(x + 3) — logsx = 1 


and 3. 

39. 2* = 45 40. 5* = 21 

41. 3° = 3.6 Ay ot 

43. 10?” = 52 44, 84 = 20 
45. 77° = 126 46. 5 = 305 
47, 3*+4 = 6 AS. 52 5b 15 
49. 10*+® = 250 50. 12*-! = 324 
51. 3e* = 42 52. 6e-* = 3 
53. 4e* = 5 54, $e* = 

55. $e = 20 56. 4e-* = 6 
57. 250(1.04)* = 1000 58. 32(1.5)* = 640 


59. 
61. 
63. 
65. 
67. 
69. 
7h Vs 
73. 
TDs 
IH 


79. 


81. 


300e*/2 = 9000 60. 6000e~2 = 1200 
1000°!2* = 25,000 62. 10,000e-°" = 4000 
4(4*+2) = 300 64. 3(2'+4) = 350 
6.4.2%-1 =1 66. +6 -—4= 12 

7 + 2-* = 28 68. 9 + &-* = 32 

8 — 12e* = 70. 4 — 2e* = —23 
4+ e* = 10 72. 10e4 ee —"18 
32 + e%* = 46 74. 50 — e*/2 = 35 
23 — 5e**1 = 3 76. 2e* + 5 = 115 
4(1 + e*/3) = 84 78. 50(3 — e®) = 125 
ai = 6000 80. aa = 950 
in a 00 


In Exercises 83-118, solve the logarithmic equation. 
Round the result to two decimal places. See Examples 


4-7. 
83. 
85. 
87. 
89. 


127. 


logigx = 3 84. log;,x = —2 
log, x = 4.5 86. log, x = 2.1 

4 log, x = 28 88. 6 log, x = 18 
16Inx = 30 90. 12 Inx = 20 


Solving Problems 


Compound Interest A deposit of $10,000 is 


* “placed in a savings account for 2 years. The interest 


for the account is compounded continuously. At the 
end of 2 years, the balance in the account is 
$11,972.17. What is the annual interest rate for this 
account? 


110. 
111. 
112. 
113. 
114. 
115. 
116. 
117: 
118. 


log,(x — 2) + log, 5 = 3 

log;j2'°+ log |(4— 3) al 

logig x + log,o(x + 1) = 0 

log,(x — 1) + log,(x + 3) = 3 
log. — 5) + logex =2 

log, 3x + log,(x — 2) = 3 

109 ql2ou— lOo oe Le 
log, x + log,(x + 2) — log, 3 = 4 
log, 2x + log,(x — 1) — log, 4 = 1 


In Exercises 119-122, use a graphing utility to approxi- 
mate the x-intercept of the graph. 


119. 
121. 
122. 


ee Us 120. y = 2e* — 21 
y = 6 In(0:4x) — 13 
ne Gee ae ea ts 


In Exercises 123-126, use a graphing utility to approxi- 
mate the point of intersection of the graphs. 


123. 


125. 


128. 


y, =2 124. y, =2 

2 =) ¢> Yo — In x 

Vee 126. y, = 200 

y, = 21In(x + 3) y, = 1000e~*/? 
Compound Interest A deposit of $2500 is placed 


in a savings account for 2 years. The interest for the 
account is compounded continuously. At the end of 
2 years, the balance in the account is $2847.07. 
What is the annual interest rate for this account? 
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129. 


130. 


131. 


132. 


133. 


134. 


Chapter 9 Exponential and Logarithmic Functions 


Doubling Time Solve the exponential equation 


5000 = 2500e° 


for t to determine the number of years for an invest- 
ment of $2500 to double in value when compound- 
ed continuously at the rate of 9%. 


Doubling Rate Solve the exponential equation 
10,000 = 5000e!” 


for r to determine the interest rate required for an 
investment of $5000 to double in value when com- 
pounded continuously for 10 years. 


Intensity of Sound The relationship between the 
number of decibels B and the intensity of a sound / 
in watts per centimeter squared is given by 


I 
B= 10 lose sae}: 


Determine the intensity of a sound / if it registers 
75 decibels on a decibel meter. 


Intensity of Sound The relationship between the 
number of decibels B and the intensity of a sound J 
in watts per centimeter squared is given by 


ik 
B= 10 lose sq}: 


Determine the intensity of a sound / if it registers 
90 decibels on a decibel meter. 


Muon Decay A muon is an elementary particle 
that is similar to an electron, but much heavier. 
Muons are unstable—they quickly decay to form 
electrons and other particles. In an experiment con- 
ducted in 1943, the number of muon decays m (of 
an original 5000 muons) was related to the time T 
(in microseconds) by the model 


T = 15.7 — 2.48 Inm. 


How many decays were recorded when T = 2.5? 


Friction In order to restrain an untrained horse, a 
person partially wraps the rope around a cylindrical 
post in a corral (see figure). If the horse is pulling 
on the rope with a force of 200 pounds, the force F 
in pounds required by the person is 


F= 200e7 2-578/180 


where theta is the angle of wrap in degrees. Find 
the smallest value of theta if F cannot exceed 80 
pounds. 


& 


zz) 135. 


136. 


137. 


Figure for 134 


Human Memory Model The average score A for 
a group of students who took a test t months after 
the completion of a course is given by the memory 
model 


How long after completing the course will the aver- 
age score fall to A = 72? 


(a) Answer the question algebraically by letting 
A = 72 and solving the resulting equation. 

(b) Answer the question graphically by using a 
graphing utility to graph the equations y, = 
80 — log, (t + 1)!? and y, = 72, and finding 
their point(s) of intersection. 

(c) Which strategy works better for this problem? 
Explain. 

Military Personnel The number N (in thousands) 

of United States military personnel on active duty 


in foreign countries for the years 1990 through 
1996 is modeled by the equation 


IN =7 Zieh 555.868 ma ateoLO 


where ¢ is time in years, with t = 0 corresponding 

to 1990. (Source: U.S. Department of Defense) 

(a) Use a graphing utility to graph the equation 
over the specified domain. 

(b) Use the graph in part (a) to estimate the value 
of t when N = 500. 


Making Ice Cubes You place a tray of 60°F water 
into a freezer that is set at O°F. The water cools 
according to Newton’s Law of Cooling 


is 
Ty =S 


kt = 1 
where T is the temperature of the water (in °F), t is 
the number of hours the tray is in the freezer, S is 
the temperature of the surrounding air, and T, is the 
original temperature of the water. 


138. 


© 139. 


140. 
141. 
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(a) If the water freezes in 4 hours, what is the con- 
stant k? (Hint: Water freezes at 32°F.) 

(b) Suppose you lower the temperature in the 
freezer to — 10°F. At this temperature, how long 
will it take for the ice cubes to form? 

(c) Suppose the initial temperature of the water is 
50°F. If the freezer temperature is 0°F, how long 
will it take for the ice cubes to form? 

Oceanography Oceanographers use the density d 
(in grams per cubic centimeter) of seawater to 
obtain information about the circulation of water 
masses and the rates at which waters of different 
densities mix. For water with a salinity of 30%, the 
water temperature T (in °C) is related to the densi- 
ty by 

T = 7.9 In(1.0245 — d) + 61.84. 


Find the densities of the subantarctic water and the 
antarctic bottom water shown in the figure. 


Explaining Concepts 


Answer parts (c)—-(f) of Motivating the Chapter on 
page 547. 


State the three basic properties of logarithms. 


Which equation requires logarithms for its solution? 


ia 3)) Opes | = 30? 
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Antarctic surface 
water 


Antarctic 
convergence 


Subantarctic water 


Antarctic 
intermediate water 


North Atlantic 
deep water 


Antarctic 
bottom water 


Figure for 138 This cross section shows complex 
currents at various depths in the South Atlantic 
Ocean off Antarctica. 


142. Explain how to solve 107°! = 5316. 


143. In your own words, state the guidelines for solving 
exponential and logarithmic equations. 
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Use an exponential equation to 


solve a compound interest problem. 


Study Tip 


Solving an exponential equation 
often requires “getting rid of” 
the exponent on the variable 
expression. This can be accom- 
plished by raising both sides of 
the equation to the reciprocal 
power. For instance, in Example 
1 the variable expression had 
power 16, so both sides were _ 
raised to the reciprocal power - 
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Compound Interest 


In Section 9.1, you were introduced to the following two exponential formulas for 
compound interest. In these formulas, A is the balance, P is the principal, r is the 
annual interest rate (in decimal form), and ¢ is the time in years. 


n Compoundings per Year Continuous Compounding 


nt 
A = (1 +2) 
n 


Finding the Annual Interest Rate @ 


An investment of $50,000 is made in an account that compounds interest quar- 
terly. After 4 years, the balance in the account is $71,381.07. What is the annual 
interest rate for this account? 


A = Pe" 


Solution 


nt 
Formula: A = Pl ap 4 


Labels: Principal = P = 50,000 (dollars) 
Amount = A = 71,381.07 (dollars) 
Time = t =4 (years) 
Number of compoundings per year = n = 4 
Annual interest rate = r (percent in decimal form) 
r\ 4) 
Equation: Wi Bho! Oy = 50,000 ae r) 


LU3SL.07 ( a 
——— =|] Divide both sides by 50,000. 


50,000 
16 
1.42762 =~ ( ae r) 


4 ee 

(1.42762)!/16 = 1 + ji Raise both sides to 7; power. 
1.0225 = 1+ Simplify. 

0.09 = r Subtract 1 and then multiply 


both sides by 4. 


The annual interest rate is approximately 9%. Check this in the original problem. 


Study Tip 


In “doubling time” problems 
you do not need to know the 
value of the principal P to find 
the doubling time. As shown in 
Example 2, the factor P divides 
out of the equation and so does 
not affect the doubling time. 
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Doubling Time for Continuous Compounding (© 


Example 2 


An investment is made in a trust fund at an annual interest rate of 8.75%, 
compounded continuously. How long will it take for the investment to double? 


Solution 
A = Pe" Formula for continuous compounding 
DP — Pe Substitute known values. 
I Divide both sides by P. 
In 2 = 0.0875t Inverse property 
In 2 
0.0875 =i Divide both sides by 0.0875. 
7.92 ~t 


It will take approximately 7.92 years for the investment to double. 


Check 


A = Pe" Formula for continuous compounding 

2P. = Pee C22) Substitute 2P for A, 0.0875 for r, and 7.92 for 1. 
OP Z Pete Simplify. 
2P =~ 1.9997P Solution checks. Y 


S><cliile)(eee Finding the Type of Compounding @ 


You deposit $1000 in an account. At the end of | year your balance is $1077.63. 
If the bank tells you that the annual interest rate for the account is 7.5%, how was 
the interest compounded? 


Solution 
If the interest had been compounded continuously at 7.5%, the balance would 
have been 

A = 1000e975)) = $1077.88. 


Because the actual balance is slightly less than this, you should use the formula 
for interest that is compounded n times per year. 


A= 1000 = aad = 1077.63 
n 


At this point, it is not clear what you should do to solve the equation for n. 
However, by completing a table, you can see that n = 12. So, the interest was 
compounded monthly. 


1 4 12 365 


———| 


1.075 | 1.07714 | 1.07763 | 1.07788 
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Use an exponential equation 
to solve a growth or decay problem. 


In Example 3, notice that an investment of $1000 compounded monthly 
produced a balance of $1077.63 at the end of 1 year. Because $77.63 of this 
amount is interest, the effective yield for the investment is 


year's interest_ _ 77.63 
amount invested 1000 


Effective yield = = 0.07763 = 7.763%. 


In other words, the effective yield for an investment collecting compound inter- 
est is the simple interest rate that would yield the same balance at the end of 1 
year. 


Finding the Effective Vield 


An investment is made in an account that pays 6.75% interest, compounded 
continuously. What is the effective yield for this investment? 


Solution 


Notice that you do not have to know the principal or the time that the money will 
be left in the account. Instead, you can choose an arbitrary principal, such as 
$1000. Then, because effective yield is based on the balance at the end of 1 year, 
you can use the following formula. 


A = Pe™ 
= 1000e9:09750) 
1069.83 


Now, because the account would earn $69.83 in interest after 1 year for a princi- 
pal of $1000, you can conclude that the effective yield is 


ee ae OOS S 
Effective yield = 1000 


= 0.06983 
=6.983%. 


Growth and Decay 


The balance in an account earning continuously compounded interest is one 
example of a quantity that increases over time according to the exponential 
growth model y = Ce*’. 


> Exponential Growth and Decay 


The mathematical model for exponential growth or decay is given by 
y = Cet, 


For this model, t is the time, C is the original amount of the quantity, 
and y is the amount after time ¢. The number k is a constant that is 
determined by the rate of growth. If k > 0, the model represents expo- 
nential growth, and if k < 0, it represents exponential decay. 
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One common application of exponential growth is in modeling the growth of 
a population. Example 5 illustrates the use of the growth model 


vy = Cesk > 0. 


<liie)( Population Growth @ 


A country’s population was 2 million in 1990 and 3 million in 2000. What would 
you predict the population of the country to be in 2010? 
Solution 


If you assumed a linear growth model, you would simply predict the population 
in the year 2010 to be 4 million. If, however, you assumed an exponential growth 
model, the model would have the form 


y = Ce, 


In this model, let t = 0 represent the year 1990. The given information about the 
population can be described by the following table. 


To find the population when t = 20, you must first find the values of C and k. 
From the table, you can use the fact that Ce = Ce° = 2 to conclude that 
C = 2. Then, using this value of C, you can solve for k as follows. 


Ce From table 
y Deh 3 Substitute value of C. 
10k 3 fone 3 
Canin Divide both sides by 2. 
5 Zz 
2. 3 
aS) i ee hactenra sar sagMecarh rec stevsecres 10k = In 7 Inverse property 
= 2” ~ Linear 
Ss: , eee 8 8. model 13 
= li Divide both sides by 10. 
6 1Oys2 
5 2 k =~ 0.0405 Simplify. 
iS) 
a 


Finally, you can use this value of k to conclude that the population in the year 
2010 is given by 


t —-¢0.0405(20) = 2(2.25) = 4.5 million. 


10 15 20 
Time (in years) Figure 9.21 graphically compares the exponential growth model with a linear 
Figure 9.21 Population Models growth model. 
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Radioactive Decay @ 


Radioactive iodine is a by-product of some types of nuclear reactors. Its half-life 
is 60 days. That is, after 60 days, a given amount of radioactive iodine will have 
decayed to half the original amount. Suppose a nuclear accident occurs and 
releases 20 grams of radioactive iodine. How long will it take for the radioactive 
iodine to decay to a level of 1 gram? 


Solution 
To solve this problem, use the model for exponential decay. 


y = Ce# 


Next, use the information given in the problem to set up the following table. 


0 60 E 
Ce) = 20 | Ce = 10 | Ce) = 1 


Because Ce = Ce® = 20, you can conclude that C = 20. Then, using this 
value of C, you can solve for k, as follows. 


CekoOR 10 From table 
2028 = 10 Substitute value of C. 
cor — | : 
Coe = 2 Divide both sides by 20. 
1 
60k = In 5 Inverse property 
1 1 
k= 60 In 5 Divide both sides by 60. 
= —().01155 Simplify. 
“4 Finally, you can use this value of k to find the time when the amount is 1 gram, 
as follows. 
(0,20) » , 
2) one pene: a ages Cet = || From table 

= Dee tuloos =k | Substitute values of C and k. 
= (aes =) Woscssesee Pict fos catreretette ony freeteeene emcRE 
bb -oo11sse = + 
= The" 4 : ge = 20 Divide both sides by 20. 
=. aN orto) | 
5 hie 
> —0.01155¢ = In 0 Inverse property 


y = 2e —0.011551 
aif * il i 1 
=0.01155 - 20 


(259.4, 1) Divide both sides by (OOS: 


ut 


60 120 180 240 300 


Time (in days) 


259.4 days Simplify. 


So, 20 grams of radioactive iodine will have decayed to 1 gram after about 259.4 
Figure 9.22 Radioactive Decay days. This solution is shown graphically in Figure 9.22. 


Peter Menzel/Stock Boston 


Use a logarithmic equation to 
solve an intensity problem. 


Earthquakes take place along 
faults in the earth’s crust. The 
1989 earthquake in California 
took place along the San Andreas 
Fault. 
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Intensity Models 


On the Richter scale, the magnitude R of an earthquake can be measured by the 
intensity model 


R = log,)/ 


where / is the intensity of the shock wave. 


=> <li) (wae Earthquake Intensity @ 


In 1906, San Francisco experienced an earthquake that measured 8.6 on the 
Richter scale. In 1989, another earthquake, which measured 7.7 on the Richter 
scale, struck the same area. Compare the intensities of these two earthquakes. 


Solution 


The intensity of the 1906 earthquake is given as follows. 
8.6 = logio/ Given 
10% =7 Inverse property 
The intensity of the 1989 earthquake can be found in a similar way. 
ti —Nogig lf Given 
1077 =] Inverse property 
The ratio of these two intensities is 


I for 1906 i 108-6 
Ifor 1989 107” 


= 103-6 7-7 


109-2 
= 7.94, 


Thus, the 1906 earthquake had an intensity that was about eight times greater than 
the 1989 earthquake. 


Disc Concept Problem Posing 
Write a problem that could be answered by investigating the exponen- 
tial growth model 
y - 10¢0:08t 
or the exponential decay model 


= 67 0.25 


J 


Exchange your problem for that of another class member, and solve one 
another’s problems. 
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Integrated Review Concepts, Skills, and Problem Solving 
Keep mathematically in shape by doing these 9% x ae) el 
exercises before the problems of this section. i xt+2%y-2z= 3 
Properties and Definitions Brea aye 228 
In Exercises 1-4, identify the type of variation 10. 2x+ y-2z= 1 
given in the model. x eee lee 
k SX cresy +) Zea ie 
1. y = ke? 2. oe 
ie ee Graphs : 7 
3. z = kxy 4.z= kx In Exercises 11 and 12, use the function y = — 
y ax, - 
Simplifying Expressions 11. (a) Does the graph open up or down? Explain. — 
In Exercises 5-10, solve the system of equations. (b) Find the x-intercepts algebraically. 
5.x- y=0 6. 2x + 5y = 15 (c) Find the coordinates of the vertex of the 
x4 2Zy:. = 9 3x +t Oye= 20 = ; Petanole 
Se = cx 12. Use a graphing utility to graph the function 
Ts y=x 8 x- y=0 
es ; and geometrically verify the results of 
me ey = 2 nD ae Exercise 11. 


Solving Problems 


Annual Interest Rate _\n Exercises 1-8, find the annual Principal Rate Compounding 
interest rate. See Example 1. 11. $2000 10.5% Daily 
Principal _ Balance Time | Compounding 12. $10,000 9.5% Yearly 
1. $500 $1004.83 10 years Monthly 13. $1500 TED Continuously 
2. $3000 $21,628.70 20 years Quarterly 14. $100 6% Continuously 
3. $1000 $36,581.00 40 years Daily 15. $300 5% Yearly 
4. $200 $314.85 S years Yearly 16. $12,000 4% Continuously 
5. $750 $8267.38 30 years Continuously 
6. $2000 $4234.00 10 came COnTinOnely Type of Compounding In Exercises 17-20, determine 
; the type of compounding. Solve the problem by trying 
7. $5000 $22,405.68 25 years Daily the common types of compounding. See Example 3. 
8. $10,000 $110,202.78 30 years Daily ae 
Principal Balance Time Rate 
Doubling Time _\n Exercises 9-16, find the time for an 17. $750 $1587.75 10 years 7.5% 
investment to double. Use a graphing utility to check 18. $10,000 $73,890.56 20 years 10% 
the result graphically. See Example 2. 19. $100 $141.48 5 years 1% 
Principal Rate Compounding 20. $4000 $4788.76 2 years 9% 


9. $6000 8% Quarterly 
10. $500 54% Monthly 


Section 9.6 Applications 611 


Effective Yield \n Exercises 21-28, find the effective Principal Rate Time 

yield. See Example 4. 40. P = 100 r= 9% t = 30 years 
Rate Compounding 41. P= SO r= 10% t = 40 years 

21. 8% Continuously 42. P = 20 r=7% t = 20 years 

22. 9.5% Daily 

23. 7% Monthly Balance After Monthly Deposits \n Exercises 43 and 


44, you make monthly deposits of $30 into a savings 


24. 8% Yearly account at an annual interest rate of 8%, compounded 
25. 6% Quarterly continuously (see figure). 

26. 9% Quarterly 

27. 8% Monthly 

28. 54% Daily 


29. Think About It 1s it necessary to know the princi- 
pal P to find the doubling time in Exercises 9-16? 
Explain. 

30. Effective Yield 


(a) Is it necessary to know the principal P to find the 
effective yield in Exercises 21-28? Explain. 


Balance in account (in dollars) 


(b) When the interest is compounded more fre- 
quently, what inference can you make about the 
difference between the effective yield and the 
stated annual percentage rate? 


Principal \n Exercises 31-38, find the principal that 4B 


33 hae . Find the total amount that has been deposited into 
must be deposited in an account to obtain the given 


the account in 20 years and the total interest earned. 


hae 44. Find the total amount that has been deposited into 
Balance Rate Time Compounding the account in 40 years and the total interest earned. 

31. $10,000 9% 20 years Continuously 

32. $5000 8% 5 years Continuously Exponential Growth and Decay \n Exercises 45-48, 

; find the constant k such that the graph of y = Ce“ 

33. $750 6% eas Bay passes through the given points. 

34. $3000 7% 10 years Monthly 45 

35. $25,000 7% 30 years Monthly 

36. $8000 6% 2 years Monthly 

37. $1000 5% 1 year Daily 


38. $100,000 9% 40 years Daily 


Balance After Monthly Deposits \n Exercises 39-42, 
you make monthly deposits of P dollars into a savings 
account at an annual interest rate r, compounded con- 
tinuously. Find the balance A after t years given that 


47. y 48. 


w- PI fs = 1 
_, ea 
et/12 ay 
Principal Rate Time 


39. P = 30 r = 8% t = 10 years 
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Population of a Region _\n Exercises 49-56, the popu- 
lation (in millions) of an urban region for 1994 and the 
predicted population (in millions) for the year 2015 are 
given. Find the constants C and k to obtain the expo- 
nential growth model y = Ce“! for the population. (Let 
t = 0 correspond to the year 1994.) Use the model to 
predict the population of the region in the year 2020. 


See Example 5. (Source: United Nations) 

Region 1994 2015 
49. Los Angeles 122 14.3 
50. New York 16.3 176 
51. Shanghai, China 14.7 23.4 
52. Jakarta, Indonesia iO) Di A 
53. Osaka, Japan 10.5 10.6 
54. Seoul, Korea iL. Ie 
55. Mexico City, Mexico 1525 18.8 
56. Sao Paulo, Brazil 16.1 20.8 
57. Rate of Growth 

(a) Compare the values of k in Exercises 51 and 53. 
Which is larger? Explain. 

(b) What variable in the continuous compound 
interest formula is equivalent to k in the model 
for population growth? Use your answer to give 
an interpretation of k. 

58. World Population The figure in the next column 


shows the population P (in billions) of the world as 
projected by the Population Reference Bureau. The 
bureau’s projection can be modeled by 


11.14 


P= T+ 110167005 


where t = 0 represents 1990. Use the model to esti- 
mate the population in 2020. 


Radioactive Decay \n Exercises 59-64, complete the 
table for the radioactive isotopes. See Example 6. 


Half-Life Initial Amount After 

Isotope (Years) Quantity 1000 Years 
59 Ra? 1620 6g 
60. Ra?”6 1620 0.25 g 
617Ge 5730 4.0¢ 
62. CG 57/30 10 g 
63. Pu??? 24,360 4.2¢ 
64. Pu?*° 24,360 15g 
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65. Radioactive Decay Radioactive radium (Ra””°) has 
a half-life of 1620 years. If you start with 5 grams of 
the isotope, how much remains after 1000 years? 


66. Radioactive Decay The isotope Pu?*° has a half- 
life of 24,360 years. If you start with 10 grams of the 
isotope, how much remains after 10,000 years? 


67. Radioactive Decay Carbon 14 (C!*) has a half-life 
of 5730 years. If you start with 5 grams of this iso- 
tope, how much remains after 1000 years? 


68. Carbon 14 Dating C'* dating assumes that the car- 
bon dioxide on earth today has the same radioactive 
content as it did centuries ago. If this is true, the 
amount of C!* absorbed by a tree that grew several 
centuries ago should be the same as the amount of 
C4 absorbed by a tree growing today. A piece of 
ancient charcoal contains only 15% as much of the 
radioactive carbon as a piece of modern charcoal. 
How long ago did the tree burn to make the ancient 
charcoal if the half-life of C'* is 5730 years? (Round 
your answer to the nearest 100 years.) 

69. Depreciation A car that cost $22,000 new has a 
depreciated value of $16,500 after 1 year. Find the 
value of the car when it is 3 years old by using the 
exponential model y = Ce*". 


that cost $32,000 new is given by 
y = 32,000(0.8)*. 
(a) Use a graphing utility to graph the model. 


(b) Graphically approximate the value of the truck 
after 1 year. 


(c) 


Graphically approximate the time when the 
truck’s value will be $16,000. 


Population (in billions) 


10 20 30 40 50 60 70 
Year (0 <> 1990) 


Figure for 58 
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Earthquake Intensity _\n Exercises 71-74, compare the 79. Population Growth The population p of a certain 


intensities of the two earthquakes. See Example 7. 


Location Date Magnitude 
71. Alaska 3/27/64 8.4 
San Fernando Valley 2/9/71 6.6 
72. Long Beach, California 3/10/33 6.2 
Morocco 2/29/60 5.8 
73. Mexico City, Mexico 9/19/85 8.1 
Nepal 8/20/88 6.5 
74. Chile 8/16/06 8.6 
Armenia, USSR 12/7/88 6.8 


Acidity Model 
model 

pH = —log,olH*] 

where acidity (pH) is a measure of the hydrogen ion 


concentration [H*] (measured in moles of hydrogen 
~ per liter) of a solution. 


In Exercises 75-78, use the acidity 


75. Find the pH of a solution that has a hydrogen ion 
concentration of 9.2 x 1078. 


76. Compute the hydrogen ion concentration if the pH of 
a solution is 4.7. 

77. A certain fruit has a pH of 2.5 and an antacid tablet 
has a pH of 9.5. The hydrogen ion concentration of 
the fruit is how many times the concentration of the 
tablet? 

78. If the pH of a solution is decreased by 1 unit, the 
hydrogen ion concentration is increased by what 
factor? 


RET 
beet 


Explaining Concepts 


82. If the equation y = Ce*' models exponential growth, 
what must be true about k? 
83. If the equation y = Ce*’ models exponential decay, 
what must be true about k? 
84. The formulas for periodic and continuous com- 
pounding have the four variables A, P,r, and ¢ in 
common. Explain what each variable measures. 


80. 


81. Advertising Effect 


85. 


86. 


87. 


species ¢ years after it is introduced into a new habi- 
tat is given by 
— 5000 

[ee a A 


p(t) 


(a) Use a graphing utility to graph the population 
function. 


(b) Determine the population size that was intro- 
duced into the habitat. 


(c) Determine the population size after 9 years. 

(d) After how many years will the population be 
2000? 

Sales Growth” Annual sales y of a product x years 

after it is introduced are approximated by 

_ __ 2000 

 Wicite 

(a) Use a graphing utility to graph the model. 

(b) Use the graph in part (a) to approximate annual 
sales when x = 4. 

(c) Use the graph in part (a) to approximate the time 
when annual sales are y = 1100 units. 

(d) Use the graph in part (a) to estimate the maxi- 
mum level that annual sales will approach. 


The sales S (in thousands of 
units) of a product after spending x hundred dollars 
in advertising are given by 


S =10( re): 
(a) Find S as a function of x if 2500 units are sold 
when $500 is spent on advertising. 


(b) How many units will be sold if advertising 
expenditures are raised to $700? 


What is meant by the effective yield of an invest- 
ment? Explain how it is computed. 


In your own words, explain what is meant by the 
half-life of a radioactive isotope. 


If the reading on the Richter scale is increased by 1, 
the intensity of the earthquake is increased by what 
factor? 


CHAPTER SUMMARY | 
Key Terms 
composition, p. 567 
inverse function, p. 563 
one-to-one, p. 563 


logarithmic function, 
Wey ee: 


exponential function, 
p. 548 

natural base e, p. 552 

natural exponential 
function, p. 552 


Key Concepts 


“Composition of two functions 


The composition of two functions f and g is given by 
(f° g)(x) = f(g(x)). The domain of the composite func- 
tion (f° g) is the set of all x in the domain of g such 
that g(x) is in the domain of f. 


wes 


_ Horizontal Line Test for inverse functions 


A function f has an inverse function if and only if f is 
one-to-one. Graphically, a function f has an inverse if 
and only if no horizontal line intersects the graph of f 
at more than one point. 


1. In the equation for f(x), replace f(x) by y. 

2. Interchange the roles of x and y, and solve for y. 

3. If the new equation does not represent y as a func- 
tion of x, the function f does not have an inverse 
function. 

4. If the new equation represents y as a function of x, 
replace y by f !(x). 


_ Properties of logarithms and natural 
logarithms 


Let a and x be positive real numbers such that a # 1. 
Then the following properties are true. 


1. log, 1 =9 because a? = 1. 
Inl =0 because e° = 1. 
2. log,a=1 because a! = a. 
Ine=1 because e! = e€ 


because a* =a". 
because e* = e*. 


5, 108 a = x 
ines = x 
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common logarithmic 


natural logarithmic 


exponentiate, p. 597 
exponential growth, p. 606 
exponential decay, p. 606 


function, p. 575 


function, p. 578 


: ch Change-of-base formula 
Let a, b, and x be positive real numbers such that a # 1 


] ] 
and b # 1. Then log, x = eee aes ae 


log, a ies 

4 Properties of logarithms 
Let a be a positive real number such that a # 1, and let 
n be a real number. If uv and v are real numbers, vari- 


ables, or algebraic expressions such that u > 0 and 
v > O, the following properties are true. 


Logarithm with base a Natural logarithm 


1. log (uv) = log, u + log, v In(uvy) = Inu + Inv 


Je log, ~ = log, u ~ log, v In~ = Inw ~ Iny 


3. log ue = niog_ u Inu” = ninu 


Properties of exponential and logarithmic 
equations 


Let a be a positive real number such that a # 1, and let 
x and y be real numbers. Then the following properties 
are true. 


Lae @ if and only if x = y. 

2. log, x = log, y if and only if x = y (x > 0, y > 0). 

= Inverse properties of exponents and 
logarithms 


Base a Natural base e 
L. jog ia) = & In(e*) = x 
2. alsa) = x pins) = > 


_ Solving exponential and logarithmic 
equations 


1. To solve an exponential equation, first isolate the 
exponential expression, then take the logarithm of 
both sides of the equation and solve for the variable. 


2. To solve a logarithmic equation, first isolate the loga- 


rithmic expression, then exponentiate both sides of 
the equation and solve for the variable. 


RON LTR ee Pe ee RR TC Or iee 


In Exercises 1-4, evaluate the exponential func- 
tion as indicated. 


eee (e) = "2" 

(a) n= —3 (b) x= 1 (c) x =2 
A 6) i 

(a) to =*—2 (b) x = 0 (cnx. = 2 
Set) = e./2 

(@)t=-3 (bt=7 (@t=6 
4h(s) = 1 — 2s 

(a) s=0 (b)s=2 (c)s=/10 


In Exercises 5-8, match the farevion with the sketch of 
its graph. [The graphs are labeled (a), (b), (c), and 
(d).] 

(b) y 


5. f(x) = 2* 
wees) = —2°. 


8. f(x) = 2*+ 1 


In Exercises 9-18, use the point-plotting method to 


; sketch the graph of the exponential function. 


3, f(x) = 3+» 
m5, y = 3*/2 


1L0efG)= 3% 
12566). = 35452 
Ly oiSse 
1626/4) — or" 
187 (0) ot 3 


9. f(x) = 3* 
1. f(x) = 3*- 1 


a7, y= 3"? - 2 
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Review Exercises 


REVIEW EXERCISES 


"= In Exercises 19-22, use a graphing utility to graph the 


exponential function. 
19, y= 5e"4 

20. y = 6 — e*/2 
21. f(x) = e**? 


8 
Zee h(t) = 1+ es 


In Exercises 23-26, form f° g and g°f and eval- 
uate the composite functions. 


23. f(x=x + 2, 2x) = 22 

(a) (f° g)(2) (6) (g °f)(—1) 
2A f(x) = 32, ee) =a 2 

(a) (f° g)(6) (b) (g °f)(64) 
25. f(x) = Vx + 1, g(x) =x? -1 

(a) (f°g)(S) (b) (g °f)(—V) 


26. fa) =z, a) = = 


(a) (fog) ©) (e “A)(E) 


In Exercises 27 and 28, form the compositions (a) f°g 
and (b) gf, and find the domains of the composites. 


27. f(x) = S04, 2) = 2 


28. fe) ==, ee) =? 


In Exercises 29-32, use the Horizontal Line Test to 
determine whether the function has an inverse. 


29. f(x) = x? — 25 30. f(x) =i8 
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31. h(x) = 43/x J/9 = x? 


32. g(x) = 


In Exercises 33-38, find the inverse of the function alge- 
braically. (If not possible, state the reason.) 


33. f(x) = 3x+4 34. f(x) = 2x -— 3 
35. h(x) = Vx 36. e(x) =x? + 2, x = 0 
37. f@) =1?4+4 he) = 3/51 


~/* In Exercises 39 and 40, write the exponential 
ereation in logarithmic form. 


39. 45 = 64 40. 2537/2 = 125 


In Exercises 41 and 42, write the logarithmic equation 
in exponential form. 


41. Ine=1 42. log,5 = —2 


In Exercises 43-50, evaluate the logarithm. 


43. log,, 1000 44, log, 3 
45. log, 3 46. log, 7 
47. Ine’ 48. log, — 
49. In 1 50. Ine? 


In Exercises 51-56, evaluate the logarithmic function as 
indicated. 


Hie) ea lOg a 

(a) x= 1 (b) x = 27 (c) x = 0.5 
52. g(x) = log.) x 

(a) x = 0.01 (b) x = 0.1 (c) x = 30 
53. f(x) = Inx 

(a) x=e (b) x =4 (c) x = 10 
54. h(x) = Inx 

(a) x = e? (Dyes (c) x = 1200 
55. 2(x) = Ine* 

(a) x = —2 (b) x= 0 (Cc) oe = 75 
56. f(x) = log, Vx 

(a) x =4 (b) x = 64 (c) x = 5.2 


Exponential and Logarithmic Functions 


In Exercises 57-66, use the point-plotting method to 
graph the logarithmic function. 


57. f(x) = log, x 58. f(x) = —log,x 
59, f(x) = —2 + log,x — 60. f(x) = 2 + log; x 
61. y = log,(x — 4) 62. y = log,(x + 1) 
63. y = In(x — 3) 64) y=" Inte 2} 
65. y=5 — Inx 66. y=3+Inx 


In Exercises 67-70, use the change-of-base formula to 
evaluate the logarithm. Round the result to three deci- 
mal places. 
67. log, 9 
69. log,, 200 


68. log, /2 e) 
70. log, 0.28 


In Exercises 71-76, approximate the logarithm 
given that log, 2 ~ 0.43068 and log, 3 ~ 0.68261. 


71. log; 18 72. log, /6 
WS logs 74. logs § 
75. log.(12)*/7 76. log;(5? - 6) 


In Exercises 77-84, use the properties of logarithms to 
expand the expression. 


71. log, 6x* 7T8~Jog)o 24>" 


79. logs /x + 2 80. In? 2 
Le 

81. In~ as 82. In.x(x — 3)? 

83. In[ /2x(x + 3)>| 84. log,“ ee 


In Exercises 85-94, use the properties of logarithms to 
condense the expression. 


85. —£In3y 86. 5 log, y 
87. log, 16x + log, 2x? 88. log, 6x — log, 10 
89. —2(In 2x — In 3) 90. 4(1 + Inx + In x) 


91. 4[log, k — log,(k — #)] 92. 
93. 3inx + 4iny + Inz 
94. In + 4) — 3Inx — Iny 


F(logs a + 2 log, b) 


True or False? \n Exercises 95-100, use the properties 
of logarithms to determine whether the equation is true 
or false. If false, state why or give an example to show 
that it is false. 


In 5x =e 1 
iid, © ao 


95. log, 4x = 2 log, x 96 


97. 


9). 


100. 


logy, 10 = 2x 98. eM = 1 
16 
log, = 21> log-x 


6Inx + 6Iny = In(xy)® 


In Exercises 101-110, solve the equation. 


101. 
103. 
105. 
107. 
109. 


2* = 64 102. 5* = 25 

Axa3) = 104, 3*-2 = 81 

log, x = 5 106. log, x = 3 

log, 2x = log, 100 108. In(x + 4) = In7 


log,(2x + 1) =2 110. log.(x — 10) = 2 


In Exercises 111-124, solve the equation. 


111. 
113. 
115. 
117. 
119. 
121. 
123. 


124 


3* = 500 112. 8* = 1000 

Dige = pq os 114, Inx = -0.5 

2e95* = 45 116. 100e~°* = 20 
12(1 — 4*) = 18 118. 25(1 — e’) = 12 
hose 15 120. log, 2x = —0.65 
Flog,x +5=7 122. 4 log.(x + 1) = 4.8 


log, x + log, 3 = 3 
2 log, x — log,(x — 1) = 1 


RE Annual Interest Rate \n Exercises 125-130, 
find the annual interest rate. 


125. 
126. 
127. 


143. 


Principal _ Balance Time | Compounding 
$250 $410.90 10 years Quarterly 
$1000 $1348.85 5 years Monthly 
$5000 $15,399.30 15 years Daily 


Solving Problems 


Inflation Rate If the annual rate of inflation aver- 
ages 5% over the next 10 years, the approximate 
cost C of goods or services during any year in that 
decade will be given by 


C(t) = P(1.05)', 0<t< 10 


where f is time in years and P is the present cost. If 
the price of an oil change for your car is presently 
$24.95, when will it cost $30.00? 


144. Doubling Time Find the time for an investment 


of $1000 to double in value when invested at 8% 
compounded monthly. 
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Review Exercises 


Principal Balance Time Compounding 
128. $10,000 $35,236.45 20 years Yearly 
129. $1500 $24,666.97 40 years Continuously 
130. $7500 $15,877.50 15 years Continuously 
Effective Yield \n Exercises 131-136, find the effective 
yield. 

Rate Compounding 
AST. Ve Daily 
132. 6% Monthly 
133. 7.5% Quarterly 
134. 8% Yearly 
$357 75% Continuously 
136. 4% Continuously 


Radioactive Decay 


In Exercises 137-142, complete 


the table for the radioactive isotopes. 


137. 
138. 
159. 
140. 
141. 
142. 


145. 


146. 


Half-Life Initial Amount After 
Isotope (Years) Quantity 1000 Years 
Raze 1620 3.5 ¢g 
Raze° 1620 0.5 g 
Ca 5730 2.6 g 
ent 5730 10g 
Pua 24,360 5g 
Pu2? 24,360 2 Se 


Doubling Time Find the time for an investment 
of $750 to double in value when invested at 5.5% 
compounded continuously. 


Product Demand The daily demand x and price p 
for a product are related by 


pias 0Ae 
Approximate the demand if the price is $16.97. 
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147. 


148. 


= 149, 


150. 


Chapter 9 Exponential and Logarithmic Functions 


Sound Intensity The relationship between the 
number of decibels B and the intensity of a sound J 
in watts per centimeter squared is given by 


il 
B= 10 lose a8) 


Determine the intensity of a sound in watts per 
centimeter squared if the decibel level is 125. 
Sound Intensity The relationship between the 
number of decibels B and the intensity of a sound J 
in watts per centimeter squared is given by 


il 
B= 10 lose sa}: 


Determine the intensity of a sound in watts per 
centimeter squared if the decibel level is 150. 
Population Limit ‘The population p of a certain 
species ¢ years after it is introduced into a new habi- 
tat is given by 


600 


PU) = Ty 9 03F 


Use a graphing utility to graph the function. Use the 
graph to determine the limiting size of the popula- 
tion in this habitat. 

Deer Herd The state Parks and Wildlife Depart- 
ment releases 100 deer into a wilderness area. The 
population P of the herd can be modeled by 


500 


lia 1 + 4e-0.361 


where f is measured in years. 
(a) Find the population after 5 years. 


(b) After how many years will the population be 
250? 


=) 151. 


ze) 152. 


Ventilation The table gives the required ventila- 
tion rate V (in cubic feet per minute per person) for 
a room in a public building with an air space of x 
cubic feet per person. 


A model for the data is V = 78.56 — 11.6314 In x. 


(a) Use a graphing utility to plot the data and graph 
the model. 


(b) Use the model to determine V if x = 250. 


Comparing Models The figure gives the assets 
(in billions of dollars) in client accounts for the 
years 1993 through 1997 for Merrill Lynch. A list 
of models (t = 3 represents 1993) for the data is 
also given. For each of the models, (a) use a graph- 
ing utility to obtain its graph, and (b) use the graphs 
of part (a) to determine which model “best fits” the 


data. (Source: Merrill Lynch 1997 Annual 
Report) 

Linear: A = 156.5t — 8.3 

Quadratic: A = 50.6t? — 349.9¢ + 1156.5 
Exponential: A = 282.4e9-193 

Logarithmic: A = 1133.3 + 620.8¢ — 2210.9 Int 


Assets (in billions of dollars) 


Year (3 <> 1993) 


Chapter Test 619 


Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


t 
1. Evaluate f(t) = s4(=) when t = —1,0, > and 2. 
2. Sketch a graph of the function f(x) = 2”. 


3. Form the composition of (a) f° g and (b) g ef, and find the domains of the 
composites. 


f(x) = 3x — 4, g(x) =x? + 1 
4. Find the inverse of the function f(x) = 5x + 6. 


5. Verify algebraically that the two functions are inverses of each other. 


fs) = -3x 43, g(x) = —2x + 6 


. Describe the relationship between the graphs of f(x) = log; x and g(x) = 5*. 
. Use the properties of logarithms to expand log,(5x2/ Jy). 
. Use the properties of logarithms to condense In x — 4 In y. 


Cena ntn 


. Simplify log, 5* - 6. 


In Exercises 10-17, solve the equation. 


10. log, x = 3 11. 10°” = 832 

12. 400e¢°-°8' = 1200 1353 n@x— 3) 10 
14.8037) = —56 15. log, x + log, 4 = 5 
16. Inx —In2=4 17. 30(e* + 9) = 300 


18. Determine the balance after 20 years if $2000 is invested at 7% compounded 
(a) quarterly and (b) continuously. 


19. Determine the principal that will yield $100,000 when invested at 9% 
compounded quarterly for 25 years. 


20. A principal of $500 yields a balance of $1006.88 in 10 years when the 
interest is compounded continuously. What is the annual interest rate? 


21. A car that cost $18,000 new has a depreciated value of $14,000 after 1 year. 
Find the value of the car when it is 3 years old by using the exponential model 
y = Ce. 


In Exercises 22-24, the population of a certain species t years after it is intro- 
duced into a new habitat is given by 


2400 
PO a ae 
22. Determine the population size that was introduced into the habitat. 
23. Determine the population after 4 years. 
24. After how many years will the population be 1200? 
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Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


1. Write a mathematical model for the statement, “V varies directly as the 
square root of x and inversely as y.” 


2. Find the constant of proportionality if v varies directly as the square of t and 
v = —64 when t = 2. 


3. The stopping distance d of a car is directly proportional to the square of its 
speed s. On a certain type of pavement, a car requires 50 feet to stop when 
its speed is 25 miles per hour. Estimate the stopping distance when the speed 
of the car is 40 miles per hour. Explain your reasoning. 


4. The number N of prey t months after a predator is introduced into an area is 
inversely proportional to t + 1. If N = 300 when t = 0, find N when t = 5. 


5. Sketch a graph of the solution of the linear inequality 5x + 2y > 10. 


6. Find an inequality for the graph shown in the figure. 


7. Find an equation of the parabola shown in the figure. 


In Exercises 8-11, graph the equation. 


8. x7 + y? =8 9. x7 + 2y =0 
ey e ¥ 

19, 7 +% = Soe 
0.5 4 1 11 1 4 1 


12. A semicircular arch is positioned over the roadway onto the grounds of an 
estate. The roadway is 10 feet wide and the arch is sitting on pillars that are 
8 feet tall. Find the maximum height of a truck that can be driven onto the 
estate if the truck’s width is 8 feet. 


Seguin tery In Exercises 13 and 14, graph the rational function. 
aes 4x? 
Se ee) Tee eee 


15. Find a rational function with a vertical asymptote at x = 3 and a horizontal 
asymptote at y = 2. 

16. The cost of producing x units of a product is C = 10x + 13, and therefore 
the average cost per unit is 

CLO 18 


Ca 
X Xx 


xe > ©. 


Identify the horizontal asymptote of C and explain its meaning in the context 
of the problem. 
In Exercises 17-20, solve the system of equations by the specified method. 


17. Graphical: x-—y=1 18. Substitution: 4x + 2y = 8 
2x +y =5 x — Sy 213 


Cumulative Test: Chapters 7-9 621 


19. Elimination: 4x —3y+2z= -2 

=i yk ee = 1 

y Nea Var nOn=a— 12 
i 20. Cramer’s Rule: 2x -—y= 4 
3x +y=—-—5 


21. Solve the system of linear equations using matrices. 


vere os) = 29 
2x —3z= 4 
—4y4> 2= —26 


22. Find the area of a triangle whose vertices are (— 1, 1), (2, 2), and (1, —2), as 
Figure for 22 shown in the figure. 


23. Find the value of k such that the system is inconsistent. 
4x — 8y = -3 
2x +ky= 16 
24. Graph g(x) = log,(x — 1). 
25. Evaluate log, = without using a calculator. 
26. Describe the relationship between the graphs of f(x) = e* and g(x) = Inx. 
27. Use the properties of logarithms to condense 3(log, x + log, y) — log, z. 


28. Use the properties of logarithms to expand In G * 1 


29. Solve each equation. 
(a) log, (4) = -2 (b) 4Inx = 10 
(c) 500(1.08)' = 2000 (d) 3(1 + e) = 20 

30. If the inflation rate averages 3.5% over the next 5 years, the approximate cost 
C of goods and services t years from now is given by 
Ges P1035), Orsias 5 
where P is the present cost. If the price of an oil change is presently $24.95, 
estimate the price 5 years from now. 

31. Determine the effective yield of an 8% interest rate compounded continu- 
ously. 

32. Determine the length of time for an investment of $1000 to quadruple in 
value if the investment earns 9% compounded continuously. 


Motivating the Chapter 


SARITA TERRE ORTEGA PR A TCR NEIEE 


Go Ancestors and Descendants 


~ See Section 10.3, Exercise 123 


a. Your ancestors consist of your two parents (first generation), your four 
grandparents (second generation), your eight great-grandparents (third 
generation), and so on. Write a geometric sequence that will describe the 
number of ancestors for each generation. 


_b. If your ancestry could be traced back 66 generations (approximately 2000 
years), how many different ancestors would you have? 


_| c. Acommon ancestor is one to whom you are related in more than one 
way. (See figure.) From the results of part (b), do you think that you have 
f had n no common ancestors in the past 2000 years? 


‘Have aes had common ancestors? 


Grea grea grandparent 


pee cee: 


9 ¢@ 


Grandparents 


Parents 


ee Section 10.6, Exercise 55 

d. One set of your great-grandparents had eight children (of which one is 
your grandparent). Each of those children had five children (of which one 
is your parent). And each of those children had three children. How many 
direct descendants do your great-grandparents have? 


e. One hundred fifty people were able to attend your family reunion, to 
which everyone was asked to bring an exchange gift. All the names were 
_ Put into a bowl to be drawn randomly to determine the order for receiv- 
ing a gift. Will the drawing be done with or without replacement? Explain. 


f. What is the probability that your name will be chosen first to receive a 
gift? After 45 names are drawn, your name is still in the bowl. What is the 
probability that your name will be chosen next? 
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624 Chapter 10 Sequences, Series, and Probability 


Write the terms of a sequence Seq uences 


given its nth term. ; ; ; 
Suppose you were given the following choice of contract offers for the next 5 


years of employment. 


Contract A $20,000 the first year and a $2200 raise each year 
Contract B $20,000 the first year and a 10% raise each year 


Which contract offers the greater salary over the 5-year period? The salaries for 
each contract are shown at the left. The salaries for contract A represent the first 
five terms of an arithmetic sequence, and the salaries for contract B represent 
the first five terms of a geometric sequence. Notice that after 5 years the geo- 


lear OURS CHAEEAY metric sequence represents a better contract offer than the arithmetic sequence. 


1 $20,000 $20,000 A mathematical sequence is simply an ordered list of numbers. Each num- 
2 $22,200 $22,000 ber in the list is a term of the sequence. A sequence can have a finite number of 
3 $24,400 $24,200 terms or an infinite number of terms. For instance, the sequence of positive odd 
4 $26,600 $26,620 integers that are less than 15 is a finite sequence 


5 $28,800 $29,282 


iL opel ie oly Il, its) Finite sequence 
Total $122,000 $122,102 


whereas the sequence of positive odd integers is an infinite sequence. 
133 957/50 a1 aol eee Infinite sequence 


Note that the three dots indicate that the sequence continues and has an infinite 
number of terms. 

Because each term of a sequence is matched with its location, a sequence can 
be defined as a function whose domain is a subset of positive integers. 


P Sequences 


An infinite sequence a,, a5, 4;,. . .,d,,. . . iS a function whose 


n 


domain is the set of positive integers. 


A finite sequence a,, da,, a3,. . ., a, is a function whose domain is the 
finite set lc, sane 


In some cases it is convenient to begin subscripting a sequence with 0 instead 
of 1. Then the domain of the infinite sequence is the set of nonnegative integers 
and the domain of the finite sequence is the set {0,1,2,. . ., n}. 


~ 


Nhe 


‘ AA TS »y “ewer 


Section 10.1 Sequences and Series 625 
The subscripts of a sequence are used in place of function notation. For 


instance, if parentheses replaced the n in a, = 2n + 1, the notation would be 
similar to function notation, as shown at the left. 


Finding the Terms of a Sequence 


Write the first six terms of the sequence whose nth term is 


C=, Begin sequence with n = 1. 
Solution 


ll 


a,=(4?-1=15 a,=(5?-1=2 a,=(6?-1=35 


To represent the entire sequence, you can write the following. 


ORS 8 al 2 4S One cee Law ee 


Finding the Terms of a Sequence 


Write the first six terms of the sequence whose nth term is 


a 3(22). Begin sequence with n = 0. 
Solution 
dy = 3(29) =3-1=3 a, = 3(2')}=3-2=6 


a, = 3(27)=3-4=12 a, = 3(27)=3-8=24 
a, = 3(2*) =3 + 16 = 48 a, = 3(2°) = 3 - 32 = 96 
The entire sequence can be written as follows. 


336, 12; 248d8; 96: <8 2, 32). s 


|=>elule) (es) A Sequence Whose Terms Alternate in Sign 


Write the first six terms of the sequence whose nth term is 


a alk 


oh eG Pe 


Begin sequence with n = 1. 


Solution 
tena Sacer! ee (ele 
GS SGN iin A OEE Ec eb) Ble) ems a 
ela elses! es eal coer le 
Coa n(aveia wma 2 ies2(S) il) OT? 261 11 


The entire sequence can be written as follows. 


i te sree 
| 1 gel 


sil e. 
Be ai 
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Write the terms of a sequence 
involving factorials. 


Factorial Notation 


Some very important sequences in mathematics involve terms that are defined 
with special types of products called factorials. 


> Definition of Factorial 
If n is a positive integer, n factorial is defined as 


p= 1D BA A acon, 


As a special case, zero factorial is defined as 0! = 1. 


The first several factorial values are as follows. 


Oat ica 
DS ops? Muse oh 6 3 9G 
AN 1+ 2e)3/04 = 94 Si | + Quem ease aot 


Many calculators have a factorial key, denoted by . If your calculator has 
such a key, try using it to evaluate n! for several values of n. You will see that the 
value of n does not have to be very large before the value of n! is huge. For 
instance, 


10! = 3,628,800. 


Example 4 


A Sequence Involving Factorials 


Write the first six terms of the sequence with the given nth term. 


1 2 
Ch Uh, =| b. Oars Begin both sequences with n = 0. 
n! n! 
Solution 
iy Lee Lips ml aN 
a. dp Oe ae C0 it) ane 
Gould cy Lo Sa 
aD) 3 A Bhey [S-) 53 9maG 
ites 1 al eles 1 ie 
4 AN LoDo sod pal 255! VPS PAs CR? ots 120 
tel als 2 
b. do Of te ed i ge 
ae Pas Sele 8 8 4 
The ites tea *3 3 (soa Ge 
a ek. a Peet pe ee 2S 2 
ADD At 1 oe eae 3 > 5! 5 1 ss sae 


Find the apparent nth term of a 
sequence. 


Study Tip 

Simply listing the first few 
terms is not sufficient to define 
a unique sequence—the nth 


term must be given. Consider 
the sequence 


Piid 

RAS AS 
The first three terms are identi- 
cal to the first three terms of the 
sequence in Example S(a). 
However, the nth term of this 
sequence is defined as 


ee 6 
on (n+ DG —n + 6) 


Sum the terms of a sequence to 
obtain a series. 
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Finding the nth Term of a Sequence 


Sometimes you will have the first several terms of a sequence and need to find 
a formula (the nth term) that will generate those terms. Pattern recognition is 
crucial in finding a form for the nth term. 


=> clits) eee Finding the nth Term of a Sequence 


Write an expression for the nth term of each sequence. 


Pam aes 


a. 2 4’ 8’ 16° 32°" AN, Dei 45 95 — 62 ae 
Solution 
a. ie 1 2 3 4 5 ie eee 
peerage cin ult 
crms: 5 4 3 6 39 a, 


4 


Pattern: The numerator is 1 and each denominator is an increasing power 
of 2. 


ails 

a, Qn 
b. ell Dy 3) NPS kat oo ip 
lepiess MN SA BD SG Wy se. @ 


n 


Pattern: The terms have alternating signs with those in the even positions 
being negative. Each term is the square of n. 


i= (—1)"+ 142 


Series 


In the opening illustration of this section, the terms of the finite sequence were 
added. If you add all the terms of an infinite sequence, you obtain a series. 


> Definition of a Series 
For an infinite sequence 


Dy Gy Gays Sh 


n 
1. the sum of all the terms 
Cie Ub as Te ar eA BITS ape SE 
is called an infinite series, or simply a series, and 
2. the sum of the first n terms 


Set a> & G@, + * + ta, 


is called a partial sum. 
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et) | Finding Partial Sums 
Find the indicated partial sums for each sequence. 
a. Find S,, S, and Sz for a, = 3n — 1. 
(i 


n+1- 


b. Find S,, S,, and S, for a, = 
y 


Solution 


a. The first five terms of the sequence a, = 3n — | are 


a, = 2, a, = 5, a, = 8, a, = 11, anda, = 14. 


So, the partial sums are 


SS =2,S,=2+5—7, and So — 2.5. Ocal (a nie ea 


—)r 
b. The first four terms of the sequence a, = : rs : are 
leer LY acyl taal 
ay 3: a, — 3? a3) => TH and En = Ge 


So, the partial sums are 


il ieee). 1 5 

Spey Mem ee yy 
1h 1 1) acre 13 

oaks a ies ee) 


A convenient shorthand notation for denoting a partial sum is called sigma 
notation. This name comes from the use of the uppercase Greek letter sigma, 


written as 2. 
Study Tip > Definition of Sigma Notation 
If a; is a constant in the partial The sum of the first n terms of the sequence whose nth term is a, is 
sum 
n 
n Ga ay ana, Ba, 


i=m dn 5 ° 6 eos ° 
where i is the index of summation, 7 is the upper limit of summation, 


then the partial sum is the and 1 is the lower limit of summation. 


product (n — m + 1)(q;). 


For instance, 


; = clute)(174. | Sigma Notation for Sums 
S35 5. Sut Ose} 7 
mI i. >) 2i = 2(1) + 2(2) + 2(3) + 2(4) + 2(5) + 26) 
He al 


=2+4+6+ 
oe 6+8+10+ 12 


= 42 


Study Tip 


In Example 7, the index of sum- ~ 


mation is 7 and the summation 
begins with 7 = 1. Any letter 
can be used as the index of sum- 
mation, and the summation can 
begin with any integer. For 
instance, in Example 8, the 
index of summation is k and the 
summation begins with k = 0. 
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Sigma Notation for Sums 


, al | 
Find the sum a a 


Solution 
li i NO sgh mel IS OT eel Pes eS 
Dw 6 [Den She eAte Shale a iia 


yess can Ween aes 2d 
ZG ree 0 20) 40,320 


=~ 2.71828 


a 
5040 


Note that this sum is approximately e = 2.71828. . .. 


Writing a Sum in Sigma Notation 


Write the following sums in sigma notation. 


oy PDR Soh) 1° or teat eee 
: ~l-ste- +e 
cos ola ae Dler ia. tig = yeas 
Solution 


a. The pattern has numerators of 2 and denominators that range over the integers 
from 2 to 6. So, one possible sigma notation is 


So eee 
= SP ee wel 
b. The numerators alternate in sign and the denominators are integer powers of 


3, starting with 3° and ending with 3*. So, one possible sigma notation is 


Spl) I gear Al eal 
» BN 0 oe ee 


- Finding a Pattern 


: You learned i in this section that a sequence is an ordered list of 
= numbers. Study the following sequence and s see ee can guess what 
~ its next term should be. — 


_ 2ZOTTERSSENTED. 
(Hint: You might try to figure out what numbers the letters represent.) 


~ Construct another sequence with letters. Can the other members of 
your class guess the next term? 
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Integrated Review 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 


1. Demonstrate the Multiplicative Property of 
Equality for the equation —7x = 35. 


2. Demonstrate the Additive Property of Equality 
for the equation 7x + 63 = 35. 
3. How do you determine whether t = —3 is a 


solution of the equation + 4t + 3 = 0? 


. What is the usual first step in solving an equa- 
tion such as 


3 1 
a 


Simplifying Expressions 
In Exercises 5-10, simplify the expression. 


18(¢ — 3)? 


6. (a — 37 


5. (xi 10)27 


Developing Skills 


In Exercises 1-22, write the first five terms of the 


sequence. (Begin with n = 1.) See Examples 1-4. 
1. a, = 2n 2. a, = 3n 
3. a, = (=1)"2n 4. a, = (—1)"*13n 
1\n n 
oe Ch = (5) 6. Os (3) 
Dar n—- 
7. a, = (—3) 8. a, = (3) 
9, a, = (—0.2)""1 10. a, = (—3)"' 
1 3 
11. a, = : 
cae eel a tt These 
2n Sn 
13. a, = a= 
On 3n + 2 PSS = TERE 
(- IIe 1 
Se ah = == 
a, 2 16. a, we 
17. a, =5— > iste 
cai Qn ~ a, — 3n 
1)! 
itn yee 20. a, =— 


Concepts, Skills, and Problem Solving | 


Tia) 8. (8x°)!/3 
5 ] 
9, 128x? 10. 
yf By a6 5 


Graphs and Models | 


== In Exercises 11 and 12, (a) write a function for the 
area of the region, (b) use a graphing utility to 
graph the function, and (c) approximate the value 
of x if the area of the region is 200 square units. 


UU. V2. 
x x-4 
2x —3 x 
yh ye ica aed 32a ee 
n nl n we 


In Exercises 23-26, find the indicated term of the 
sequence. 


23. a, = (—1)"(5n — 3) 24. a, = (—1)*?-!1(2n + 4) 
a5 a4 
n> —2 n> 
Paes} a = — 
Ge GE 26. a, a 
CS Cig, = 


In Exercises 27-38, simplify the expression. 


2 18! 
Di — 
A! oe 17! 
10! 5! 
29. 101 30. a 
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251 20! $300.3 48s l6s24 Stee 24e-158,27 764,425.58 ws 
sco 32. 
20!5! 15! + 5! 55. 2,-4,6,-8,10,... 
oe 34, +2)! 56. 1,71, 4-1). «| 
(n + 1)! n! 57,2345 6 
+ 39 49 59 69 79 
35 ust 1)! 36, 32)! 5g 23456 
“@-D "Gn + 2)! eee aa ae 
* 25°48) 16° 
37 (2n)! 38 (2n + 2)! 60 ae ae Gs 
Qn - 0 Oey as 
61s 135,455) 
In Exercises 39-42, match the sequence with the graph 62. - oan ne se 
of its first 10 terms. [The graphs are labeled (a), (b), 6312 4 ves 5, 1+3,1+4,1+ oe 
fen (a). 64.14+5,1 314+¢6 14+ Bit3. - 
656 1s5. 5) 5arore 
22 23 ye 95 
66. 1, 2, 2° 6° 24° 120° 


In Exercises 67-82, find the partial sum. See Examples 


68. 


a 
a 
IMe 
we 
> 


Ms M+ 


6 
69S) (Cates) 70. ps (2iscea3) 
ey) i=0 
7 z 
BOA) 72. > (4i — 1) 
j=3 2 
5 (— Lee 3 1 
Ie 74. ; 
6 » Ve AP ae Il 
6 n 6 5 
39. a, = 40/4, = 2m 10k 
sages ts aS 2, 2(m = 1) i ik +2 
ri 3 6 12 
41. a, = (0.6)""! 42.4, = 7) 77. S\(-8) 78. S' 10 
ke n=3 
= ve hii 1 AIG. 2 
= In Exercises 43-48, use a graphing utility to graph the 79. > (4 mgcre 7 80. by am 5) 
first 10 terms of the sequence. a eal? k=l 
6 
2n? 31 Syl) S25) 
43. Ob (—0.8)"—! 44. Cb = ne cbngf n=0 n=0 
1 ne, ae In Exercises 83-90, use a graphing utility to find the 
45 .4,-= ae 46. a, = 7 sum. 
4 3\ze1 Sens 5 j 
a. Ge 3 48. a, = 10() 83. > 3n- 84 Sip 
4 n 4 n=1 n=0 
6 4 
In Exercises 49-66, write an expression for the nth term 85 SG: =) 86 2, (@ + 4) 
j=2 i= 


ofthe sequence. (Assume that n begins with 1.) See 
Example S. 87. 


ans 6.9. 12,15, =! BO 51 10215,20,25.5 .. . 
i ee as i mee ei (15. 19.4. 5... 89. 


88. 


IMs 
| 
iIMo it 
—— = 
|e 
| 
bho 
=~ 
| sae 
Ss 
er 


90. 


iMe 

a — 
5 
~ 

= 

M+ 

ao 

=} 

=~ 


632 


Chapter 10 Sequences, Series, and Probability 


In Exercises 91-108, write the sum using sigma nota- 


tion. 


1 
92. 
93. 
94. 


9D: 


96. 


Mie 


98. 


99. 


100. 


101. 


113. 


114. 


(Begin with k = 0 or k = 1.) See Example 9. 
[LG PAL aro acs Ges) 

8 Ose LO 2a SoA 
Daa A Ge 6 410 


24530 sO a2 
me ee ele ee ee 
Ns” DO) NEN TC) 2(10) 
3 3 3 3 
-+ 
Teeth they 1+ 50 
yaks (ae ene 
12 92 32 42 202 
1 i 1 1 
50 cP a Se 2 peas ie ots AG 
1 1 1 1 
ee 32 
p) (0) ») 1 9) 7) 9) 20 
—— ——— —— + C + — 
Ga) aa tes, a 
HOR) EF AS ee 5 84S 
Lares | 33 AD aie & 
Solving Problems | 
Compound Interest A deposit of $500 is made in 


an account that earns 7% interest compounded 
yearly. The balance in the account after N years is 
given by 


Ane 25 00( Pii0.07) > Ne t223, eee 


(a) Compute the first eight terms of the sequence. 

(b) Find the balance in this account after 40 years 
by computing A4o. 

(c) Use a graphing utility to graph the first 40 terms 
of the sequence. 


(d) The terms are increasing. Is the rate of growth 
of the terms increasing? Explain. 


Depreciation At the end of each year, the value of 
a car with an initial cost of $26,000 is three-fourths 
what it was at the beginning of the year. Thus, after 
n years, its value is given by 


G, = 26,000(2),, A ees ee 


(a) Find the value of the car 3 years after it was 
purchased by computing a3. 


102. 


103. 
104. 
105. 
106. 


107 
108 


Arithmetic Mean 


RI- 
+ + 4+ 3/- 


—~ FIN FIN Nl 
+ + + 
AI AIS Wty 


wp 
+ 
= 


1 
Ve L2G 120 20) 


eee 4 1 1 
I bt 6 tT 4 190” 720 


In Exercises 109-112, find the arith- 


metic mean of the set. The arithmetic mean of a set of n 


measurements X,, Xz, X3,. - 


115. 


Xals 


ceo tele Lae 

. 84, 69, 66, 96 

SODR0 8816150.8,0.7, 0. feel eO 
wa l.0,4.2, A 0 


(b) Find the value of the car 6 years after it was 
purchased by computing ag. Is this value half of 
what it was after 3 years? Explain. 


Soccer Ball The number of degrees a, in each 
angle of a regular n-sided polygon is 
a 180(n — 2) 


n ? 


n 


ie 2 3. 


The surface of a soccer ball is made of regular 
hexagons and pentagons. If a soccer ball is taken 
apart and flattened, as shown in the figure, the sides 
don’t meet each other. Use the terms a, and a, to 
explain why there are gaps between adjacent 
hexagons. 


116. Stars The number of degrees d, in each tip 
each n-pointed star in the figure is given by 
_ 180(n — 4) 


Ot ee 
n 


of 


Write the first six terms of this sequence. 


EN 
ae, 
BY GX UF 
WW 
BA Go Lo 
X y t E 118. 
D<J ee 


Stars The stars in Exercise 116 were formed by 
placing n equally spaced points on a circle and con- 
necting each point with the second point from it on 
the circle. The stars in the figure for this exercise 
were formed in a similar way except that each point 
was connected with the third point from it. For these 
stars, the number of degrees in a tip is given by 


Z 180(n — 6) 
n > 


117. 


d 


n 


i = Whe 


Explaining Concepts 


. Give an example of an infinite sequence. 123 


. State the definition of n factorial. 


. The nth term of a sequence is a, = (—1)"n. Which 


124. 
terms of the sequence are negative? 


In Exercises 122-124, decide whether the statement is 
true. Explain your reasoning. 


4 4 
122: SP + 2i) = ie te 
i=1 i=1 rH 
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Sequences and Series 


Write the first five terms of this sequence. 


Figure for 117 


Outpatient Surgery The number a, (in thou- 
sands) of outpatient surgeries performed in hospi- 
tals in the United States for the years 1990 through 
1995 is modeled by 


a, = 11,791 + 436n, n=1,2,...,5 


where n is the year, with n = 0 corresponding to 
1990. Find the terms of this finite sequence and use 
a graphing utility to construct a bar graph that 
represents the sequence. (Source: American 
Hospital Association) 


4 4 

S 3k = 35k 
a k= 1 

4 6 
2 = yo 
Jo t= 
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Find the common difference 
and the nth term of an arithmetic 
sequence. 


Arithmetic Sequences 


A sequence whose consecutive terms have a common difference is called an 
arithmetic sequence. 


> Definition of an Arithmetic Sequence 


A sequence is called arithmetic if the differences between consecutive 
terms are the same. So, the sequence 


A}, Az, Az, a4, « . +A, . 


is arithmetic if there is a number d such that 


and so on. The number d is the common difference of the sequence. 


Examples of Arithmetic Sequences 


a. The sequence whose nth term is 3 + 2 is arithmetic. For this sequence, the 
common difference between consecutive terms is 3. 


5 Soll i4 eye one eee 
<— 
8-5=3 


b. The sequence whose nth term is 7 — 5n is arithmetic. For this sequence, the 
common difference between consecutive terms is —5. 


2h Sun t0. LS en eT 
SS 
-3-2=-5 


c. The sequence whose nth term is iin + 3) is arithmetic. For this sequence, the 
common difference between consecutive terms is -. 


4 
jy ane 
Ea) Se ee? 4 pd a D 
= 
2) eu 
rp aa Nace 


Study Tip 


The nth term of an arithmetic 
sequence can be derived from 


the following pattern. 
a, =a, Ist term 
a= a, td 2nd term 
A, = Ay 712d = 3rd term 
GQ. ay + 3d 4th term 
ad; = a, + 4d 5th term 
1 less 


a, =a, + (n—1)d_ nthterm 
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> The nth Term of an Arithmetic Sequence 


The nth term of an arithmetic sequence has the form 
Gaede (in —" Ld 


where d is the common difference between the terms of the sequence, 
and a, is the first term. 


= elle) (w4ae) Finding the nth Term of an Arithmetic Sequence 


Find a formula for the nth term of the arithmetic sequence whose common 
difference is 2 and whose first term is 5. 


Solution 


You know that the formula for the nth term is of the form a, = a, + (n — 1)d. 
Moreover, because the common difference is d = 2, and the first term is a, = 5, 
the formula must have the form 


Ge) (i an)): 
So, the formula for the nth term is 
a= dn 3: 
The sequence therefore has the following form. 


STR WIRE eh A eos aes Sear 


If you know the nth term and the common difference of an arithmetic 
sequence, you can find the (n + 1)th term by using the following recursion 
formula. 


Cig (Oe | 


Using a Recursion Formula 


The 12th term of an arithmetic sequence is 52 and the common difference is 3. 
a. What is the 13th term of the sequence? b. What is the first term? 


Solution 


a. Using the recursion formula a,; = a,;, + d, you know that a,, = 52 and 
d = 3. So, the 13th term of the sequence is 


eee a 5). 


b. Using n = 12, d = 3, and a,, = 52 in the formula a, = a, + (n — 1)d 
yields 


52 =a, + (12 — 1)(3) 
19 = a7. 


636 Chapter 10 Sequences, Series, and Probability 


Find the nth partial sum of an 
arithmetic sequence. 


Study Tip 


You can use the formula for the 
nth partial sum of an arithmetic 
sequence to find the sum of con- 
secutive numbers. For instance, 
the sum of the integers from 1 
to 100 is 


100 
So 100(! + s 
i=l 2 

= 50(101) 

= 5050. 


The Partial Sum of an Arithmetic Sequence 


The sum of the first n terms of an arithmetic sequence is called the nth partial 
sum of the sequence. For instance, the 5th partial sum of the arithmetic sequence 
whose nth term is 3n + 4 is 


2) 
NY Gi 44) = 74 10 413+ 16 + 19°— 65: 
i=1 ‘ 


To find a formula for the nth partial sum S,, of an arithmetic sequence, write out S,, 
forwards and backwards and then add the two forms, as follows. 


S, = a,+ (a, + d) + G4 2d) +---+[a, + @— Lal Forwards 
Se a(n ae (G24) ee (ae 1)d} Backwards 
2S, = (a; + a,) + (a, + a.) > Gy +a) lage | ee ee 

equations 
= na, de d,) n groups of 

(a, + a,) 


Dividing both sides by 2 yields the following formula. 


> The nth Partial Sum of an Arithmetic Sequence 


The nth partial sum of the arithmetic sequence whose nth term is a, 1s 


n 


n 
aps ap tay tagate 4 a 
a 


= “(2 a as) 
2 3 


In other words, to find the sum of the first n terms of an arithmetic 
sequence, find the average of the first and nth terms, and multiply by n. 


ciieic§ | Finding the nth Partial Sum 


Find the sum of the first 20 terms of the arithmetic sequence whose nth term is 
4n + 1. 
Solution 


The first term of this sequence is a, = 4(1) + 1 =5 and the 20th term is 
Ax) = 4(20) + 1 = 81. So, the sum of the first 20 terms is given by 


nN 
Gy a Gi 
>», hy, = i ao nth partial sum formula 
i=1 2 
20 
: ay T a, 
S (Ate 20( S15 40) Substitute 20 for n. 
i=1 
= 10(5 + 81) Substitute 5 for a, and 81 for ao. 
= 10(86) Simplify. 


=7860) nth partial sum 


Use an arithmetic sequence to 
solve an application problem. 


Sales 
(in thousands of dollars) 


th De Bch Sp aay 7 eRe al) 
Year 


Figure 10.1 
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Application 


Total Sales @ 


Your business sells $100,000 worth of products during its first year. You have a 
goal of increasing annual sales by $25,000 each year for 9 years. If you meet this 
goal, how much will you sell during your first 10 years of business? 

Solution 

The annual sales during the first 10 years form the following arithmetic sequence. 


$100,000, $125,000, $150,000, $175,000, $200,000, 
$225,000, $250,000, $275,000, $300,000, $325,000 


Using the formula for the nth partial sum of an arithmetic sequence, you find the 
total sales during the first 10 years as follows. 


+ 
Total sales = n( +e) nth partial sum formula 
100,000 + 325,000 
= 10 5 Substitute for n, a,, and a,. 
= 10(212,500) Simplify. 
= $2,125,000 Simplify. 


From the bar graph shown in Figure 10.1, notice that the annual sales for this 
company follows a Jinear growth pattern. In other words, saying that a quantity 
increases arithmetically is the same as saying that it increases linearly. 


A magic square is a square table of positive integers _—a. 
in which each row, column, and diagonal adds up to 

the same number. One example is shown below. In 
addition, the values in the middle row, in the middle 
column, and along both diagonals form arithmetic 
sequences. See if you can complete the following 


magic squares. 
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Integrated Review Concepts, Skills, and Problem Solving 


Keep mathematically in shape by doing these Domain 


exercises before the problems of this section. —— RES : eee 
fe P In Exercises 5-10, find the domain of the function. - 


Properties and Definitions 


5.f(@) = = 2% 6. g(x) = Vx 
1. In your own words, state the definition of an 3 
algebraic expression. _ OUT he a6 8. A(x) = 36 = 
2. State the ay os a ae of an algebraic 7 9. a( in (1 Ss 2) 10: AG) = nee : 


expression. ? 
3. Write a trinomial of degree 3. : Problem Solving 
4. Write a monomial of degree 4. — _ 11. Determine the balance when $10,000 is invest- 
ed at 75% compounded daily for 15 years. | 
12. Determine the amount after 5 years if $4000 is i 
invested in an account earning 6% compounded a 
monthly. 


Developing Skills 


In Exercises 1-10, find the common difference of the NG, BRO TNG Sc 3 


arithmetic sequence. See Example 1. ATE OPA OTS 6 

Ph eI, ea el Del eS OO, 4 
2a SA08816,8 | 19.90.5352 Ae, 

2 OCA SER, 20.0355 285 lee 

4. 3200, 2800, 2400, 2000,. . . 2a re 

5. 10, —2, —14, —26, -38,. . . 2 

(, 2, 2 Owes 23 S18 08/3008 Sree 
Th hae - a PAM 4t9 16250 

8. £2,2, Toe) 25. In 4, In 8, In 12, In 16,. . . 
9,521,-,-%... 20a Ken C86 9 ee 


=), glu! 


Tul 
LON 62602) 67° 
In Exercises 27-36, write the first five terms of the arith- 
In Exercises 11-26, determine whether the sequence is metic sequence. (Begin with n = 1.) 
arithmetic. If so, find the common difference. Te Bee 28. ae Sees 
11254) 658 29. a, = —2n + 8 30. a, = —10n-+ 100 
12 24s 816 ih van, = an aa 32. a, = os rae 
13. IO), BG, 44, Z - oO 33. a,=int1 34, a= in 2 
1452 on l0elA eee 35.a,=—-i(n—-1)+4 36.a,=4(n + 2) +24 


153525, 1650 Oe ae 


In Exercises 37-54, find a formula for the nth term of 
the arithmetic sequence. See Example 2. 


B74, =3, d=} 38. a, =-1, d=12 
Boa, — 1000, d= —25 

AN. a, = 64; d=-8 

41.a,=20, d=—4 Ada, = 12, d= —3 
6-3, d=s Adie 5, de 
feed Oa: = 15 AGG, = 93, aa 65 
a= 16,-a, = 20 Moa 30. ay 25 
49. a, = 50, a, = 30 50. a4) = 32, a, = 48 
Sia, = 10, a.=8 520d 6 


53..a, = 0.35, a, = 0.30 
54. a, = 0.08, a, = 0.082 


In Exercises 55-62, write the first five terms of the arith- 
metic sequence defined recursively. See Example 3. 


55. a, = 25 56. a, = 12 

Ap, =a +3 A+ = a — 6 
i .a,— 9 59.1, 5 

Ap+, = 4& — 3 Ape, =a +7 
poad,— —10 60. a, = —20 

A+ = & + 6 Ap+, =a — 4 
61. a, = 100 62. a, = 4.2 


In Exercises 63-72, find the nth partial sum. See 
Example 4. 


20 30 


63. Sik 64. 5) 4k 
a k=1 
50 30 

o> > (e+ 3) 66-8 > Gr?) 
k=1 n=1 
10 100 

67 SS (5k — 2) 68 (4k — 1) 
3 kW 
500 600 Dy 

y 2? he n=1 3 


(0.3n + 5) 


~] 

bd 
mM 
Ge 

= 

| 

oe 

~l 

i) 
Me 


= 
ll 
jeok 
= 
ll 
_ 


In Exercises 73-84, find the nth partial sum of the arith- 
metic sequence. 

memo 2 19,26,33,. .., n= 12 

WA) 12,02, 32,4255. 25> = 20 

Bae? 6514, 20, ., 2 =209 
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76. 500, 480, 460, 440,. . ., n= 20 

77< 200, 1751505125; 1002 eee Tn = 8 

78. 800; 785,-770; 755, 740,. . ., m= 25 
79. 150; 38: Se 14 2, ae EIS OU 
30. FLOSS OCR es ca. FO 

S1. 458s ilo as ee 

82. 2.2, 2.8, 3.4, 4.0,4.6,..., n= 12 

83. a, = 0.5, a4, =1.7,..., n=10 

84. a, = 15, aj) = 307,.. ., n= 100 


In Exercises 85-90, match the arithmetic sequence with 
its graph. [The graphs are labeled (a), (b), (c), (d), (e), 
and (f).| 


gt. 
elon 
64 
5 8 
4 

g} 

pes 
eee 


a2: SRARSR Oia 


o4.2 4 6.¢ 10121416 


8 = 
i 
6 
5 
4 
3 
2 
1 oy 


Soa — int 1 86. a, = —3n + 6 
87. a, = —2n + 10 88. a, = 2n + 3 
$9.4; = 12 90. a, =2 

Qn41 = a, — 2 I aa 7 a a 
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= In Exercises 91-96, use a graphing utility to graph the 


first 10 terms of the sequence. 


OIG i be 2 92. a, = —25n + 500 
93. a, =2n+3 94. a, =3n+1 
RE Gea Dai = 43 96. a, = 6.2n + 3 


In Exercises 97-102, use a graphing utility to find the 
sum. 


OTe 


ae Solving Problems. pe. 


103. 
104. 
105. 
106. 
107. 


108. 


109. 


S' (750 — 30j) 


j=1 


40 
98. S' (1000 — 25n) 
n=1 


iy 


Find the sum of the first 75 positive integers. 
Find the sum of the integers from 35 to 100. 
Find the sum of the first 50 positive even integers. 
Find the sum of the first 100 positive odd integers. 


Salary Increases In your new job you are told 
that your starting salary will be $36,000 with an 
increase of $2000 at the end of each of the first 5 
years. How much will you be paid through the end 
of your first six years of employment with the 
company? 

Would You Accept This Job? Suppose that you 
receive 25 cents on the first day of the month, 50 
cents on the second day, 75 cents on the third day, 
and so on. Determine the total amount that you will 
receive during a 30-day month. 


Ticket Prices There are 20 rows of seats on the 
main floor of a concert hall: 20 seats in the first 
row, 21 seats in the second row, 22 seats in the third 
row, and so on (see figure). How much should you 
charge per ticket in order to obtain $15,000 for the 
sale of all the seats on the main floor? 


QBs ES Say (i> is BS BS iy Ty 2s iy is es is ERS SDs is is LS is Rs CSS Cs. BRS Ds os s,s DS aS BS ERS BD Rs LD 


ry Es ES Rd Bs SSS BS EBS DS BS ED SS 21 seats 
22222222242422222222 < O0isente 
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MOIS 


111. 


60 
99. ¥ (300 — 3) 
i=1 
20 
100. $ (500 — jon) 
n=1 
50 
101. 9) (2.15n + 5.4) 
n=1 
60 
102. D (200 — 3.4n) 
n=1 
110. Pile of Logs Logs are stacked in a pile as shown 


in the figure. The top row has 15 logs and the 
bottom row has 21 logs. How many logs are in the 
pile? 


Baling Hay In the first two trips baling hay 
around a large field (see figure), a farmer obtains 
93 bales and 89 bales, respectively. The farmer 
estimates that the same pattern will continue. 
Estimate the total number of bales made if there are 
another six trips around the field. 


First trip 
Second trip 
Third trip 
Fourth trip 


Fifth trip 
Sixth trip 
Seventh trip 
Eighth trip 


112. Baling Hay 


113. 


114. 


118. 


119. 


120. 


In the first two trips baling hay 
around a field (see figure), a farmer obtains 64 bales 
and 60 bales, respectively. The farmer estimates 
that the same pattern will continue. Estimate the 
total number of bales made if there are another four 
trips around the field. 


ec 


5 


First trip 


Second trip 


al] 


Third trip 
Fourth trip 
Fifth trip 
Sixth trip 


Clock Chimes A clock chimes once at 1:00, twice 
at 2:00, three times at 3:00, and so on. The clock 
also chimes once at 15-minute intervals that are not 
on the hour. How many times does the clock chime 
in a 12-hour period? 

Clock Chimes A clock chimes once at 1:00, twice 
at 2:00, three times at 3:00, and so on. The clock 
also chimes once on the half-hour. How many times 
does the clock chime in a 12-hour period? 


_ Explaining Concepts 


= 


In your own words, explain what makes a sequence 
arithmetic. 
The second and third terms of an arithmetic 
sequence are 12 and 15, respectively. What is the 
first term? 


Explain how the first two terms of an arithmetic 
sequence can be used to find the nth term. 


121. Explain what is meant by a recursion formula. 


115. 


116. 


117. 


122. 


123. 


124. 
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Free-Falling Object A free-falling object will fall 
16 feet during the first second, 48 more feet during 
the second, 80 more feet during the third, and so on. 
What is the total distance the object will fall in 8 
seconds if this pattern continues? 

Free-Falling Object A free-falling object will fall 
4.9 meters during the first second, 14.7 more meters 
during the second, 24.5 more meters during the 
third, and so on. What is the total distance the object 
will fall in 5 seconds if this pattern continues? 
Pattern Recognition 


(a) Compute the sums of positive odd integers. 
1+3= 
1S SO cS Be 
eee ort 
het Sip ch eo = 
Lae rr oe 
(b) Use the sums in part (a) to make a conjecture 


about the sums of positive odd integers. Check 
your conjecture for the sum 


bck 33h -e eo Seda 


(c) Verify your conjecture in part (b) analytically. 


Explain what is meant by the nth partial sum of a 
sequence. 


Explain how to find the sum of the integers from 
100 to 200. 


Each term of an arithmetic sequence is multiplied 
by a constant C. Is the resulting sequence arith- 
metic? If so, how does the common difference com- 
pare with the common difference of the original 
sequence? 
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Find the common ratio and the 
nth term of a geometric sequence. 


Geometric Sequences 


In Section 10.2, you studied sequences whose consecutive terms have a common 
difference. In this section, you will study sequences whose consecutive terms 
have a common ratio. 


> Definition of a Geometric Sequence 
A sequence is called geometric if the ratios of consecutive terms are the 
same. So, the sequence a,, a5, 43, @,,...,@,,...18 geometric if there is 
a number r, r # O, such that 


ag 
a3 


=r, i 


and so on. The number r¢ is the common ratio of the sequence. 


=clulej[ 4) Examples of Geometric Sequences 


a. The sequence whose nth term is 2” is geometric. For this sequence, the com- 
mon ratio between consecutive terms is 2. 


eA a Oa Omen eas 
ea 


4 


4 
b. The sequence whose nth term is 4(3”) is geometric. For this sequence, the _ 
common ratio between consecutive terms is 3. 


12730; 1089324 Fao) ae 
C=) 


: 1\n . : : 
c. The sequence whose nth term is (-3) is geometric. For this sequence, the 
common ratio between consecutive terms is —5. 


Study Tip 


Tf you know the nth term of a 

- geometric sequence, the 
(n + 1)th term can be found by 
multiplying by r. That is, 


an+1 


= ra 


n 
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» The nth Term of a Geometric Sequence 


The nth term of a geometric sequence has the form 
a= are | 


n 


where r is the common ratio of consecutive terms of the sequence. So, 
every geometric sequence can be written in the following form. 


7m 3 4 -n—l 
Di Gyn yl 5. Aql ee ump tt oy et 


ce} 


=< lile)(-i4eug Finding the nth Term of a Geometric Sequence 


Find a formula for the nth term of the geometric sequence whose common ratio 
is 3 and whose first term is 1. What is the eighth term of this sequence? 
Solution 

The formula for the nth term is of the form a,r”~ '. Moreover, because the com- 
mon ratio is r = 3, and the first term is a, = 1, the formula must have the form 


G) = Gee : Formula for geometric sequence 


G)@)zr# Substitute 1 for a, and 3 for r. 
= 305 Simplify. 
The sequence therefore has the following form. 


Ts AS a STN le ae OO 


The eighth term of the sequence is ag = 3°~! = 37 = 2187. 


iS eluils)()8| Finding the nth Term of a Geometric Sequence 


Find a formula for the nth term of the geometric sequence whose first two terms 
are 4 and 2. 


Solution 


Because a, = 4 and a, = 2, the common ratio is 
ay 2 1 
ae Ay? 

the formula for the nth term must be 


= ll 4 
Ge Ah Formula for geometric sequence 


Substitute 4 for a, and 5 for r. 


II 
JEN 
Tg ae 
NS] 
= 

| 


The sequence therefore has the following form. 


el 1\"7! 
=, ee 5 A one 
4,2, 1,557 (3) 


SAS EE EES 


The Granger Collection 
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Find the nth partial sum of a 
geometric sequence. 


Find the sum of an infinite 
geometric series. 


The Partial Sum of a Geometric Sequence 


> The nth Partial Sum of a Geometric Sequence 


The nth partial sum of the geometric sequence whose nth term is 
a, = ar" | is given by 


n : t rr? — 1 
Ga ye Gee aye Git stn “Gyre sia) pereay 4 


t=1 


Seti 2 = Finding the nth Partial Sum 


Find the sum 1°+-"2 + 4°48 + 16-47°324 644-123: 


Solution 
This is a geometric sequence whose common ratio is r = 2. Because the first 
term of the sequence is a, = 1, it follows that the sum is 


8 p= || Ue = NM 
y(t l= SS = 5D. Substitute 1 for a, and 2 for r. 


Aaa = ea 


Example 5 Finding the nth Partial Sum 


Find the sum of the first five terms of the geometric sequence whose nth term is 
n 


Solution 

oi 2:\'4 we (2/8) reel 

> (2) = 3 po Substitute ; for a, and Z for r. 
m2 (G27243) a ae 
a we... Simplify. 

Oa PANG 

= (2B )i-9 Simplify. 
— 422 
a 943 Simplify. 
ea oH) 


Geometric Series 


Suppose that in Example 5, you were to find the sum of all the terms of the 
infinite geometric sequence 
ene SiG (2 ‘ 
36927 a8 ie iN 3m 
A summation of all the terms of an infinite geometric sequence is called an 
infinite geometric series, or simply a geometric series. 
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In your mind, would this sum be infinitely large or would it be a finite num- 
ber? Consider the formula for the nth partial sum of a geometric sequence. 


eecoee | | Nea 
s,=a(7=>) = (77) 
Suppose that |r| < 1 and you let n become larger and larger. It follows that r” 


gets closer and closer to 0, so that the term r” drops out of the formula above. You 
then get the sum 


= els Ee 
$= (7 Slr 


Notice that this sum is not dependent on the nth term of the sequence. In the case 
of Example 5, r = (3) < 1, and so the sum of the infinite geometric sequence is 


1-r 1-—(2/3) 1/3 — 


> Sum of an Infinite Geometric Series 


If a,,a,r,a,r,. ..,a,r",. . . is an infinite geometric sequence, then 
for |r| < 1, the sum of the terms is 


SS , Qa\ 
S= Yara : 
= rae 3 


>cuie(aeme Evaluating a Geometric Series 


Find the value of each sum. 


$50 9 SQ <8) 


n=0 i=0 
Solution 
a. The series is geometric with a, = 5(3)' =Sandr= 2. So, 
$ (3) ones 
a 1 (3/4) 
5 
= 1/4 = 20. 


b. The series is geometric with a, = 4(3)° =4andr= *. So, 


Sl) ie oO 


4 40 


BO a7” 


ar 5 . 3)9 3 
c. The series is geometric with a, = (—3) = l andr = §. So, 


i/ 3) 1 Pets 
S| 5) ik 2B wees SD ae 
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Use a geometric sequence to 
solve an application problem. 


Applications 


Seu (7ee A Lifetime Salary @ 


You have accepted a job that pays a salary of $28,000 the first year. During the 
next 39 years, suppose you receive a 6% raise each year. What will your total 
salary be over the 40-year period? 


Solution 
Using a geometric sequence, your salary during the first year will be 
a, = 28,000. 
Then, with a 6% raise, your salary during the next 2 years will be as follows. 
a, = 28,000 + 28,000(0.06) 
= 28,000(1.06)! 
a, = 28,000(1.06) + 28,000(1.06)(0.06) 
= 28,000(1.06)? 


From this pattern, you can see that the common ratio of the geometric sequence 
is r = 1.06. Using the formula for the nth partial sum of a geometric sequence, 
you will find that the total salary over the 40-year period is given by 


Total salary = S' a, ri~! 


(06) Oe | 
=? OCA es 
8,000 L061 
(1.06) o J 
=? ee eee 
8,000] 0.06 
= $4,333,335. 


The bar graph in Figure 10.2 illustrates your salary during the 40-year period. 


Salary 
(in thousands of dollars) 


2 4 6 8) 10 12) 1416 18 205 229249 26 28 sO eso stesoeereeD 
Year 


Figure 10.2 
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Increasing Annuity @ 


You deposit $100 in an account each month for 2 years. The account pays an 
annual interest rate of 9%, compounded monthly. What is your balance at the end 
of 2 years? (This type of savings plan is called an increasing annuity.) 


Solution 

The first deposit would earn interest for the full 24 months, the second deposit 
would earn interest for 23 months, the third deposit would earn interest for 22 
months, and so on. Using the formula for compound interest, 


a, = Pi ab 5) nis months 


n 


ll 


100(1 + 0.0075)” 


you can see that the total of the 24 deposits would be 


TVotal’= ay G7 2s <a, 
= 100(1.0075)! + 100(1.0075)2 + - - + 100(1.0075)24 
. 1.007524 — | eur 
= 100(1.0075)(  OOsEEE a,(7 *) 


$2638.49. 


_ Annual Revenue 


elow show the annual revenues _ geometric rate. Which company had the greatest 
mpany’s revenue grew revenue during the 10-year period? Which company 
her grew ata ——~—- would you rather own? Explain. 


Revenue (in millions of dollars) 


ee 
eee Year. 
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Integrated Review Concepts, Skills, and Problem Solving “ ‘ ie . hoe: 
Keep mathematically in shape by doing these 7. 100 < 2x + 30 < 150 ee 8. ie: = aoe 2 
exercises before the problems of this section. eee nF ae v6) 


Pipe Sail 


Properties and Definitions eee > 22 —Ix+5>0 10: 2x <2 Gp 
1. Relative to the x- and y-axes, , explain the mean- : 
ing of each coordinate of the point (—6, 4). ie 
2. A point lies 5 units from the x-axis and 10 units eA A television set is advertised as having a 


from the y-axis. Give the ordered pair for such a _ 19-inch screen. Determine the dimensions ors 
point in each quadrant. _ the square screen if its diagonal is 19 inches. _ 


Problem Solving 


3. In your own words, define the graph. of the 12. A construction worker is building the forms for _ 
function y = f(x). the rectangular foundation of a home that is 25 _ 


4. Describe the procedure for finding the x- and _ feet wide and 40 feet long. To make sure that — 


- y-intercepts of the graph of f(x) = 2 Jet 4 ; the corners are square the worker measures the 
diagonal of the foundation. What should that © 
Solving Inequalities : ee measurement t be? 


In Exercises 5-10, solve the inequality. 


5.875 > 0 6. 3y + 11 < 20 

Developing Skills 
In Exercises 1-12, find the common ratio of the geo- In Exercises 25-38, write the first five terms of the 
metric sequence. See Example 1. geometric sequence. 
1ee2. ORS Ay eas. Dea) 20 Rae A0 arn 25. a,=4, r=2 26. a, = 3, r=4 
3. 1, -3,9, -27,... ASM MIST DS. 9 | dy = 6, 28. a, = 4 ns 
512k 6035—5, 4. os ONS eae 29.4a,=1, r==5 30.4, = 32, P= aq 
7. 1,-3,3, 4... Cf She = ee 31. a,=4, r=—-} 3244, = 4 
Oh Tie ane, Ge ee Cate Oe, 33. a, = 1000, r= 1.01 
11. 500(1.06), 500(1.06)?, 500(1.06)?, 500(1.06)4,. . . 34. a, = 200, r= 1.07 
12 TITER TESA GIS ae 35. a, = 4000, r= 1/1.01 


36. a, = 1000, r= 1/1.05 


In Exercises 13-24, determine whether the sequence is 


geometric. If so, find the common ratio. 37. a, = 10, r ay 38. a, = 36, =5 
133.6432, L625, 0a 14564532) 0532 see In Exercises 39-52, find the specified nth term of the 
155010015) 20925 ee 16. 10, 20, 40, 80,. . . geometric sequence. 

17. 5, 10,20, 40,. . . 18.054, ~18, 6.22), 9 3900; = Oma ary 

iC), TC tes Wie we 40.54, = 8) Sr Gy ag 

AY), Gh ey St 41.a,=3, r= V2, a= 

pile ee ee 22a 3 ee 42.a,=5, r= V3, ay= 

23. 10(1 + 0.02), 10(1 + 0.02)2, 10(1 + 0.02)3,. . . 43. a, = 200, r=1.2, a= 


24 102,,0,0470, 0085 an 44. a, = 5000 7 = OCeo 
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Li, Man £ a 12 < 20 pe 
45. a, = 120, r= ayy = 73. 3(3) 74, 12(2) 
46. a, = 240, r=—4, a3= i=1 i=1 
15 = 8 Pe 
47. a,=4, a, =3, a,= 95 3(-4)' 16. > 8(—4) ; 
48.a,=1, a,=9, a, i, f=1 
2 20 te 
A9/a,= ly, ay 25) 0g 71. 4(-2)- 78. S\ 16(5) | 
50. a, = 6, a, = S. ag = “i rhe 
Bl a.=12. a, = 16. ap= Wry O01) re 80. S’ 1000(1.06)'~! 


52. a, = 100, a; = —25, a,= 1-1 i=1 
In Exercises 81-92, find the nth partial sum of the 


In Exercises 53-66, find the formula for the nth term of geometric sequence. 


the geometric sequence. (Begin with n= 1.) See 


Examples 2 and 3. S319 ee Seal) 
$2.03, —6,12, =2A-48:.. 2 hte 12 
53.4, = 2, r=3 at Esta etaankaeht BAe ale, ee 
SS ap ee Le ees re tig ie Aa 
57. a,=1, r=—-%3 58. a, = 12, r= —3 ROR a ik Siberia | 
59.a,=4, r=-} 60: a= 9, r=3 patentee eae 
86; 367 or 4s ee Ie 
61. a, = 8, a,=2 62. a, = 18, a,=8 + ta iayeaits 
Ml Day 87. OO aa tas - a = 12 
63. a,= 14, a => 64. a, = 36, ag=> Biot sare 
OF BO ao 88. AO, = 105, Ss sone a antl LO) 
65774-2079 eas, es GO es: cae 
89. 30, 30(1.06), 30(1.06)*, 30(1.06)°,. . ., n = 20 
In Exercises 67-70, match the geometric sequence with 90. 100, 100(1.08), 100(1.08)?, 100(1.08)?,. . ., 
its graph. [The graphs are labeled (a), (b), (c), and n= AO 
(dq). 91. 500, 500(1.04), 500(1.04)?, 500(1.04)3,. . ., 
n= 18 


O21: 2/ De HO) Ags Be AD 


In Exercises 93-100, find the sum. See Example 6. 


93. S$ (2)" 94. S$ 2(2)" 
n=0 n=0 

95, ¥ (-2)" 96:4 Si liahs 
n=0 n=0 

97. S$. 2(-3)' 98. ¥. a(t)’ 
n=0 n=0 

99.8+6+5+ 9+: 

100.3-1+3- 5+: 


first 10 terms of the sequence. 


101. a, = 20(—0.6)""! 102. a, = 4(1.4)""! 
103. a, = 15(0.6)""! 104. a, = 8(-0.6)"-! 


In Exercises 71-80, find the nth partial sum. See 
Examples 4 and S. 


m1. 32! 72. 33-1 
i=1 


650 


105. 


106. 


107. 


108. 


Increasing Annuity 
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Solving Problems | 


Depreciation A company buys a machine for 
$250,000. During the next 5 years, the machine 
depreciates at the rate of 25% per year. (That is, at 
the end of each year, the depreciated value is 75% 
of what it was at the beginning of the year.) 


(a) Find a formula for the nth term of the geomet- 
ric sequence that gives the value of the machine 
n full years after it was purchased. 


(b) Find the depreciated value of the machine at the 
end of 5 full years. 


(c) During which year did the machine depreciate 
the most? 


Population Increase A city of 500,000 people is 
growing at the rate of 1% per year. (That is, at the 
end of each year, the population is 1.01 times the 
population at the beginning of the year.) 

(a) Find a formula for the nth term of the geomet- 
ric sequence that gives the population n years 
from now. 

(b) Estimate the population 20 years from now. 

Salary Increases You accept a job that pays a 

salary of $30,000 the first year. During the next 39 

years, you receive a 5% raise each year. What 

would your total salary be over the 40-year period? 

Salary Increases You accept a job that pays a 

salary of $30,000 the first year. During the next 39 

years, you receive a 5.5% raise each year. 

(a) What would your total salary be over the 40- 
year period? 

(b) How much more income did the extra 0.5% 
provide than the result in Exercise 107? 


In Exercises 109-114, find the 


balance A in an increasing annuity in which a principal 
of P dollars is invested each month for t years, 
compounded monthly at rate r. 


109. 
110. 
111. 
112. 
113. 
114. 


P = $100 t = 10 years r = 9% 
P = $50 t = 5 years r= 7% 
P = $30 t = 40 years r = 8% 
P = $200 t = 30 years r = 10% 
P = $75 t = 30 years r= 6% 
P = $100 t = 25 years r = 8% 


115. 


116. 


ez) 117. 


2 118. 


119. 


Would You Accept This Job? You start work at a 
company that pays $0.01 for the first day, $0.02 for 
the second day, $0.04 for the third day, and so on. 
If the daily wage keeps doubling, what would your 
total income be for working (a) 29 days and (b) 30 
days? . 
Would You Accept This Job? You start work at a 
company that pays $0.01 for the first day, $0.03 for 
the second day, $0.09 for the third day, and so on. 
If the daily wage keeps tripling, what would your 
total income be for working (a) 25 days and (b) 26 
days? 
Power Supply The electrical power for an 
implanted medical device decreases by 0.1% each 
day. 
(a) Find a formula for the nth term of the geomet- 
ric sequence that gives the percent of the initial 
power n days after the device is implanted. 


(b) What percent of the initial power is still avail- 
able | year after the device is implanted? 


(c) The power supply needs to be changed when 
half the power is depleted. Use a graphing 
utility to graph the first 750 terms of the 
sequence and estimate when the power source 
should be changed. 


Cooling The temperature of water in an ice cube 
tray is 70°F when it is placed in a freezer. Its tem- 
perature n hours after being placed in the freezer is 
20% less than | hour earlier. 


(a) Find a formula for the nth term of the geomet- 
ric sequence that gives the temperature of the 
water n hours after being placed in the freezer. 


(b) Find the temperature of the water 6 hours after 
it is placed in the freezer. 


(c) Use a graphing utility to estimate the time when 
the water freezes. Explain your reasoning. 


Area A square has 12-inch sides. A new square is 
formed by connecting the midpoints of the sides of 
the square. Then two of the triangles are shaded 
(see figure). This process is repeated five more 
times. What is the total area of the shaded region? 


120. Area A square has 12-inch sides. The square is 


121. 


divided into nine smaller squares and the center 
square is shaded (see figure). Each of the eight 
unshaded squares is then divided into nine smaller 
squares and each center square is shaded. This pro- 
cess is repeated four more times. What is the total 
area of the shaded region? 


Bungee Jumping A bungee jumper jumps from a 
bridge and stretches a cord 100 feet. Successive 
bounces stretch the cord 75% of each previous 
length (see figure). Find the total distance traveled 
by the bungee jumper during 10 bounces. 


100 + 2(100)(0.75) + - - - + 2(100)(0.75)!° 


Explaining Concepts 


@ 123. 


124. 
125. 


126. 


Answer parts (a)-(c) of Motivating the Chapter on 
page 623. 

In your own words, explain what makes a sequence 
geometric. 

What is the general formula for the nth term of a 
geometric sequence? 

The second and third terms of a geometric sequence 
are 6 and 3, respectively. What is the first term? 
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122. Distance 


127: 
128. 


129. 
130. 
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A ball is dropped from a height of 16 
feet. Each time it drops h feet, it rebounds 0.81/ 
feet. 

(a) Find the total distance traveled by the ball. 


(b) The ball takes the following time for each fall. 


Si LO Fal G: s, = Oifr=1 

sy = —16P + 1610.81), s, =Oift=0.9 

5, = — 167 + 16(0.81)?, 5, = Oift = (0.9) 
5, = —162 + 16(0.81)3, s, = Oifr = (0.9)3 
5, = -167 + 16(0.81)"-!, s, = Oifr = (0.9"-! 


Beginning with s,, the ball takes the same 
amount of time to bounce up as it does to fall, 
and thus the total time elapsed before it comes 
to rest is 


Find this total. 


Give an example of a geometric sequence whose 
terms alternate in sign. 


Explain why the terms of a geometric sequence 
decrease whena, > 0 andO <r<l. 


In your own words, describe an increasing annuity. 


Explain what is meant by the nth partial sum of a 
sequence. 
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Figure for 22 


Take this quiz as you would take a quiz in class. After you are done, check your 
work against the answers given in the back of the book. 


. ny 
In Exercises 1 and 2, write the first five terms of the sequence. 


_ (<3)'n 
i ig an Al 


= 
1. a, = 32(1) (Begin withn =1.) 2.4 


i (Begin with n = 1.) 


In Exercises 3-6, find the sum. 
4 5 60 6 8 s( ;) 
3. d 10k = 4, >, 4h a srt : me 5 


In Exercises 7 and 8, write the sum using sigma notation. 


Z 2 2 2 1 1 1 


eat) 3(2) 36) ee = 


pctah Geter at 
3(20) Tie Des? 252 


In Exercises 9 and 10, find the common difference of the arithmetic sequence. 


On th Rec ae 10. 100, 94, 88, 82, 76,.. . 


In Exercises 11 and 12, find the common ratio of the geometric sequence. 


ks 2G OW, 12a? 15, cae oe 


In Exercises 13 and 14, find a formula for a,. 


13. Arithmetic, a, = 20, a, = 11 14. Geometric, a, = 32, r= —} 


In Exercises 15-20, find the sum. 


300 


ye 17. S o( 


ip 


50 
15 a) 16. 
n=1 


J 


3 
18. $5001.06)! 19. F 3(2) 20. ¥ a(t) 
~ A,\3 2, 5\4 


21. Find the 12th term of 625, —250, 100, —40, >... 
22. Match a, = 10(3)" ' and b, = 10(—4)"” | with the graphs at the left. 
23. The temperature of a coolant decreases by 25.75°F the first hour. For each 


subsequent hour, the temperature decreases by 2.25°F less than it decreased 


the previous hour. How much does the temperature decrease during the 10th 
hour? 


24. The sequence given by a, = 2”~! is geometric. Describe the sequence given 
by be inae 


I a ak lS 


LMT eee eek CML AS 
XN “i 


PERI LIAN TV UY 


Section 10.4 The Binomial Theorem 653 


The Binomial Theorem 


HI Determine the coefficients of a 
binomial raised to a power. 


Binomial Coefficients 


Recall that a binomial is a polynomial that has two terms. In this section, you will 
study a formula that provides a quick method of raising a binomial to a power. To 
begin, let’s look at the expansion of (x + y)” for several values of n. 


(x + y)?=1 
(xt+y=xt+y | 
(PL SOs 
(x + y)? = 23 + 3x2y + 3xy? + y? 
(x + yt = x4 + 4x3y + 6x22 + diy? + yt 
(Gis yar Oxy lO yt LOK ony oy 
There are several observations you can make about these expansions. 


1. In each expansion, there are n + 1 terms. 


2. In each expansion, x and y have symmetrical roles. The powers of x decrease 
by 1 in successive terms, whereas the powers of y increase by 1. 


3. The sum of the powers of each term is n. For instance, in the expansion of 
(x + y)>, the sum of the powers of each term is 5. 


4+1=5 3+2=5 
(& + y)P = x + Sxty! $108)? + 10x7y? + Sxy* + 
4. The coefficients increase and then decrease in a symmetric pattern. 


The coefficients of a binomial expansion are called binomial coefficients. To 
find them, you can use the following theorem. 


> The Binomial Theorem 


In the expansion of (x + y)” 


(Coy eer ert yt oe Cty te = og yet ape 


the coefficient of x”~"y" is given by 


n! 
nr = (n — r)ir! 
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Finding Binomial Coefficients 


Find each binomial coefficient. 
a. 3C, b. 0C3 c. 7Co d. 3C, e. oC, 


Solution 

sia = Auer en = : . : = 28 

b. 1003 = a ue = “ 7. aa = = 120 
(i AO = i =| 

ne tle 


When r # 0 andr # n, as in parts (a) and (b) above, there is a simple pat- 
tern for evaluating binomial coefficients. 


2 factors 3 factors 
8-7 10:9-:8 
gC. = and 1063 = 
Do il Sy © Il 
2 factorial 3 factorial 


Finding Binomial Coefficients 


Find each binomial coefficient. 


Solution 
F°e@°5s 
OS sae ere > 
7+6+5:4 
Ds Cas ine 35 
12! Po Jel 
C. oC) Be Sa 


= hi astern 


jl 12s eeek (12) ge 1 
eet Michi a Tei a 


In Example 2, it is not a coincidence that the answers to parts (a) and (b) are 
the same, and that those in parts (c) and (d) are the same. In general, it is true that 


Ace = naar 


This shows the symmetric property of binomial coefficients. 


Arrange the binomial coeffi- 
cients in a triangular pattern known 
as Pascal’s Triangle. 


Study Tip 


The top row in Pascal’s Triangle 
is called the zero row because 

it corresponds to the binomial 
expansion 


x + vy)? = 1. 


Similarly, the next row is 
called the first row because it 
corresponds to the binomial 
expansion 


(x + y)! = 1@) + 1()). 


In general, the nth row in 
Pascal’s Triangle gives the 
coefficients of (x + y)”. 
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Pascal’s Triangle 


There is a convenient way to remember a pattern for binomial coefficients. By 
arranging the coefficients in a triangular pattern, you obtain the following array, 
which is called Pascal’s Triangle. This triangle is named after the famous French 
mathematician Blaise Pascal (1623-1662). 


| 10+ 5 = 15 


The first and last numbers in each row of Pascal’s Triangle are 1. As shown 
above, every other number in each row is formed by adding the two numbers 
immediately above the number. Pascal noticed that numbers in this triangle are 
precisely the same numbers that are the coefficients of binomial expansions. 


9 | Oth row 

(x + y)! = 1x + ly Ist row 

Coty Axe + Dry ye 2nd row 
(xethey)? Sie ah 3x*y + 3xy7 + Ly? Sd raw 


(ty aia vie Oy ae lye 
Cay) ie oxy Oxy Mn yt ay te bye 
Coebay Or Gx yea xey 20 y ebullient niy 
GG -iy)! = 1x! + Tx ye elosyeewaxy? + Joxy! + 2ixy + Ixy? + ly? 


You can use the seventh row of Pascal’s Triangle to find the eighth row. 


1 (ML weer epee me PAL tl 1 
LO EOE NT ON NCE Re 
1 Breas 2 Sap AS Oi 0F 56. 08 Penk 1 


sCo Cy gCo C3 sq aCs sCo sC7 sCg 


iS clil(-eme Using Pascal’s Triangle 


To evaluate 5C,, use the fifth row of Pascal’s Triangle 


1 5 10 10 2) 1 


| | | | | | 


5sCo 5sC\ 5Cp 5C3 5C4 sCs 


to obtain ;C, = 10. 
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Expand a binomial raised to a 
power using Pascal’s Triangle and 
the Binomial Theorem. 


Binomial Expansions 


As mentioned at the beginning of this section, when you write out the coefficients 
for a binomial that is raised to a power, you are expanding a binomial. The 
formulas for binomial coefficients give you an easy way to expand binomials, as 
demonstrated in the next three examples. 


Expanding a Binomial 


Write the expansion for the expression. 


(Ge ae 
Solution 
The binomial coefficients from the fifth row of Pascal’s Triangle are 


vey OKO) OR yells 
So, the expansion is as follows. 
(x + 1)5 = (1)x5 + (5)x4(1) + (10)x3(12) + (10)x2(13) + (5)x(14) + (1)(19) 
= chee DJs LOX acta Ove, re) vac 


To expand binomials representing differences, rather than sums, you alter- 
nate signs. Here are two examples. 


x = 352 3x = 1 


(x = 1)* = x4 — 40 + 6x? — 44 + 1 


cuuel(s) | Expanding a Binomial 


Write the expansion for the expression. 
eae een) Dex) 
Solution 
a. The binomial coefficients from the fourth row of Pascal’s Triangle are 
1, 4, 6, 4, 1. 
So, the expansion is as follows. 
(x 3) = (1 )rieen Gc: (6) itentG)x2(3?7) — (@)xGe) +1) (34) 
= alae 4X 1 USk tae) 
b. The binomial coefficients from the third row of Pascal’s Triangle are 
esr eh ake 
So, the expansion is as follows. 
(2x.— 1? = (12x)? = (3)(2x)21) + B)@x)12) = Gd) 
= 6x 1x 67 al 
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Expanding a Binomial 


Write the expansion for (x — 2y)*. 


Solution 
Use the fourth row of Pascal’s Triangle, as follows. 


(x — 2y)* = (1)x* — (4)x3(2y) + (6)x2(2y)? — (4)x(2y)? + (1)(2y)4 
= x4 — Bry + 24x2y2 — 32x73 + 16y4 


Finding a Term in the Binomial Expansion 


a. Find the sixth term of (a + 2b)8. b. Find the 12th term of (2a — b)!5. 


Solution 


a. From the Binomial Theorem, you can see that the (r + 1)th termis ,C,x"~'y’. 
So in this case, 6 = r + 1 means that r = 5. Because n = 8, x = a, and 
y = 2b, the sixth term in the binomial expansion is 


gCsa®—°(2b)® = 56 - a> - (2b)? 
= 56(25)a3b> 
= 1792a3b°. 


b. From the Binomial Theorem, you can see that the (r + 1)th term is ,C, x”~y’. 
So in this case, 12 = r + 1 means that r = 11. Because n = 15, x = 2a, and 
y = —b, the 12th term in the binomial expansion is 


gC hea). \\(—b) aI 365.-1(20 tae (cab) 
1365(24)(— 1)" ath"! 
—21,840a4b"!, 
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Integrated Review 


Keep mathematically in shape by doing these. 


exercises before the problems of this section. 
Properties and Definitions : 


1. Is it possible to find the determinant of the fol- 
lowing matrix? Explain. 


ie 2 | 
Leases 
. State the three elementary row operations that 


can be used to transform a matrix into a second 
row-equivalent matrix. 


3. Is the following matrix in row- echelon form? 
Explain. 
F 2 | 
0 1 7 


Developing Skills 


In Exercises 1-12, evaluate the binomial coefficient ,C,. 


See 


Examples 1 and 2. 

64 2. 7C3 

10s 4. C0, 
20© 20 6. 15Co 
isCig 8. 200C\ 
50C48 10. 55C, 
asCy 12. |3C; 


es In Exercises 13-22, use a graphing utility to evaluate 


Ge 

13.53 1 AC, 
iTS. He: 16046: 
inh, fe IS Sees 
19. s00C 195 20. so0C4 


Concepts, Skills, and Problem Solving oo eee - 


Determinants 


es Exercises 4-7, evaluate the detcenioane of the 


matrix. 
Ws 25) Peo ie | 

ad oe oe 
cee ee dees 5 

6.10 7 5. 3d Tse 2 
Coe S20 


Problem Solving 


8. Use a determinant to find the area of the trian- — 
gle with vertices (—5, 8), (10, 0), and (3, —4). 

9. The path of a ball passes through the points 
(0, 2), (10, 8), and (20, 0). Use Cramer’s Rule — 
to find the equation of the parabola that 
models the path of the ball. 


10. Use determinants to find the equation of the 
_ line through (2, — 1) and (4, 7). : 


21. 45Cio 22. 1 000C2 


In Exercises 23-28, use Pascal’s Triangle to evaluate n&r- 
See Example 3. 


ner 24nnGs 
25°C. He RE: 


In Exercises 29-38, use Pascal’s Triangle to expand the 
expression. See Examples 4-6. 


29. (a + 2)3 30. (x + 3)5 
Sie) 32. (r — 5)? 
ah (0S; — 1) 34. (4 — 3y)3 
35. (2y + z)® 36. (2t — s)° 
37. (x2 + 2)4 38. (3 — y4)5 


In Exercises 39-50, use the Binomial Theorem to 
expand the expression. 


39. (x + 3)° 40. (x — 5)4 
41. (x — 4)6 42. (x — 3¥ 
43. (x + y)4 44, (u+ v)® 
45. (u — 2v)3 46. (2x + y)> 
47. (3a + 2b)4 48. (4u — 3v)? 
49, (2x? — y)> 50. (x — 4y3)4 


In Exercises 51-60, find the coefficient of the given term 
of the expression. 
Expression Term 
51. (x + 1)!° x! 
Pagal sect may be noe 
53. (x — y)!5 x4yll 
54. (x — 3y) wy 


De Sere 


Probability \n Exercises 65-68, use the Binomial 
Theorem to expand the expression. In the study of 
probability, it is sometimes necessary to use the expan- 
sion (p + g)", where p + q = 1. 

1 1)5 De WN 
65. (3 + 3) 66. (3 + 3) 

1 3\4 2 3\3 
67. ( ap 3) 68. (2 af 3) 
69. Patterns in Pascal’s Triangle Describe the pattern. 


_ Explaining Concepts 


71. How many terms are in the expansion of (x + y)”? 
72. Describe the pattern for the exponents with base x in 
the expansion of (x + y)”. 
73, How do the expansions of (x + y)" and (x — y)” 
differ? 
74, Which of the following is equal to ,,;C;? Explain. 
1 Cn eae ROR cy Peete OF 8 oF 


CONSE Ren te a Dae SOS] 
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Expression Term 
BS (Dacia) 1 xy? 
56. (x + y)® omit 
57. (x = 3)" ie 
58. (3 — y°)5 y? 
59. (/x + 1) a 
ayes 

u u 


In Exercises 61-64, use the Binomial Theorem to 
approximate the quantity accurate to three decimal 
places. For example, 


(1.02)'° = 1 + 10(0.02) + 45(0.02)2. 


61. (1.02)8 62. (2.005)!° 
63. (2.99)! 64. (1.98)? 


70. Patterns in Pascal’s Triangle Use each encircled 
group of numbers to form a 2 x 2 matrix. Find the 
determinant of each matrix. Describe the pattern. 


75. What is the relationship between ,,C, and ,C,,_,? 
Explain. 

76. In your own words, explain how to form the rows in 
Pascal’s Triangle. 
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Count the number of ways an Simple Counting Problems 


event can occur. : , d ' A 
The last two sections of this chapter contain a brief introduction to some of the 


basic counting principles and their application to probability. In the next section, 
you will see that much of probability has to do with counting the number of ways 
an event can occur. Examples 1, 2, and 3 describe some simple cases. 


=elue)(at A Random Number Generator 
A random number generator (on a computer) selects an integer from 1 to 30. Find 
the number of ways each event can occur. 


a. An even integer is selected. 
b. A number that is less than 12 is selected. 


c. A prime number is selected. 


d. A perfect square is selected. | 


Solution 


a. Because half of the numbers from 1 to 30 are even, this event can occur in 15 
different ways. 


b. The positive integers that are less than 12 are as follows. 


LIP 235A 5 Onan Om Om! | 


Because this set has 11 members, you can conclude that there are 11 different 
ways this event can happen. 


1253) ela leone s 20) 


Because this set has 10 members, you can conclude that there are 10 different 
ways this event can happen. 


d. The perfect square numbers between 1 and 30 are as follows. 
1194595.16,25} 


Because this set has five members, you can conclude that there are five differ- 
ent ways this event can happen. 


| 
| | 
c. The prime numbers between | and 30 are as follows. 
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Selecting Pairs of Numbers at Random 


Eight pieces of paper are numbered from | to 8 and placed in a box. One piece of 
paper is drawn from the box, its number is written down, and the piece of paper 
is replaced in the box. Then, a second piece of paper is drawn from the box, and 
its number is written down. Finally, the two numbers are added together. How 
many different ways can a total of 12 be obtained? 


Solution 


To solve this problem, count the different ways that a total of 12 can be obtained 
using two numbers between | and 8. 


First number + Second number = 12 


After considering the various possibilities, you can see that this equation can be 
satisfied in the following five ways. 


First Number: AL Stop J ts 
Second Number: 8 765 4 


So, a total of 12 can be obtained in five different ways. 


Solving counting problems can be tricky. Often, seemingly minor changes in 
the statement of a problem can affect the answer. For instance, compare the 
counting problem in the next example with that given in Example 2. 


Selecting Pairs of Numbers at Random 


Eight pieces of paper are numbered from | to 8 and placed in a box. Two pieces 
of paper are drawn from the box, and the numbers on them are written down and 
totaled. How many different ways can a total of 12 be obtained? 
Solution 
To solve this problem, count the different ways that a total of 12 can be obtained 
using two different numbers between | and 8. 

First number + Second number = 12 


After considering the various possibilities, you can see that this equation can be 
satisfied in the following four ways. 


First Number: Al. 57 8 
Second Number: 8 75 4 


So, a total of 12 can be obtained in four different ways. 


Examples 2 and 3 differ in that the random selection in Example 2 occurs 
with replacement, whereas the random selection in Example 3 occurs without 
replacement, which eliminates the possibility of choosing two 6s. When doing 
such exercises, be sure to note if selection is with or without replacement. 


wnes/Photo Netwo 
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Determine the number of ways 
two or three events can occur using 


the Fundamental Counting 
Principle. 


In 1996, there were 178 million 
active telephone numbers in use in 
the United States. 


Counting Principles 


The first three examples in this section are considered simple counting problems 
in which you can list each possible way that an event can occur. When it is pos- 
sible, this is always the best way to solve a counting problem. However, some 
events can occur in so many different ways that it is not feasible to write out the 
entire list. In such cases, you must rely on formulas and counting principles. The 
most important of these is called the Fundamental Counting Principle. 


> Fundamental Counting Principle 


Let E, and E, be two events. The first event Z, can occur in m, different 
ways. After E, has occurred, E, can occur in m, different ways. The 
number of ways that the two events can occur is 


m,* Mp. 


The Fundamental Counting Principle can be extended to three or more events. 
For instance, the number of ways that three events E,, E,, and E can occur is 


mM, ty My © Mz. 


Applying the Fundamental Counting Principle 


How many “two-letter words” can be made from the English alphabet? 


Solution 


The English alphabet contains 26 letters. So, the number of possible “two-letter 
words” is 26 + 26 = 676. 


Applying the Fundamental Counting Principle @ 


Telephone numbers in the United States have 10 digits. The first three are the area 
code and the next seven are the local telephone number. How many different tele- 
phone numbers are possible within each area code? (A telephone number cannot 
have 0 or | as its first or second digit.) 


Solution 


There are only eight choices for the first and second digits because neither can be 
0 or 1. For each of the other digits, there are 10 choices. 


Area code Local number 
| <a, TT rz? 


| 5 


8 8 10 10 10 10 10 


So, by the Fundamental Counting Principle, the number of local telephone num- 
bers that are possible within each area code is 


SateSolOielO = 10:- 107-10 =86:400.000; 


Determine the number of ways 
n elements can be arranged. 
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Permutations 


One important application of the Fundamental Counting Principle is in determin- 
ing the number of ways that n elements can be arranged (in order). An ordering 
of n elements is called a permutation of the elements. 


> Definition of Permutation 


A permutation of n different elements is an ordering of the elements 
such that one element is first, one is second, one is third, and so on. 


<li) (-Meme Listing Permutations 


How many permutations are possible for the letters A, B, and C? 


Solution 
The possible permutations of the letters A, B, and C are as follows. 


A, B, C BZ ALG C, A,B 
Aa. B isi Oa 7.\ CBA 


So, six permutations are possible. 


l><liile](wame Finding the Number of Permutations of n Elements 


How many permutations are possible for the letters A, B, C, D, E, and F? 


Solution 
Ist position: Any of the six letters. 
2nd position: Any of the remaining five letters. 
3rd position: Any of the remaining four letters. 
4th position: Any of the remaining three letters. 
5th position: Any of the remaining two letters. 
6th position: The one remaining letter. 


So, the number of choices for the six positions are as follows. 


Permutations of six letters 


By the Fundamental Counting Principle, the total number of permutations of the 
six letters is 


6 oe oe 21 — 6! 
=7 720. 
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The result obtained in Example 7 is generalized below. 


> Number of Permutations of n Elements | 


The number of permutations of n elements is given by 


n-(n—1)°---°4°3°2°1=n!. 


So, there are n! different ways that n elements can be ordered. 


eligle(tss| Finding the Number of Permutations 


How many ways can you form a four-digit number using each of the digits 1, 3, 
5, and 7 exactly once? 


Solution 

One way to solve this problem is simply to list the number of ways. 
1357 p37 Lo ots Lo holo 3 
BNEW SiGe Spy ile c TAS EN 


S305 73, 32 Woe) lod 13.5731 
Tiss MSS lop) ly olong 3S L 


Another way to solve the problem is to use the formula for the number of per- 
mutations of four elements. By that formula, there are 4! = 24 permutations. 


Example 9 Finding the Number of Permutations 


How many ways can you form a six-digit number using each of the digits 1, 2, 3, 
4,5, and 6 exactly once? 


Solution 


By the formula for the number of permutations of six elements, there are 
6! = 720 permutations. 


elute) | Finding the Number of Permutations @ 
You are a supervisor for 11 different employees. One of your responsibilities is to | 
perform an annual evaluation for each employee, and then rank the 11 different 
performances. How many different rankings are possible? 


Solution 


Because there are 11 different employees, you have 11 choices for first ranking. 
After choosing the first ranking, you can choose any of the remaining 10 for sec- 
ond ranking, and so on. 


Rankings of 11 Employees 
i T_T aa. aS 
11 10 9 8 if 6 5 4 3 2 1 


So, the number of different rankings is 11! = 39,916,800. 


Determine the number of ways 
n elements can be taken r at a time. 
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Combinations 


When counting the number of possible permutations of a set of elements, order is 
important. The final topic in this section is a method of selecting subsets of a larg- 
er set in which order is not important. Such subsets are called combinations of n 
elements taken r at a time. For instance, the combinations 


{A,B,C} ~7and  {B, A, C} 


are equivalent because both sets contain the same three elements, and the order in 
which the elements are listed is not important. So, you would count only one of 
the two sets. A common example of how a combination occurs is a card game in 
which the player is free to reorder the cards after they have been dealt. 

Do you remember this riddle? How many different ways can two of the three 
(wolf, goat, and cabbage) be left on the shore? 


A farmer wants to take a wolf, a goat, and cabbage across a river. 
Unattended, the wolf will eat the goat, and the goat will eat the cabbage. 
The farmer can only take one of the three on each trip across the river. 
How can the farmer take all three safely across the river? 


There are three possible combinations that can be left on the shore. 
{wolf, goat}, {wolf, cabbage}, { goat, cabbage} 


Of the three combinations, the farmer can only leave the wolf alone with the 
cabbage when he crosses the river. 


Selle) Combination of n Elements Taken r at a Time 


In how many different ways can three letters be chosen from the letters A, B, C, 
D, and E? (The order of the three letters is not important.) 


Solution 
The following subsets represent the different combinations of three letters that 


can be chosen from five letters. 


{A, B, C} {A, B, D} {A, B, E} {A, C, D} (A; GpE} 
es os Dil SH (B.C) dB be Grae 2 (Bs DEF {C5D2E} 


From this list, you can conclude that there are 10 different ways that three letters 
can be chosen from five letters. Because order is not important, the set {B, C, A} 
is not chosen. It is represented by the set {A, B, C}. 


The formula for the number of combinations of n elements taken r at a time 
is as follows. 


> Number of Combinations of n Elements Taken r at a Time 


The number of combinations of n elements taken r at a time is 


n! 
c= (n — rir! 
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Study Tip 


When solving problems involv- 
ing counting principles, you 
need to be able to distinguish 
among the various counting 
principles in order to determine 
which is necessary to solve 

the problem correctly. To do 
this, ask yourself the following 
questions. 


1. Is the order of the elements 
important? Permutation 


2. Are the chosen elements a 
subset of a larger set in 
which order is not important? 
Combination 


3. Does the problem involve 
two or more separate events? 
Fundamental Counting 
Principle 


Note that the formula for ,,C, is the same one given for binomial coefficients. 
To see how this formula is used, consider the counting problem given in Example 
11. In that problem, you need to find the number of combinations of five elements 
taken three at a time. Thus, n = 5, r = 3, and the number of combinations is 
5! 
ss = 9131 
a ae 
ot Oe 
= 10 


which is the same as the answer obtained in Example 11. 


elie) (4) Combinations of n Elements Taken r at a Time @ 


A standard poker hand consists of five cards dealt from a deck of 52. How many 
different poker hands are possible? (After the cards are dealt, the player may 
reorder them, and therefore order is not important.) 


Solution 


Use the formula for the number of combinations of 52 elements taken five at a 
time, as follows. 


52! 
525 = 47151 
_ 52+51+ 50-49 - 48 
54 - 3 
= 2,598,960 


So, there are almost 2.6 million different hands. 


The Boston Market restaurant chain offers individual rotisserie chicken __ 
meals with two side items. Customers can choose either dark or white — 
meat and can select side items from a list of 15. How many different 
meals are available if two different side items are to be ordered? Of the. 
15 side items, nine are hot and six are cold. How many different meals _ 
are available if a customer wishes to order one hot and one cold side __ 
item? (Source: Boston Market, Inc.) 


Random Selection 
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Integrated Review 


Keep mathematically in shape by doing these 
exercises before the problems of this section. 


Properties and Definitions 


1. Which of the following functions are exponen- 
tial? Explain. 


F(x) = 5x? g(x) = 215%) 
2. Explain why e?-* = e? - e-*’, 
Logarithms and Exponents 


In Exercises 3-6, rewrite the equation in exponen- 


tial form. 
3. log, 64 = 3 4. log; a A 
6. In5 ~ 1.6094. 


5. In = 0. 


Solving Problems 


In Exercises 1-6, find the number 


of ways the specified event can occur when one or more 
marbles are selected from a bowl containing 10 
marbles numbered 0 through 9. See Examples 1-3. 


1. One marble is drawn and its number is even. 

2. One marble is drawn and its number is prime. 

3. Two marbles are drawn one after the other. The first is 
replaced before the second is drawn. The sum of the 
numbers is 10. 

4. Two marbles are drawn one after the other. The first is 
replaced before the second is drawn. The sum of the 
numbers is 7. 

5. Two marbles are drawn without replacement. The sum 
of the numbers is 10. 

6.. Two marbles are drawn without replacement. The sum 
of the numbers is 7. 


Concepts, Skills, and Problem Solving 


In Exercises 7-10, solve the equation. (Round the 
result to two decimal places. ) 


7. 3* = 50 
9. log,(x — 5) =6 


Problem Solving 


8. ex/2 =8 
10. In(x + 3) = 10 


11. After ¢ years, the value of a car that cost 
$22,000 is given by 


V(t) = 22,000(0.8). 
Sketch a graph of the function and determine 
when the value of the car is $15,000. 


12. Carbon 14 has a half-life of 5730 years. If you 
start with 10 grams of this isotope, how much 
remains after 3000 years? 


Random Selection \n Exercises 7-16, find the number 
of ways the specified event can occur when one or more 
marbles are selected from a bowl containing 20 
marbles numbered 1 through 20. 


7. One marble is drawn and its number is odd. 
8. One marble is drawn and its number is even. 
9. One marble is drawn and its number is prime. 


10. One marble is drawn and its number is greater than 
ne 


11. One marble is drawn and its number is divisible by 3. 

12. One marble is drawn and its number is divisible by 6. 

13. Two marbles are drawn one after the other. The first 
is replaced before the second is drawn. The sum of 
the numbers is 8. 

14. Two marbles are drawn one after the other. The first 
is replaced before the second is drawn. The sum of 
the numbers is 15. 

15. Two marbles are drawn without replacement. The 
sum of the numbers is 8. 

16. Three marbles are drawn one after the other. Each 
marble is replaced before the next is drawn. The sum 
of the numbers is 15. 
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17. Staffing Choices A small grocery store needs to 28. Permutations List all the permutations of the 
open another checkout line. Three people who can letters X, Y, and Z. 
run the cash register are available and two people are 29. Permutations 
available to bag groceries. In how many different 
ways can the additional checkout line be staffed? 


List all the permutations of the 
letters A, B, C, and D. 


30. Permutations 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


Computer System You are in the process of 
purchasing a new computer system. You must choose 
one of three monitors, one of two computers, 
and one of two keyboards. How many different 
configurations of the system are available to you? 


Identification Numbers In a statistical study, each 
participant was given an identification label consist- 
ing of a letter of the alphabet followed by a single 
digit (0 is a digit). How many distinct identification 
labels can be made in this way? 

Identification Numbers How many identification 
labels (see Exercise 19) can be made by one letter of 
the alphabet followed by a two-digit number? 


License Plates How many distinct automobile 
license plates can be formed by using a four-digit 
number followed by two letters? 


License Plates How many distinct license plates 
can be formed by using three letters followed by a 
three-digit number? 


Three-Digit Numbers How many three-digit 
numbers can be formed in each of the following 
situations? 


(a) The hundreds digit cannot be 0. 
(b) No repetition of digits is allowed. 
(c) The number cannot be greater than 400. 


Toboggan Ride Five people line up on a toboggan 
at the top of a hill. In how many ways can they be 
seated if only two of the five are willing to sit in the 
front seat? 


Task Assignment Four people are assigned to four 
different tasks. In how many ways can the assign- 
ments be made if one of the four is not qualified for 
the first task? 

Taking a Trip Five people are taking a long trip in 
a car. Two sit in the front seat and three in the back 
seat. Three of the people agree to share the driving. 
In how many different arrangements can the five 
people sit? 

Aircraft Boarding Eight people are boarding an 
aircraft. Three have tickets for first class and board 
before those in economy class. In how many differ- 
ent ways can the eight people board the aircraft? 


31 


32. 


335 


34. 


35. 


36. 


S71: 


38. 


39. 


40. 


. Permutations 


List all the permutations of two 
letters selected from the letters A, B, and C. 


List all the permutations of two 
letters selected from the letters A, B, C, and D. 


Seating Arrangement In how many ways can five 
children be seated in a single row of five chairs? 


Seating Arrangement In how many ways can six 
people be seated in a six-passenger car? 


Posing for a Photograph In how many ways can 
four children line up in one row to have their picture 
taken? 


Combination Lock A combination lock will open 
when the right choice of three numbers (from | to 
40, inclusive) is selected. How many different lock 
combinations are possible? 


Access Code An access code will unlock a door 
when the right choice of five numbers (from 0 to 9, 
inclusive) is selected. How many different access 
codes are possible? 


Work Assignments Eight workers are assigned to 
eight different tasks. In how many ways can this be 
done assuming there are no restrictions in making 
the assignments? 


Work Assignments Out of eight workers, five are 
selected and assigned to different tasks. In how many 
ways can this be done if there are no restrictions in 
making the assignments? 


Choosing Offers From a pool of 10 candidates, the 
offices of president, vice-president, secretary, and 
treasurer will be filled. In how many ways can the 
offices be filled, if each of the 10 candidates can hold 
any office? 


Time Management Study There are eight steps in 
accomplishing a certain task and these steps can be 
performed in any order. Management wants to test 
each possible order to determine which is the least 
time-consuming. 


(a) How many different orders will have to be tested? 
(b) How many different orders will have to be 
tested if one step in accomplishing the task must 


be done first? (The other seven steps can be 
performed in any order.) 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


ce 49, 


50. 


51. 


Number of Subsets List all the subsets with two 
elements that can be formed from the set of letters 


tas. Bs CuDaBak it: 


Number of Subsets List all the subsets with three 
elements that can be formed from the set of letters 


(2,5, Cy DEE Eye 


Committee Selection Three students are selected 
from a class of twenty to form a fundraising 
committee. In how many ways can the committee 
be formed? 


Committee Selection In how many ways can 
a committee of five be formed from a group of 30 
people? 

Menu Selection A group of four people go out to 
dinner at a restaurant. There are nine entrees on the 
menu and the four people decide that no two will 
order the same thing. In how many ways can the four 
people order from the nine entrees? 


Menu Selection A group of six people go out to 
dinner at a restaurant. There are 12 entrees on the 
menu and the six people decide that no two will 
order the same thing. In how many ways can the six 
people order from the 12 entrees? 


Test Questions A student may answer any nine 
questions from the 12 questions on an exam. 
Determine the number of ways the student can select 
the nine questions. 


Test Questions A student may answer any three 
questions from the 10 questions on an exam. 
Determine the number of ways the student can select 
the three questions. 

Basketball Lineup A high school basketball team 
has 15 players. Use a graphing utility to determine 
the number of ways the coach can choose 5 players in 
the starting lineup. (Assume each player can play 
each position.) 

Softball League Six churches form a softball 
league. If each team must play every other team twice 
during the season, what is the total number of league 
games played? 

Job Applicants An employer interviews six people 
for four openings in the company. Four of the six peo- 


- ple are women. If all six are qualified, in how many 


ways could the employer fill the four positions if 
(a) the selection is random? 


(b) exactly two women are selected? 


D2 


SD: 


54. 


SDs 


Geometry 
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Defective Units A shipment of 10 microwave 
ovens contains two defective units. In how many 
ways can a vending company purchase three of these 
units and receive 


(a) all good units? 
(c) one good unit? 


(b) two good units? 


Group Selection Four people are to be selected 
from four couples. In how many ways can this be 
done if 


(a) there are no restrictions? 

(b) one person from each couple must be selected? 
Geometry Eight points are located in the coordi- 
nate plane such that no three lie on the same line. 


How many different triangles can be formed having 
their vertices as three of the eight points? 


Geometry Three points that are not on the same 
line determine three lines. How many lines are 
determined by seven points, no three of which are on 
a line? 


In Exercises 56-59, find the number of 


diagonals of the polygon. (A line segment connecting 
any two nonadjacent vertices of a polygon is called a 


diagonal of the polygon.) 


56. 


58. 


Pentagon 57. Hexagon 
Octagon 59. Decagon 


© 
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60. Relationships As the size of a group increases, the ° | 
number of relationships increases dramatically (see 


hd e e 
figure). Determine the number of two-person rela- i a | | / 
tionships in a group that has the following numbers. 
@ e@ 


(a) 3b Rae (ceo Te (d)* 8 (ey elOmd el? 


Explaining Concepts © 

61. State the Fundamental Counting Principle. 64. Without calculating the numbers, determine which 

62. When you use the Fundamental Counting Principle, is greater: the combination of 10 elements taken six 
what are you counting? at a time or the permutation of 10 elements taken six 


: : ibd: at a time. Explain. 
63. Give examples of a permutation and a combination. P 


eee 


PE Ne Re ON TET ON ee TA Ne ERT NTT ee 


eR TP POM RY 


Section 10.6 Probability 671 


Probability | 


Ml Determine the probability that 
an event will occur. 


The Probability of an Event 


The probability of an event is a number from 0 to | that indicates the likelihood 
that the event will occur. An event that is certain to occur has a probability of 1. 
An event that cannot occur has a probability of 0. An event that is equally likely 
to occur or not occur has a probability of : or 0.5. 


“Probability of 0.5: Probability of 1: 
iE ant Event is equally likely Event must 
ROCOUE asset to occur or not occur. occur. 

0 0.5 1 


> The Probability of an Event 


Consider a sample space S that is composed of a finite number of out- 
comes, each of which is equally likely to occur. A subset E of the sample 


space is an event. The probability that an outcome F will occur is 


“y number of outcomes in event 
number of outcomes in sample space 


elute) (ates Finding the Probability of an Event @ 


a. You select a card from a standard deck of 52 cards. What is the probability that 
the card is an ace? 


_ number ofacesinthedeck _ 4 — I 
~ number of cards in the deck 52 13 


b. You are dialing a friend’s phone number but cannot remember the last digit. If 
you choose a digit at random, the probability that it is correct is 


_ number of correct digits _ 1 
~ number of possible digits 10’ 


c. On a multiple-choice test, you know that the answer to a question is not (a) or 
(d), but you are not sure about (b), (c), and (e). If you guess, the probability 
that you are wrong is 


number of wrong answers _ 2 


number of possible answers 3 
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Conducting a Poll @ 


The Centers for Disease Control took a survey of 11,631 high school students. 
The students were asked whether they considered themselves to be a good 
weight, underweight, or overweight. The results are shown in Figure 10.3. 


Female ' Male 

Good weight Good weight 
Overweight 4389 

1776 oy 


: Underweight 


366 Underweight 


Overweight 1057 
961 


Figure 10.3 


a. If you choose a female at random from those surveyed, the probability that she 
said she was underweight is 


p= number of females who answered “underweight” 
number of females in survey 


» 366 

3082 + 366 + 1776 
_ 366 

5224 
~ 0.07. 


b. If you choose a person who answered “underweight” from those surveyed, the 
probability that the person is female is 


__ number of females who answered “underweight” 
number in survey who answered “underweight” 


be P1266 
366 + 1057 


_ 366 
1423 


= (20; 


|~ 50 in. >| 


Figure 10.4 


Figure 10.5 
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Polls such as the one described in Example 2 are often used to make infer- 
ences about a population that is larger than the sample. For instance, from 
Example 2, you might infer that 7% of all high school girls consider themselves 
to be underweight. When you make such an inference, it is important that those 
surveyed are representative of the entire population. 


Using Area to Find Probability @ 


You have just stepped into the tub to take a shower when one of your contact lens- 
es falls out. (You have not yet turned on the water.) Assuming the lens is equally 
likely to land anywhere on the bottom of the tub, what is the probability that it 
lands in the drain? Use the dimensions in Figure 10.4 to answer the question. 
Solution 

Because the area of the tub bottom is (26)(50) = 1300 square inches and the area 
of the drain is 


a (12 ee Area of drain 


square inches, the probability that the lens lands in the drain is about 


7 
P= 1300 ~ 0.0024. 


The Probability of Inheriting Certain Genes @ 


Common parakeets have genes that can produce any one of four feather colors: 


Green: BBCC, BBCc, BbCC, BbCc 


Blue: BBcc, Bbcc 
Yellow: bbCC, bbCc 
White: bbcc 


Use the Punnett square in Figure 10.5 to find the probability that an offspring to 
two green parents (both with BbCc feather genes) will be yellow. Note that each 
parent passes along a B or b gene and a C or c gene. 

Solution 

The probability that an offspring will be yellow is 


number of yellow possibilities 
number of possibilities 


P= 
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Use counting principles to Using Counting Methods to Find Probabilities | 

determine the probability that an some 

event will occur. In the following examples, you will see how the basic counting principles you 
learned in Section 10.5 are used to determine the probability that an event will 

Standard 52-Card Deck ca: 


Aa AW A@ Ab 


an ee me ae Example 5 fiir: Probability of a Royal Flush @ 


Ja Jv J@ J& 


10@ 10% 106 10m Five cards are dealt at random from a standard deck of 52 playing cards (see 
94 94 +8 CO Figure 10.6). What is the probability that the cards are 10-J-Q-K-A of the same 
8& 84 8% 8e@ suit? 

7@ #74 +76 +76 : 

COC VT AGS Ge Solution 

St) EP eke et On page 666, you saw that the number of possible five-card hands from a deck of 


4@ 449 #+4¢ 46 
3@ 39 #30 36 
2a 2” 2¢ 26 


52 cards is 5,C; = 2,598,960. Because only four of these five-card hands are 

10-J-Q-K-A of the same suit, the probability that the hand contains these cards is 
ne 4 iy 1 

Figure 10.6 2,598,960 649,740" 


> <liilel(-mele Conducting a Survey @ 


A survey was conducted of 500 adults who had worn Halloween costumes. Each 
person was asked how he or she acquired a Halloween costume: created it, rent- 
ed it, bought it, or borrowed it. The results are shown in Figure 10.7. What is the 
probability that the first four people who were polled all created their costumes? 


Solution 


To answer this question, you need to use the formula for the number of combina- 
tions twice. First, find the number of ways to choose four people from 360 who 
created their own costumes. 


SOOM BOERS OSI O F 


360A osteo = 688,235,310 


Next, find the number of ways to choose four people from the 500 who were 


Getting Costumed & surveyed. 
Created _ 500 + 499 - 498 - 497 


360 500C4 —_ 4 i 3 - 2 : 1 = DSI BAO ILS) 


Borrowed 
20 


The probability that all of the first four people surveyed created their own cos- 
Rented tumes is the ratio of these two numbers. 


60 
_ number of ways to choose 4 from 360 
number of ways to choose 4 from 500 
Bought 
60 7 088:255,510 


> SSeS 
Figure 10.7 = (0.267 
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chile (-wame Forming a Committee @ 


To obtain input from 200 company employees, the management of a company 
selected a committee of five. Of the 200 employees, 56 were from minority 
groups. None of the 56, however, was selected to be on the committee. Does this 
indicate that the management’s selection was biased? 


Solution 
Part of the solution is similar to that of Example 6. If the five committee members 
were selected at random, the probability that all five would be nonminority is 


number of ways to choose 5 from 144 nonminority employees 


P= 
number of ways to choose 5 from 200 employees 


= 144C5 


200s 
— 481,008,528 
~ 2,535,650,040 
= 0.19. 


So, if the committee were chosen at random (that is, without bias), the likelihood 
that it would have no minority members is about 0.19. Although this does not 
prove that there was bias, it does suggest it. 


Probability of Guessing Correctly 


_ You are taking a chemistry test and are asked to arrange the first 10 
elements in the order in which they appear on the periodic table of 

~ elements. Suppose that you have no idea of the correct order and sim- 

_ ply guess. Does the following computation represent the probability 

_ that you guess correctly? Explain. 


— Solution 


You have 10 choices for the first element, nine choices for the second, 

eight choices for the third, and so on. The number of different orders 
is 10! = 3,628,800, which means that your probability of guessing 
correctly 15”, . 


a 
ee 3,628,800° 
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Sample Space \n Exercises 1-4, determine the number 
of outcomes in the sample space for the experiment. 


1. One letter from the alphabet is chosen. 

2. A six-sided die is tossed twice and the sum is recorded. 
3. Two county supervisors are selected from five super- 
visors, A, B, C, D, and E, to study a recycling plan. 

4. A salesperson makes a presentation about a product in 


three homes per day. In each home there may be a sale 
(denote by Y) or there may be no sale (denote by N). 


Sample Space \n Exercises 5-8, list the outcomes in 
the sample space for the experiment. 


5. A taste tester must taste and rank three brands of 
yogurt, A, B, and C, according to preference. 

6. A coin and a die are tossed. 

7. A basketball tournament between two teams consists 


of three games. For each game, your team may win 
(denote by W) or lose (denote by L). 


8. Two students are randomly selected from four 
students, A, B, C, and D. 


ee 
ee ee 


In Exercises 9 and 10, you are given the probability that 
an event will occur. Find the probability that the event 
will not occur. 


9. p = 0.35 10. p = 08 


In Exercises 11 and 12, you are given the probability 
that an event will not occur. Find the probability that the 
event will occur. 


11. p = 0.82 12. p = 0.13 


Coin Tossing \n Exercises 13-16, a coin is tossed three 
times. Find the probability of the specified event. Use 
the sample space 

S = {HHH, HHT, HTH, HTT, THH, THT, T TH, TTT}. 
13. The event of getting exactly two heads 

14. The event of getting a tail on the second toss 

15. The event of getting at least one head 

16. The event of getting no more than two heads 


Playing Cards \n Exercises 17-20, a card is drawn 
from a standard deck of 52 playing cards. Find the 
probability of drawing the indicated event. 

17. A red card 

19. A face card 


18. A queen 
20. A black face card 


Tossing a Die \n Exercises 21-24, a six-sided die is 
tossed. Find the probability of the specified event. 


21. The number is a 5. 

22. The number is a 7. 

23. The number is no more than 5. 
24. The number is at least 1. 


United States Blood Types \n Exercise 25 and 26, use 
the circle graph, which shows the percent of people in 
the United States in 1996 with each blood type. See 
Example 2. (Source: America’s Blood Centers) 


United States Blood Types 
Type AB 4% 


Type A 42% 


Type O 44% 


Type B 10% 


25. A person is selected at random from the United 
States population. What is the probability that the 
person does not have blood type B? 


26. What is the probability that a person selected at 
random from the United States population does have 
blood type B? How is this probability related to the 
probability found in Exercise 25? 


Charitable Giving \n Exercises 27-30, use the circle 
graph, which shows the percent of households in the 
United States by dollar amount given for the year 1995. 
Answer the question for a household selected at 
random from the population. (Source: U.S. Bureau 
of the Census) 
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$1000 or more 
24.3% 


$501 — $999 


$201 — $500 14.8% 


25.0% 


Figure for 27-30 


27. What is the probability that the household gave at 
least $1000? 


28. What is the probability that the household gave no 
more than $200? 

29. What is the probability that the household gave no 
more than $500? 


30. What is the probability that the household gave more 
than $500? 


31. Multiple-Choice Test A student takes a multiple- 
choice test in which there are five choices for each 
question. Find the probability that the first question 
is answered correctly given the following conditions. 


(a) The student has no idea of the answer and 
guesses at random. 


(b) The student can eliminate two of the choices and 
guesses from the remaining choices. 


(c) The student knows the answer. 
32. Multiple-Choice Test A student takes a multiple- 
choice test in which there are four choices for each 


question. Find the probability that the first question 
is answered correctly given the following conditions. 


(a) The student has no idea of the answer and 
guesses at random. 


(b) The student can eliminate two of the choices and 
guesses from the remaining choices. 


(c) The student knows the answer. 
33. Class Election Three people are running for class 
president. It is estimated that the probability that 


Candidate A will win is 0.5 and the probability that 
Candidate B will win is 0.3. 


(a) What is the probability that either Candidate A 
or Candidate B will win? 


(b) What is the probability that the third candidate 
will win? 
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34. Winning an Election Jones, Smith, and Thomas 
are candidates for public office. It is estimated that 
Jones and Smith have about the same probability 
of winning, and Thomas is believed to be twice as 
likely to win as either of the others. Find the proba- 
bility of each candidate winning the election. 


35. Continuing Education Inahigh school graduating 
class of 325 students, 255 are going to continue their 
education. What is the probability that a student 
selected at random from the class will not be 


furthering his or her education? 


36. Study Questions An instructor gives the class a list 
of four study questions for the next exam. Two of the 
four study questions will be on the exam. Find the 
probability that a student who only knows the mate- 
rial relating to three of the four questions will be able 
to correctly answer both questions selected for the 
exam. 


Geometry _\n Exercises 37-40, the specified probability 
is the ratio of two areas. See Example 3. 


37. Meteorites The largest meteorite in the United 
States was found in the Willamette Valley of Oregon 
in 1902. Earth contains 57,510,000 square miles of 
land and 139,440,000 square miles of water. What is 
the probability that a meteorite that hits the earth will 
fall onto land? What is the probability that a meteorite 
that hits the earth will fall into water? 


38. Game Achild uses a spring-loaded device to shoot 
a marble into the square box shown in the figure. The 
base of the square is horizontal and the marble has an 
equal likelihood of coming to rest at any point on the 
base. In parts (a)—(d), find the probability that the 
marble comes to rest in the specified region. 


(a) The red center (b) The blue ring 
(c) The purple border (d) Not in the yellow ring 


Is 24 in. >| 


39. Meeting Time You and a friend agree to meet at a 
favorite restaurant between 5:00 and 6:00 P.M. The 
one who arrives first will wait 15 minutes for the 
other, after which the first person will leave (see 
figure). What is the probability that the two of you 
actually meet, assuming that your arrival times are 
random within the hour? 


7 © You meet 
|} G You meet 
You don't meet 


60 -- 


45 


30 


15+ 


Your friend’s arrival time 
(in minutes past 5:00 P.M.) 


15 30 45 60 
Your arrival time 
(in minutes past 5:00 P.M.) 


40. Estimating 7 A coin of diameter d is dropped onto 
a paper that contains a grid of squares d units on a 
side (see figure). 


(a) Find the probability that the coin covers a vertex 
of one of the squares in the grid. 


(b) Repeat the experiment 100 times and use the 
results to approximate 7. 


dA 
“wa 


In Exercises 41 and 42, complete the Punnett square 
and answer the questions. See Example 4. 


41. Girl or Boy? The genes that determine the sex of 
humans are denoted by XX (female) and XY (male). 
(See figure.) 


(a) What is the probability that a newborn will be a 
girl? a boy? 


(b) Explain why it is equally likely that a newborn 
baby will be a boy or a girl. 


Female 


Male 


Figure for 41 Figure for 42 

42. Blood Types There are four basic human blood 
types: A (AA or Ao), B (BB or Bo), AB (AB), and O 
(00) (see figure). 


(a) What is the blood type of each parent? 


(b) What is the probability that their offspring will 
have blood type A? B? AB? O? 


In Exercises 43-54, some of the sample spaces are 
large. Therefore, you should use the counting principles 
discussed in Section 10.5. See Examples 5 and 6. 


43. Game Show On a game show, you are given five 
digits to arrange in the proper order for the price of a 
car. If you arrange them correctly, you win the car. 
Find the probability of winning if you know the cor- 
rect position of only one digit and must guess the 
positions of the other digits. 


44. Game Show On a game show you are given four 
digits to arrange in the proper order for the price of a 
grandfather clock. What is the probability of winning 
given the following conditions? 

(a) You guess the position of each digit. 
(b) You know the first digit, but must guess the 
remaining three. 

45. Lottery You buy a lottery ticket inscribed with a 
five-digit number. On the designated day, five digits 
(from 0 to 9 inclusive) are randomly selected. What 
is the probability that you have a winning ticket? 


46. Shelving Books A parent instructs a young child 
to place a five-volume set of books on a bookshelf. 


AON EES So tee a ie 


@55. Answer parts (d)-(f) of Motivating the Chapter on 


page 623. 

56. The probability of an event must be a real number in 
what interval? Is the interval open or closed? 

57. The probability of an event is 3. What is the proba- 
bility that the event does not occur? Explain. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


58. 


59: 
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Find the probability that the books are in the correct 
order if the child places them at random. 

Preparing for a Test An instructor gives her class 
a list of 10 study problems, from which she will 
select eight to be answered on an exam. If you know 
how to solve eight of the problems, what is the 
probability that you will be able to correctly answer 
all eight questions on the exam? 


Committee Selection A committee of three stu- 
dents is to be selected from a group of three girls and 
five boys. Find the probability that the committee is 
composed entirely of girls. 


Defective Units A shipment of 10 food processors 
to a certain store contains two defective units. If you 
purchase two of these food processors as birthday 
gifts for friends, determine the probability that you 
get both defective units. 


Defective Units A shipment of 12 compact disc 

players contains two defective units. A husband and 

wife buy three of these compact disc players to give 

to their children as Christmas gifts. 

(a) What is the probability that none of the three 
units is defective? 

(b) What is the probability that at least one of the 
units is defective? 

Book Selection Four books are selected at random 

from a shelf containing six novels and four autobi- 

ographies. Find the probability that the four autobi- 

ographies are selected. 

Card Selection Five cards are selected from a 

standard deck of 52 cards. Find the probability that 

four aces are selected. 

Card Selection Five cards are selected from a 

standard deck of 52 cards. Find the probability that 

all hearts are selected. 

Card Selection Five cards are selected from a 

standard deck of 52 cards. Find the probability that 

two aces and three queens are selected. 


What is the sum of the probabilities of all the occur- 
rences of outcomes in a sample space? Explain. 

The weather forecast indicates that the probability of 
rain is 40%. Explain what this means. 
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_ Key Concepts 


“|. 4 The nth term of an arithmetic sequence 


The nth term of an arithmetic sequence has the form 
d,, = a, + (n — 1)d, where d is the common difference 
of the sequence, and a, is the first term. 


1 2 The nth partial sum of an arithmetic 
sequence 


The nth partial sum of the arithmetic sequence whose 
nth term is a, is 


i at a 
a= a tata, tat--+a,= a 22%) 
I 


“| <) The nth term of a geometric sequence 


The nth term of a geometric sequence has the form 

a, = a,r"_ |, where r is the common ratio of consecu- 
tive terms of the sequence. So, every geometric 
sequence can be written in the following form. 


QO, ae ar. a. 


0 <) The nth partial sum of a geometric 
sequence 

The nth partial sum of the geometric sequence whose 
nth term is a, = a,r” | is given by 


n 
ee 
1 


a 
Sum of an infinite geometric series 


Pett 


If a,,a,r,4,r°,. . .,a,r",. . . is an infinite geometric 
sequence, then for |r| < 1, the sum of the terms is 
s ar ae 

: ba: 


i=1 
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10.4 The Binomial Theorem 

In the expansion of (x + y)” 

wt ys x tn fy Se 
pw yy ee a ye 

the coefficient of x" "y’ is given by 


C n! 


nr y= pint 


10.5 Fundamental Counting Principle 


Let E, and E, be two events. The first event E, can 
occur in m, different ways. After E, has occurred, E, 
can occur in m, different ways. The number of ways 
that the two events can occur is m, + m). 


10.5 Number of permutations of n elements 


The number of permutations of n elements is given by 


ne(n= 1). 34-3-2051 = al, 
10.5 Number of combinations of n elements 
taken r at a time 


The number of combinations of n elements taken r at a 


; : n! 
time is: C= Co 


The probability of an event 


The probability that an outcome E will occur is 
Ss number of outcomes in event 
number of outcomes in sample space’ 


=. 


lata all ES ee ———— ee 


o\ 


Ry RA ee 


PVRS 


PE ORE NE NTE Be re NNO Pr ey A 
Ren wey ’ : 


\ 


In Exercises 1-4, write the first five terms of the 


sequence. (Begin with n = 1.) 


inden +5 2. a,=3n-4 
Tena 
DAC eae ars 4. a, = (n + 1)! 


In Exercises 5-8, find the nth term of the sequence. 


By ginger 5. 7.20.0 tix, 69:3) 26,0310 15)C8- 
LEO Sara. SS 
US Ps ONAL as aie 8 


0939 49 59 62-2 


In Exercises 9-14, match the sequence with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(b) 


681 


REVIEW EXERCISES 


Review Exercises 


In Exercises 15-18, evaluate the sum. 


4 (—1)k 
16. 
a=] 2, k 
nT | i| as id 1 
i SIG Sree LOOM beans 


In Exercises 19-22, use sigma notation to write the 
sum. 


195 |S) 93+ (S52) 8 sli et 


[5(4) — 3] 
20. [9 — 10(1)] + [9 — 10(2)] + [9 — 10(3)] + 
[9 — 10(4)] 
1 1 I I 1 1 


41-3) 1. 32) 93), 34) 136) 36) 


( 
22. (-$)° + ($8 + (4 + (4 + 
In Exercises 23 and 24, find the common differ- 
ence of the arithmetic sequence. 


abies Vie df RV eB an AU ahs 
24.912 1S 1S ees 


In Exercises 25-32, write the first five terms of the arith- 
metic sequence. (Begin with n = 1.) 


25. a, = 132 —5n 26. a, = 2n + 3 
a, =n a 28. a, = —int+1 
29a, 30..a,,= 12 

Api, = a, + 3 Age, = & +15 
31. a, = 80 32. a, = 25 

Gee ONS 5 Ans = a — 6 


In Exercises 33-36, find a formula for the nth term of 
the arithmetic sequence. 


33. a, = 10, d=4 
ge Gy Sey mae) 
35. a, = 1000, a, = 950 


36.) 4: = 12, “a, =.20 


(ass3) 
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In Exercises 37-40, find the nth partial sum of the arith- 
metic sequence. 


12 10 
hy SS he = 38. 5) (100 — 10k) 
(eel =| 


50 37 
40. So 
2 


In Exercises 41 and 42, use a graphing utility to evalu- 
ate the sum. 


100 
42. S' (5000 — 3.5i) 


io 


60 
Ale ace251c 4) 
i=1 


18%) In Exercises 43 and 44, find the common ratio 
of the geometric sequence. 

ASM Se 1281 SPOT 

CO, Yl, SARS 10), Sherr 


In Exercises 45-50, write the first five terms of the geo- 
metric sequence. 


45. a, = 10, r=3 46. a, =2, r=-5 
47. a, = 100, r= —35 AS91260, 
49. a, =3 50. a, = 36 

Ay+ = 2a, a 30, 


In Exercises 51-56, find a formula for the nth term of 
the geometric sequence. 


51.a,=1, r= —3 
Sc ede 1007 1 OF 
53. a, = 24, a, = 48 
54. a,= 16, a,=—4 
Scape 12) a) =| 
S6ua7 "lh ta 


In Exercises 57-64, find the nth partial sum of the geo- 
metric sequence. 


ps 
i) 
= 
N 


s 
i 
a 
= 
x 
a I 
iw 


59. 5° 5(-3)" 60. S. 4(3)' 
i k=] 
8 ; 
ah, Sa 62. y (195) 4 
i=1 = 
120 2 
63. 5) 500(1.01)” 64. 5) 1000(1.1)” 


n=1 


& 
Il 
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In Exercises 65-68, find the sum of the infinite geomet- 
ric series. 


65. S (2)! 66. S ee 
= i= 
67. 5, 4G) = 68. > mee 


In Exercises 69 and 70, use a graphing utility to evalu- 
ate the sum. 


60 
70. »S, 25(0.9)/—! 


aaa 


50 
69. Ss 50(1.2)*! 
k=1 


In Exercises 71-74, find the binomial coeffi- 
cient. 
ils Ae. 


In Exercises 75-78, use a graphing utility to evaluate ,C, 


In Exercises 79-84, use the Binomial Theorem to 
expand the binomial expression. Simplify the result. 


79. («= 1) 80. (y — 2) 
SLIGuaa yy): 82. (2u + 5yv)* 
83. (u? + v°)? $47 (x* — 5p)" 


In Exercises 85-88, find the coefficient of the given term 
of the expression. 


Expression Term 
op (Eee See me 
86. (x + 4)? ve 


87. Grteey) xy? 
88. (2x — 3y)> 


89. 


90. 
91. 


92. 


oS. 


94. 


a5. 


96. 


97. 
-- ways a committee of five people can be formed from 


Solving Problems 


Find the sum of the first 50 positive integers that are 
multiples of 4. 


Find the sum of the integers from 225 to 300. 


Auditorium Seating Each row in a small auditori- 
um has three more seats than the preceding row. Find 
the seating capacity of the auditorium if the front row 
seats 22 people and there are 12 rows of seats. 


Depreciation A company pays $120,000 fora 
machine. During the next 5 years, the machine 
depreciates at the rate of 30% per year. (That is, at 
the end of each year, the depreciated value is 70% of 
what it was at the beginning of the year.) 


(a) Find a formula for the nth term of the geometric 
sequence that gives the value of the machine n 
full years after it was purchased. 


(b) Find the depreciated value of the machine at the 
end of 5 full years. 


Population Increase A city of 85,000 people is 
growing at the rate of 1.2% per year. (That is, at the 
end of each year, the population is 1.012 times what 
it was at the beginning of the year.) 


(a) Find a formula for the nth term of the geometric 
sequence that gives the population n years from 
now. 


(b) Estimate the population 50 years from now. 


Salary Increase You accept a job that pays a salary 
of $32,000 the first year. During the next 39 years, 
you receive a 5.5% raise each year. What would your 
total salary be over the 40-year period? 


Morse Code In Morse code, all characters are 
transmitted using a sequence of dots and dashes. 
How many different characters can be formed by 
using a sequence of three dots and dashes? (These 
can be repeated. For example, dash-dot-dot repre- 
sents the letter d.) 

Random Selection Ten marbles numbered 0 
through 9 are placed in a bag. List the ways in which 
two marbles having a sum of 8 can be drawn without 
replacement. 


Committee Selection Determine the number of 


a group of 15 people. 


98 


99 


100. 


101. 


102. 


103. 


104. 
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Review Exercises 


. Program Listing There are seven participants in a 
piano recital. In how many orders can their names 
be listed in the program? 

. Rolling a Die Find the probability of obtaining a 

number greater than 4 when a six-sided die is 

rolled. 

Coin Tossing Find the probability of obtaining at 

least one head when a coin is tossed four times. 

Book Selection A child who does not know how 

to read carries a four-volume set of books to a 

bookshelf. Find the probability that the child will 

put the books on the shelf in the correct order. 


Rolling a Die Are the chances of rolling a 3 with 
one six-sided die the same as the chances of rolling 
a total of 6 with two six-sided dice? If not, which 
has the greater probability of occurring? 


Hospital Inspection As part of a monthly inspec- 
tion at a hospital, the inspection team randomly 
selects reports from eight of the 84 nurses who are 
on duty. What is the probability that none of the 
reports selected will be from the ten most experi- 
enced nurses? 


Target Shooting An archer shoots an arrow at the 
target shown in the figure. Suppose that the arrow is 
equally likely to hit any point on the target. What is 
the probability that the arrow hits the bull’s-eye? 
What is the probability that the arrow hits the blue 
ring? 
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Take this test as you would take a test in class. After you are done, check your 
work against the answers given in the back of the book. 


1. 
2. 


. Use sigma notation to write 


Write the first five terms of the sequence a,, = (—§)" ", (Begin with n = 1.) 
4 


Evaluate: SY (3j + 1) 


7=0 


5 
. Evaluate: S$’ (3 — 4n) 
n=1 


Lonestar sth etait apna 
3(1)icouiene3(2) ee 342) 


. Write the first five terms of the arithmetic sequence whose first term is 


a, = 12 and whose common difference is d = 4. 


. Find a formula for the nth term of the arithmetic sequence whose first term 


is a, = 5000 and whose common difference is d = — 100. 


. Find the sum of the first 50 positive integers that are multiples of 3. 


9 27 


. Find the common ratio of the geometric sequence: 2, —3,5, —G,.. .. 
. Find a formula for the nth term of the geometric sequence whose first term 


is a, = 4 and whose common ratio is r = 5. 


8 
. Evaluate: 5 2(2") 


n=1 


. Evaluate: 5) 3(2)" 
. Evaluate: S (5)' 


. Evaluate: 2 4(2)" 


. Fifty dollars is deposited each month in an increasing annuity that pays 8%, 


compounded monthly. What is the balance after 25 years? 


. Evaluate: 5.C, 

. Explain how to use Pascal’s Triangle to expand (x — 2)°. 

. Find the coefficient of the term x*y> in the expansion of (x + y)8. 

- How many license plates can consist of one letter followed by three digits? 


. Four students are randomly selected from a class of 25 to answer questions 


from a reading assignment. In how many ways can the four be selected? 


. The weather report indicates that the probability of snow tomorrow is 0.75. 


What is the probability that it will not snow? 


- A card is drawn from a standard deck of playing cards. Find the probability 


that it is a red face card. 


- Suppose two spark plugs require replacement in a four-cylinder engine. If the 


mechanic randomly removes two plugs, find the probability that they are the 
two defective plugs. 


Set 
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Introduction 


In Section 2.2 you studied the point-plotting method for sketching the graph of an 
equation. One of the disadvantages of the point-plotting method is that to get a 
good idea about the shape of a graph you need to plot many points. By plotting 
only a few points, you can badly misrepresent the graph. 

For instance, consider the equation y = x°. To graph this equation, suppose 
you calculated only the following three points. 


By plotting these three points, as shown in Figure A.1(a), you might assume that 


_ the graph of the equation is a straight line. This, however, is not correct. By plot- 


ting several more points, as shown in Figure A.1(b), you can see that the actual 
graph is not straight at all. 


(a) 
Figure A.1 


So, the point-plotting method leaves you with a dilemma. On the one hand, 
the method can be very inaccurate if only a few points are plotted. But, on the other 
hand, it is very time-consuming to plot a dozen (or more) points. Technology can 
help you solve this dilemma. Plotting several points (or even hundreds of points) 
on a rectangular coordinate system is something that a computer or graphing 
calculator can do easily. 
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Figure A.2 
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Figure A.3 
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Using a Graphing Utility 


There are many different graphing utilities: some are graphing packages for 
computers and some are hand-held graphing calculators. In this section we 
describe the steps used to graph an equation with a T/-83 graphing utility. (See 
Figure A.2.) We will often give keystroke sequences for illustration; however, 
these may not agree precisely with the steps required by your calculator.” 


> Graphing an Equation with a 7/-83 Graphing Calculator 


Before performing the following steps, set your calculator so that all of 
the standard defaults are active. For instance, all of the options at the 
left of the screen should be highlighted. 


1. Set the viewing window for the graph. (See Example 3.) To set the 
standard viewing window, press Oe 


2. Rewrite the equation so that y is isolated on the left side of the 
equation. 


3. Press the key. Then enter the right side of the equation on the 
first line of the display. (The first line is labeled Y, = .) 


Press the (GRAPH) key. 


> 


<lue(ai | Graphing a Linear Equation 


Sketch the graph of 2y + x = 4. 


Solution 
To begin, solve the given equation for y in terms of x. 


2y tex a4 Original equation 
2y = Xt Subtract x from both sides. 
1 
y= 5% sp 2 Divide both sides by 2. 


Press the key, and enter the following keystrokes. 
BZ a2 


The top row of the display should now be as follows. 
Y, =-X/2+2 
Press the key, and the screen should look like that shown in Figure A.3. 


The graphing calculator keystrokes given in this section correspond to the TI-83 graphing utility by 
Texas Instruments. For other graphing utilities, the keystrokes may differ. Consult your user’s guide. 


| 


Figure A.5 
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In Figure A.3, notice that the calculator screen does not label the tick marks 
on the x-axis or the y-axis. To see what the tick marks represent, you can press 
(WINDOW). If you set your calculator to the standard graphing defaults before 
working Example 1, the screen should show the following values. 


Xmin = -10 The minimum x-value is — 10. 
Xmax = 10 The maximum x-value is 10. 
Xscl = | The x-scale is 1 unit per tick mark. 
Ymin = -10 The minimum y-value is — 10. 
Ymax = 10 The maximum y-value is 10. 
Yscl = 1 The y-scale is 1 unit per tick mark. 
Xres = | Sets the pixel resolution. 


These settings are summarized visually in Figure A.4. 


Ymax 


Xmin >| |< Xmax 


Ymin 


Figure A.4 


=> Tii)9)(4e ~Graphing an Equation Involving Absolute Value 


Sketch the graph of y = |x — 3]. 


Solution 


This equation is already written so that y is isolated on the left side of the equa- 
tion. Press the key, and enter the following keystrokes. 


ABS) © (XTaa) © 3 
The top row of the display should now be as follows. 

Y, = abs(X — 3) 
Press the key, and the screen should look like that shown in Figure A.5. 
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Using the Special Features of a Graphing Utility 


To use your graphing utility to its best advantage, you must learn to set the 
viewing window, as illustrated in the next example. 


Setting the Viewing Window 
Sketch the graph of y = x? + 12. 


Solution 
Press and enter x2 + 12 on the first line. 


(x.T.@.n) (27) (J 12 


Press the key. If your calculator is set to the standard viewing window, 
nothing will appear on the screen. The reason for this is that the lowest point on 
the graph of y = x? + 12 occurs at the point (0, 12). Using the standard viewing 
window, you obtain a screen whose largest y-value is 10. In other words, none 
of the graph is visible on a screen whose y-values vary between — 10 and 10, 
as shown in Figure A.6(a). To change these settings, press and enter the 
following values. 


Xmin = -10 The minimum x-value is — 10. 
Xmax = 10 The maximum x-value is 10. 

Xscl = 1 The x-scale is 1 unit per tick mark. 
Ymin = -10 The minimum y-value is — 10. 
Ymax = 30 The maximum y-value is 30. 

Yscl = 5 The y-scale is 5 units per tick mark. 
Xres = 1 Sets the pixel resolution. 


Press and you will obtain the graph shown in Figure A.6(b). On this 
graph, note that each tick mark on the y-axis represents 5 units because you 
changed the y-scale to 5. Also note that the highest point on the y-axis is now 30 
because you changed the maximum value of y to 30. 


10 


-10 


(a) (b) 
Figure A.6 


If you changed the y-maximum and y-scale on your utility as indicated in 
Example 3, you should return to the standard settings before working Example 4. 


To do this, press 6. 
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Using a Square Setting 


Sketch the graph of y = x. The graph of this equation is a straight line that makes 
a 45° angle with the x-axis and with the y-axis. From the graph on your utility, 
does the angle appear to be 45°? 


Solution 
Press Y=) and enter x on the first line. 

Y, =X 
Press the (GRAPH) key and you will obtain the graph shown in Figure A.7(a). 
Notice that the angle the line makes with the x-axis doesn’t appear to be 45°. The 
reason for this is that the screen is wider than it is tall. This makes the tick marks 
on the x-axis farther apart than the tick marks on the y-axis. To obtain the same 


distance between tick marks on both axes, you can change the graphing settings 
from “standard” to “square.” To do this, press the following keys. 


ZOOM] 5 Square setting 


The screen should look like that shown in Figure A.7(b). Note in this figure that 
the square setting has changed the viewing window so that the x-values vary 
between — 15 and 15. 


10 


-10 


(a) (b) 
Figure A.7 


There are many possible square settings on a graphing utility. To create a 
: : : 2 
square setting, you need the following ratio to be 3. 


Ymax — Ymin 
Xmax — Xmin 


For instance, the setting in Example 4 is square because (Ymax — Ymin) = 20 
and (Xmax — Xmin) = 30. 


Sketching More than One Graph on the Same Screen 


Sketch the graphs of the following equations on the same screen. 


eae de y= —%, cand jy= =x 4 


Solution 


To begin, press and enter all three equations on the first three lines. The 
display should now be as follows. 
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Figure A.8 
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() (1.4.0) &) 4 
© 14) © 4 


Press the key and you will obtain the graph shown in Figure A.8. Note 
that the graph of each equation is a straight line, and that the lines are parallel to 
each other. 


Another special feature of a graphing utility is the trace feature. This feature 
is used to find solution points of an equation. For example, you can approximate 
the x- and y-intercepts of y = 3x + 6 by first graphing the equation, then pressing 
the key, and finally pressing the («) (>) keys. To get a better approxi- 
mation of a solution point, you can use the following keystrokes repeatedly. 


ZOOM] 2 [ENTER 


Check to see that you get an x-intercept of (— 2, 0) and a y-intercept of (0, 6). Use 
the trace feature to find the x- and y-intercepts of y = Sa — 4, 


equation. (Use the standard setting.) 


1. y = —3x 

3. y= 4x - 6 

5. y = 5x2 
Teyo=ix 45-4") 
9. y = |x — 3] 

11. y = |x? — 4| 


== In Exercises 1-12, use a graphing utility to graph the 


2y=x-4 

4. y= —-3x+2 

6. y = —3x2 

8. y = —0.5x? — 2x +2 
10. y = |x + 4| 

(y= e215 


In Exercises 13-16, use a graphing utility to graph the 
equation using the given window settings. 


13. y = 27x + 100 


Xmin = 0 
Xmax = 5 
Xgel = 5 
Minin = 7S 
Ymax = 250 
VE S WS) 
MiSs = Il 


14. y = 50,000 — 6000x 


Xmin = 0 

xm axe—ae 
Xgl S S 
Ymin=0 
Ymax = 50000 
Yscl = 5000 
GES = Il 


15. y = 0.001x? + 0.5x 


16. y = 100 — 0.5|x| 


Xmin = -500 Xmin = -300 
Xmax = 200 Xmax = 300 
Xscl = 50 Xscl = 60 
Ymin = -100 Ymin = -100 
Ymax = 100 Ymax = 100 
Wsck= 20) Weel Ss 20 
NRE = II KES = I] 


"a In Exercises 17-20, find a viewing window that shows 
the important characteristics of the graph. 


Uy— 15-2 |x —12| 18. y = 15 + & — 12) 
19, y= —15 + |x + 12| ~20. y= —15 4+ @ + 12/2 


"= In Exercises 21-24, graph both equations on the same 
screen. Are the graphs identical? If so, what rule of 
algebra is being illustrated? 

21. -y, = 2x + + 1) 22. y, = 4 = 2x) 
y= Oxere) 1 y,=s- 2 

23. y, = 2(3) 24, y, = x(0.5x) 
ys =al Vo = (O51 )x 


In Exercises 25-32, use the trace feature of a graphing 
utility to approximate the x- and y-intercepts of the 


graph. 


25.y=9 =x 26;-y.= 3x7 — 2%—5 
Zi. y= 6— |x + 2| 28. y = |x -2|? — 3 
DI tyr 25 30. y = 4 — |x| 


lee x tx | 32. y= x — 4x 


Geometry \n Exercises 33-36, graph the equations on 
the same display. Using a “square setting,” determine 
the geometrical shape bounded by the graphs. 
33. y= —4, y= —|z| 
34. y = |x 
Sse 0, oy — —|2| + 8 

= Ae! aes = 2 
86. y= —5x +7, y = 3S) ity = 76x = 4) 


> y= s 


=| Modeling Data \n Exercises 37 and 38, use the 
following models, which give the number of pieces of 
first-class mail and the number of periodicals handled 
by the U.S. Postal Service. 


First Class 


i= 10.07xt 1,06x 88:97, 0 <= x57 
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Periodicals 


War OW2x Dox + 10.70," 0S x7 


In these models, y is the number of pieces handled (in 
billions) and x is the year, with x = 0 corresponding to 
1990. (Source: U.S. Postal Service) 


37. Use the following setting to graph both models on 
the same display of a graphing utility. 


Xmin = 0 
Xmax = 7 
Xscl = | 
Ymin = -5 
Yimaxe—alit 
Yscl= 10 
XTESi—al 


38. (a) Were the numbers of pieces of first-class mail and 
periodicals increasing or decreasing over time? 


(b) Is the distance between the graphs increasing or 
decreasing over time? What does this mean to 
the U.S. Postal Service? 


A8& 
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Identifying Congruent Figures 


Two figures are congruent if they have the same shape and the same size. Each 
of the triangles in Figure B.1 is congruent to each of the other triangles. The 
triangles in Figure B.2 are not congruent to each other. 


WA Ng 


Congruent Not Congruent 
Figure B.1 Figure B.2 


Notice that two figures can be congruent without having the same orienta- 
tion. If two figures are congruent, then either one can be moved (and turned or 
flipped if necessary) so that it coincides with the other figure. 


= <clis)(sale 8 Dividing Regions into Congruent Parts 


Divide the region into two congruent parts. 


Solution 


There are many solutions to this problem. Some of the solutions are shown in 
Figure B.3. Can you think of others? 
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Identifying Similar Figures 


Figure B.3 


Two figures are similar if they have the same shape. (They may or may not have 
the same size.) Each of the quadrilaterals in Figure B.4 is similar to the others. 
The quadrilaterals in Figure B.5 are not similar to each other. 


JaQ nel 


Similar Not Similar 
Figure B.4 Figure B.S 


<li) (4a Determining Similarity 


Two of the figures are similar. Which two are they? 


yy 


Solution 


The first figure has five sides and the other two figures have four sides. Because 
similar figures must have the same shape, the first figure is not similar to either 
of the others. Because you are told that two figures are similar, it follows that the 
second and third figures are similar. 


Determining Similarity @ 


You wrote an essay on Euclid, the Greek mathematician who is famous for writ- 
ing a geometry book titled Elements of Geometry. You are making a copy of the 
essay using a photocopier that is set at 75% reduction. Is each image on the 
copied pages similar to its original? 


Solution 

Every image on a copied page is similar to its original. The copied pages are 
smaller, but that doesn’t matter because similar figures do not have to be the same 
size. 
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Figure B.6 


C is between A and B. D is 
not between A and B. 
Figure B.7 


Ss erss)(479 | Drawing an Object to Scale @ 


You are drawing a floor plan of a building. You choose a scale of § inch to 1 foot. 
That is, ; inch of the floor plan represents 1 foot of the actual building. What 
dimensions should you draw for a room that is 12 feet wide and 18 feet long? 


Solution 
Because each foot is represented as ; inch, the width of the room should be 


1 i tee 


and the length of the room should be 


The scale dimensions of the room are i inches by oe inches. See Figure B.6. 


Reading and Using Definitions 


A definition uses known words to describe a new word. If no words were known, 
then no new words could be defined. Hence, some words such as point, line, and 
plane must be commonly understood without being defined. Some statements 
such as “a point lies on a line” and “point C lies between points A and B” are also 
not defined. See Figure B.7. 


> Segments and Rays 
o 
Consider the line AB that contains the points A and B. (In geometry, the 
word line means a straight line.) 
The line segment (or simply segment) AB consists of the endpoints A 
and B and all points on the line AB that lie between A and B. 


—> 
The ray AB consists of the initial point A and all points on the line AB 
that lie on the same side of A as B lies. If C is between A and B, then 


= “= 
CA and CB are opposite rays. 


Points, segments, or rays that lie on the same line are collinear. 


Lines are drawn with two arrowheads, line segments are drawn with no 
arrowhead, and rays are drawn with a single arrowhead. See Figure B.8. 


Line AB or BA Line segment AB or BA Ray AB 
ee ee C—O ee ee 
A B A B A B 
(a) (b) (c) 

Ray BA Opposite rays CA and CB 
<t-9—_-____-__—____-e 
A B A C B 


(4) (e) 
Figure B.8 


O R 


The top angle can be denoted by ZA 
or by Z BAC. In the lower figure, the 
angle Z ROS should not be denoted 
by ZO because the figure contains 
three angles whose vertex is O. 
Figure B.9 


Z1 and 22 are adjacent. 
Z1 and 23 are not adjacent. 
Figure B.10 


Section B.1_ Exploring Congruence and Similarity A11 


a — — — 
It follows that AB and BA denote the same segment, but AB and BA do not 
denote the same ray. No length is given to lines or rays because each is infinitely 
long. The length of the line segment AB is denoted by AB. 


> Angles 


An angle consists of two different rays that have the same initial point. 
The rays are the sides of the angle. The angle that consists of the rays 


4 —> 
AB and AC is denoted by ZBAC, ZCAB, or ZA. The point A is the 
vertex of the angle. See Figure B.9. 


The measure of ZA is denoted by mZA. Angles are classified as acute, 
right, obtuse, and straight. 


Acute 0° < mZA < 90° 
Right mZA = 90° 

Obtuse 90° < mZA < 180° 
Straight mZA = 180° 


In geometry, unless specifically stated otherwise, angles are assumed to have a 
measure that is greater than 0° and less than or equal to 180°. 

Every nonstraight angle has an interior and an exterior. A point D is in the 
interior of ZA if it is between points that lie on each side of the angle. Two angles 
(such as ZROS and ZSOP shown in Figure B.9) are adjacent if they share a 
common vertex and side, but have no common interior points. In Figure B.10, 21 
and 23 share a vertex, but not a common side, so 21 and Z3 are not adjacent. 


> Segment and Angle Congruence 


Two segments are congruent, AB = CD, if they have the same length. 
Two angles are congruent, 7 P = ZQ, if they have the same measure. 


a ee hn 


AB = CD mZP=mZQ 


Definitions can always be interpreted “forward” and “backward.” For 
instance, the definition of congruent segments means (1) if two segments have the 
same measure, then they are congruent, and (2) if two segments are congruent, 
then they have the same measure. You learned that two figures are congruent if 
they have the same shape and size. 
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Congruent Triangles 


If AABC is congruent to APQR, then there is a correspondence between their 
angles and sides such that corresponding angles are congruent and corresponding 
sides are congruent. The notation AABC = APQR indicates the congruence and 
the correspondence, as shown in Figure B.11. If two triangles are congruent, then 
you know that they share many properties. 


bi handel 


AABC = APQR 
tesa oe | 
Corresponding Corresponding 

angles are sides are 

LA=ZP AB = PQ 

ZLB= ZO BC=OR 

LC=ZR CA = RP 

B Q 

G 
R iP 

A 
Figure B.11 


elie) Naming Congruent Parts @ 


You and a friend have identical drafting triangles, as shown in Figure B.12. Name 
all congruent parts. 


E S 
aN Ly 
D ZL) (> ti 
lin bh 
FR 


Figure B.12 


Solution | 
Given that ADEF = ARST, the congruent angles and sides are as follows. 


Angles: 2D = 2k: LE = ZS, a == 
Sides: DE =RS, EF = ST, FD =TR 
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Classifying Triangles 


A triangle can be classified by relationships among its sides or among its angles, 
as shown in the following definitions. 


P Classification by Sides 


1. An equilateral triangle has three congruent sides. 
2. An isosceles triangle has at least two congruent sides. 


3. A scalene triangle has no sides congruent. 


Se 


Equilateral Isosceles Scalene 


> Classification by Angles 


1. An acute triangle has three acute angles. If these angles are all con- 
gruent, then the triangle is also equiangular. 


2. A right triangle has exactly one right angle. 


3. An obtuse triangle has exactly one obtuse angle. 


AN De 


Acute Equiangular Right Obtuse 


In AABC, each of the points A, B, and C is a vertex of the triangle. (The 
plural of vertex is vertices.) The side BC is the side opposite ZA. Two sides that 
share a common vertex are adjacent sides (see Figure B.13). 


€ 


Adjacent 
sides of ZA 


Opposite 
side of ZA 


Vertex 


Figure B.13 
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The sides of right triangles and isosceles triangles are given special names. 
In a right triangle, the sides adjacent to the right angle are the legs of the triangle. 
The side opposite the right angle is the hypotenuse of the triangle (see Figure 
B.14). 


Hypotenuse 
1 Base 


LI Legs 


Figure B.14 Figure B.15 


An isosceles triangle can have three congruent sides. If it has only two, then 
the two congruent sides are the legs of the triangle. The third side is the base of 
the triangle (see Figure B.15). 


In Exercises 1-3, copy the region on a piece of dot In Exercises 6 and 7, copy the region on a piece of paper. 
paper. Then divide the region into two congruent parts. Then divide the region into four congruent parts. 
How many different ways can you do this? 


1. 


6. 1h: 


In Exercises 8-11, use the triangular grid below. In the 
grid, each small triangle has sides of 1 unit. 


4. Two of the figures are congruent. Which are they? 


(a) (b) (c) 
5. Two of the figures are similar. Which are they? 8. How many congruent triangles with 1-unit sides are 
(a) (b) (c) in the grid? 


9. How many congruent triangles with 2-unit sides are 
in the grid? 


10. How many congruent triangles with 3-unit sides are 
in the grid? 


11. Does the grid contain triangles that are not similar to 
each other? 


Section B.1 


12. True or False? If two figures are congruent, then 
they are similar. 


13. True or False? If two figures are similar, then they 
are congruent. 


14. True or False? A triangle can be similar to a 
square. 


15. True or False? Any two squares are similar. 


In Exercises 16-19, match the description with its 
correct notation. 


pies <> 
(a) PQ = (b) PQ (c) PO 
16. The line through P and Q 
17. The ray from P through Q 


18. The segment between P and Q 
19. The length of the segment between P and Q 


(d) PO 


20. The point R is between points S and T. Which of the 
following are true? 


(a) R, S, and T are collinear. 
=>. => 
(b) SR is the same as ST. 
(c) ST is the same as TS. 
=>. > 
(d) ST is the same as TS. 


In Exercises 21-23, use the figure below. 


x W 


21. The figure shows three angles whose vertex is X. 
Write two names for each angle. Which two angles 
are adjacent? 


22. Is Y in the interior or exterior of 2 WXZ? 
23. Which is the best estimate for mZWXY? 


(a) i ISS (b) 30° (c) 45° 
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In Exercises 24-29, match the triangle with its name. 


(c) Obtuse 
(f) Right 


(a) Equilateral (b) Scalene 


(d) Equiangular (e) lsosceles 
24. Side lengths: 2 cm, 3 cm, 4 cm 
25. Angle measures: 60°, 60°, 60° 

26. Side lengths: 3 cm, 2 cm, 3 cm 
27. Angle measures: 30°, 60°, 90° 
28. Side lengths: 4 cm, 4 cm, 4 cm 


29. Angle measures: 20°, 145°, 15° 


In Exercises 30-32, use the figure, in which 
ALMP = AONO. 


L M N 


P Q 


30. Name three pairs of congruent angles. 
31. Name three pairs of congruent sides. 


32. If ALMP is isosceles, explain why AONQ must be 
isosceles. 


In Exercises 33-36, use the definition of congruence to 
complete the statement. 

33. If AABC = ATUYV, then mZC = 

34. If APOR = AXYZ, then ZP = 

35. If ALMN = ATUYV, then LN = 

36. If ADEF = ANOP, then DE = 


37. Copy and complete the table. Write Yes if it is possi- 
ble to sketch a triangle with both characteristics. 
Write No if it is not possible. Illustrate your results 
with sketches. (The first is done for you.) 


Acute and Scalene 
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hatecerciceat oe 4 1NABC islisosecles pene = BC. Coordinate Geometry _\n Exercises 44 and 45, use the 


Solve for x. Then decide whether the triangle is equilat- following figure. 


eral. (The figures are not necessarily drawn to scale.) 


38. € 39. Cc 
6 2x +2 2x +6 12 
A x+1 B A Ax B 
40. Cc x+1 Be Alc 44. Find a location of S such that APQR = APQS. 
4x —6 45. Find two locations of V such that APOR = ATUV. 
oes eg ” . 46. Logical Reasoning Arrange 16 toothpicks as 
: shown below. What is the least number of toothpicks 
; you must remove to create four congruent triangles? 
i. a (Each toothpick must be the side of at least one 
A 


triangle.) Sketch your result. 


42. Landscape Design You are designing a patio. Your 
plans use a scale of : inch to | foot. The patio is 24 
feet by 36 feet. What are its dimensions on the plans? 


43. Architecture The Pentagon, near Washington D.C., EX 
covers a region that is about 1200 feet by 1200 feet. \ Vy, 
About how large would a ¥-inch to 1-foot scale draw- 
ing of the Pentagon be? Would such a scale be 
reasonable? 


47. Logical Reasoning Show how you could arrange 
six toothpicks to form four congruent triangles. Each 
triangle has one toothpick for each side, and you can- 
not bend, break, or overlap the toothpicks. (Hint: 
The figure can be three-dimensional.) 


. Ide 1tifying Special Pairs of Angles. J Angles Formed by a Transversal 


5 Angles ) 


Identifying Special Pairs of Angles 


You have been introduced to several definitions concerning angles. For instance, / 
you know that two angles are adjacent if they share a common vertex and side but | 
have no common interior points. Here are some other definitions for pairs of | 


angles. See Figure B.16. 


Z1 and 22 are comple- 
mentary angles. 
Figure B.16 


Figure B.17 
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> Definitions for Pairs of Angles 


Two angles are vertical angles if their sides form two pairs of opposite 
rays. 


Two adjacent angles are a linear pair if their noncommon sides are 
opposite rays. 


Two angles are complementary if the sum of their measures is 90°. 
Each angle is the complement of the other. 


Two angles are supplementary if the sum of their measures is 180°. 
Each angle is the supplement of the other. 


Identifying Special Pairs of Angles 


Use the terms defined above to describe relationships between the labeled angles 
in Figure B.17. 

Solution 

a. 23 and ZS are vertical angles. So are 24 and 26. 


b. There are four sets of linear pairs: 
Z3 and 24, 24 and 25, Z5 and 246, and 23 and 46. 
The angles in each of these pairs are also supplementary angles. 


In Example 1(b), note that the linear pairs are also supplementary. This result 
is stated in the following postulate. 


> Linear Pair Postulate 


If two angles form a linear pair, then they are supplementary—i.e., the 
sum of their measures is 180°. 


The relationship between vertical angles is stated in the following theorem. 


> Vertical Angles Theorem 


If two angles are vertical angles, then they are congruent. 


Angles Formed by a Transversal 


A transversal is a line that intersects two or more coplanar lines at different 
points. The angles that are formed when the transversal intersects the lines have 
the following names. 


A18 


Figure B.18 


Figure B.19 
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> Angles Formed by a Transversal 


In Figure B.18, the transversal t intersects the lines / and m. 


Two angles are corresponding angles if they occupy corresponding 
positions, such as Z.1 and ZS. 


Two angles are alternate interior angles if they lie between / and m on 
opposite sides of t, such as 22 and 28. 


Two angles are alternate exterior angles if they lie outside / and m on 
opposite sides of t, such as 21 and 27. 


Two angles are consecutive interior angles if they lie between / and m 
on the same side of t, such as 22 and 25. 


= elis(3 48, Naming Pairs of Angles 


In Figure B.19, how is 29 related to the other angles? 


Solution 

You can consider that 79 is formed by the transversal / as it intersects m and n, 
or you can consider 29 to be formed by the transversal m as it intersects / and n. 
Considering one or the other of these, you have the following. 

a. Z9 and 210 are a linear pair. So are 29 and 212. 

b. 29 and 211 are vertical angles. 


c. Z9 and Z7 are alternate exterior angles. So are 29 and 23. 


d. 29 and 25 are corresponding angles. So are 29 and 21. 


To help build understanding regarding angles formed by a transversal, 
consider relationships between two lines. Parallel lines are coplanar lines that do 
not intersect. (Recall from Section 2.3 that two nonvertical lines are parallel if and 
only if they have the same slope.) Intersecting lines are coplanar and have 
exactly one point in common. If intersecting lines meet at right angles, they are 
perpendicular; otherwise, they are oblique. See Figure B.20. | 


piece 
hae eee 


Parallel Perpendicular Oblique 
Figure B.20 


Many of the angles formed by a transversal that intersects parallel lines are 
congruent. The following postulate and theorems list useful results. 


> Corresponding Angles Postulate 


If two parallel lines are cut by a transversal, then the pairs of corre- 
sponding angles are congruent. 


I||m, 21 = 22 
Figure B.21 


I{m, 21 # 22 
Figure B.22 
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Note that the hypothesis of this postulate states that the lines must be paral- 
lel, as shown in Figure B.21. If the lines are not parallel, then the corresponding 
angles are not congruent, as shown in Figure B.22. 


> Angle Theorems 


Alternate Interior Angles Theorem If two parallel lines are cut by a 
transversal, then the pairs of alternate interior angles are congruent. 


Consecutive Interior Angles Theorem If two parallel lines are cut by 
a transversal, then the pairs of consecutive interior angles are supple- 
mentary. 


Alternate Exterior Angles Theorem If two parallel lines are cut by a 
transversal, then the pairs of alternate exterior angles are congruent. 


Perpendicular Transversal Theorem If a transversal is perpendicular 
to one of two parallel lines, then it is perpendicular to the second. 


Using Properties of Parallel Lines 


In Figure B.23, lines r and s are parallel lines cut by a transversal, /. Find the 
measure of each labeled angle. 


175° 


Figure B.23 


Solution 


Z1 and the given angle are alternate exterior angles and are congruent. So 
mZ1 = 75°. ZS and the given angle are vertical angles. Because vertical angles 
are congruent, they have the same measure. So, mZ5 = 75°. Similarly, 21 = 24 
and mZ1 = mZ4 = 75°. There are several sets of linear pairs, including 


Jj Biitel ZS (E38) einal ZZA'8 ZS) aNal ZAC ZS Bre! Z7/. 


The angles in each of these pairs are also supplementary angles; the sum of the 
measures of each pair of angles is 180°. Because one angle of each pair measures 
75°, the supplements each measure 105°. So 22, 23, 26, and 27 each measure 
105% 


Angles of a Triangle 


The word “triangle” means “three angles.’ When the sides of a triangle are 
extended, however, other angles are formed. The original three angles of the tri- 
angle are the interior angles. The angles that are adjacent to the interior angles 
are the exterior angles of the triangle. Each vertex has a pair of exterior angles, 
as shown in Figure B.24 on the following page. 
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Original ; Exterior Exterior 
tclanple Extend sides angle” ' angle 
Ee Interior 
angle 
Figure B.24 


You could cut a triangle out of a piece of paper. Tear off the three angles and 
place them adjacent to each other, as shown in Figure B.25. What do you 
observe? (You could perform this investigation by measuring with a protractor or 
using a computer drawing program.) You should arrive at the conclusion given in 
the following theorem. 


a > Triangle Sum Theorem 
SY... The sum of the measures of the interior angles of a triangle is 180°. 
Figure B.25 
Sclle(scee Using the Triangle Sum Theorem 
In the triangle in Figure B.26, find mZ.1, mZ2, and mZ3. 
Solution 
To find the measure of 273, use the Triangle Sum Theorem, as follows. 
m3 = 180° — (614442) = 87- 
Knowing the measure of 73, you can use the Linear Pair Postulate to write 
mZ2 = 180° — 87° = 93°. Using the Triangle Sum Theorem, you have 
Figure B.26 mZ.1 = 180° — (28° + 93°) = 59°. 
B 
a 


The next theorem is one that you might have anticipated from the investiga- 
tion earlier. As shown in Figure B.27, if you had torn only two of the angles from 
the paper triangle, you could put them together to cover exactly one of the exte- 


oe : 3/4 rior angles. 


A Cc 

Figure B.27 > Exterior Angle Theorem | 
, The measure of an exterior angle of a triangle is equal to the sum of 

Remote | 


the measures of the two remote (nonadjacent) interior angles. (See 
Figure B.28.) 


interior 
angles Exterior 


angle 


A G 


Figure B.28 
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In Exercises 1-6, sketch a pair of angles that fits the 
description. Label the angles as 21 and 22. 
1. A linear pair of angles 
- Supplementary angles for which Z1 is acute 
. Acute vertical angles 
. Adjacent congruent complementary angles 
. Obtuse vertical angles 


Hn bh Ww NY 


. Adjacent congruent supplementary angles 


In Exercises 7-12, use the figure to determine relation- 
ships between the given angles. 


7. ZAOC and 2COD 
8. ZAOB and ZBOC 
9. ZBOC and ZCOE 
10. ZAOB and ZEOD 
11. ZBOC and 2COF 
12. ZAOB and ZAOE 


In Exercises 13-18, use the following information to 
decide whether the statement is true or false. (Hint: 
Make a sketch.) 


Vertical angles: 21 and 22; 

Linear pairs: 21 and 23, 21 and 24. 
13. If mZ3 = 30°, then mZ4 = 150°. 
14. If mZ1 = 150°, then mZ4 = 30°. 
15. 22 and Z3 are congruent. 

16. mZ3 +mZ1 =mZ4 + mZ22 
h7s23 = 24 

18. mZ3 = 180° — mZ2 


In Exercises 19-24, find the value of x. 


19. 20. 
x 
1102) x wi 


mile 
(BY 
2x — 5° 
22 pit 
3x + 6° 
3x + 20° 5x — 50° 

53 
24. 

4x 

x + 30° 


25. In the figure, P, S, and T are collinear. If mZP = 40° 


and mZQST = 110°, what is mZQ? (Hint: 

mZP +mZQ + mZPSQ = 180°) 

(a) 40° (b) 55° (c) 70° (d) 110° (e) 140° 
Q 


Cie 


v 
nA 
| 
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In Exercises 26-29, use the figure below. 


26. Name two corresponding angles. 


27. Name two alternate interior angles. 


28. Name two alternate exterior angles. 


29. Name two consecutive interior angles. 


In Exercises 30-33, /, || |. Find the measures of 21 and 


Z2. Explain your reasoning. 
30. 


32. 


In Exercises 34-36, m || n and k || /. Determine the values 


of a and b. 
34, 


31. 


33. 


4a — 90° 


36. 


In Exercises 37-39, use the following figure. 


Sie 
38. 
32: 


Name the interior angles of the triangle. 
Name the exterior angles of the triangle. 


Two angle measures are given in the figure. Find the 
measure of the eight labeled angles. 


In Exercises 40-43, use the following figure, in which 
AABC = ADEF. 


G 


44. 


45. 


46. 


E 
D 

A 
B F 
40. 
41. 


42. 
43. 


What is the measure of 7D? 
What is the measure of 2B? 
What is the measure of 7. C? 
What is the measure of Z F? 


True or False? A right triangle can have an obtuse 
angle. 


True or False? A triangle that has two 60° angles 
must be equiangular. 


True or False? If a right triangle has two congru- 
ent angles, then it must have two 45° angles. 
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In Exercises 47 and 48, find the measure of each labeled In Exercises 53-56, find the measures of the interior 
angle. angles. 
47. 53; 


54, 


In Exercises 49 and 50, draw and label a right triangle, 
AABGC, for which the right angle is 2C. What is mZB? 56. 


49. mZA = 13° 50. mZA = 47° 
In Exercises 51 and 52, draw two noncongruent, isosce- 


les triangles that have an exterior angle with the given 
measure. 


51. 130° 52. 145° 
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Appendix C Be ee 
Further Concepts | in Statistics 


Stem- sade Leaf Plots a. Histograms and reauene: Dianbuuors es se 
Line Graphs ™ Choosing an Appropriate Graph a Scatter Plots a 
Fitting a Line to Data a Measures of Central Tendency — oes 


Stem-and-Leaf Plots 


Statistics is the branch of mathematics that studies techniques for collecting, 
organizing, and interpreting data. In this section, you will study several ways to 
organize and interpret data. 

One type of plot that can be used to organize sets of numbers by hand is a 
stem-and-leaf plot. A set of test scores and the corresponding stem-and-leaf plot 
are shown below. 


Test Scores Stems | Leaves 
937705°16,.58, 80,93, 82, 78, 83, 86; SS 
64, 78, 76, 66, 83, 83, 96, 74, 69, 76, 6| 4469 
64, 74, 79, 76, 88, 76, 81, 82, 74, 70 7| 0044466666889 
8 | 35273333: 61058 
9} 3:36 


Note that the /eaves represent the units digits of the numbers and the stems 
represent the tens digits. Stem-and-leaf plots can also be used to compare two sets 
of data, as shown in the following example. 


Comparing Two Sets of Data @ 


Use a stem-and-leaf plot to compare the test scores given above with the follow- 
ing test scores. Which set of test scores is better? 


90281570) 62; 64773, SISO? 13581. 92, 035834 om] 6, 
83, 94, 96, 86, 77, 77, 86, 96, 86, 77, 86, 87, 87, 79, 88 
Solution 
Begin by ordering the second set of scores. | 


62; 04.70, 13, 13,15; 105 /0, 11. 11, (9s SiO leo be oo. 
83, 86, 86, 86, 86, 87, 87, 88, 90, 92, 92, 93, 94, 96, 96 


Now that the data have been ordered, you can construct a double stem-and-leaf 
plot by letting the leaves to the right of the stems represent the units digits for the 
first group of test scores and letting the leaves to the left of the stems represent 
the units digits for the second group of test scores. 


Appendix C Further Concepts in Statistics A25 


Leaves (2nd Group) | Stems | Leaves (1st Group) 
5 8 
42 6 4469 
oF 1.6053,0 i) 0044466666889 
8 
9 


37-0 66163.3.1 1} 122333668 
6643220 336 


By comparing the two sets of leaves, you can see that the second group of test 
scores is better than the first group. 


Using a Stem-and-Leaf Plot «ae 


The table below shows the percent of the population of each state and the District 
of Columbia that was at least 65 years old in 1997. Use a stem-and-leaf plot to 
organize the data. (Source: U.S. Bureau of the Census) 


Solution 


Begin by ordering the numbers, as shown below. 


DOs Oo, iLO, Eee OU al Lae silks Whee tS ISA, 
ESE Sa Se2 1D Br 41, 
12512 22h OF SO ae alow, 
13 32 1945134015 -4 5135, 1327, 13 7S els ALS .o) 
14.1, 14.3, 14.3, 14.4, 14.4, 15.0, 15.1, 15.8, 15.8, 18.5 


Next construct the stem-and-leaf plot using the leaves to represent the digits to 
the right of the decimal points. 
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Stems | Leaves 

5. 3 Alaska has the lowest percent. 
6. 
PE: 
S.ahid 
oy) 

LORVet | 

Te le2 2 .5)3.4 dole 

A) GG Sei Be ore) 

Leese 22.3.4 4 Ae 9.9 

14.; 13344 

157), 001.8.8 

16. 

17. 

Ser ieo Florida has the highest percent. 


Histograms and Frequency Distributions 


With data such as those given in Example 2, it is useful to group the numbers into 
intervals and plot the frequency of the data in each interval. For instance, the 
frequency distribution and histogram shown in Figure C.1 represent the data 
given in Example 2. 


Frequency Distribution 


Interval 
EE) 
2) 
[9, 11) 
11813) 
[13 aL5) 
Pisa) 
[17, 19) 


Tally 


Number of states 
— ae ie) 
oO wn [o) 


Nn 


Histogram 


S 7 Sy iil Ws is wy te 
Percent of population 
65 or older 


Figure C.1 


A histogram has a portion of a real number line as its horizontal axis. A bar 
graph is similar to a histogram, except that the rectangles (bars) can be either 
horizontal or vertical and the labels of the bars are not necessarily numbers. 

Another difference between a bar graph and a histogram is that the bars in a 


bar graph are usually separated by spaces, whereas the bars in a histogram are not 
separated by spaces. 


Average monthly precipitation (in inches) 


e253 495) 6.78.9 101D12 
Month 


Figure C.2 
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Constructing a Bar Graph @ 


The data below show the average monthly precipitation (in inches) in Houston, 
Texas. Construct a bar graph for these data. What can you conclude? (Source: 
PC USA) 


January a2 February as March pg 

April 4.2 May 4.7 June 4.1 

July oie August Si/. September 4.9 

October Su, November 3.4 December 3.7 
Solution 


To create a bar graph, begin by drawing a vertical axis to represent the precipita- 
tion and a horizontal axis to represent the months. The bar graph is shown in 
Figure C.2. From the graph, you can see that Houston receives a fairly consistent 
amount of rain throughout the year—the driest month tends to be March and the 
wettest month tends to be September. 


Line Graphs 


A line graph is similar to a standard coordinate graph. Line graphs are usually 
used to show trends over periods of time. 


Constructing a Line Graph @ 


The following data show the number of immigrants (in thousands) to the United 
States for the years 1970 through 1996. Construct a line graph of the data. What 
can you conclude? (Source: U.S. Immigration and Naturalization Service) 


Year Number Year Number Year Number 
1970 373 1971 370 1972 385 
1973 400 1974 395 1975 386 
1976 399 1977 462 1978 601 
1979 460 1980 531 1981 597 
1982 594 1983 560 1984 544 
1985 570 1986 602 1987 602 
1988 643 1989 1091 1990 1536 
1991 1827 1992 974 1993 904 
1994 804 1995 720 1996 916 
Solution 


Begin by drawing a vertical axis to represent the number of immigrants in 
thousands. Then label the horizontal axis with years and plot the points shown in 
the table. Finally, connect the points with line segments, as shown on the next 
page in Figure C.3. From the line graph, you can see that the number of immi- 
grants steadily increased until 1989, when there was a sharp increase followed by 
a sudden decrease in 1992. 


A28 
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Immigrants (in thousands) 


1972 1974 1976 1978 1980 1982 1984 1986 1988 1990 1992 1994 1996 
Year 


Figure C.3 


Choosing an Appropriate Graph 


Line graphs and bar graph are commonly used for displaying data. When you are 
using a graph to organize and present data, you must first decide which type of 
graph to use. 


Organizing Data with a Graph ( 


Listed below are the daily average numbers of miles walked by people while work- 
ing at their jobs. Organize the data graphically. (Source: American Podiatry 
Association) 


Example 5 


Occupation Miles Walked per Day 
Mail Carrier 4.4 
Medical Doctor 3.5 
Nurse Bye) 
Police Officer 6.8 
Television Reporter 4.2 
Solution 


You can use a bar graph because the data fall into distinct categories, and it would 
be useful to compare totals. The bar graph shown in Figure C.4 is horizontal. This 
makes it easier to label each bar. Also notice that the occupations are listed in 
order of the number of miles walked. 


Study Tip 


Here are some guidelines to use when you must decide which type of graph 
to use. 


1. Use a bar graph when the data fall into distinct categories and you want 
to compare totals. 


2. Use a line graph when you want to show the relationship between consec- 
utive amounts or data over time. 


130 


0 
105 


Figure C.5 


10 
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Police officer 
Mail carrier 


Television reporter 


Occupation 


Nurse 


Doctor 


Figure C.4 


Scatter Plots 


Many real-life situations involve finding relationships between two variables, 
such as the year and the number of people in the labor force. In a typical situa- 
tion, data are collected and written as a set of ordered pairs. The graph of such a 
set is called a scatter plot. 

From the scatter plot in Figure C.5 that relates the year t with the number of 
people in the labor force P, it appears that the points describe a relationship that 
is nearly linear. (The relationship is not exactly linear because the labor force did 
not increase by precisely the same amount each year.) A mathematical equation 
that approximates the relationship between ¢ and P is called a mathematical 
model. When developing a mathematical model, you strive for two (often 
conflicting) goals—accuracy and simplicity. 

Consider a collection of ordered pairs of the form (x, y). If y tends to increase 
as x increases, the collection is said to have a positive correlation. If y tends to 
decrease as x increases, the collection is said to have a negative correlation. 
Figure C.6 shows three examples: one with a positive correlation, one with a 
negative correlation, and one with no (discernible) correlation. 


Figure C.6 
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Test scores 


DN 

2) 

S e@ 

2 oh e- ¢@ 
6 

= 


4 Sele, 
TV hours 


Figure C.7 


People (in millions) 


1294 6&3 7 8 © 10 
Year (0 < 1987) 


Figure C.8 


Interpreting Scatter Plots @ 


On a Friday, 22 students in a class were asked to keep track of the numbers of 
hours they spent studying for a test on Monday and the numbers of hours they 
spent watching television. The numbers are shown below. Construct a scatter plot 
for each set of data. Then determine whether the points are positively correlated, 
are negatively correlated, or have no discernible correlation. What can you 
conclude? (The first coordinate is the number of hours and the second coordinate 
is the score obtained on Monday’s test.) 


Study Hours: (0, 40), (1, 41), (2, 51), (3, 58), (@, 49), (4, 48), (4, 64), (5, 55), 
(5, 69), (5; 58); (; 75); (6,68), (6, 63), (6, 93), (7,84), 7, 67).(8, 90) (Sas), 
(9895), @; 72); C585), 10798) 

TVtHours: (0; 98), Cy 85), @,, 12), 2 90),"(6.267) G93), GOS) Oo 
(45.84); G, 76), (7, 75), 7, 58)4(9 4 63), (9, 69), 11755), (124538) eee 
(16, 48), (17, 51), (18, 41), 19, 49), (20, 40) 


Solution 


Scatter plots for the two sets of data are shown in Figure C.7. The scatter plot 
relating study hours and test scores has a positive correlation. This means that the 
more a student studied, the higher his or her score tended to be. The scatter plot 
relating television hours and test scores has a negative correlation. This means 
that the more time a student spent watching television, the lower his or her score 
tended to be. 


Fitting a Line to Data 


Finding a linear model that represents the relationship described by a scatter plot 
is called fitting a line to data. You can do this graphically by simply sketching the 
line that appears to fit the points, finding two points on the line, and then finding 
the equation of the line that passes through the two points. 


selul}(-74 | Fitting a Line to Data @ 


Find a linear model that relates the year and the number of people P (in millions) 
who were part of the United States labor force from 1987 through 1997. In the 
table below, ¢ represents the year, with t = 0 corresponding to 1987. (Source: 
U.S. Bureau of Labor Statistics) 


6 ee s | 9 | 10 | 
129 | 131 132 | 134 | 136 | 


Solution 


After plotting the data from the table, draw the line that you think best represents 
the data, as shown in Figure C.8. Two points that lie on this line are (0, 120) and 


(9, 134). Using the point-slope form, you can find the equation of the line to be 
P = 1412/9 + 120. 
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Once you have found a model, you can measure how well the model fits the 
data by comparing the actual values with the values given by the model, as shown 
in the following table for the data and model in Example 7. 


0 Bi 2 9 10 | 
20") 1926. Pudge s| 426 4 128 131. 49132: 434 36 
120 121.6 | 123.1 | = 1262 | 1278) 1293 130.9 | 132.4 134 | 135.6 


The sum of the squares of the differences between the actual values and the 
model’s values is the sum of the squared differences. The model that has the 
least sum is called the least squares regression line for the data. For the model 
in Example 7, the sum of the squared differences is 3.16. The least squares regres- 
sion line for the data is 


— 


JP = bear IAS Best-fitting linear model 


The sum of the squared differences is 2.5. 

Many graphing utilities have “built-in” least squares regression programs. If 
your graphing utility has such a program, enter the data in the table and use it to 
find the least squares regression line. 


Measures of Central Tendency 


In many real-life situations, it is helpful to describe data by a single number that is 
most representative of the entire collection of numbers. Such a number is called a 
measure of central tendency. The most commonly used measures are as follows. 


1. The mean, or average, of 1 numbers is the sum of the numbers divided by n. 


2. The median of n numbers is the middle number when the numbers are writ- 
ten in order. If n is even, the median is the average of the two middle numbers. 


3. The mode of n numbers is the number that occurs most frequently. If two 
numbers tie for most frequent occurrence, the collection has two modes and is 
called bimodal. 


Comparing Measures of Central Tendency @ 


You are interviewing for a job. The interviewer tells you that the average income 
of the company’s 25 employees is $60,849. The actual annual incomes of the 
25 employees are shown below. What are the mean, median, and mode of the 
incomes? Was the person telling you the truth? 


$17,305, $478,320, $45,678, $18,980, $17,408, 
$25,676, $28,906, $12,500, $24,540, $33,450, 
$12,500, $33,855, $37,450, $20,432, $28,956, 
$34,983, $36,540, $250,921, $36,853, $16,430, 
$32,654, $98,213, $48,980, $94,024, $35,671 
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Solution 
The mean of the incomes is 


17,305 + 478,320 + 45,678 + 18,980 +- - - + 35,671 
= 25 
521,225 | 


= $60,849. 
20s = 


Mean 


To find the median, order the incomes as follows. 


$12,500, $12,500, $16,430, $17,305, $17,408, 
$18,980, $20,432, $24,540, $25,676, $28,906, 
$28,956, $32,654, $33,450, $33,855, $34,983, 
$35,671, $36,540, $36,853, $37,450, $45,678, 
$48,980, $94,024, $98,213, $250,921, $478,320 


From this list, you can see that the median (the middle number) is $33,450. From 
the same list, you can see that $12,500 is the only income that occurs more than 
once. Thus, the mode is $12,500. Technically, the person was telling the truth 
because the average is (generally) defined to be the mean. However, of the three 
measures of central tendency 


Mean: $60,849 Median: $33,450 Mode: $12,500 


it seems clear that the median is most representative. The mean is inflated by the 
two highest salaries. 


Which of the three measures of central tendency is the most representative? 
The answer is that it depends on the distribution of the data and the way in which 
you plan to use the data. 

For instance, in Example 8, the mean salary of $60,849 does not seem very 
representative to a potential employee. To a city income tax collector who wants 
to estimate 1% of the total income of the 25 employees, however, the mean is 
precisely the right measure. 


=Seliis)(2) | Choosing a Measure of Central Tendency 


Which measure of central tendency is the most representative of the data given in 
each of the following frequency distributions? 


a. Number Tally b. Number Tally c. Number Tally 
1 i 1 9 1 6 
2 20 2 8 2 1 
3 15 3 7 3 #) 
4 11 4 6 4 3 
2 8 5) 2) 5 5 
6 3 6 6 6 5 | 
ql 2 ds 7 7 4 
8 0 8 8 8 3 
9 15 9 9 9 0 


Solution 
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a. For these data, the mean is 4.23, the median is 3, and the mode is 2. Of these, 
the mode is probably the most representative. 


b. For these data, the mean and median are each 5 and the modes are | and 9 
(the distribution is bimodal). Of these, the mean or median is the most 


representative. 


c. For these data, the mean is 4.59, the median is 5, and the mode is 1. Of these, 
the mean or median is the most representative. 


1. Construct a stem-and-leaf plot for the following exam 
scores for a class of 30 students. The scores are for a 
100-point exam. 


71,100; 77,.70,,835,89, 87,85, 81, 84, 81, 78, 89, 78, 
OO, oo, 90)92. 75, 81, 89, 100, 98,.81,.78, 75, 85, 89, 
82,75 


2. Insurance Coverage The following table shows the 
total number of persons (in thousands) without health 
insurance coverage in the 50 states and the District of 
Columbia in 1996. Use a stem-and-leaf plot to orga- 
nize the data. (Source: U.S. Bureau of the Census) 


AK 89] AL 550] AR 566] AZ 1159] CA 6514 
CO 644/CT 368)/DC 80)/DE 98|FL 2722 
GA 1319} HI 101/IA 335/ID 196/IL 1337 
IN 600| KS 292} KY 601/LA 890] MA 766 
MD 581| ME 146| MI 857/MN 480| MO. 700 
MS 518| MT 124] NC 1160|ND 62] NE 190 
NH 109] NJ. 1317/ NM 412)NV_ 255| NY 3132 
OH 1292| OK 570] OR 496/PA 1133/RI 93 
sc 634/SD  67/TN 841/TX 4680| UT 240 
VA 811) VT 65] WA 761| WI. 438] WV 261 
WY 66 


In Exercises 3 and 4, use the following set of data, 
which lists students’ scores on a 100-point exam. 


O54- 100, 92,160, 69,-78, 92,71, 85, 83, 95,98, 99, 
93, 81, 80, 79, 67, 59,90; 55, 77, 62, 90, 78, 66, 63, 
93; 87, 74, 96, 72, 100, 70, 73 

3. Use a stem-and-leaf plot to organize the data. 


4. Draw a histogram to represent the data. 


5. Complete the following frequency distribution table 
and draw a histogram to represent the data. 
44, 33, 17, 23, 16, 18, 44, 47, 18, 20, 25, 27, 18, 29, 29, 
28, 27, 18, 36, 22, 32, 38, 33, 41, 49, 48, 45, 38, 49, 15 


Interval Tally 


Lb) 
[22, 29) 
[29, 36) 
[36, 43) 
[43, 50) 

6. Snowfall The data below show the seasonal 
snowfall (in inches) in Lincoln, Nebraska for the years 
1968 through 1997 (the amounts are listed in order by 
year). How would you organize these data? Explain 
your reasoning. (Source: University of Nebraska- 
Lincoln) 


39 Be 26D AO Oe 2G, 29 2a s0n 42 2ielee ie: 
31,0) 34.4,423:31310932.3,038:0,<47 522105, 1 29. 
15-7 91S: 051 9111 S572 e83923.8. 03 Daler? Iota? 1.8. 
30.7, 29.0, 44.6 

7. Travel to the United States The data below give the 
places of origin and the numbers of travelers (in mil- 
lions) to the United States in 1995. Construct a bar 
graph for these data. (Source: U.S. Department of 


Commerce) 
Canada 14.7 Mexico 8.0 
Europe 8.8 Far East 6.6 
Other oe 


A34 


8. 


Handling Garbage 
graph given below. 


Waste (in millions of tons) 


16. 
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Fruit Crops The data below show the cash receipts 
(in millions of dollars) from fruit crops of farmers in 
1996. Construct a bar graph for these data. 
(Source: U.S. Department of Agriculture) 


Apples 1846 Peaches 380 
Cherries 264 Pears 292, 
Grapes 2334 Plums and Prunes 295 
Lemons 228 Strawberries TAO 
Oranges 1798 


In Exercises 9-14, use the line 
(Source: Franklin Associates) 


Sno PERI ENE 3 ae 
270-7 | ——-Total waste | oo ee, 
240-G) ———Landfilled || 
210-- | —— Incinerated Be pores 


| — — Recycled 


OER 
SST SAN on} 


Year (0 © 1960) 
. Estimate the total waste in 1985 and 1995. 


. Estimate the amount of incinerated garbage in 1990. 


. Which quantities increased every year? 


. During which time period did the amount of inciner- 


ated garbage decrease? 


. What is the relationship among the four quantities in 


the line graph? 


. Why do you think landfill garbage is decreasing? 


. College Attendance The following table shows the 


enrollment in a liberal arts college. Construct a line 
graph for the data. 


aver 
1993 | 1994 | 1995 | 1996 
1675 | 1704 | 1710 | 1768 


1999 | 2000 
2S Wee 
1918 | 1967 | 1972 | 


Oil Imports 
into the United States in millions of barrels for the 
years 1988 through 1997. Construct a line graph for 
the data and state what information it reveals. 
(Source: U.S. Energy Information Administration) 


The table shows the crude oil imports 


1988 | 1989 | 1990 | 1991 | 1992 
| 18647) 21332151 | 2110 2220 
1993 beens 19959) 1996) 51997 
| 2477 | 2578 | 2643 | 2748 | 2918 
Table for 16 
17. Stock Market The list below shows stock prices 


18. 


19. 


20. 


for selected companies in April of 1999. Draw a 
graph that best represents the data. Explain why you 
chose that type of graph. (Source: Value Line) 


Company Stock Price 
Sears, Roebuck $46 
Wal-Mart Stores $98 
JC Penney $40 
K Mart Corp. $16 
The Gap, Inc. $68 


Net Profit The table shows the net profits (in 
millions of dollars) of Callaway Golf Co. for the 
years 1992 through 1997. Draw a graph that best 
represents the net profit and explain why you chose 
that type of graph. (Source: Value Line) 


1992 | 1993 1994 | 1995 | 1996 | 1997 
19.3 | 41.2 | 78.0 97.7 | 122.3 | 139.9 


Camcorders The factory sales (in millions of dol- 
lars) of camcorders for the years 1990 through 1996 
are given in the table. Organize the data graphically. 
Explain your reasoning. (Source: Electronic 
Industries Association) 


1990 | 1991 | 1992 |1993 | 1994 | 1995 1996 | 
2260 | 2013 | 1841 {1958 | 1985 | 2135 2084 


Owning Cats The average numbers (out of 100) of 
cat owners who state various reasons for owning a 
cat are listed below. Organize the data graphically. 
Explain your reasoning. (Source: Gallup Poll) 


Reason for Owning a Cat Number 
Have a pet to play with 93 
Companionship 84 


Help children learn responsibility 78 
Have a pet to communicate with 
Security ol 


Interpreting a Scatter Plot _\n Exercises 21-24, use the 
scatter plot shown. The scatter plot compares the num- 
ber of hits x made by 30 softball players during the first 
half of the season with the number of runs batted in y. 


y 


— 


Be NWF NANA COO CO 


12) 3 64 9 


21. Do x and y have a positive correlation, a negative 
correlation, or no correlation? 
22. Why does the scatter plot show only 28 points? 


23. From the scatter plot, does it appear that players with 
more hits tend to have more runs batted in? 


24. Can a player have more runs batted in than hits? 
Explain. 


In Exercises 25-28, decide whether a scatter plot relat- 
ing the two quantities would tend to have a positive, a 
negative, or no correlation. Explain. 

25. The age and value of a car 

26. A student’s study time and test scores 

27. The height and age of a pine tree 

28. A student’s height and test scores 


In Exercises 29-32, use the data in the table, which 
shows the relationship between the altitude A (in thou- 
sands of feet) and the air pressure P (in pounds per 
square foot). 


al Eas 
BP) 14.7] 123 oe 


TAY 30 | 35 | 40 | 45 | 50 


Bp) 45/35/28] 21] 18 


29. Sketch a scatter plot of the data. 
30. How are A and P related? 
31. Estimate the air pressure at 42,500 feet. 


32. Estimate the altitude at which the air pressure is 
5.0 pounds per square foot. 
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Crop Yield \n Exercises 33-36, use the data in the 
table, where x is the number of units of fertilizer applied 
to sample plots and y is the yield (in bushels) of a crop. 


0 | lawleomales 
58 | 60 | 59 | 61 


33. Sketch a scatter plot of the data. 


34. Determine whether the points are positively correlat- 
ed, are negatively correlated, or have no discernible 
correlation. 


35. Sketch a linear model that you think best represents 
the data. Find an equation of the line you sketched. 
Use the line to predict the yield if 10 units of fertil- 
izer are used. 


36. Can the model found in Exercise 35 be used to pre- 
dict yields for arbitrarily large values of x? Explain. 


Speed of Sound \n Exercises 37-40, use the data in the 
table, where h is altitude in thousands of feet and v is 
the speed of sound in feet per second. 


y 116 1097 1077 | 1057 1036 | 1015 | 995 | 973 


37. Sketch a scatter plot of the data. 


38. Determine whether the points are positively correlat- 
ed, are negatively correlated, or have no discernible 
correlation. 


39. Sketch a linear model that you think best represents 
the data. Find an equation of the line you sketched. 
Use the line to predict the speed of sound at an alti- 
tude of 27,000 feet. 


40. The speed of sound at an altitude of 70,000 feet is 
approximately 971 feet per second. What does this 
suggest about the validity of using the model in 
Exercise 39 to extrapolate beyond the data given in 
the table? 


ci In Exercises 41-44, use a graphing utility to find 


the least squares regression line for the data. Sketch a 

scatter plot and the regression line. 

41-:(05 23) -Ge20) 9C19)2 Cori ta 15), “Coan k ly: 
(6, 10) 

AN (Aro Som 4nd); (O.555.7), (ere). (Saree 
(9, 63.1), (10, 66.5) 

43. (—10, 5.1), (—5, 9.8),-(O, 17.5), (2, 25.4), (4, 32.8), 
(6, 38.7), (8, 44.2), (10, 50.5) 
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== 46, 


Appendix C Further Concepts in Statistics 


(10; 213.5) "(= 5) 174.9) O14 17) OF 11997), 
(8, 102.4), (10, 87.6) 


School Enrollment The table gives the preprimary 
school enrollments y (in millions) for the years 1990 
through 1995, where t = 0 corresponds to 1990. 
(Source: U.S. Bureau of the Census) 


2 }3 4 E | 
iw ameley 11.54 | 11.95 12.33 | 12.52 


(a) Use a graphing utility to find the least squares 
regression line. Use the equation to estimate 
enrollment in 1996. 


(b) Make a scatter plot of the data and sketch the 
graph of the regression line. 


(c) Use a graphing utility to determine the correla- 
tion coefficient. 


Advertising The management of a department 
store ran an experiment to determine if a relationship 
existed between sales S (in thousands of dollars) and 
the amount spent on advertising x (in thousands of 
dollars). The following data were collected. 

aT a ce 


| 405] 423 455 466 | 492 | 510 | 525 | 559 | 


(a) Use a graphing utility to find the least squares 
regression line. Use the equation to estimate 
sales if $4500 is spent on advertising. 


(b) Make a scatter plot of the data and sketch the 
graph of the regression line. 


(c) Use a graphing utility to determine the correla- 
tion coefficient. 


In Exercises 47-50, find the mean, median, and mode 
of the set of measurements. 


47. 
49. 


51. 


Se lao. 9) 48.030, 37,32, 39,33, 34,32 
ee) 250.820, 37.32, 39,535, 34, 32 
Electric Bills A person had the following monthly 


bills for electricity. What are the mean and median of 
the collection of bills? 


Jan. $67.92 Feb. $59.84 Mar. $52.00 
Apr. $52.50 May $57.99 June $65.35 
July $81.76 Aug. $74.98 Sept. $87.82 
Oct. $83.18 Nov. $65.35 Dec. $57.00 


52: 


Car Rental A car rental company kept the follow- 
ing record of the numbers of miles driven by a car 
that was rented. What are the mean, median, and 
mode of these data? 


Monday 410 Tuesday 260 
Wednesday 320 Thursday 320 
_ Friday 460 Saturday 150 


53. 


54. 


35: 


56. 


nik 


58. 


Six-Child Families A study was done on families 


having six children. The table gives the number of 
families in the study with the indicated number of 
girls. Determine the mean, median, and mode of this 
set of data. 


Baseball A baseball fan examined the records of a 
favorite baseball player’s performance during his last 
50 games. The number of games in which the player 
had 0, 1, 2, 3, and 4 hits are recorded in the table. 


(a) Determine the average number of hits per game. 


(b) Determine the player’s batting average if he had 
200 at bats during the 50-game series. 


Think About It Construct a collection of numbers 
that has the following properties. If this is not possi- 
ble, explain why it is not. 


Mean = 6, median = 4, mode = 4 

Think About It Construct a collection of numbers 
that has the following properties. If this is not possi- 
ble, explain why it is not. 

Mean = 6, median = 6, mode = 4 


Test Scores A professor records the following 
scores for a 100-point exam. 


99, 64, 80, 77, 59, 72, 87, 79, 92, 88, 

90, 42, 20, 89, 42, 100, 98, 84, 78, 91 

Which measure of central tendency best describes 
these test scores? 


Shoe Sales A salesperson sold eight pairs of a cer- 
tain style of men’s shoes. The sizes of the eight pairs 
were as follows: 105, 8, 12, 105, 10, 94, 11, and 104. 
Which measure (or measures) of central tendency 
best describes the typical shoe size for these data? 
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Statements and Truth Tables 


Statements 


In everyday speech and in mathematics we make inferences that adhere to 
common laws of logic. These laws (or methods of reasoning) allow us to build an 
algebra of statements by using logical operations to form compound statements 
from simpler ones. One of the primary goals of logic is to determine the truth 
value (true or false) of a compound statement knowing the truth values of its 
simpler component statements. For instance, the compound statement “The 
temperature is below freezing and it is snowing” is true only if both component 
statements are true. 


» Definition of a Statement 


1. A statement (or proposition) is a sentence to which only one truth 
value (either true or false) can be meaningfully assigned. 


2. An open statement is a sentence that contains one or more variables 
and becomes a statement when each variable is replaced by a specific 
item from a designated set. 


Statements, Nonstatements, and Open Statements 


Statement Truth Value 

A square is a rectangle. ia 

See Smless tall ao. F 

Nonstatement Truth Value 

Do your homework. No truth value can be meaningfully assigned. 
Did you call the police? No truth value can be meaningfully assigned. 
Open Statement Truth Value 

x is an irrational number. We need a value of x. 


She is a computer science major. We need a specific person. 
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Introduction to Logic 


Symbolically, statements are represented by lowercase letters p, q, r, and so 
on. Statements can be changed or combined to form compound statements by 
means of the three logical operations and, or, and not, which are represented by 
/\ (and), \/ (or), and ~ (not). In logic, the word or is used in the inclusive sense 
(meaning “and/or” in everyday language). That is, the statement “p or q” is true 
if p is true, q is true, or both p and gq are true. The following list summarizes the 
terms and symbols used with these three operations of logic. 


> Operations of Logic 


Operation Verbal Symbolic Name of 
Statement Form Operation 


not p ~p Negation 


p and q p/\q Conjunction 


porg PV Disjunction 


Compound statements can be formed using more than one logical operation, 
as demonstrated in Example 2. 


Forming Negations and Compound Statements 


The statements p and gq are as follows. 


p: The temperature is below freezing. 
q: It is snowing. 
Write the verbal form for each of the following. 
a. p/\q b. ~p c. ~(p \/ q) d. ~p/\~q 
Solution 
a. The temperature is below freezing and it is snowing. 
b. The temperature is not below freezing. 
c. It is not true that the temperature is below freezing or it is snowing. 


d. The temperature is not below freezing and it is not snowing. 


(=e) ae) | Forming Compound Statements 


The statements p and q are as follows. 
p: The temperature is below freezing. 
q: It is snowing. 
a. Write the symbolic form for: The temperature is not below freezing or it is not 
snowing. 
b. Write the symbolic form for: /t is not true that the temperature is below 
freezing and it is snowing. 
Solution 


a. The symbolic form is: ~p \/ ~q b. The symbolic form is: ~(p /\ q) 
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Truth Tables 


To determine the truth value of a compound statement, it is helpful to construct 
charts called truth tables. The following tables represent the three basic logical 
operations. 


Negation Conjunction Disjunction 


slsieis 
sSleis | a 
sSlsis | 
sSleis|s 
T 
ms fe ies | 
sSlsie |e 
sSleis | 
seis is 


ih 


For the sake of uniformity, all truth tables with two component statements will 
have T and F values for p and g assigned in the order shown in the first columns 
of these three tables. Truth tables for several operations can be combined into one 
chart by using the same two first columns. For each operation, a new column is 
added. Such an arrangement is especially useful with compound statements that 
involve more than one logical operation and for showing that two statements are 
logically equivalent. 


> Logical Equivalence 


Two compound statements are logically equivalent if they have identical 
truth tables. Symbolically, the equivalence of the statements p and g is 
denoted by writing p = q. 


ells) (eeet Logical Equivalence 


Use a truth table to show the logical equivalence of the statements ~p /\ ~g and 


~(p\/ q): 


Solution 


pee te Identical res 


mialal| al] 
= 


ie 
Si Sisis 
sisi) = 
Sais =28 
Ss) sa] = 


Because the fifth and seventh columns in the table are identical, the two given 
statements are logically equivalent. 
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The equivalence established in Example 4 is one of two well-known rules in 
logic called DeMorgan’s Laws. Verification of the second of DeMorgan’s Laws 
is left as an exercise. 


> DeMorgan’s Laws 
1. ~(p Vg) =~p/\~4 


2. ~(p/\q)=~p\V ~4 


Compound statements that are true, no matter what the truth values of the 
component statements, are called tautologies. One simple example is the state- 
ment “p or not p,” as shown in the table. 


p \/ ~p is a tautology 


In Exercises 1-12, classify the sentence as a statement, 17a | 2) 18. /2 =x 

a nonstatement, or an open statement. (a) x=0 (a) x=3 
1. All dogs are brown. 2. Can I help you? (b) x= 1 (b) x = -3 
3. That figure is a circle. 4. Substitute 4 for x. 

j 19,==1 20. x= -2 

5. x is larger than 4. 6. 8 is larger than 4. % 

7. x+y = 10 8. 12+3= 14 (a) x= —-4 (a) x =8 
9. Hockey is fun to watch. (b) x = 0 (b) x= —-8 


10. One mile is greater than 1 kilometer. 


Al Witeenore than anile to the school’ In Exercises 21-24, write the verbal form for each of the 


following. 
12. Come to the party. 
(icpesbig (chap /\q) (dip Vag 
In Exercises 13-20, determine whether the open state- 21. p: The sun is shining. 
ment is true for the given values of x. q: It is hot. 
1303 6 = 0 14. x? -x-6=0 22. p: The car has a radio. 
(a) x =2 Qn q: The car is red. 
(o) x= —-2 (b) x= -2 235): Lions are mammals. 
15. x2 <4 16. |x — 3| = 4 q: Lions oh carnivorous. 
(a)x=-—2 (yore 24. 2 Be is less than 15. 
q: Seven is a prime number. 


(b) x =0 (bo) x= 7 


In Exercises 25-28, write the verbal form for each of the 
following. 


(a)~p\q = (b) ~pVq 
(c)pA\~q  (d) pV ~q 
25. p: The sun is shining. 
q: It is hot. 
26. p: The car has a radio. 
q: The car is red. 
27. p: Lions are mammals. 
q: Lions are carnivorous. 
28. p: Twelve is less than 15. 
q: Seven is a prime number. 


In Exercises 29-32, write the symbolic form of the given 
compound statement. In each case let p represent the 
statement “It is four o’clock,” and let g represent the 
statement “It is time to go home.” 

29. It is four o’clock and it is not time to go home. 

30. It is not four o’clock or it is not time to go home. 
31. It is not four o’clock or it is time to go home. 


32. It is four o’clock and it is time to go home. 


In Exercises 33-36, write the symbolic form of the given 
compound statement. In each case let p represent the 
statement “The dog has fleas,” and let g represent the 
statement “The dog Is scratching.” 


33. The dog does not have fleas or the dog is not scratch- 
ing. 

34. The dog has fleas and the dog is scratching. 

35. The dog does not have fleas and the dog is scratch- 
ing. 

36. The dog has fleas or the dog is not scratching. 


In Exercises 37-42, write the negation of the given state- 
ment. 

37. The bus is not blue. 

38. Frank is not 6 feet tall. 

39. x is equal to 4. 

40. x is not equal to 4. 

41. The earth is not flat. 

42. The earth is flat. 
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In Exercises 43-48, construct a truth table for the given 
compound statement. 


43. ~p/\q 44. ~p\/q 
45. ~p\/ ~q 46. ~p/\~q 
47. p\/ ~q 48. p/\~q 


In Exercises 49-54, use a truth table to determine 
whether the given statements are logically equivalent. 


49.~p/\q, DV ~q 

50. ~(p/~q), ~P\Vq 
51. ~(p\/ -g);, ~P ‘Ng 
52. ~(p\/ q), ~P\ ~4 
53.'p/\ ~q, ~(~p \/ q) 
54. p/\~q, ~(~p/\q) 


In Exercises 55-58, determine whether the statements 
are logically equivalent. 
55. (a) The house is red and it is not made of wood. 
(b) The house is red or it is not made of wood. 
56. (a) It is not true that the tree is not green. 
(b) The tree is green. 


57. (a) The statement that the house is white or blue is 
not true. 


(b) The house is not white and it is not blue. 
58. (a) I am not 25 years old and I am not applying for 
this job. 
(b) The statement that I am 25 years old and I am 
applying for this job is not true. 


In Exercises 59-62, use a truth table to determine 
whether the given statement is a tautology. 

59. ~p/\p 60. ~p \/p 

61. ~(~p) V ~p 62. ~(~p) /\~p 


63. Use a truth table to verify the second of DeMorgan’s 
Laws: 


~(p\qg=~p\V ~4 
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Implications — ° | 


A statement of the form “If p, then g,” is called an implication (or a conditional 
statement) and is denoted by 


pq. 


The statement p is called the hypothesis and the statement g is called the 
conclusion. There are many different ways to express the implication p—q, as 
shown in the following list. 


> Different Ways of Stating Implications 
The implication p — q has the following equivalent verbal forms. 
1. If p, then q. 2. p implies q. 
3. p, only if q. 4. q follows from p. 
5. q is necessary for p. 6. p is sufficient for q. 


Normally, we think of the implication p—q as having a cause-and-effect 
relationship between the hypothesis p and the conclusion g. However, you should 
be careful not to confuse the truth value of the component statements with the 
truth value of the implication. The following truth table should help you keep this 
distinction in mind. 


Implication 


Note in the table that the implication p— q is false only when p is true and q is 
false. This is like a promise. Suppose you promise a friend that “If the sun shines, 
I will take you fishing.” The only way you can break your promise is if the sun 
shines (p is true) and you do not take your friend fishing (q is false). If the sun 


doesn’t shine (p is false), you have no obligation to go fishing, and so the promise 
cannot be broken. 


Section D.2__ Implications, Quantifiers, and Venn Diagrams A43 


Finding Truth Values of Implications 


Give the truth value of each implication. 
a. If 3 is odd, then 9 is odd. 
b. If 3 is odd, then 9 is even. 
c. If 3 is even, then 9 is odd. 


d. If 3 is even, then 9 is even. 


Solution 
Hypothesis Conclusion Implication 
a. T T dt 
b. T F F 
Cc. F sy 4 
d. F F T 


The next example shows how to write an implication as a disjunction. 


Identifying Equivalent Statements 


Use a truth table to show the logical equivalence of the following statements. 


a. If I get a raise, I will take my family on a vacation. 


b. I will not get a raise or I will take my family on a vacation. 


Solution 


Let p represent the statement “I will get a raise,” and let g represent the statement 
“T will take my family on a vacation.” Then, you can represent the statement in 
part (a) as p— gq and the statement in part (b) as ~p \/ q. The logical equivalence 
of these two statements is shown in the following truth table. 


p>q=~P\/q 


slate] a] 


F aes 
(% Identical nf 


Because the fourth and fifth columns of the truth table are identical, you can 
conclude that the two statements p > q and ~p \/ q are equivalent. 
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From the table in Example 2 and the fact that ~(~p) = p, we can write the 
negation of an implication. That is, because p—q is equivalent to~p\/q,it 
follows that the negation of p—>gq must be ~(~p \/ q), which by DeMorgan’s 
Laws can be written as follows. 


=(P = qi DY eG 

For the implication p — q, there are three important associated implications. 
1. The converse of p> gq: q-—p 
2. The inverse of pg: ~p—~q 
3. The contrapositive of p> q: ~q—~p 


From the table below, you can see that these four statements yield two pairs of 
logically equivalent implications. The connective ““—>” is used to determine the 
truth values in the last three columns of the table. 


T F F T T T T 
i | 

T F F T F F T T 

EF T T F T LL F F 

Flreildtilqt| ot T T T 

iu Identical 4 ( Identical di 


Sctiel(eeim Writing the Converse, Inverse, and Contrapositive 


Write the converse, inverse, and contrapositive for the implication “If I get a B on 
my test, then I will pass the course.” 


Solution 


a. Converse: If I pass the course, then I got a B on my test. 


b. Inverse: If 1 do not get a B on my test, then I will not pass the course. 


¢c. Contrapositive: If I do not pass the course, then I did not get a B on my test. 


In Example 3, be sure you see that neither the converse nor the inverse is 
logically equivalent to the original implication. To see this, consider that the 
original implication simply states that if you get a B on your test, then you will 
pass the course. The converse is not true because knowing that you passed the 
course does not imply that you got a B on the test. (After all, you might have 
gotten an A on the test.) 

A biconditional statement, denoted by p<+q, is the conjunction of the 
implications p— q and qg—p. Often a biconditional statement is written as “p if 
and only if g,” or in shorter form as “p iff g.” A biconditional statement is true 
when both components are true and when both components are false, as shown in 
the following truth table. 
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Biconditional Statement: p if and only if q 


The following list summarizes some of the laws of logic that we have 
discussed up to this point. 


> Laws of Logic 
1. For every statement p, either p is true or p is false. Law of Excluded Middle 
. ~(~p) =P Law of Double Negation 


.~(pVq =~p\~q DeMorgan’s Law 


Fy ome a hice eal La!) Law of Implication 


z 
3 
4. ~(p/\q)=~P\/ ~4 DeMorgan’s Law 
5 
6 


SW i Ao ae en rae Bary U Law of Contraposition 


Logical Quantifiers 


Logical quantifiers are words such as some, all, every, each, one, and none. Here 
are some examples of statements with quantifiers. 

Some isosceles triangles are right triangles. 

Every painting on display is for sale. 

Not all corporations have male chief executive officers. 

All squares are parallelograms. 
Being able to recognize the negation of a statement involving a quantifier is one 
of the most important skills in logic. For instance, consider the statement “All 
dogs are brown.” In order for this statement to be false, you do not have to show 
that all dogs are not brown, you must simply find at least one dog that is not 


brown. So, the negation of the statement is “Some dogs are brown.” 
Next we list some of the more common negations involving quantifiers. 


> Negating Statements with Quantifiers 


Statement Negation 
1. All p are q. Some p are not g. 
2. Some p are gq. No p is q. 
3. Some p are not g. All p are gq. 


4. Nopis q. Some p are g. 
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When using logical quantifiers, the word all can be replaced by the words 
each or every. For instance, the following are equivalent. 


All p are q. Each p is q. Every p is q. 


Similarly, the word some can be replaced by the words at least one. For instance, 
the following are equivalent. 


Some p are g. Atleast one p is q. 


> elle(12  Negating Quantifying Statements 


Write the negation of each statement. 


a. All students study. 
b. Not all prime numbers are odd. 
c. At least one mammal can fly. 


d. Some bananas are not yellow. 


Solution 

a. Some students do not study. 
b. All prime numbers are odd. 
c. No mammals can fly. 


d. All bananas are yellow. 


Venn Diagrams 


Venn diagrams are figures that are used to show relationships between two or 
more sets of objects. They can help us to interpret quantifying statements. Study 
the following Venn diagrams in which the circle marked A represents people more 
than 6 feet tall and the circle marked B represents the basketball players. 


1. All basketball players are 2. Some basketball players are 
more than 6 feet tall. more than 6 feet tall. 


S¥i 


Section D.2 


3. Some basketball players are 
not more than 6 feet tall. 


In Exercises 1-4, write the verbal form for each of the 


following. 
(a)p—>q (b) q—>p  (c) ~gq>~p_ (d) p>~q 
1. p: The engine is running. 
q: The engine is wasting gasoline. 
2. p: The student is at school. 
q: It is nine o’clock. 
3. p: The integer is even. 
q: It is divisible by 2. 
4. p: The person is generous. 
q: The person is rich. 


In Exercises 5-10, write the symbolic form of the com- 
pound statement. Let p represent the statement “The 
economy is expanding,” and let g represent the state- 
ment “Interest rates are low.” 


5. 


10. 


If interest rates are low, then the economy is expand- 
ing. 


. If interest rates are not low, then the economy is not 


expanding. 


. An expanding economy implies low interest rates. 


. Low interest rates are sufficient for an expanding 


economy. 


. Low interest rates are necessary for an expanding 


economy. 
The economy will expand only if interest rates are 
low. 


In Exercises 1 1-20, give the truth value of the implication. 


11. 
12. 


If 4 is even, then 12 is even. 
If 4 is even, then 2 is odd. 


Implications, Quantifiers, and Venn Diagrams 


13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
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4. No basketball player is 
more than 6 feet tall. 


If 4 is odd, then 3 is odd. 

If 4 is odd, then 2 is odd. 

If 2n is even, then 2n + 2 is odd. 

If 2n + 1 is even, then 2n + 2 is odd. 
3+ 11 > l6only if2 +3 =5. 

; < 2 is necessary for 5 =O: 

x = —2 follows from 2x + 3 =x + 1. 
If 2x = 224, then x = 10. 


In Exercises 21-26, write the converse, inverse, and con- 
trapositive of the statement. 


21. 
22. 


23. 
24. 


25. 


26. 


If the sky is clear, then you can see the eclipse. 


If the person is nearsighted, then he is ineligible for 
the job. 


If taxes are raised, then the deficit will increase. 


If wages are raised, then the company’s profits will 
decrease. 


It is necessary to have a birth certificate to apply for 
the visa. 


The number is divisible by 3 only if the sum of its 
digits is divisible by 3. 


In Exercises 27-40, write the negation of the statement. 


27. 
28. 
29. 


30. 
31. 


Paul is a junior or a senior. 
Jack is a senior and he plays varsity basketball. 


If the temperature increases, then the metal rod will 
expand. 


If the test fails, then the project will be halted. 


We will go to the ocean only if the weather forecast 
is good. 
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32. Completing the pass on this play is necessary if we 
are going to win the game. 


33. Some students are in extracurricular activities. 
34. Some odd integers are not prime numbers. 

35. All contact sports are dangerous. 

36. All members must pay their dues prior to June 1. 
37. No child is allowed at the concert. 

38. No contestant is over the age of 12. 

39. At least one of the $20 bills is counterfeit. 


40. At least one unit is defective. 

In Exercises 41-48, construct a truth table for the com- 
pound statement. 

42. ~gq—>(p—q) 

44. p>(~p\/q) 


41. ~(p>~q) 

43. ~(q>p)/\q 

45. [(p \/ g) \(~p)]l>4 
46. [(p>q)/\(~g)l>p 


47. (pO ~q)>~p 48. (p \/ ~) e(q>~p) 


In Exercises 49-56, use a truth table to show the logical 
equivalence of the two statements. 


49. q>p ~p~q 
50. ~p—>q P\/q 
51. ~(p—4q) Do eg 
52. (pV q)—>4 pq 
SSL Qo og p\/~p 
54. q>(~p V q) q\/~4q 


55. p(~p/\ q) ~p 
56. ~(p/\q) > ~q p\/~4q 


57. Select the statement that is logically equivalent to the 
statement “If a number is divisible by 6, then it is 
divisible by 2.” 

(a) If a number is divisible by 2, then it is divisible 
by 6. 

(b) If a number is not divisible by 6, then it is not 
divisible by 2. 

(c) If a number is not divisible by 2, then it is not 
divisible by 6. 

(d) Some numbers are divisible by 6 and not divisi- 
ble by 2. 


58. Select the statement that is logically equivalent to the 
statement “It is not true that Pam is a conservative 
and a Democrat.” 


(a) Pam is a conservative and a Democrat. 
(b) Pam is not a conservative and not a Democrat. 


(c) Pam is not a conservative or she is not a 
Democrat. 


(d) If Pam is not a conservative, then she is a 
Democrat. 


59. Select the statement that is not logically equivalent to 
the statement “Every citizen over the age of 18 has 
the right to vote.” 


(a) Some citizens over the age of 18 have the right 
to vote. 


(b) Each citizen over the age of 18 has the right to 
vote. 


(c) All citizens over the age of 18 have the right to 
vote. 


(d) No citizen over the age of 18 can be restricted 
from voting. 


60. Select the statement that is not logically equivalent to 
the statement “It is necessary to pay the registration 
fee to take the course.” 


(a) If you take the course, then you must pay the 
registration fee. 


(b) If you do not pay the registration fee, then you 
cannot take the course. 


(c) If you pay the registration fee, then you may take 
the course. 


(d) You may take the course only if you pay the 
registration fee. 


In Exercises 61-70, sketch a Venn diagram and shade 
the region that illustrates the given statement. Let A be 
a circle that represents people who are happy, and let B 
be a circle that represents college students. 

61. All college students are happy. 

62. All happy people are college students. 

63. No college students are happy. 

64. No happy people are college students. 

65. Some college students are not happy. 

66. Some happy people are not college students. 

67. At least one college student is happy. 

68. At least one happy person is not a college student. 
69. Each college student is sad. 


70. Each sad person is not a college student. 
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In Exercises 71-74, state whether the statement follows 73. (a) All blue cars are old. 
from the given Venn diagram. Assume that each area 
shown in the Venn diagram is non-empty. (Note: Use 
only the information given in the diagram. Do not be 
concerned with whether the statement is actually true 
or false.) 


(b) Some blue cars are not old. 


71. (a) All toads are green. 


(b) Some toads are green. 


74. (a) No football players are more than 6 feet tall. 
(b) Every football player is more than 6 feet tall. 


People who 
are more than 
six feet tall 
72. (a) All men are company presidents. 


(b) Some company presidents are women. 


Company 
presidents 


Arguments 


An argument is a collection of statements, listed in order. The last statement is 
called the conclusion and the other statements are called the premises. An argu- 
ment is valid if the conjunction of all the premises implies the conclusion. The 
most common type of argument takes the following form. 


Premise #1: Pp->q 
ee Premise #2: Dp 
Conclusion: q 


This form of argument is called the Law of Detachment or Modus Ponens. It is 
illustrated in the following example. 
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Example 1 


A Valid Argument 


Show that the following argument is valid. 


Premise #1: If Sean is a freshman, then he is taking algebra. 
Premise #2: Sean is a freshman. 
Conclusion: So, Sean is taking algebra. 

Solution 


Let p represent the statement “Sean is a freshman,” and let g represent the state- 
ment “Sean is taking algebra.” Then the argument fits the Law of Detachment, 
which can be written as [(p—gq) /\ p]>q. The validity of this argument is 
shown in the following truth table. 


Law of Detachment 


tlr| ft T T 
TlFl| F F T 
F|T| T F | T 
FiF| tT |  & is 


Keep in mind that the validity of an argument has nothing to do with the 
truthfulness of the premises or conclusion. For instance, the following argument 
is valid—the fact that it is fanciful does not alter its validity. 


Premise #1: If I snap my fingers, elephants will stay out of my house. 
Premise #2: I am snapping my fingers. 
Conclusion: So, elephants will stay out of my house. 


> Four Types of Valid Arguments 


Name Pattern 


Law of Detachment 
or Modus Ponens 


Law of Contraposition 
or Modus Tollens 


Law of Transitivity 
or Syllogism 


Law of Disjunctive 
Syllogism 


Premise #1: 
Premise #2: 
Conclusion: 


Premise #1: 
Premise #2: 
Conclusion: 


Premise #1: 
Premise #2: 
Conclusion: 


Premise #1: 
Premise #2: 
Conclusion: 


Section D.3 Logical Arguments AS1 


An Invalid Argument 


Determine whether the following argument is valid. 


Premise #1: If John is elected, the income tax will be increased. 
Premise #2: The income tax was increased. 
Conclusion: So, John was elected. 

Solution 


This argument has the following form. 

Pattern Implication 
Premise #1: p—q (pq) qlop 
Premise #2: qd 
Conclusion: Pp 


This is not one of the four valid forms of arguments that were listed. You can 
construct a truth table to verify that the argument is invalid, as follows. 


An Invalid Argument 


An invalid argument, such as the one in Example 2, is called a fallacy. Other 
common fallacies are given in the following example. 


elu) (eee Common Fallacies 


Each of the following arguments is invalid. 


a. Arguing from the Converse: If the football team wins the championship, then 
students will skip classes. The students skipped classes. So, the football team 
won the championship. 

b. Arguing from the Inverse: If the football team wins the championship, then 
students will skip classes. The football team did not win the championship. So, 
the students did not skip classes. 


c. Arguing from False Authority: Wheaties are best for you because Joe Montana 
eats them. 

d. Arguing from an Example: Beta brand products are not reliable because my 
Beta brand snowblower does not start in cold weather. 
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e. Arguing from Ambiguity: If an automobile carburetor is modified, the auto- 
mobile will pollute. Brand X automobiles have modified carburetors. So, 
Brand X automobiles pollute. 


f. Arguing by False Association: Joe was running through the alley when the fire 
alarm went off. So, Joe started the fire. 


eecuuse)(-wcg A Valid Argument 


Determine whether the following argument is valid. 
Premise #1: You like strawberry pie or you like chocolate pie. 
Premise #2: You do not like strawberry pie. 
Conclusion: So, you like chocolate pie. 


Solution 
This argument has the following form. 


Premise #1: DP\/4q 
Premise #2: ~p 
Conclusion: q 


This argument is a disjunctive syllogism, which is one of the four common types 
of valid arguments. 


In a valid argument, the conclusion drawn from the premise is called a valid 
conclusion. 


elle) | Making Valid Conclusions 


Given the following two premises, which of the conclusions are valid? 
Premise #1: If you like boating, then you like swimming. 
Premise #2: If you like swimming, then you are a scholar. 

a. Conclusion: If you like boating, then you are a scholar. 


b. Conclusion: If you do not like boating, then you are not a scholar. 


c. Conclusion: If you are not a scholar, then you do not like boating. 


Solution 
a. This conclusion is valid. It follows from the Law of Transitivity or Syllogism. 
b. This conclusion is invalid. The fallacy stems from arguing from the inverse. 


ce. This conclusion is valid. It follows from the Law of Contraposition. 


Scholars 


Figure D.1 


Figure D.2 


Figure D.3 


Physically 
fit people 


Good 
tennis 
players 
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Venn Diagrams and Arguments 


Venn diagrams can be used to test informally the validity of an argument. For 
instance, a Venn diagram for the premises in Example 5 is shown in Figure D.1. 
In this figure, the validity of Conclusion (a) is seen by choosing a boater x in all 
three sets. Conclusion (b) is seen to be invalid by choosing a person y who is a 
scholar but does not like boating. Finally, person z indicates the validity of 
Conclusion (c). 

Venn diagrams work well for testing arguments that involve quantifiers, as 
shown in the next two examples. 


<li) (aom Using a Venn Diagram to Show That an Argument Is 
Not Valid 


Use a Venn diagram to test the validity of the following argument. 


Premise #1: Some plants are green. 

Premise #2: All lettuce is green. 

Conclusion: So, lettuce is a plant. 
Solution 


From the Venn diagram shown in Figure D.2, you can see that this is not a valid 
argument. Remember that even though the conclusion is true (lettuce is a plant), 
this does not imply that the argument is true. 


When you are using Venn diagrams, you must remember to draw the most 
general case. For example, in Figure D.2 the circle representing plants is not 
drawn entirely within the circle representing green things because you are told 
that only some plants are green. 


> elil)(wae Using a Venn Diagram to Show That an Argument Is 
Valid 


Use a Venn diagram to test the validity of the following argument. 


Premise #1: All good tennis players are physically fit. 


Premise #2: Some golfers are good tennis players. 
Conclusion: So, some golfers are physically fit. 
Solution 


Because the set of golfers intersects the set of good tennis players, as shown in 
Figure D.3, the set of golfers must also intersect the set of physically fit people. 
So, the argument is valid. 
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Proofs 


What does the word proof mean to you? In mathematics, the word proof is used 
to mean simply a valid argument. Many proofs involve more than two premises 
and a conclusion. For instance, the proof in Example 8 involves three premises 
and a conclusion. 


=clu(tee A Proof by Contraposition 


Use the following three premises to prove that “It is not snowing today.” 
Premise #1: If it is snowing today, Greg will go skiing. 
Premise #2: If Greg is skiing today, then he is not studying. 
Premise #3: Greg is studying today. 


Solution 


Let p represent the statement “It is snowing today,” let g represent “Greg is ski- 
ing,” and let r represent “Greg is studying today.” So, the given premises have the 
following form. 


Premise #1: pq 
Premise #2: q->~r 
Premise #3: iP 
By noting that r = ~(~r), reordering the premises, and writing the contraposi- 


tives of the first and second premises, you obtain the following valid argument. 


Premise #3: r 
Contrapositive of Premise #2: Paver] 
Contrapositive of Premise #1: ~q>~p 
Conclusion: ~p 


So, you can conclude ~p. That is, “It is not snowing today.” 


In Exercises 1-4, use a truth table to show that the given In Exercises S-8, use a truth table to show that the given 

argument Is valid. argument Is invalid. 

1. Premise #1: p> ~q 2. Premise #1: pq 5. Premise #1: ~p—q 6. Premise #1: pq 
Premise #2: q Premise #2: p Premise #2: p Premise #2: ~p 
Conclusion: ~p Conclusion: q Conclusion: ~q Conclusion: ~q 

3. Premise #1: p \/ q 4, Premise #1: p /\ q 7. Premise #1: p \/ q 8. Premise #1: ~(p /\ q) 
Premise #2: ~p Premise #2: ~p Premise #2: q Premise #2: q 


Conclusion: g Conclusion: g Conclusion: p Conclusion: p 


In Exercises 9-22, determine whether the argument Is 
valid or invalid. 


o. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Premise #1: 


Premise #2: 


Conclusion: 


Premise #1: 


Premise #2: 


Conclusion: 


Premise #1: 


Premise #2: 
Conclusion: 


Premise #1: 


Premise #2: 


Conclusion: 


Premise #1: 


Premise #2: 
Conclusion: 


Premise #1: 


Premise #2: 


Conclusion: 


Premise #1: 


Premise #2: 


Conclusion: 


Premise #1: 


Premise #2: 


Conclusion: 


Premise #1: 


Premise #2: 


Conclusion: 


Premise #1: 


Premise #2: 
Conclusion: 


If taxes are increased, then businesses 
will leave the state. 

Taxes are increased. 

So, businesses will leave the state. 


If a student does the homework, then a 
good grade is certain. 

Liza does the homework. 

So, Liza will receive a good grade for 
the course. 


If taxes are increased, then businesses 
will leave the state. 

Businesses are leaving the state. 

So, taxes were increased. 


If a student does the homework, then a 
good grade is certain. 

Liza received a good grade for the 
course. 

So, Liza did her homework. 


If the doors are kept locked, then the 
car will not be stolen. 

The car was stolen. 

So, the car doors were unlocked. 


If Jan passes the exam, she is eligible 
for the position. 

Jan is not eligible for the position. 

So, Jan did not pass the exam. 


All cars manufactured by the Ford 
Motor Company are reliable. 

Lincolns are manufactured by Ford. 
So, Lincolns are reliable cars. 


Some cars manufactured by the Ford 
Motor Company are reliable. 

Lincolns are manufactured by Ford. 
So, Lincolns are reliable . 


All federal income tax forms are sub- 
ject to the Paperwork Reduction Act of 
1980. 

The 1040 Schedule A form is subject to 
the Paperwork Reduction Act of 1980. 

So, the 1040 Schedule A form is a fed- 
eral income tax form. 

All integers divisible by 6 are divisible 
Dy: 

Eighteen is divisible by 6. 

So, 18 is divisible by 3. 


19; 


20. 


21. 


22. 
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Premise #1: 


Premise #2: 
Conclusion: 


Premise #1: 


Premise #2: 


Conclusion: 


Premise #1: 


Premise #2: 
Conclusion: 


Premise #1: 


Premise #2: 
Conclusion: 
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Eric is at the store or the handball court. 
He is not at the store. 
So, he must be at the handball court. 


The book must be returned within 2 
weeks or you pay a fine. 

The book was not returned within 2 
weeks. 

So, you must pay a fine. 


It is not true that it is a diamond and it 
sparkles in the sunlight. 

It does sparkle in the sunlight. 

So, it is a diamond. 


Either I work tonight or I pass the 
mathematics test. 

I’m going to work tonight. 

So, I will fail the mathematics test. 


In Exercises 23-30, determine which conclusion is valid 
from the given premises. 


23. Premise #1: 


24. 


25. 


26. 


Premise #2: 

(a) Conclusion: 
(b) Conclusion: 
(c) Conclusion: 


Premise #1: 


Premise #2: 

(a) Conclusion: 
(b) Conclusion: 
(c) Conclusion: 


Premise #1: 


Premise #2: 
(a) Conclusion: 
(b) Conclusion: 


(c) Conclusion: 


Premise #1: 


Premise #2: 
(a) Conclusion: 


(b) Conclusion: 


(c) Conclusion: 


If 7 is a prime number, then 7 does 
not divide evenly into 21. 

Seven divides evenly into 21. 

So, 7 is a prime number. 

So, 7 is not a prime number. 

So, 21 divided by 7 is 3. 


If the fuel is shut off, then the fire 
will be extinguished. 

The fire continues to burn. 

So, the fuel was not shut off. 

So, the fuel was shut off. 

So, the fire becomes hotter. 


It is necessary that interest rates be 
lowered for the economy to 
improve. 

Interest rates were not lowered. 
So, the economy will improve. 

So, interest rates are irrelevant to 
the performance of the economy. 
So, the economy will not improve. 


It will snow only if the temperature 
is below 32° at some level of the 
atmosphere. 

It is snowing. 

So, the temperature is below 32° at 
ground level. 

So, the temperature is above 32° at 
some level of the atmosphere. 

So, the temperature is below 32° at 
some level of the atmosphere. 
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27. 


28. 


29. 


30. 


Premise #1: 


Premise #2: 


(a) Conclusion: 


(b) Conclusion: 


(c) Conclusion: 


Premise #1: 


Premise #2: 


(a) Conclusion: 
(b) Conclusion: 


(c) Conclusion: 


Premise #1: 


Premise #2: 


(a) Conclusion: 
(b) Conclusion: 


(c) Conclusion: 


Premise #1: 


Premise #2: 
(a) Conclusion: 


(b) Conclusion: 


(c) Conclusion: 
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Smokestack emissions must be 
reduced or acid rain will continue 
as an environmental problem. 
Smokestack emissions have not 
decreased. 

So, the ozone layer will continue to 
be depleted. 

So, acid rain will continue as an 
environmental problem. 

So, stricter automobile emission 
standards must be enacted. 


The library must upgrade its com- 
puter system or service will not 
improve. 

Service at the library has improved. 
So, the computer system was 
upgraded. 

So, more personnel were hired for 
the library. 

So, the computer system was not 
upgraded. 


If Rodney studies, then he will 
make good grades. 

If he makes good grades, then he 
will get a good job. 

So, Rodney will get a good job. 
So, if Rodney doesn’t study, then 
he won’t get a good job. 

So, if Rodney doesn’t get a good 
job, then he didn’t study. 


It is necessary to have a ticket and 
an ID card to get into the arena. 
Janice entered the arena. 

So, Janice does not have a ticket. 
So, Janice has a ticket and an ID 
card. 

So, Janice has an ID card. 


In Exercises 31-34, use a Venn diagram to test the valid- 
ity of the argument. 


31. Premise #1: All numbers divisible by 10 are divisi- 
ble by 5. 

Premise #2: Fifty is divisible by 10. 

Conclusion: So, 50 is divisible by 5. 


32. Premise #1: 
Premise #2: 
Conclusion: 


33. Premise #1: 


Premise #2: 


q 


Conclusion: 


34. Premise #1: 


Premise #2: 
Conclusion: 


All human beings require adequate rest. 
All infants are human beings. 
So, all infants require adequate rest. 


No person under the age of 18 is eligi- 
ble to vote. 

Some college students are eligible to 
vote. 

So, some college students are under the 
age of 18. 


Every amateur radio operator has a 
radio license. 

Jackie has a radio license. 

So, Jackie is an amateur radio operator. 


In Exercises 35-38, use the premises to prove the given 


conclusion. 


35. Premise #1: 


Premise #2: 


Premise #3: 
Conclusion: 


36. Premise #1: 
Premise #2: 
Premise #3: 
Conclusion: 


37. Premise #1: 


Premise #2: 


Premise #3: 
Conclusion: 


38. Premise #1: 


Premise #2: 


Premise #3: 
Conclusion: 


If Sue drives to work, then she will stop 
at the grocery store. 

If she stops at the grocery store, then 
she will buy milk. 

Sue drove to work today. 

So, Sue will buy milk. 


If Bill is patient, then he will succeed. 
Bill will get bonus pay if he succeeds. 
Bill did not get bonus pay. 

So, Bill is not patient. 


If this is a good product, then we should 
buy it. 

Either it was made by XYZ 
Corporation, or we will not buy it. 

It is not made by XYZ Corporation. 
So, it is not a good product. 


If it is raining today, Pam will clean her 
apartment. 

If Pam is cleaning her apartment today, 
then she is not riding her bike. 

Pam is riding her bike today. 

It is not raining today. 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


AS7 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


Chapter P 


Section P.1 
1. 


(page 9) 

(a) 1, 4,6 

(b) —10,0, 1, 4,6 

(c) -10, -4, -4, 0,3, 1,4, 6 
(d) —J/5, /3,27 


B(@) 3 


(b) — V4, 0,3 
(c) —3.5, — V4, —5, —0.3, 0, 3, 25.2 
(d) V5, 37 


Se SS els Od Mee 
Ue Ms BS Os eS 
9. (a) (b) 


11. 
17. 
23. 
29. 
39. 
49. 
ST. 
61. 
65. 
TES 


Ike 


81. 


= 
o+ 
Ww 
aS 


(c) (d) 


—S 


2 
a t t t = t—#} t t t t ee 
=O Me aes 2) SM AO 


15.2<5 
21. -5 < -2 
25, —2 <5 O27. -5 > 2 

Dap stave NST NG* ine 331119 hp 35. SO gEST-8 
35, 41.3 43,40 45.225 47, —85 
-16 SL -% 53.-35 55.7 

f= 6je>)|2| 59. |47| > |-27| 

—|-16.8| = —|16.8| 63. |-3] > - [3 

—34, 34 67. 160,160 69.4, 71. -2,2 
—4.7,4.7 75. 7 


| 


a 
euiw 
\i 


85. 


89. x 
o>: 
9: 
101. 


103. 
105. 


0.7 87. x < 0 


<10 93. p < 225 


True 97. False. 3 is not an integer. 
False. [3 + (—2)| = 1 #5 = [3] + |-2| 


The set of integers includes the natural numbers, zero, and 
the negative integers. 


Yes. The nonnegative real numbers include 0. 


Place them on the real number line. The number on the 
right is greater. 


Section P.2 (page 18) 


1. 
11. 
21. 
Sie 
35. 
43. 
Si 
63. 
69. 
71. 
Ss 
83. 
91. 

101. 
111. 
ili), 
125. 


127. 


129. 
133° 


45 3.19 5-19 7-22 9 —-21 
B20. 13407e eet 5ee, 8 mig 19a 

ma} 23. 25. CON 20a 45.95, 29. ae 
5+5+5+5 33. (—4) + (-—4) + (-4) 

6(t) 37. 4(-15) 39-30 41. 48 

-72 4545 47.-2 49.4 51. -} 
6 55-3 57.-9  59.-2° 61.2 

ae 86555 S672 4 


(-3)(-)(-3)(-3) 


(—0.8)(—0.8)(—0.8)(—0.8)(—0.8)(—0.8) 73. 


(-5)* 77.-7 79.16 81. -8 

=64. 85.5. 87 © C89 80027 

—0.32 93.0 95.4 97.22 99. 6 

87 *—A03; 3 105. 27107135 1098 5 
=6- 413. 1 “WEtsi*el! P17? 14,425 

171.36 121. 35 123. $2533.56 

(a) $5, $8, —$5, $16 


(b) The stock gained $24 in value during the week. Find 
the difference between the first bar (Monday) and the 
last bar (Friday). 


(a) $10,800 

(b) $27,018.72 

(c) $16,218.72 

15 square meters 
6.125 cubic feet 


131. 20 square inches 
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135. (a) 20 x 3 + 18 = 60 + 18 = 78 
(b) Yes 
(c) No. The check digit should be 4. 
137. True 


139. False. A negative number raised to an odd power is 
negative. 


141. Yes. —3 + (—4) = -7 


143. If the numbers have like signs, the product or quotient is 
positive. If the numbers have unlike signs, the product or 
quotient is negative. 


145. Evaluate additions and subtractions from left to right. For 
example, 6 — 5— 2 = (6 —15) —~2 = 17 2=—1. if 
this order were not understood, one might incorrectly 
write 6 — (5 — 2) =6—-3 =3. 

147. Only common factors (not terms) of the numerator and 
denominator can be canceled. 


149. 3 - 4* = 3: 16 = 48; Exponents must be evaluated 
before multiplication is done. 


Section P.3 (page 27) 


1. Commutative Property of Addition 
3. Additive Inverse Property 
5. Commutative Property of Multiplication 
7. Multiplicative Identity Property 
9. Commutative Property of Addition 
11. Associative Property of Addition 
13. Distributive Property 
15. Associative Property of Addition 
17. Associative Property of Multiplication 
19. Multiplicative Identity Property 
21. Additive Identity Property 
23. Associative Property of Addition 
25. Distributive Property 
29. (3 - 6)y 315 3(15) 
Soe ae 2 Ail, gear 
39. (a) -10 (b) 7 «= 4. (a) 16 (b) - 4 


27. Distributive Property 
SREB) Ola elo 


43. (a) —6z (b) = 

1 
A, (@) 32 = il @e =Ge 42 il) Oy 
AT + (5.=13)4 «49, (62 464) + y 
53a (Gr yen 55. 2092 +120.-55 
57, 5(3x) + 5(—4) or 15x — 20 


51. (3 - 4)5 


59. 4(=2) -6(—2)' ort = 2% 12 
61. —6(2y) + (—6)(—5) or —12y + 30 
63. 3x + 15 65. 26 
69. Original equation 
Addition Property of Equality 
Associative Property of Addition 


Additive Inverse Property 
Additive Identity Property 


67. Answers will vary. 


71. Original equation 
Addition Property of Equality 
Associative Property of Addition 
Additive Inverse Property 
Additive Identity Property 
Multiplication Property of Equality 
Associative Property of Multiplication 
Multiplicative Inverse Property 
Multiplicative Identity Property 


Te si 75. 434 77. 62.82 
79. a(b + c) = ab + ac 81. $0.60 83. $1.01 


85. Given two real numbers a and 5, the sum a plus b is the 
same as the sum b plus a. 


87. The multiplicative inverse of a real number a (a # 0) is the 
number 1/a. The product of a number and its multiplicative 
inverse is the multiplicative identity 1. For example, 
Gus : = 


89. 0-a=0 
91.407=15#18=704 
30 (407) =21 #27=(304)07 


Mid-Chapter Quiz (page 30) 


1. ~6 -4.5 oh. 
—|—*—__ e+} — > 


13.7. 14.-> 15.4 16.2 
17. (a) Distributive Property 
(b) Additive Inverse Property 
18. (a) Associative Property of Addition 
(b) Multiplicative Identity Property 
19. $1492.28 20. $3600 21. 4 


(page 37) 
3; =3y7, 2y, —8 5, 4x2, 3) a ONY, 


Us 3 =D Se = 9.5 11. = 
x 4 


Section P.4 
Il, Oe, Si 


13. 


15. 
17. 
21. 
25. 
33. 
41. 
49. 
Sie 
63. 
67. 
71. 
We 
83. 
87. 
91. 
95. 
99. 
101. 
105. 
107. 
111. 


113. 


115. 
117. 
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Commutative Property of Addition 

Associative Property of Multiplication 

Saito © 10K ox 30 19. 6(x + 1) 

PEI BE OU Po AI 
21x y 29. 2! ete 

35: 164 ST. eal Ox Bi Ieee (Phe 

6x34 43. —10y°? 45. —3125z8 47. 64a’ 

— 54°" sol epre SS atk B5 Tb: 

8y 59. 8x + 18y 6L, 6c — 20 

eS 65. 4u?v? + uv 

8x2+4x-12 69. —18y? + 3y + 6 

19235 = 738= Jy = 7" ©75. IS 

2y3 + y2 + y 719) =6% +296 S13, 1227 + 2x 

= 2b? + AbI—"36 85 — A = "50%" 

(yay ((p)) 10) 89. (a) 6 (b) 9 

(a) 0 (b) 7 ~—-93. (a) 13. (b) —36 

(@) 7. (We) 7 97. (a) 3. (b) 0 

(a) 210 (b) 140 

Sb(b — 3); 90 ~—-:103._x(2x + 3) = 2x? + 3x 

$2800 million, $2800.34 million 

$134 thousand 109. 1440 square feet 

(fe) O+3+1+2+6+7)x3+ 

(444+8+9+3 +a) 
(f) 5, no 


Add (or subtract) their respective coefficients and attach 
the common variable factor. 


Se a = (5 — 3) = 2x4 
5x + 3x = (5 + 3)x = 8x 


No. When y = 3, the expression is undefined. 


3 Se0, OUD OL be NG et eet So of 
(=5x)3 
27Ty® 


Section P.5 (page 46) 


1. 


9. 


fe 


25. 
21. 
29. 
OL. 


3 SP 70 3h ID e 2p Sb i= © Is Cp = 3 

1 a5 N 

= = = £5.-4¢"+ 10 

37 11. 6 13. 8 5 6 

0.30L 19.- ~ 21. |n—5| 23. 3x2 - 4 
A number decreased by 2 


A number increased by 50 
The sum of three times a number and 2 


The ratio of a number to 2 


Jo: 
Sky 
Sis 
39. 


41. 


49, 


5: 
sb). 


63. 


69. 


71. 


WSs 
Tsk 


81. 
83. 


Review Exercises 


~ ti Tees 


ae 352 IG 
5 We 45. Additive Inverse Property 


. Distributive Property 
Oy Loy 59x. 


AS9 


Four-fifths of a number 

Hight times the difference of a number and 5 

The sum of a number and 10 divided by 3 

The product of a number and the sum of the number and 7 


m 


0.25n 43. 10 45. 5m + 10n 47. 55t 


51. 0.45y 53. 0.0125/ 


L — 0.20L = 0.80L 57. 8.25 + 0.60q 
n+ 3n=4n 61. (2n + 1) + Qn + 3) = 4n + 4 


2n(2n + 2) 


4 67. 0.375b* 


65. s? 


Perimeter: 2(2w) + 2w = 6w 

Area: 2w(w) = 2w2 

Perimetents Gist 2 peo ater Cacia eee eet 
Area: 3x + 6x = 9x 

(i — 6) = P — 61 square feet 
— 3) De ae ee le @: 
Se a ons hy) 


aandc 


79. Subtraction 


Using a specific case may make it easier to see the form of 
the expression for the general case. 


(page 51) 


wb S 
17. —41.8 
27. —4200 


1UREE 7 2 135511 
19... eee PL e032 
29. -3 31.14 

Yh Gee Ua Te 


(5 


. Distributive Property 
. Associative Property of Addition 


. Commutative Property of Multiplication 


55. u — 3Vv 


61. —3x)4 —-63.:125a*b 
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65. 5x 67. 5v 69 — F110) Ale Sys = 5% 
73. 8b = 154 75: @) © (od) =2 Hs FXO = 3p 
79. n2 + 49 81. The sum of two times a number and 7 


83. The difference of a number and 5 divided by 4 
85. 0.187 ST iee) 89. $111.0 billion 
91. 15.6 million 


D3: 95. $644 


40 


Passengers (in millions) 


Atlanta 
Chicago 
Dallas 

Denver 


Los Angeles 
San Francisco 


Chapter Test (page 53) 

1. (a) -3 > —|-3] (b) -$>-3 902. «11.9 
3.-20 4 --+ 5-150 6.60 7% 
8&5 9-7 10. 15 

11. (a) Associative Property of Multiplication 

(b) Multiplicative Inverse Property 

1 PA.) Pi9 eae 132 3x7 [i = Dee te Spee Il 
15Sa- 16. 117-457 17. (a) 4 (b) -12 

18.57 — 8 19. Perimeter: 3.2/; Area: 0.6/7 
20. 4n + 2 21. 16 feet 22. 640 cubic feet 


Chapter 1 


Section 1.1 (page 63) 


Integrated Review (page 63) 


1. Commutative Property of Addition 
. Inverse Property of Multiplication 
. Distributive Property 
. Associative Property of Addition 
> Il 6. 4 : 8.5 
. $18,000 12. 9 feet 


1. (a) Notasolution (b) Solution 
3. (a) Solution (b) Nota solution 
5. (a) Solution (b) Nota solution 


7. (a) Notasolution (b) Solution 


9. No solution 
15. 
we 


19. 


21. 
31. 
41. 
47. 
51. 
61. 
71. 
81. 
87. 


91. (a) 
ca 


11. Identity 13. Linear 


Not linear, because the variable is in the denominator 
Original equation 

Subtract 15 from both sides. 

Combine like terms. 

Divide both sides by 3. 

Simplify. 

Original equation 

Subtract 5 from both sides. 

Combine like terms. 

Divide both sides by —2. 

Simplify. 

3 23.4 25. -0.7 ~ 275=2 4529.1 


=f ak 2 


+ 43. No solution, because -3 #0. 45. 0 


No solution, because —4 # 0. 49. 11 


—-2 53.-3 55.2 57.-3 59, -3 
2 6.50 65.2% 67.-2 69. -2 
=20 73. —5 75.23 77.112 Goa. 
125,126 83. 82,84 85. 1.5 hours 

1.5 seconds 89. 6 hours 


eS 2 3 4 5 


| Width | 300 
| Length | 300 
| Area | 90,000 86,400 | 80,000 | 67,500 | 57,600 | 50,000 


240 | 200 150 |120 | 100 
360 "400 1450 |480 | 500 


Sel 


93. 
95. 


97. 


99. 


101. 


(b) Because the length is ¢ times the width and the 
perimeter is fixed, as ¢ gets larger the length gets 
larger and the area gets smaller. The maximum area 
occurs when the length and width are equal. 


1996 


An equation whose solution set is not the entire set of real 
numbers is called a conditional equation. The solution set 
of an identity is all real numbers. 


Evaluating an expression means finding its value when its 
variables are replaced by real numbers. Solving an equa- 


tion means finding all values of the variable for which the 
equation is true. 


Equivalent equations have the same solution set. For 
example, 3x + 4 = 10 and 3x — 6 = 0 are equivalent. 


False 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests A6é1 


Section 1.2 (page 73) 95. No. It is necessary to know one of the following: the total 
number of students in the class, the number of boys in the 
class, or the number of girls in the class. 


Integrated Review (page 73) 97. Mathematical modeling is using mathematics to solve 
problems that occur in real-life situations. For examples, 
review the real-life problems in the exercise set. 


1. A collection of letters (called variables) and real 
numbers (called constants) combined using the 
operations of addition, subtraction, multiplication, 
and division is called an algebraic expression. 


Section 1.3. (page 86) 


. The terms of an algebraic expression are those parts 
separated by addition or subtraction. 


3. a™ + q? = qmtn 4. (ab)" = a™ + b™ 


Integrated Review (page 86) 


1. Negative. To add two real numbers with like signs, 
add their absolute values and attach the common 
sign to the result. 


5. —240 6. 120 


Seti c6xt 1 (12 14 42 


2. Negative. To add two real numbers with unlike 
signs, subtract the smaller absolute value from the 
greater absolute value and attach the sign of the 
number with the greater absolute value. 


1. (A number) + 30 = 82 
Equation: x + 30 = 82 
Solution: 52 

3. 26(biweekly pay) + (bonus) = 30,500 
Equation: 26x + 2300 = 30,500 
Solution: $1084.62 


3. Positive. To multiply two real numbers with like 
signs, find the product of their absolute values. The 
product is positive. 


4. Negative. To multiply two real numbers with unlike 
signs, find the product of their absolute values. The 


Parts out product is negative. 

Percent of 100 Decimal Fraction 5. 14 620 7.0 8. — 10,000 
5. 30% 30 0.30 i0 .-200 10.40 11. 0.7 mile 
7. 7.5% 7.5 0.075 it _ 781 tons 
9. 12.5% 12.5 0.125 ; 
e875 13.069. 36" + 15,6002 17. 350 1. $18.36, 40% 3. $152.00, 65% 
19. 400-21. 12,000 23. 33% = 25. 175% 5. $22,250.00, 21% 7. $416.70, $191.70 
ee a2 9s eS iapge 332g) 35.04 1376 9. $24.21, 48.5% 11. $111.00, 63% 
39.7 41.6 43.4 45.1140 47. 2 13. $33.25, $61.75 15. $1145.00, 22% 
49.15.625% 51. 18% 53. 7% — 55. 200 17. $22.05 19. 663% 21. $25 23. 20% 
57. 177.77%, 56.25% 25. 9 minutes, $2.06 27. $54.15 
59. Monroe: 30.84% 61. 8 pounds, 11.1% 29. Tax: $267 31? Shours 

Washington: 6.01% Total bill: $4717 


Howard: 11.30% 


Amount fi d: $3717 
Spring: 17.44% ount financed: $ 


West: 12.77% 33. 3 hours 35. 50 gallons at 20%; 50 gallons at 60% 
Clark: 21.66% 37. 8 quarts at 15%; 16 quarts at 60% 
63. 11,750 million pounds 65. 30 67. a 69. 9 ot 3 39. 75 pounds at $12 per pound; 25 pounds at $20 per pound 
71. $0.0475 73. $0.0845 75. 143-ounce bag 41.100 43. 2gallon 45. 2275 miles 47. * hour 
77. 6-ounce tube 79. Sj; 81. 3 49. “feet per second 51. 2}hours 53. 1440 miles 
83:12 ~ 46.9 feet 85. 17.1 gallons 87. $2400 BS ei yestuinue a S774 none arse mink 
89. 2667 91. Percent means parts out of 100. 23 hours at 52 mph 
93. No. 3% = 0.5% = 0.005 59. (a) 8 pages per minute (b) 4? units per hour 


12 


61. (a) a (b) 7 = 12 hours 
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Boece aha ies ae 
I Le, t 


69. 24 cubic units 
73. 0.926 foot 


75. 43 centimeters 


71. 1477 =~ 461.8 cubic centimeters 


43 cm 43 cm 


43 cm 


77. $2850 79. $3571.43 
83. (a) 1993, yes (b) $0.307 
87. Markup is the difference between the cost a retailer pays 


for a product and the price at which the retailer sells the 
product. Markup rate is the percent increase of the markup. 
i 


Sh 
t 


81. $15,000 


85. Bus drivers 


91. No, it quadruples. The area of a square of side s is s?. If the 
length of the sides is 2s, the area is (2s)? = 4s?. 


Mid-Chapter Quiz (page 91) 


10, 2 a 28 : 


4. Identity Sb = 6. > 


7 3 8. 6 90.20 10. 1.41 11. 5, 45% 
12. 200 13. $0.1958 per ounce 14. 2000 
15. Catalog 16. 7 hours 


17. 25% solution: 40 gallons 
50% solution: 10 gallons 
18. 1.5 hours, 4.5 hours 


19. 3.43 hours 20. 169 square inches 


Section 1.4 (page 107) 


Integrated Review (page 107) 


1. Commutative Property of Multiplication 


. Additive Inverse Property 
. Distributive Property 

. Additive Identity Property Sb 7/ 6. 0 
0 8. 1 9. 4 10. 9 

12. 104 square feet 


aI kWh 


. 19.8 square meters 


1. (a) Yes (b) No (c) Yes 
3. (a) No (b) Yes (c) Yes 
ll. a 13. d 


Bb Gl Toa Oh 
15. 


39. x > 8 
+++} {+> * 
Oo F 2 G6 8 @ 
43. x>7 


ails Gees 
8 
3 
+++ 1 
0 1 2 3 
55. x > —15 


115) 


-20 -16 -12 -§ +4 0 


(d) No 
(d) No 


17. 


abb cS 2 

37 eS 4 
of 8 si o : 

41.x27 


Bes =e 


-12 -10 -8 -6 +4 —2 0 


Cy See 
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59. —3 < x <l 61. —6:-<x < 6 Section 1.5 (page 111) 


Integrated Review (page 111) 


ae 9 
63. —7 <x <} 65. 1 <x < 10 1. 2n is an even integer and 2n + 1 is an odd integer. 
23 5 ; ¢ } : 2. No. —2x4 # 16x*+ = (—2x)4 
=o 0. oe 4 6 Se ae Gee ee Gh ee poate WE f. 3_12 
ae ; si ay we eae: ames, Mag aN, 
5 SI < aes Dh eS Ho 
fe =32<2 6-32 >241 “7.542 35 
ets + HH 
ome ienOm ie 283) v9 5 10-8 6 4 2 0 2 8. —5 > -4 wh ay Ss =. 10.6<*% 
ih ee 3. oe 8 Sores 5 11. More than $500 12. Less than $500 
ee s 5 
a eas Oe Se ee 1. Not a solution 3. Solution 
4°32 —19"0 F234 
Sa tO 7 es SO Se 
75. y < —10 77. -5<x<0 7. 4g = det Ue; doiad eed 
——J  -+ +) -5 11. No solution 13. 0 1535-3 ile e PARC Ib 
15-10 -5 0 ee eg 16 : 4 
=6 9-4 =2 0) 2 19th; 14 21. 3,16 23. No solution 25. 3 


27.3,-2 29. 18:75,=625 + 31, 2-2! 
33. ee oe ee 
41.3.-+ 43.11,13 45.4 47. |x—5|=3 


oe ere OL ie ley |x <= 3} OW {xe 2) 2} 
Sle eal. 4, xls —5} O4x|x <4) 
Bos Ol X05, 101% Se 2 fx = 0:5} 


85. {xx > —T}N {xlx < 0} 49. (a) Solution 51. (a) Nota solution 
87. {xx 2-516 {x|x = a (b) Not a solution (b) Solution 
89. {x|x > —3} n {x|x < —3 91. x >0 OR eS 2 (c) Not a solution (c) Solution 
95.10 <n<16 97. xisat least}. CMP csi nes (d) Not a solution 
99. y is at least 3 and less than 5. Sr ee 55.7 — 2h29or7 — 2h = —9 
101. zis more than 0 and no more than 7. 103. $2600 37. ; ; 
105. The average temperature in Miami is greater than the swe 
average temperature in New York. 59. ; 


107. 26,000 miles 109. x > 31 ——_——_}+ t+. 


111. The call must be less than 6.38 minutes. If a portion of a 


minute is billed as a full minute, the call must be less than 61. -4<y<4 63. x < —6 or x > 6 
or equal to 6 minutes. 6. ane 7 6RsS0 Sy 20 4 69, = 2.6 
113.2<x<16 115.3sn57 M.x<-160rx>4 73,-3<x<4 
171250 < 8 O7Sn; rn >"6 119. 1987, 1988, 1989 mo4< a Oran 3 Pry a we 
121. (f) 1 (g)4 123. Yes. 79. No solution 81. —82 < x < 78 
125. The multiplication and division properties differ. The 83. —104 < y < 136 85. z < —50 or z> 110 


inequality symbol is reversed if both sides of the inequal- 
ity are multiplied or divided by a negative real number. 


ea < ee SD 


87.55 ep 8902 = ee 
Oils SO K sr K SS 93.4. Six = 40 

95 eer 4 OF Xa =O Offa 

99 3 Sa Sa 101. d 103. b 105. |x| < 2 


107. |jx— 19] <3 109. |x} <3. 111. |x — 5] > 6 


A64 


113. 62 82 


115. (@) |s—xl< B®) 2 <2=2 


117. The absolute value of a real number measures the distance 
of the real number from zero. 


119. The solutions of |x| =a are x=a and x= ~—a. 
ix —"3|\s="S "means x — 35= 5 or x —3.= —5. ‘Thus, 
Bea SsOrr = =z 
121. All real numbers less than 1 unit from 4 12353 
Review Exercises (page 175) 
1. (a) Notasolution (b) Solution 
3. (a) Solution (b) Nota solution 3) Wo 2 
9. —24 11. 3 132) 15. 4 ilk, a 
19. 14 21. No solution 248}, 2 25. =42 
27. 87,0.87,85 29.65 31.3000 33. 125% 


850g. 3iaep 39. «© 41 | 18 43, $49.98, 50% 
45. $81.72, 54% 47. $17.99, 25% 
49. $1396.85, 30% S51. x= Ay -4) 53.h= ae 
2 TY 
55. x <4 ST = 0 
+ ——+—} 4+ « +++ ++ 
Ou Meee 8s =t Megha) Mo to 
Beh aS 61. x < 6 
nnn Ge 
ee ¢ y Sa Ate OG 
63. y> —2 65. -7<x<-2 
_10 Ey 
4 +k} 
SS 4° 6 “ 2 6 


Oh 10 < ee = 
=| 3 


2) Ono 2h Sime Al 0 —4 —2 0 2 
71. x < -3 73210 
eh] tt 

Sige eae ele Ol mule 62; 
[5 (een 140 77.16 "79, Ae © SIN) = 
$3753 Sox elvan 7am S7.ax 3 or on3 
OP. Sth exe << All Kh DE =O Oe DSS 
93.1(= coy? 13,700) 8 95. 1x13! 2 = 97F 73974 
99. 6% 101. Department store 103. $2.47 


105. 3; cups ‘107. 25 pints or 3.125 gallons 


109. 
115. 
119. 


123. 
127. 
133. 
137. 


Chapter Test (page 119) 


1. 
ie 
10. 


12. 


14. 
15. 


16. 


Chapter 2 
Section 2.1 


Integrated Review (page 130) 


3.122 
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113. $27,166.25 
117. Department store 
121. 2800 miles 


it 111. 80 feet 
84.21% 
30% solution: 25 liters 
60% solution: 65 liters 
125. #8 ~ 2.57 hours 
131. $30,000 


43.6 miles per hour 

$340 129. $210,526.32 

8 inches BE 2S eS Uy 
116.6 


0 20 40 60 80 100 120 


4. 24 5. 864 6. 150% 
8. 15-ounce package 9. $1466.67 
11. 333 liters of 10% solution 
66% liters of 40% solution 
13. $2000 
(a) 5,-11 (b) 3,-3 (c) 5,-3 
@) 2 = =¢ (bD) exe 


+} ++ + + 


43 =f <1 4 © kee 


4 2. 3 
$8000 


1 
25 hours 


3. 4 


40 minutes 


@)y = «K25-S || 


=i 1 


=Sa 6) —4 7-25 0 eae 4 


@) ils 5 Wh 7 Be 


< 18. 25,000 
(b) x < -2 or se S 3 


(page 130) 


1, 3x = 7 is a linear equation because it can be written 
in the form ax + b = 0. Since x? + 3x = 2 cannot 
be written in the form ax + b = 0, it is not a linear 
equation. 


. Substitute 3 for x in the equation. If the result is true, 
x = 3 is a solution. 


4. 31° 5, 54x10 
-1-6x 8 -3x+22 9, I2y 

. 0.02x+ 100 11. 4,2; 2 = 2.2 hours 
- 45.65 miles per hour 


6. =8x*? 
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mie 6) = Al) 
e = 
Geiaz) 


8 10 12 14 


5, 7. 47, (—3, —4) => (1/1) 
(1, -3) => (,2) 
(-2, -1) => (0,4) 


30 ©@ (6, 29) 
25 
9, A: (—2, 4) 11. A: (4, —2) 20 © (4, 19) 
1 15 
B: (0, —2) B: (-3, —23) al hema 


(,=—1) 45 6 7 


==14 @ (8, -16) 


e 
ws (12, -26) 


55. (a) Not a solution 57. (a) Not a solution 

(b) Solution (b) Solution 

21, ass 2) 23. (3, —2) 25. (— 10, — 10) (c) Not a solution (c) Solution 
27. (10, 0) 29. Quadrant III 31. Quadrant IV (d) Solution (d) Not a solution 


33. Quadrant I 35. QuadrantIV 37. Quadrants I or II 
39. Quadrants II or III 41. Quadrants I or III 
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59. (a) Solution 61. 
(b) Solution 
(c) Not a solution 


(d) Not a solution 


e--|-------e 


(G2, =) 


Distance: 7 
Vertical line 


63. 65. 


Distance: 7 Distance: 2 
Horizontal line Vertical line 
67. y 69. /5 71.5 


: 13 
Distance: > 
Horizontal line 


1S A/S GE A ee, AS) 
79. (13) + (/13)° = ( 26)" 
Si lan/5 leer (28/5) = (20/102 
85. Collinear 
87. 


83. Not collinear 


101. 


103. 


“|x 100 | 150 200 | 250 (300 


| C = 28x + 3000 | 5800 | 7200 | 8600 | 10,000 | 11,400 


5 iteS5) MEN 95.3 + 26 + /29 = 13.48 


. The word ordered is significant because each number in 


the pair has a particular interpretation. The first measures 
horizontal distance and the second measures vertical 
distance. 


. The x-coordinate of any point on the y-axis is 0. The y- 


coordinate of any point on the x-axis is 0. 


No. The scales on the x- and y-axes are determined by the 
magnitudes of the quantities being measured by x and y. 


Gy Sp (7, -3) 
=6+- 


-s+ 


Reflection in the y-axis 


Section 2.2 (page 139) 


(% ie 3 7, =3 <x 


Integrated Review (page 139) 
1¢t-3+c>7+€¢ 2. (t = 3)e > 7c 


os 


4. Commutative Property of Addition By ao = il 


Sy 


a@xes5° 9, -62% 26 


10. 20 < x < 30 11. $29,018 12. $108.50 
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oe 13. 31. (4,0), (0, —3) 33. (—20,0), (0, 15) 
TO 


35 0),(0,5) 37. (—3,0), €, 3) 

39. (+1,0),(0,-1) 41. (—2, 0), (0, 2) 

43. (—2,0), (4,0),(0,-2) 45. (3, 0), (0, 2) 
= 47. (0, 3) 


(1, 0), (6, 0), (0, 6) 
55. 


(270) 12 OA(O74) 


23. 


—] -6 -5 4 -3 2 -1 1 1 


2+ 


A68 


69. 71. 


TS 


@1) G&D) 


81. 


83. 


85. 


87. 


4 
3 89. 
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a 3 | 6 9 
F\ 0 4| 8 12 
(o) # 


(c) F doubles. 


The scales on the y-axes are different. From graph (a) it 
appears that sales have not increased. From graph (b) it 
appears that sales have increased dramatically. 

The graph of an equation is the set of all solutions of the 
equation plotted on a rectangular coordinate system. 

To find the x-intercepts, let y = 0 and solve the equation 
for x. To find the y-intercepts, let x = O and solve the equa- 
tion for y. To find any x-intercepts of the graph of 
2x —y = 4, solve 2x — 0 = 4to obtain the intercept 
(2, 0). To find any y-intercepts of the graph of 2x — y = 4, 
solve 2(0) — y = 4 to obtain the intercept (0, — 4). 


(a) 6 miles 
(b) Stopped 
(c) 6 < ¢t < 10. The graph is steepest. 


Section 2.3 (page 150) 


Integrated Review (page 150) 


4. 27 By 5 
9. No solution 
12. m < 23,846 


1. Equivalent 2. 5 
6.2 118 8. =19 
10.0.1 11.0 = 42.23 


1.3 3. -2 5. Undefined 
Sard eouOp esis, 
I @) Ike () I, ©) 1G 
79. y = 40,000 — 50001, O< + <7 : 3 AC aly 5 


y 


m= —4. falls 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests A69 


13. 15. 29. y 31. x = 1 33. y= 


ey AS) 
m = 1; rises i= -3 
m is undefined; vertical 35. (6,2), (10,2) 37. (4,-1),(5,2) 39. (1,2), (2, 1) 
17. 19. 41. (—2,4),(1,8) 43. y=2x-3 
45. y=ix-1 47. y= —-2x +2 
49. y=5x+2 51. m=3; (0, -2) 
53. m=%; (0,1) 55. m= —3; (0,3) 
Sh 3) Sey — 7 Sey yt ae 


m = 0; horizontal m= -$, falls 


ie et aa EX 2s 
m = 7; Tises m = ‘4; Tises 
255 Pile 
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85. (a) y 
20,000 | 
(0, 15,900) 
15,000 | 
10,000 I 
(3, 10,200) | 
5,000 
x 
1 2 3 
(b) —1900 


(c) Annual depreciation 
87. Negative slope: line falls to the right. 
Zero slope: line is horizontal. 
Positive slope: line rises to the right. 
89. m is the slope; b is the y-intercept. 


91. No. Their slopes must be negative reciprocals of each other. 


Mid-Chapter Quiz (page 153) 
1. Quadrants I or II 2. (10, —3) 
3. (a) Not asolution (b) Solution 

(c) Solution (d) Solution 


4. 6 
77. Perpendicular 79. 16,667 feet 81. * feet =o 4 ‘ 
(Ee) 
83. (2) i 0 1 2 3 | . 
Distance: 5 Distance: 13 
y | $2015.79 | $2208.43 | $2401.07 | $2593.71 | 6. (8,0), (0,6) 
t |4 5 6 
y | $2786.35 | $2978.99 | $3171.63 
(b) y 
3000 
2500 
2000 


t 
D2 4 5 6 


(c) $192.64; the increase each year is the slope of the 
graph. 


: (d) $4905.39 
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11. 


13. mis undefined; Vertical 14. m = 0; Horizontal 
15. 7 = 2. Rises 16. m= —}; Falls 
17. y= -jx +1 18. y= 2x + 8 
el = 
(0, 1) (0, 8) 


20. Perpendicular 


21. Neither 22. Parallel 
23. V = 85,000 — 81007, O-< t< 10 


Section 2.4 


Integrated Review 


1 2. A proportion 


2 
ae 
5. 150% 6. 15.5% 
9. 80,000 LOS 275 


| 2 3 seconds 


5 |b ah a Sh. or8 Sy 


aN 
bay 
| 
Nn 
Ss 
ll 


§ y= 


100 + 


(c) E = 74.56 — 0.86A 


(page 160) 


(page 160) 
3. 1.875 4. 9000 


7. 665% 8. 350 
11. 72 pounds 


= | Weiner Pi — I 


—hx | i eC a 


~y-6=-3y 17. y—- 8 = —2(x + 2) 
~yt7=2e4+4) 21. 
SS oy cle oy lead ae 
oe pe Ly — 0 DIG 
.xt2y-4=0 33. 
.2x-6y+15=0 37. 5x + 34y — 67 =0 
L Bye e ae lipyy — seb) =), 


y—4= —4(x + 2) 
y+1=0 
y—-4=0 
2x + 5y = 0 


41. 4x + S5y-11=0 


y= tt 3, 455) = 3a ae = 

-y=6 SIG — 

. (a) y=3x-5 (b) y=—-Zx+2 

. (a) y= —2x -2 (b) y=2x+8 

2 (a) y= 44 —5 (b) y= -ix + 44 

-(@) x= b)y=% 61.@)y=2 )x=-1 
ey, OuueeS 

Filixad Ponsa at 

. C = 20x + 5000; $13,000 

. S = 100,000r; $600,000 71. S = 0.03M + 1500; 3% 


. (a) S=0.70L (b) $94.50 
. (a) V= 7400 — 1475t 
. (a) N= 60t + 1500 (b) 2400 (c) 1800 
. (a) and (b) Ff 


(b) $4450 


(d) 48.8 years 
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81. x — 8y = 0 25. There are two values of y associated with one value of x. 


: i i It Of. | 
Distance fom the deep cnd | 0 | 8 | 16 | 74 | 32 | 40 27. There are two values of y associated with one value of x / 
‘ 29. There is one value of y associated with one value of x. 


Depth of water |i ts || 7 5 | 4 ; : , 
31. There is one value of y associated with one value of x. 
83. Yes. When different pairs of points are selected, the change 33. There is one value of y associated with one value of x. 
in y and the change in x are the lengths of the sides of sim- 35. (a) 3(2) +5 = 11 37. (a2) 3-0 =3 
ilar triangles. Corresponding sides of similar triangles are 
proportional. (3 (= 2) 5 ol (6) 3 has) ase 
85. 3 is the slope; 5 is the y-intercept. (c) 3(k) + 5 (c) 3 — m’ 
; (d) 3k+1I)+5=3k+8 (d)3- (22 =3-47 
Section 2.5 (page 172) ep Raunt gerne tine 
i Peek ow ieee 
Integrated Review (page 172) Oe a8 (yee ee 
gap 2 Se ete S 
Eee ce Broperty 41. (a) 29 (b) 11 (©) 12a—2 (d) 12a+5 
e — ° < ry > 
cates =e BSS i) ie 1 43. (a) 2 (b)2 (c) 4y7-8y +2 (d) 16 
9(9x) = 9(36) 45. (a) 2 (b) 3 () Vz (@) J52 +5 
=4 
ean 47. (a) 4 (b) 4 () -7 (d) 8-|x-4| 
5. —4 6. — [Pere 
BC sere a rr 3 Sy aee12 
8. tx +8 9, —30x2 + 23x +3 (a) OD) a eC) eC aera 
48+ 12ey +4? +y? 11. 83 51. (a) 2 (b) -2 (c) 10 (d) -8 
. 16 pints or 2 gallons 53. (a) 0 (b)% ()3 (dd) 0 
55 Ay — 12 
1. Domain: {—2, 0, 1} 3. Domain: {0, 2, 4, 5, 6} - (a) 2 (0) —>—— 57. All real numbers x 
Range: {—1,0, 1, 4} Range: {—3,0, 5, 8} 59. All real numbers x such that x # 3 
4 61. All real numbers ¢ such that t # 0, —2 


@ (2, 8) 63. All real numbers x such that x > —4 


(5, 5) @ @ (6,5) 65. All real numbers x such that x = ; 
67. All real numbers t 69. Domain: {0, 2, 4, 6} 
z Range: {0, 1, 8, 27} 
7Al, Wroviane f= 2) 1,2 0} 
Range: {-1, —3, Ds 11} 


(0, 0) 


5. (3, 150), (2, 100), (8, 400), (6, 300), (3, 25) 73. Domain: All real numbers r such that r > 0 | 
Foe Wyn 8) (Gre 14s 64)n (55,125) (6; 216) Ga343) Range: All real numbers C such that C > 0 
9, (1995, Atlanta Braves), (1996, New York Yankees), 75. Domain: All real numbers r such that r > 0 


(1997, Florida Marlins), (1998, New York Yankees) Range: All real numbers A such that A > 0 


11. Not a function 13. Function 15. Not a function 77, P= dx 99, V= x3 81. d = 2301 | 

17. Not a function 19. Function 21. Not a function 83. V = x(24 — 2x)? 85. A = (32 — x)? | 

23. (a) Function from A to B = 4x(12 — x)? 
(b) Not a function from A to B 87. (a) 10,680 pounds (b) 8010 pounds 


Function fi 
(c) Function from A to B 89. Yes. Yes. For each year there is associated one public 


(d) Not a function from A to B school enrollment and one private school enrollment. 
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91. (g) y(x) = 15,900 — 1900x; $2600 Iss y 
(h) Depreciates more slowly as the car ages 
Domain: —0oo < x < co Domain: —00 < x < co 
Range: —co < y <0 Range: —1 < y < co 
(4) Domain: All real numbers x such that 0 < x < 8.37 9. y 11. 4 


Range: All real numbers y such that 0 < y < 15,900 
93. (a) Not correct (b) Correct 
95. No. {(4, 3), (4, —2)} is a relation, but not a function. 


97. You can name the function (f, g, etc.) that is convenient 
when there is more than one function used in solving a 
problem. The values of the independent and dependent 
variables are easily seen in function notation. 


: Domain: 0 < x < co Domain: 2 < t < oo 
Section 2.6 (page 183) Range: —1 < y < co Range: 0 < y < co 


15. 


Integrated Review (page 183) 
. Multiplicative Inverse Property 
. Additive Identity Property 
. Distributive Property 
. Associative Property of Addition Scone 
 3(e-F 1)? 7. —64F §.'= 16x* 9. uby4 
. 18atb> 11. Department store 12. $960.70 


Domain: —0oo < x < co Domain: —oco < s < c 
Range: y = 8 Range: —0co < y < co 
17. iO), 


-8 -6 -4 -2 
=2 


Domain: —0oo < x < co Domain: —oco < 5 < co 
Range: 0 < y < c Range: 1 < y < oo 


Domain: —0oo < x < oo Domain: —0o < x < oo 
Range: —co < y < co Range: 0 < y < co 


A74 Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


23. 


Domain: 0 < x < 2 Domain: —2 < x < 2 
Range: 0 < y < 6 Range: —8 < y < 8 
DS y 
5 
h(x) =3-x 
3 x20 


h(x) = 2x + 3) 3 
x<0 


1 


= 2 


3 


Domain? =col< x% <= co 
NeInaee —=CS) < WS 3 


27. y 


f(x) =x2 - 4x 
m0 


Doman COn—aa <2 
Range: —4 < y < co 


31. 
10 
Ae at 
-10 10 
-10 
Domainw Cou—u<Co Domain: 2 < x < co 
Range: co < ys 1 Range: 0 < y < co 


33. Function 35. Function 37. Not a function 


39. Not a function 


41. 


y is a function of x. 


43. 


y is not a function of x. 


45. b 47. a 49. 


51. (a) Vertical shift 
2 units upward 


y 


(c) Horizontal shift 
2 units to the left 


=o qt S37 52 


Xmin = 0 
Xmax = 20 
Xscl = 2 
Ymin = -10 
Ymax = 60 
Wiscli=i6 
(b) 


(d) 


Vertical shift 
4 units downward 


Horizontal shift 
4 units to the right 
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(e) Reflection in the (f) Reflection in the x-axis WS (a) (b) 
X-axis and a vertical shift y ) 
4 units upward A 


y y (4, 4) 


(g) Horizontal shift 3 units (h) Reflection in the x-axis, 4 
to the right and a verti- a horizontal shift 2 units 3 
cal shift 1 unit upward to the left, and a vertical 2 


shift 3 units downward 1 


53. Horizontal shift 5 units 55. Vertical shift 5 units 
to the right downward 


10 


57. Reflection in the 59. h(x) = (x + 3)? 
X-axis 
(b) 46% 
77. (a) Proof 
(b) 


61. (x) = — x7 63. h(x) = —@ +3)? 
65. A(x) =—x2+2 67. W(x) = —Vx 
69, A(x) = Vx + 2 71. h(x) = V—x (c) x = 50. The figure is a square. 


A76 


280,000 


79. (a) (b) 1970 


150,000 


(c) 280,000 


150,000 


81. The range changes from [0, 4] to [0, 8]. 


83. Vertical shift upward, vertical shift downward, horizontal 
shift to the left, horizontal shift to the right 


85. Reflection in the y-axis 


Review Exercises (page 189) 


5. Quadrant IV 
9. (a) Yes 
11.5 


7. Quadrants I or IV 
(b) No (c) No (d) Yes 
13.3\/5 15.c 17. a 
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27. (3,0), (0,-6) 29. (—2, 0), (0,7) 
31. (5,0),(0,5) 33. (—3, 0), (2, 0), (0, —4) 
35, 37. 

10 0 

0 8 

-4 10 

—4 =12 
(1.27, 0), (4.73, 0), (0, 6) (0, —11) | 
39. 4 | 

-6 4 


41. 
49. 
53. 
SBb 


BH), 
65. 
69. 


73s 


77. 


the 
81. 
83. 


87. 


89. 
91. 


-1 


(350) (090773) 


2 43.0 45.-3 47.3 

(1, —1), (0, 2) S176) al ay) 

(3,.0)5 (55) 

y=3x-2 57. y=—-jx+1 


y 


Neither 61. Perpendicular 63. Neither 
PB 9) = (5) (0) 67. 4x + y=0 
2x + 3y -17=0 TL ye =U 


1 3 
= —=(x + -y-6==(e- 
y 5 6) S175..y2> 6 5 (x — 4) 


8 | 
Me eV SG) | 
(a) 3x + y—1l=0 (0) 4-37 ~-3=0 | 
(a) x-—12=0 () y—-1=0 


Not a function 


85. Function 
36 — St 
2 


(ay) 29 "(b} 3a (e) (d) 4 - (x rn) 


Cr WOO Te) we th) = 
(a) -3 (b)2 ©) 0 @ -7 
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eat) om ely (i ele AEs 123. V = 20,000 — 2000r 125. y = 3.87 —x 
‘ OMSet 7 


97. -co<x<3 


99. 101. 


127. A= x75 — x) 

OR<ai< B 
103. 105. 129. (a) 16 feet per second 
(b) 2.5 seconds 


(c) —16 feet per second (The ball is on the way down.) 


Chapter Test (page 193) 
: 1. Quadrant IV ple 8 


107. 7 109. Not a function 


2 
p=2+@—1 ; 
: aes Distance: 5 


bal aa iex ed (Va ae 9 4,» 


111. Function 


113. Reflection in the x-axis 115. Horizontal shift 
1 unit to the right 


W7.y=2-2 119% y=—(x + 3) 
124. 3./145 ~ 36.12 feet 
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13. (a) Function (b) Nota function 
Ree 
x1 
15. (a) All real values of t such that t < 9 

(b) All real values of x such that x # 4 
16. y 17. Reflection in the x- 
axis, horizontal shift 
2 units to the right, 
vertical shift 1 unit 
upward 


IZE@P=2 () 7 © 


18. V = 26,000 — 40007; t = 2.5 

19 GGye yey) eyeetlx| = 28 (ey = 2 — |r| 
Chapter 3 
Section 3.1 (page 201) 

Integrated Review (page 207) 

2. 3 and 9 3: False. — 36 


£226 Gers 


th il Ss 3 


. Negative 
. True. 36 


o SHB EK He 3 


ih 2 eo or es 8 


12. 1 i gallons 


ok <a) 
. $1489.66 


116 MQs;e — 4 Ie i) 
Se sje) Se a= OA oS ee ayaa | 


3. 3x2 —x + 2:2;3 
7. —3x3 — 2x? — 3:3;-3 


9. —4:0; —4 Or yf2) 16 
13. Binomial 15. Trinomial 17. Monomial 
19. 3x° 21. 8x? + 5 


23. The first term is not of the form ax* (k must be nonnegative). 


25. The term is not of the form ax* (k must be nonnegative). 
27. 7 i 3x 29 3 B1S4y? = y 3 

33.2) py 4 85.013 SM tone athe Sts 

39. d84+3xt+% 41. 2.097 + 7.351 — 4.2 

AS. 2x27" 3x ASAT. + 2 So 6 

47 ..2p7 2p") 5 49. 0.6b7 — 0.6b + 7.1 51 aye 
53.x2-3x+2 55.78-t-10 57. db? -9y- 12 
SO 398 (pa Oars 472 1 OOP 00,6 

615 2 7 ae 2X SNe ete cies) 

65. = 4G oe 513 670 Oar 8x43 16 
69F 2 Sa (PR eR ee te eons == ili! 


77. 3x3 + 5x2 +2 
83. 29s + 8 


73. Ty2-9y +2 75. 7x3 + 2x 


79, BE 4429 81. 3y? + 78y + 27 
85. u 


Vi = 3 
Sie A LO 
89. (a) 64 feet (b) 60 feet (c) 48 feet (d) 0 feet 
91. (a) SO feet (b) 146 feet (c) 114 feet (d) 50 feet 
93. Dropped; 100 feet 95. Thrown downward; 50 feet 
97. 224 feet; 216 feet; 176 feet 99. $15,000 
101. 14x + 8 103. 36x LOSS x Gia, 


107. (a) y = —0.42¢ + 11.424 + 59.89 
(b) 150 


ale 
100 
No, increasing over the interval 6 < t < 13.6 
109. The degree of the term ax* is k. The term of highest degree 
in a polynomial has the same degree as the polynomial. 
111. 8x? = 3x2 = (8 — 3)x2 = 5x2 113. No. x° + 2x + 3 


Section 3.2 (page 217) 


Integrated Review (page 217) 


1. The point is 2 units to the left of the y-axis and 3 
units above the x-axis. 
2. (4, 3); (—4, 3), (4; =5)s (4, = 3) 3. 13 


4.22) > 15.°6.84 < 96, We 87a (alo ee 
1 C= (6 
8. (a) — - (a) = 
(3) Sd as (D) ae, 9. (a) 3 (b) ee | 


10. @) 25/3 Gy) ve 
11. 12. 


1. pt4 = t’ 
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3. (=5)e SS 3125x° 


4 4 
A248 6-4 = 2 Dig NaDAS 

Sw Uu Thy os x 9, 54 605 

11. (a) =3%4_ .(b).9x? 135 (a) —125z° (b) 2528 

15. (a) 2u7v3  (b) —4u°v 17. (a) —15u® (b) 640° 

19. (a) —m'°n?_ (b) —m'n3 21. (a) 3m*n3 = (b) 3m?n3 

Ox? 125u3 line 
23. (@) 765 0) Gas 25. @) 3xty 0b) — Fay 


27. (a) 382 (b) 4u8v? 
Oo Aee yo 
33, 10) — 2 

S710 6x" 114° 
Al. 75x° + 30x? 
45. x7 + 6x +8 


(b) Nee oye le 
35. ox 


31. 16a? 
— 12x? + 20x 
39. —x7 + 2x® — 5x4 + 6x3 


43. 3u®v — 5ut + 6u3v4 
47. x? — x — 30 


YF celle Sa aa C0) 


Die Ke 15 


S35 Oi oat Ly 


Sle vee aa O28 OS 


Sih, ASW” ap By = 8 


BORG Ixy i2y" 
63. x? — 5x2 + 10x — 6 
67. 8u? + 22u? — u — 20 


61. 42 — 6+ 4 


65. 3a? + lla? + 9a + 2 
69. x* — 2x7 — 3x2 + 8x -— 4 


lett eOx ge ot Sr) 
Tis UCR ae OS Wa ue Co Relat Ol Bo 
eel a =) 6 
Sle — fea 4 


[30 Por At = 4 
= Pee ae) 


79. —2x3 + 3x7 - 1 
83. x2 — 4 


85,57 =49 
OU Aa? 25) 


87. 4—40y? 89. 36 — 16x 

93. 36x? — 81y? 

0), 32 te Oke Se DS) 
103. 4x2 + 20x + 25 
107. 4x? — 28xy + 49y? 


95. 4x2 jg 97. 0.04" — 0.25 


101. x? — 20x + 100 
105. 36x7'— 12x 5e-1 


109. x7 + 2xy+ y?+4x+ 4y+4 


111. wv —-— v?+ 6v-9 


113. x3 + 9x? + 27x + 27 


115. w3 + 3u2v + 3uv? + v3 


117. 


be en 2 
iar — 824-15 


123. (a) Vin) = n°. +.6n? + 8n 
(c) A(n) = n? + 2n 


119. 


(b) h? + 2h 
(b) 48 cubic inches 
(d) A(n + 4) = n? + 10n + 24 


A79 


125. 8x7 + 26x 127, 122 
131. 1000 + 2000r + 10007 
133. (x + a)(x + b) = x? + ax + bx + ab; FOIL method 
135. (a) 7-1 (b) P-1 (c) Y-1, Y-1 
137. (a) (x) x (x + 5) x (3x — 2) 
Va(x) = 3x3 + 13x2 — 10x 
(b) (x — 3) x @& — 1) x 2@ — 3) 
23 124 10x — 6 


129. (a) Sw (b) 3? 


1395250) — 27S 
141. First, Outer, Inner, Last 
143. (a) True (b) False. (x + 2)(x — 3) = x* —x -— 6 


Section 3.3 (page 227) 


Integrated Review (page 227) 


1. A function f from a set A to a set B is a rule of cor- 
respondence that assigns to each element x in the set 
A exactly one element y in the set B. 


2. The set A (see Exercise 1) is called the domain (or 
set of inputs) of the function f, and the set B (see 
Exercise 1) contains the range (or set of outputs) of 
the function. 


Function Function 


A80 


76 ep Bhs 
Se at) 

. x(2x + 1) 

. No common factor other than 1 
Sy" y a5) 
ex Laxey + 21xy2 4 9) 
. —71(2x = 1) 
2 = yi3yoF 2y— 1) 
a G2 3)(2y 45) 

. (Ja + 6)(2 — 3a?) 
. (4x + 9)(—2x — 9) 
Ty 6) 2) 


Function Function 


9. 


Not a function Not a function 
11. 12. (a) A = x50 — x) 


y 
A 
200,000 


150,000 


100,000 i 


50,000 + 


Be 
13. 2(2u + 5) 
19. 7u(3u — 2) 


7. 14b2 99. 21(x + 8) 
15. 6(4x2 — 3) 


23. 4(7x? + 4x — 2) 
Pa Bhai) awe ci 63) 
Sil, be = 1) 
B50 Ge =r 8) 
AMO) 293 andl) Gratis 
45. (3x + 2)(5x — 3) 
49. (4r — 1)?(8 + 3) 
53. (x + 25)(x + 1) 
57. (x + 2)(x? + 1) 
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61. (z + 3)(23 — 2) 
65. (x + 8)(x — 8) 
69. (4y + 3)(4y — 3) 
73. (2z + y)(2z — y) 
77. (u + 3)(u - 3) 
$1.0 + 3)G — 5) 
85. (x + 9)(3x + 1) 
89. (y + 4)(y? — 4y + 16) 
93. (3u + 1)(9u? — 3u + 1) 


59. (a — 4)(3a? — 2) 
63. (x — 2y)(5x? + Ty?) 
67. (1 + a) — a) 
71. (9 + 2x)(9 — 2x) 
75. (6x + Sy)(6x — Sy) 
79. (5x + Sy) Gx — Sy) 
83. (14 + (4 — 2) 
87. (x —2)(@? + 2x + 4) 
91. (2t — 3)(4 + 6 + 9) 
95. (4a + b)(16a* — 4ab + b?) 
97. (x + 3y)(x? — 3xy + 9y?) 
101. 8(x + 2)(x? — 2x + 4) 
103. (y — 3)(y + 3)2 +9) 105. 3x2(x + 10)(x — 10) 
1072 662 = 2y7)GAte ly + 4y) 
109. (2x” + 5)(2x" — 5) 
111. 113. 


99, 2(2 — 5x)(2 + 5x) 


my 5 
Yi = Mp Mile 

115. x°Gx + 4) — Gx + 4) = Gx + YG DGS 1) 
3x(x? — 1) + 462— 1) =(& + DG@ = 1)Gx 4) 

117. p = 800 — 0.25x 119. P(1 + rt) 

121. Width = 45 — 1 123. S = 2x(x + 2h) 

125. a(R — r\(R + 7) 

127. The polynomial is written as a product of polynomials. 


129. Determine the prime factorization of each integer. The 
greatest common factor is the product of each common 
prime factor raised to its lowest power in either one of the 
integers. 


131. x? + 2x =x(x. + 2) 


Mid-Chapter Quiz 
1. 4; -2 


(page 224) 


. The exponent in the term —3x!/? is not an integer. 


24 
3. 38+ 3247 
6 


4. Ty? — Sy eee by ae | 
~2u7—ut1 7.1008 = 8, - 8x0 9, — 3x 
l6y* 
10. . 28y — 2172 » x2 4x — 
USirarpee tthe eerie REE fo UR a 0 


13. 24x? — 26xy + 5y2 14. 2¢2 + 3¢ — 35 
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15. 3677 — 25 16. 4x2 — 12x + 9 17. 72+ 1 
18. x*+ + 2x3 — 23x? + 40x — 20 19. 7a(4a — 3) 
20. (5 + 2x)(5 — 2x) 21. (z + 3)*(z — 3) 


8 


22. 4(y — 2x)(y? + 2xy + 4x2) (6,4)  (-4,5)6 
23. (5x + 10)(2x + 1) (5x — 10)(2x — 1) 

(Sx + 1)(2x + 10) (5x — 1)(2x — 10) 

(5x + 2)(2x + 5) (5x — 2)(2x — 5) 

(5x + 5)(2x + 2) (5x — 5)(2x — 2) 


24. 3(x + 2)? — 3x? = 2(x + 1) 
25. 79 feet; 26 feet 26. $12,000 


m is undefined. m=0 


11. $12,720 12. 49.1 miles per hour 


Section 3.4 (page 233) 
te 2 Jew(he— OF Se (ove ey 

7. (3b + 2)? 9. (u + 4y)? 115 (64 — Sy) 
13. 5(x +3)? 15. 2x(x + 6)? ~—-17. 5v°(2v — 3)? 
19. (3x — 4)? 21. +18 «=. 23. +12—S 25. 16 


Integrated Review (page 233) 


1. A function can have only one value of y correspond- 
ing tox = 0. 
bre at Mises ahi sis 27.9% 29. x4+\1o GBhly = 538m 6 
6 shy 2 = 2 37. (x + 3)(« + 1) 395 (3) (2) 
41. G+ 10) — 3) 43. = ie + 3) 
45. (x — 8)(x — 12) 47. (x — Ty)(x + 5y) 
49. (x + 12y)(x + 18y) Sil, ae eeilil eel 
53. +4, +20 Bey sell, arate SW/, Nhe, & 
Eh, = Ilh 2 GI, Syear 3 BE ay! = 3 O52 yi. 
67. (3x + 1) + 1) 69. (7x + 1)(x + 2) 
71.. (2x — 3)\@ — 3) 73..Q4—3)Gx —1) 
75. Prime 77. (3b — 1)(2b.+ 7) 
79. (2y + 3)(9y + 4) 81. (2 + x)(3 — 2x) 
83. (1 + 4x)(1 — 15x) 85..3@ —4)(2x+ 7) 
87, Sy(3y — 2)(4y + 5) 89. (a + 2b)(10a + 35) 
91. (4x — 3y)(6x + y) 93. (3x + 4)(x + 2) 
95. (2x — 1)Gx + 2) 97. (3x — 1)(5x — 2) 
99. 3x3(x—4) 101. 24(5 — 9)(¢ + 2) 
103. 2(3x — 1)(9x + 3x + 1) 
105. 9ab?(3ab + 2)(ab — 1) 
107. (x + 2)(x + 4)@ — 4) 1093 (3329) 4-1z) 
111. @-—5+ yx -—5-—y) 
113. 4 + DG? + D@+ IY - 1) 


A82 Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


115. 


69. (—1, 0), (3, 0); the x-intercepts are solutions of the polyno- 
mial equation. 


Ym) Mie Sa 
119. c 121. b 123. 4(6 + x)(6 — x) 
125. (a) (2n — 2)(2n)(2n + 2) (b) 18, 20, 22 


127. Begin by finding the factors of 6 whose sum is —5. They 
are —2 and —3. The factorization is (x — 2)(x — 3). 


129. Multiply the factors. The factors of x7 — 5x + 6 are x — 2 
and x — 3 because (x — 2)(x — 3) = x7 — 5x + 6. 


131. No. x(x + 2) — 2(~ + 2) = & + 2)(% — 2) 
Section 3.5 (page 243) 


: = 3 = 
Integrated Review (page 243) (~4,0), (3,0) (—3,0), (0, 0), (4,0) 
1. Additive Inverse Property 79. -2, 0 Sli = 2x ee 15 =10 83. 15 


. Multiplicative Identity Property 85. 11.12 87. 15 feet x 22 feet 


89. Base: 8 inches; Height: 12 inches 
91. (a) Length = 5 — 2x 
Width = 4 — 2x 
Height = x 
Volume = (length)(width) (height) 
V = (5 — 2x)(4 — 2x)@) 


2 
3. Distributive Property 

4. Associative Property of Multiplication Sao 
O; 253.38 7. No solution 8 19 9. 40 


10. 24 
ik, @) 12 = i + 8x — 12 12. 6 seconds 


(b) 0, 2,2 


ORaec—eD 


©) E 0.25 | 0.50 | 0.75 | 1.00 | 1.25 1.50 | 1.75 | 


|v [3.94 | 6 | 6.56 | 6 4.69 3 [131 | 


1.10,8 ,-3. 10,3 5. =4,2 — On 
ae jee fee Pate (e) 0.74 
9. —2 0,5 11:-4,-5.3 13.0,5 15. —3,0 
17. —2,10 19.43 21.45 23. +4 
25,.=2)5 127. 456 29. =5,2 31. —47 
33.4 35.-8 37.2 39. -4,9 41. -12,6 : 
4S a5 oe ds.e 7, 0g) 247.0605) 4952, 6 : 
Sl. 391 SimOns; 12 55. —3,0,5 hes! 93. 20 seconds 95. 10 units, 20 units 
59. +3,-2 61.43 63. +1,0,3 65. +2,-3,0 97. (a) and (b): —6, —5 (c) Answers will vary. 
67. (—3, 0), (3, 0); the x-intercepts are solutions of the polyno- 99. (d) 3 feet x 5 feet x 6 feet (e) 1026 cubic feet 


mial equation. @) «= 6 


101. 


103. 


Review Exercises 
1. 


5 Dae de ee sp B 
te — Sut 7 
Ak ella Ft Oye 
ey td cts O 
P14 = 55x + 23) 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


False. This is not an application of the Zero-Factor 
Property, because there are an unlimited number of fac- 
tors whose product is 1. 


Maximum number: n. The third-degree equation 
(x + 1)? = Ohas only one solution: x = —1. 


(page 247) 


The third term is not of the form ax* (k must be a non- 
negative integer). 


se Naat GX AL 

Leading coefficient: — | 

Degree: 4 
pean ok ore 14 

Leading coefficient: —7 

Degree: 3 
pe ke ae 9. 5x2 11. 6 + 4x — x? 
ote eae 16 =P as 
Pet ee 1X es Oke 19. —9x3 + 9x — 4 
5 = y= ils IBY FO Zoe Pil. XE 
.4u7y3 a} Bra: 33. 8u?v? 35. 144x+ 
reas Si SOK S97 Oy lor a OK 
cer OX iG ASA 5% LIX — 2 


AT Axes 5x tO 
Si 6x—-56 + 49 
CR, Due = ol 
61. 3x2(2 + 5x) 

65. .(v + I)(v = 1) 2) 


57. 4u2 — y? 


67. (t + 3)(? + 3) 69. (x + 6)(x — 6) 
71. (a + 10)(3a— 10) 73. (uw — 3)(w + 15) 
75. (u— 1)(u2 +u+t 1) 771.\x + 3) 4 —"6x + 9) 
79. (x —-9)2 81. (2s + 102)? $3. (x + 7)(« — 5) 
85. (2x — 3)(x— 2) 87. (3x + 2)(6x + 5) 
89. 4a(1 + 4a)(1 — 4a) 91. 4(2x — 3)(2x — 1) 
93. (Ax + y)? 95. (2u — 7)? 
97. (x +y—5\(x—y—5) 99-32 101. +10 
103. 0,3 105. —-4,9 107. —4,0,3 
109. (3, 0), (7, 0) 


111. 


x2 +4x—-—45=0 113. 2x° — x* — 6x = 0 


LIS: 


117. 


121. 
125. 


A83 


(a) 550 


(b) 0.0037? + 2.365t + 274.445 


550 


Py; yes; average of the high and low projections 


(6) O.0512 412.078 FAT 


200 
0 Ba 50 
0 


The difference between the high and low projections 
is increasing. 


$2000 119. P= 8x +8 

A = 15x 
14x + 3 123. (a) P=4/—10 (6) A=P—-S5l 
100 feet x 300 feet 127. 2 seconds 129. 14, 16 


Chapter Test (page 250) 


iG) SBE sb las 
. (a) 3x* = 6x + 3 
Maelee — 247459 
. 6y(By — 2) 
. (x + 2)(x — 2)@ — 3) 13. (Gu — 1) 
2 2(% — 5)Gx-+ 2) 
ee Lee 


. 6 centimeters x 9 centimeters 


. Degree: 3; leading coefficient: —5.2 


. The variable appears in the denominator. 


».(a).6a* — 3a “(b) =2y? — 2y 
. (a) 82 — 4x +10 (b) 1It+7 
. (a) —24u5 (b) 60x77? 6. (a) gy? (b) Fxhy4 


(b) 2x2 + 7xy — 15y7 

(b) 6s? — 17s? + 26s — 21 
(b) 16 — a* — 2ab — b? 

11. (v = S)(v + 3) 


15. (x + 3)(x? — 3x + 9) 
18. x2 + 26x 


20. 2 seconds 


17. 3, -3 


. Base: 5 feet 


Height: 14 feet 


A84 


Cumulative Test: Chapters P-3 (page 251) 
iGo SO 
(c) |-5| > -5 @) |2.3] > -|-4.5| 


2.3n-8 3. (a) 2-9 (b) 2°- 11x 

4. (a) 8a8b7 (b) 4fx2y? 

5. (a) 2x2 -—9x —5 (b) x2? -— 2xy + y+ 4x —-4y +4 
GOs Wr=) | TONS WOh= ns 

8. (a)x<—-1 (b) -3<x<4 9. $1408.75 
10.5 11, x< —1 or x25 12. x > 103 


13. Function 14.2<x< © 
15. (a) 4 (b) c? + 3c 
17. (a) 2x -y+5=0 
18. (a) @ = 5)Gx + 7) (©) 9@ + 4@— 4) 
19M aleve 3) 5) (>) 202r =)" 

20. IMs 


16. (a) m =? (b) Distance: 10 


(b) 2x — 3y +7 =0 


Chapter 4 


Section 4.1 (page 259) 


Integrated Review (page 259) 
1. The graph of an equation is the set of solution points 
of the equation on a rectangular coordinate system. 


. Create a table of solution points of the equation, plot 
those points on a rectangular coordinate system, and 
connect the points with a smooth curve or line. 


LOM) 


4. To find the x-intercept, let y = 0 and solve the 
equation for x. To find the y-intercept, let x = 0 and 
solve the equation for y. 


. Lax 6. y?z!! UG? 8. x +2 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


, + (0, 0) (4, 0) 


1. — 3. soy ab SSO LE 17. G49 Be 
11.2 ' 13, 1° IS41= “2% 72997 19.5100,000 
21 ig 23. Ga 25. SP IR to 
i! 1 

2 zy, — — 6 
31. y 33.2 35 2 37. 6h 39. x 

4 2 a9 _ 12; ax 
41. =a 43. ¢ 45. ae 47 ie 49 9x4 

10 x 81v8 b> 1 
51. = D3: ay 55 zr: RHE a 59 es 

Dp y2 
8.12 SS 

61. 6u 63. x°y 65. 5 qi2 Ree 

ab 
69. — 7153162410" 734. 625e1 0; 
Cpe CIES OND 7153.81 xe Ome T9SSAS elO) 
81. 9.461 x 10% 83. 8.99 x 10> 85. 60,000,000 
87. 0.0000001359 89. 31,700,000,000 
91. 13,000,000 93. 0.00000000048 9556.8 < 107 
97. 2:5: % 10? 99.6 X 10° 101. 9 x 104 
103. L.és< 107 105. 3.46 x 10!° 107. 4.70 x 101! 
109. 1.67 x 10!4 111. 2.74 x 107° 113. 9.3 x 107 
115. 1.58 x 10-° ~ 8.3 minutes 117.43:33.g105 
119. $20,393 121. 3x is the base and 4 is the exponent. 
123. Change the sign of the exponent of the factor. 


125 


. When the numbers are very large or very small 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


Section 4.2 (page 268) 


1. (—co, 8) U (8, co) 


23. 


25. 


29. 
aky 


41. 
49. 
55. 


61. 


. (—co, oo) 
. (00, —3) U (—3, 0) U(, 00) 
. (—oo0, —4) u (—4, 4) U (4, oc) 
nt —1003.0):0:(0, 3) (3; :c0) 

. (—co, 2) U (2, 3) UG, oo) 

. (-00, -1) U(=1, 3) U (3, 00) 
- @) Al 


Integrated Review (page 268) 
om = 2) 0 (OO) 1p =O 
JG) eS 
(b) m < 0 
(c) m=0 
(d) m is undefined. 


25 


Sh ee 6; = 222-414 


t oor 
A 


9. 30% solution: 133 gallons 10. $500 


60% solution: 63 gallons 


3. (—00, —4) U (—4, c0) 


7. (—00,.00) 9: (—©o, oo) 


(b) —8 

(c) Undefined (division by 0) 
(d) 0 

(a) 0 

(b) 0 

(c) Undefined (division by 0) 
(d) Undefined (division by 0) 


(a) 3 27. (0, 00) 
(b) 0 
(c) Undefined (division by 0) 
(d) Undefined (division by 0) 
RD ona eet 31. [0, 100) 88) sear 3} 
(3)(x + 16)? 37. (x)(x — 2) au, sear 2 
x 6x fe 8) 
5 43. 6y, y #0 45. Sy x#0 47. Ay 
1 3 
x HF 8,x FO Sl. 5, ¥F 5 Ce =a bese = 
1 x yy + 2) 
—$——— DD, =, Wa 
Bek Eo y+6°? 
x(x'+°2) She ie) 
“= .—- #4 
as! #2 63 ew) a6 


A85 
K+8 3 3x = 1 4 
5. i Ss: 
6 3% 5 67 sx 4’ ** 5 
3y? ye By 
peciae eS itm TAL. 15 SVE — 8x 
+ — ) 
13,22 ee Se 
y? u-—y 
77, 3(m — 2n) 
m+ 2n 


79. Evaluating both sides when x = 10 yields 3 # 9, 


81. Evaluating both sides when x = 0 yields 1 # 2. 


ae 2 (> ee 


Laas Ee ha ee ae 
x 
85. pater se S50) 
87. (a) C = 2500 + 9.25x 89. (a) Van: 45(t + 3); 
Car: 60t 
= PY a. OY 
(b) cee (b) d = |15(9 — | 
4t 
De 
(d) $34.25 
rhe 93. 1000(10,730 + 15092) 


3426 + 65t 


95. Let u and v be polynomials. The algebraic expression u/v 
is a rational expression. 


97. The rational expression is in simplified form if the numer- 
ator and denominator have no factors in common (other 
than +1). 


99. You can cancel only common factors. 


Section 4.3 (page 277) 


Integrated Review (page 277) 


1. wu? — v2 = (u + v\(u — v) 
Ot? — 4 = (3t + 2)(3t — 2) 
2 — Dive =a) 
4x2 — 12x + 9 = (2x — 3)? 
3. 8+ 2 = (ut v)(u2 — w + v2) 
8x3 + 64 = (2x + 4)(4x2 — 8x + 16) 


A86 


4. (3x — 2)(x + 5). Multiply 5, 5x(1 — 4x) 
6. (2 + x)(14 — x) 73x — 5)(5x 3) 
8. (47 -F 1)? 9. (y — 4)(y? + 4y + 16) 


10225 a 4 — 21) 


m is undefined. 


1. (a) 0 (b) Undefined (c) # (d) 


a es Gh lop as ae Toure 9. (-1)(2 + x) 
99 9 ie 
Piteres ae ei 5 DA in 32 
11 40 13 5 15 e528 17 Ua uw == 0 
3 2uv(u + v) 
19. 24, x # A 23 ICY He (0) 
a 
Deen 25 
as 2 


27. Ar +2), r#3,r#2 29. 22+5,1#3,t# -2 


ab = 2 
Sire IE, : bay ki Sy 
xe = Thy Gaaieny) 
(x — 1)(2x + 1) 
ee Ets = 
35 (3x — 2) + 2) x #+5,x#—-1 
H7(x? = 9)(2 + 5)Gx — 1) 1 
a7: = 
DOME AG 2) (eee 
a 2 
a leela.n= pe 
oe P27 
4x 3y? 3 
63 0 AS 0) (47. rs 
49. x4y(x + 2y), x #0,y #0,x # —2y 
36 SP 
SC omy aa x#0,x#5,x#-1 
10 3 
(x + 3)(4x + 1) | 
: x # 3x # —— 
Bereta amen Salad 


Sil, gah DQ, 5 2 oe os ge = 3 
(x + 2)(x? — 3x — 10) 


= 4 ays O% 
59 CES) Gh dea) x#H+2,x#7 
td, 
le ,x#=—-2,x#0 63. x4 -Lx#0,y #0 


65. 


67. 


79. 


81. 


83. 


(x + 1)(2x — 5) 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


y) 
tLe Oe 


oe 
x4 
Grape MFA 3 a e324 #0 
ag 
ils 
10 
~9 = 9 
Qw2 + 3w xX Ke 
6 Sere te ea) 


I tne Le ted 
(a) 20 minute (b) 20 minutes (c) q minutes 


(a) — 50,000 
(b) 6,115,200 + 590,700r? 
12(6357 + 1070¢2) 
°) ee 0 | 2 | 4 | 6 | 
Monthly bill | $80.16 | $66.42 | $55.25 | $50.84 | 
(d) The number of subscribers was increasing at a faster 
rate than the revenue. 
Multiply the rational expression by the reciprocal of the 


polynomial. 


85. Invert the divisor, not the dividend. 
Mid-Chapter Quiz (page 287) 
3 Bxo 2 
ils == A 5 Sa : 
pe 2 l6y? 2 3u3 a 
Sb (@)y ish se 1G? 6. (a) 8.1 x 1013 
Co) Ws Se Or (2.x 105 


7.. (=, 0)U' (0; 4)" (4, oo) 
8. (a) 0 (b) 3 (c) Undefined (d) § 


13. 


17. 


3 Qu Die + | z+ 3 
Be 10. = — . — 
oy Oy i Xe 4 Mg = 1 
7 + 3ab n? t 5x 
——— ey = 
a m+n 2 2D e a 
8x A(u — y)? 


3 Ds) eA Sy 


os 


21. 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


3t 2(x + 1) 
Scare 
6000 + 10.50: 
(a) een (b) $22.50 


Section 4.4 (page 288) 


Integrated Review (page 288) 


1. (a) y=2x+% 
3 
5 
. Ifm > 0, the line rises from left to right. 
If m < 0, the line falls from left to right. 
Alte OG ASO yoy Sai 
O16" 252" Tak eral 8. 2t 
Oye 8 1OR21y = 502 kt 
5 IE = Ie ar © 12. P = 12x 


A = 5x? + 9x Av—sOxe 


u. *=° es es Ca Re 

ee OF 1920 1 ey 
fe => 3} 

23. 15x?(x + 5) 2t26c- (Zk) 


ay 


41. 


43. 


47. 


SRY 


59, 


63. 


. 56t(t + 2)(¢ — 2) 
wwe 33. (u + 1) 


29. 6x(x + 2)(x — 2) 
35. —(x + 2) 
2n2(n + 8) 10(n — 4) 


* 6n2(n — 4) 6n?(n — 4) 


2x + 3) 5x(x — 3) 
x2(x + 3)(x — 3)’ x(x + 3)(x — 3) 
3y2 8(v + 1) 
6v2(v + 1) 6v2(v + 1) 


(x — 8)(x — 5) Ox(x + 5) 45 25.02% 
G5) 5)? @ + 5)G— 5)? 20x 
gear 2 
Pea stots 4 51 
a = B 
5(5x + 22) G3 I 
Sera Qi rer Sk Il, ao 52 3 Sh GB) 
6 5 = The = NS 61 x-2 
(x + 3)(x — 2) * x(x + 1) 
5(x + 1) 65 4 
(x + 5)(x — 5) pie eisai) 


67. 


afl 


TE 


79. 


83. 


87. 


91. 


OSs 


99: 


101. 


109. 


113. 


A87 
me +x A= 
Xx x+9 69. 4x 
(x — 2)(x — 3)(x + 3) (x — 4) 
y-x 2(4x? + 5x — 3) 
: x#- ; 
Von : 4 B x7(x'43) 
ees sa je 2 4 > 
u uy a V oe 
(u — v)? x-1 
x +0 


SY 3Ge 4 Dt 


4+ 3x l 
oa x #0 $5. —=46 — 1x = Ox = 4 
3 5(x + 3) 
= page Oke — 
Ay LE 2x(5x — 2) 
AGz = IG = 3), 
=~ = Oy F042 yl 93. —— 
y—x,x #0, y#0,x # -y 3 i) 
x(x + 6) | 
So #0 tig oo eae 
3+ 10u 0s ent ge SD) 
x 3 | 0 1 B|\ Ss 
F | 
(1 =) 3 913 
re 3 2 Undef. | Undef. | Undef. Bla 
BE) 
3 
x 3 l 2/3 
See 5 2 Undef. | 0 5 Ati 


Domain of the complex fraction: (— oe, — 1) U(—1, 0) U 
(0, 1) U(1, ce). Domain of the simplified fraction: 
(— oo, —1) U(—1, co). The two expressions are equiva- 
lent except at x = 0 and x = 1. 


St Sue Mie t3x R,R, 
1 IEE 24 ue AS AS Me ena coll 
(a) Upstream: ee Downst : 
a) Ups gap nstream: rat 
10 10 100 
ay == ate x)= a 
) Fe) = oe) Sse (c) fix) (5 + x)(5 — x) 


. Rewrite each fraction in terms of the lowest common 


denominator, combine the numerators, and place the 
result over the lowest common denominator. 


When the numerators are subtracted, the result should be 
GD) = (45 11) Sx 1 4x FIT. 


A88& Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


Section 4.5 (page 298) 


Integrated Review (page 298) 


120y _ 30-4) _ 4y 
* 90 3003 3 


. (2n + 1)(2n + 3) = 4n? + 8n + 3 
. (Qn + 1) + Qn + 3) =4n+4 

. 2n(2n + 2) = 4n? + 4n 
.4+3 8. 0,8 

- y = 1500 + 0.12x 


5.38 6. 
9.-7,6 10.5 


10,000 20,000 


. N = 3500 + 60t 


N 


132+5 3.32+4+2-3 5. 7x2?-2x,x#0 


7. m+ 2m ~ 2 9. —10z2 —6, z#0 


11. 422 + 32-1, 2#0 


13. sx-4+4y,x#0, y #0 
15 a ily, sear iQ) ao62 =53 


19 Aik, 33 4 YW, 3¢ S23 
=D 
19 11 
j = 8 + ——= : Po = 
MS, Swe — {8 ae OAS Ble) 


27. 6t-5,t#3 29%. y+3, y#-3 


6 


31.7 + 4 x #2 Sib anc ia ieee 


5 32 
B52 a5 S) Bid 


oe 


43 


47 


49 


51. 


55 


SY). 


61. 


63 


6 41 a 41 
5) 25.) 22571) 
No hae PON wet is. 45.x+2 


we = 55) 
x? —3x+2 


bye? st Ghia? Eel ear 


1 
41 4n 1, a 7 


. 4x2 + 12x + 25 4+ 


x 
x+1 


xe—xt 53 eee O 


57) G2 ee ee 
= 2B 


. Juv, u #0, v#0 


17 
ae ap G! 


xe A 


4 
x? — 2x* — 4x — 7 — —— 
ie = 

WEY) 


5 S82 se Mébe ce SO a 
x-4 


1360 


65. 10x? + 10x? + 60x + 360 + eae 6 
67.0144 0.82 tn 698 Ge eee 
se (VP 
(ANE P Ohl | Seven) 
73. (x +5)Gx + 2)Gu—2) 75.A\x = 3x — 3) 
77. 5(x —2)\(3x +2) 79. -8 
81. 83. 
6 5 
! 
-6 12 
—4 B} 
-6 =I 
85.728 et 4 x 2 Rx 
89. 
x-Values | Polynomial values Divisors | Remainders | 
=) = te 5 ie ts 
=")l 0 sar Ml 0 


0 0 % aig a 


| 

201 

cat 

| 

VI 

| 
coho 


f(k) equals the remainder when dividing by (x — k). 


91 


95. x is not a factor of the numerator. 


1 ai) Estee all me a 
bs 


2 0 eo = 2 


Ee 8} MER UES Ge te 
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97. The remainder is 0 and the divisor is a factor of the dividend. 


99. True. ae = q(x), then n(x) = d(x) + q(x). 


Section 4.6 (page 308) 


Integrated Review (page 308) 

1. Quadrants II or III 

4. (9, —6) 
$4 <2 06%. > 8 

1024 = 36 


12. 7.5%: $15,000 
9%: $9000 


2. Quadrants I or II 


3. x-axis > mete 6.x <5 
em aetet ema) 


2 #2E& BOs 2 ile 


11. 15 minutes, 2 miles 


1. (a) Not a solution 3. 


(a) Not a solution 
(b) Solution 


(c) Solution 


(b) Not a solution 
(c) Not a solution 


(d) Solution (d) Not a solution 


5-10 7.8 9-3 11.10 13.-3 
ise 19461 | 21 23, 
Dome oh Boas Sle 5 oye 33-26 
35. +4 Se SOs 39. 3,13 41. No solution 
43.-5 45.5 47. -1,2 49. 20 
51.3 53.3,-1 55. Nosolution 57. 2,3 
59. (a) and (b) (—2,0) 61. (a) and (b) (—1, 0), (1, 0) 
63. (a) 65. (a) 
8 6 
40 30 -6 = 12 
=e 6 
(b) (4, 0) (b) (1, 0) 
67. 
10 
ei 
-15 15 
-10 
(—3, 0), (2, 0) (—3, 0), (4, 0) 
71. 8,4 73. 40 miles per hour 


1D: 


81. 


85. 
89. 


oie 


93. 


95: 


wh 


99. 


101. 


A8&9 
8 miles per hour 77. 4 miles per hour 79. 10 
10 miles per hour 
12 83. (a) 1,000,000 (b) 85% 
0 100 
0 
3 hours; 4? minutes; > hours 87. 15 hours; 22} hours 
13 hours 
Year | 1990 | 1991 1994 | 1995 
Revenue | 87.7 | 9553 131.8 | 152.4 
(ale 40.6510 aac 
(b) 
(c) 10d 
d : 10 10 
(d) 3 miles per hour, obtained by solving 35 
is eae res 
= 6.25 
(e) Yes. 11.1 hours 
Multiply both sides of the equation by the lowest common 


denominator, solve the resulting equation, and check the 

result. It is important to check the result for any errors or 

extraneous solutions. 

(a) Simplify each side by removing symbols of grouping, 
combining like terms, and reducing fractions on one 
or both sides. 


(b) Add (or subtract) the same quantity to (from) both 
sides of the equation. 


(c) Multiply (or divide) both sides of the equation by the 
same nonzero real number. 


(d) Interchange the two sides of the equation. 


When the equation involves only two fractions, one on 
each side of the equation, the equation can be solved by 
cross-multiplication. 


Review Exercises (page 313) 

1s 3.42 5.36x10’ 7. 500 

oo 38 «10> 11. 483,300,000 13. 12y 
2 x l 27 

6.5 115 5 WS 


A90 


23. (—co, 8) W(8,7c0) 


2x3 bog 
27. x #0, y#O oooh) 
x. 
= eS 85. 3x? 
31 9, xFy 33 easy xy 
a, oS ty, Sein PE 
5 8x 
43.7040, 043 45. 3x2, x #0 
ee al, oy a 
<a = 7 
6(x + 5) al 13 
ees 53,45 9 55, —— 
a x(x + 7)’ bee 9 48 
4x + 3 Spe = Swe = Biles se 13) 
) ee ee 
*7 GF 5) — 12) (e+ De — 3) 
x + 24 6(x — 9) 
on x(x2 + 4) oo (x + 3)2(@ — 3) 
Bie 
65. Go: t#O0 
=a +a 16 
,a#0,a#-4 
we (4a? + 16a + 1)(a — 4) = 5 
71. 


ek 


77. 


TRL 
81. 


83. 


85. 


93: 
101. 


103. 
109. 
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25. (—co, 1) UCI, 6) U (6, o0) 


2? 5, x #0 75. 2 aoe erp D 
7 — 2.x 4 +1 
pe eae Oxo 20S 
j ROS DIES me OI 
362 4b Spe = J), ae G2 =P 
x2 + 3x2 + 6x + 18 + mi 
=120 | 387.52 5.89.5 91. —4,6 
-83 95.-3,1 97. -2,2 99. -2 
(a) (b) =3 
(20) 
(0, 6] 105. 56 miles per hour 107. 25 
4 111. 65 minutes 


113. (a) 304,000, 453,333, 702,222 (b) 29.8 years 


Chapter Test (page 317) 


3 <5 10 aN 
ba ekieom 3 anil ra 
8 
5,~; 6. 108xy8_ 7. 3.2 x 10-5 8. 30,400,000 
vy, 


9. (—o0, —5) U(—5, 5) U (5, 00) 
10. x<3(x + 3)(x — 3) 


043 
11. (a) -=, x #2 (b) ~  at4 
5z 4 
a2 sa! 2 
12 = #0 ee yr 
(2x + 3) 2 14y° 
Cire rerpemti tgs tbh eps oo 


1 —2x7 +2x+ 1 
17. —Gx +1), x #0, x# 3 18. Ri 
5x2 — 15x —2 5x7 + x2 -— 7x —5 
ee 
12 G3) Gad): 
2.4, x#-1 2, @+3-%-9 


23,28 + 62+ 3r+9+—— 24, 22 


25. -1,-2 26. No solution 
27. 6% hours, 10 hours 


Chapter 5 
Section 5.1 (page 327) 


Integrated Review (page 327) 


1. qmutn ay, a™bm 3 qm 4 qn 


5. y=4- 3x 6. y = 3(1 — x) 
7y=344-x?) & y=4-x? 
9. y=3(2Vx-15) 10. y = 4(6|a| + 10) 


12. SS = 47.25 miles per hour 


1. 8 Sot], By =? 7. Not a real number 

7 11. 4.2 13. Square root 15. 8 17-10 
19. Not a real number 21. —} 23. Not areal number 
PAS) wie 23 PAs) 31. 10 33. 6 

35. oil od ee | 

43. Not a real number 45. Irrational 47. Rational 
49. 162 =4 $1,278 =9° 53, 4/2563 = 64 
55.5 57.-6 59.-8 61.4 63. 


Ol 
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65.4 61 69.9 1-64 73. 25 
75 lcm Ho es us we: NG a a a 


3. —(x — 3)(x? + 1) 4, (2t + 13)(2t — 13) 
5. (ca — al) eae) 6. (ae — W267) 

7. (x + 1)(11x — 5) 8. (2x — 7) 
9, 


I l 
=p a = - 
83. x 1 = _ 85. 19/4 = aA 87. 3 89. y!3/12 


816 adults 10. 267 units 
91. x3/4yl/4 93. y5/2z4 95. 3 97. 3/2 99. 5 384 students 
3y2 Qy3/2 
101. /c 103, = 105. = (1/4 2 PZ 
42473 Pilg lees 1 2S) 5 Ae aSe4a/Ga 7068/6 
109. Yy = 11. 3/8 = 13. Ve Fy ON13Y7 TMIAO20G @1320.069/2> © 155 ile 2 
ere J15 J13 ie a 
115. (Gu — 258 117. 8.5440 119. 9.9845 17. 5 19. ras 21, 3xe/x a3. Ay3 
121. 0.0038 123. 4.3004 ~—- 125. 66.7213 25. 3V/13|y3| 27. 2|x\y/30y —-29. 8a*b? /3ab 
127. 1.0420 129. 0.7915 131. [0, 00) 31.276 33.2914 35. 2/5237. 3 y| V2y 
133. (0,00) 135. (—00, 0 735 
(0, 00) (—o0, 0] 39. xyVx 41. |x|4By? 43. xy Sy 45. oe 
137. 139. 
5 S/d 3 2 
47. 15) 49. 20x 51. 3a~/ 2a 5 4a?./2 
3 y b> |b| 
; 3 
55. 3x2 57. a 59. x 61. 4/3 
4 20 8 3 
63. 65, 2 gg) 659, 22 
» 2 y x 
Domain: (0, co) Domain: (—0oo, co) 71. 2x 73. 2 a J 18xy" 
Dx 2 ; 
141. 23/2 — 3x12 143.1 +5y 145. 0.128 e >) 
AAS 2b 
147. 23 feet x 23 feet 149. 10.49 centimeters TI. = - 79. 2/2 81. 24./2 - 6 
ISI (a) 115-0 feet 83. 1143-547. 85.3032 87. 12./x 
as > _ fa) /5 
(b) h 15.0 (5) g9. 13./y 91. (10-2¥z 93. we 95. aye 
(c) 8.29 feet DE 
Dx (2G 13) | 
(d) 25.38 feet 97. ars pcnpaeaks Whoo JT ERIS. > /7T +18 
153. Given 2/a, a is the radicand and n is the index. 101. 5 > 32 + 2? 103. 3/5 105. 3/13 
155. No. \/2 is an irrational number. Its decimal representation 107. (a) 5/10 (b) 400\/10 = 1264.9 square feet 
is a nonterminating, nonrepeating decimal. 109. 89.44 cycles per second 
157. 16 4, Se 6, 9; Yes 111. (a) (b) 2004 


Section 5.2 (page 335) 


Si eawa Review (page 335) 


1. Replace the inequality sign with an equal sign and 
sketch the graph of the resulting equation. (Use a 


dashed line for < or >, and a solid line for < and 2.) 113. No. 5V3 af. 25 

Test one point in each of the half-planes formed by 3 3 

the graph. If the point satisfies the inequality, shade 115) 4/66/15 = 4/9 310 = 3/10 

the entire half-plane to denote that every point in the 117. No. /2 + /18 = /2 + 3V2 =4,/2 


region satisfies the inequality. 


2) 
119. x < 0. V(-8) = 64 = 8 


2. The first includes the points on the line 3x + 4y = 4 
and the second does not. 
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Section 5.3 (page 342) 


Integrated Review 


(page 342) 


2. The signs are the same. 

. The signs are different. 4.m+n=b 

} ey =O=¢ 

8. x-4=0 
10.x+y-—11=0 


. Mu c€ 


. 2x-y=0 
-y-3=0 
. 6x + lly — 96 = 0 


30 ya a4 22) 


3 
Ta BRC ER WE Th ORS 
92/5 = 15) 11,210 + 84/2" 13.32 
15.6-2/5 17.y+4/y 19.4/a-a 
ML DWE Oe 
25h 15 Go 35/5 2158" 27. 8./5r 24 
29. 2373 —-3344+376-9 31. 2x + 20/2x + 100 
33. 45x —17/x-—6 35. 9x — 25 
37. 342+ 1072x+25 39 y—S57y+ 2H? - 10 
44.14 5777+ 37t-3 43. (x +3) 45. (4—- 3x) 
47. (2u+/2u) 49.2-J5, -1 
51. /11+ /3,8 53. 15-3, 6 
55. /x+3,x-9 57. /2u+ 3, 2u-3 
59.2/2-2,4 61. /x- Vy, x-y 
aoe oe 65. eee 67. (a) 2V3 —4 
(b) 0 
69. (a) 0 Wa 3\4/2 + 2) syle ced 
(b) -1 
75, t2V gg VO=V2 oy A V3 4 V7) 
5 2 4 
se me, Boiss 
gs Dist V3)e 4, 25 + Vi) 


4 ; 5-t 
piv) 3eHles Lh 


Sut v(Vu =v + Ju) 


Vv 


oS) 


9 


5. 97. 
10 10 
=) 28 
r a 
: = =10 


2 4 
99, S10 eee ey 
i 5(/7 — V3) 

Ree ae al 

103. 192./2 square inches 105. ee 


107. /3(1 — V6) 


= 3/37 4/6 Distributive Property 

= ie = Multiplication Property 
V3-V9-2 of Radicals 

= /3:— 3/2 Simplify radicals. 


109. (3 — /2)(3 + V2)=9-2=7 
Multiplying the number by its conjugate yields the differ- 
ence of two squares. Squaring a square root eliminates the 


radical. 

Mid-Chapter Quiz (page 345) 

1: 15> 2S 49 es iaizie 

6. 3|x|/x 7. Habs 8. a 9, 4./2y 
10. 6x3/5x2 + 4x5x sd. 16 + 6/2 =: 12. 10 - 4,72 
13.3+5/6 14.60+67/3 15. sala! 
16. -3-3/2 17. (3 — 6) 
18. 5(4/3 -3/2+ /6-4) 19.1- V4,-3 


20/10 5215 
22. 23 + 8,/2 inches 


2h ea/ 5? 2? =" / 169) =313 


Section 5.4 (page 352) 


Integrated Review 


(page 352) 


1. The function is undefined when the denominator is 
zero. The domain is all real numbers x such that 
x # —2 and x # 3. 
2x7 + 5x -3., 
wie soand ae is undefined if x = —3. 


3. 36x°y8 5. 4rs? 
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69. 5 95 Boxe 700 JDiak 
ay 
-4 5 
= 
1.500 
77. 9.00 
81. 
8.25 in. 
1. (a) Not a solution 3. (a) Not a solution 11 inches 
(b) Not a solution (b) Solution 83. 10/17 ~ 41.23 feet 85. 15 feet 
(c) Not a solution (c) Not a solution Dae 
: ¢ 87. 30 inches x 16 inches 89. h = ea 
(d) Solution (d) Not a solution Tr 
5. 400 7.29 9. 27 11. 49 13. No solution 91. 64 feet 93. 56.57 feet per second 95 50:2aicet 
15-64- 17.90 ~19; -27 21.3° 23..5 97. 1.82 feet 99. 500 units 
25. Nosolution 27. 29.53 31. No solution 101. (a) (b) 1995 
33. 4 35. No solution aio 7) ab), ils) 
Bie 2 te 430.8. 45.1093 — 1A70G 495m 51,4 
53. 4 552216 Yi esl BL Iie 
61. 63. 0 


103. $12,708.73 


105. No. It is not an operation that necessarily yields an equiv- 
alent equation. There may be extraneous solutions. 


107. (Vx + V6) # (Vx) + (V6) 


=2 ¥ Section 5.5 (page 362) 
1.407 1.569 
(qe 67. 


Integrated Review (page 362) 


oie St? s 3t(8r7) a 8A 
Ear ard bs: 5(15) 25 


A94 


3. Rewrite the fractions so they have like denominators 
and then use the rule 


u Hi Vu SLE u 
Ww Ww Ww 
Big moe 225 Fp Sip Oba oe 
Sis dye 15 15 
t-5  —-1(5-t x 
= wea] 5. 
9 1 ee 
7 3G +3) Zar 7) 
56 ce WMNGE sie 8 Ix, 19% 
10. SAMOS) We reese 
freee Oe 20 S05 Tee 09. 25/21 
Limon or mers 7 O85. 2 17: 2/57 
19. Ne Die tie 2355001 8 225, 3030 
27.-4 29.-3/6 31. -044 33. -2V3-3 
35.5/2-4/5 37.44+3/2i 39. -16 
41.-8 43.a=3,b=-4 45.a=2,b=-3 
47. @= —4b=—2./2~ 49. ag =2,b ==) 
51.10+4i 53. -14-40i 55. —14 + 20i 
57.9-Ti 593+6 61.2 +3i 
63. -3+49 65.7+(3/7-5)i 67. —36 
69.24 71. -36i 73.27: 75. —9 
77. -65-10i 79.20-12i 81. 4+ 18) 
83. -20+12/5i 85. —-40-5i 87. —14+4 42) 
89.9 91.-7-24i 93. -—21 + 20; 
95.2+1li 97.5 99.68 101. 31 
103. 100 105.4 107.25 109. —10i 
11.2+2) 113.-4+8; 115. -$+ 2; 
u17.2-2: 1191-$ 121. -24+ 2 


123. (a) Solution 
(b) Solution 


125. (a) Solution 
(b) Solution 


— ak OMS} 
127. a ( 2 8) = 125 
=y aa aN 
wo ( 5 A) = 105 
5) 
eae R/ 3 = 1 a on/ 31 
129. (a) 1, 5 : 5 
—2+ —2- 
(b) pe teeeN 3) = Tp egy = 
D 2 
Sih Sy 
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= —4-4/3i 
(c) eee ee a; ee! 
o 2 
= -2-2/3i 
131. 2a 133. 2bi 135.i= J/—1 
137. /-3/-3 = (V3i)(V3i) 139. 13 
PONY 3) a 
Review Exercises (page 366) 

1.7 3. -97 | 5. -2 7 =4 1912 1 
13.-1 15.2) 17.49/2=7 19, 3/216 =6 
218i. 23. 125 25. 4, 27. a ee 
3177/2 a3: aa 352a_ >” mmole 
39. ¥3x+2 41.004 43. 10.63 


49. 


BRL 


63. 


69. 


ise 


81. 
85. 


91. 


95. 


ile 


101. 


(=Gox60) [0, oo) 
6/10 51. 5u2v?/3u 553. 0.5x2/y 
2bY4ab =—«-557. 2ab3/6b_—Ss*59. aris 61. ot 
af 
3} 2) 
= 65. 7) 67.2410 
14/% = 99x 11, 14/y 43" TBD — 2 
2-95 
ve TIA10J3. VI9NS SoS 
5/2 4275 $3. 10/6164) An 
12/5+41 87.3-x 89. —3(1 + V2) 
o(4 — 6) - (a Be 
5 ; 13 
(Vx + 10)” 
x — 100 


DPXS) 103. No real solution 


105. 105 


107. 3 
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109.50 W445, =3-' 113.6 115. 3 

M7 4./3i- 119. 10 37121. 8 — 4/3 
DSSS AS Ad 2951 | 127, 5 

129: /70=-2/10 131. x=2,y=3 
133.x=4,y=125 135.8-—3i 137.84 4: 
139.25 141.11-60i 143. —2; 
145.-$+ fi 147.2 -3i 

149. 21+ 12./2inches 151. 1.37 feet 

153. 500 watts 155. 9000 watts 157. 9.77 feet 


Chapter Test (page 369) 


1. (a) 64 2. (a) 5 3.-(a) x3 
(b) 10 (b) 6 (b) 25 
4. (a) $/2 5. (a) 2x 6x 
(b) 2/3 (B) 2x7 


6. Multiply the numerator and denominator of a fraction by 
a factor such that no radical contains a fraction and no 
denominator of a fraction contains a radical. 


v6 
2 
7, -10V3x 8, 5V3x+3/5 9, 16 — 8\/2x + 2x 

10. 7/3(3 + 4y) 1s 227) 12. No solution 13. 9 
144400. 152x357 =4° 16.2 = 2i 
le Sy 1a 18. —8 + 4i i tls) Se 187 
20 eka St 21. 100 feet 
Chapter 6 


Section 6.1 (page 377) 


Integrated Review (page 377) 

1. —3. Coefficient of the term of highest degree 
2.-5. (y? — 2)(y? + 7) = y= — 2y? + Ty? — 14 
Ss 4. 


For each value of x 
there corresponds 
exactly one value of y. 


For some values of x 
there correspond two 
values of y. 


A9S5 


1 15y4 Qy? y4 
5 6. —-—s Y fg Se 
x x? 4x2 uo 
2u r3 9 
9: 9,6 10. 7 11. 100 12. jg ~ 1.6 hours 
Distance 
1S 8) 
11°0,3.> 329) 15-26) Tlie oe ise 
p etre mee 5 Sen oe eG eee Yeo ee) ee 
31.42 33. —17,9 35, 25.35. 37, 20/7 
She GR Sol ee 
39. ; ot Fn 43. +6i 
aiff 
AS AE21 aot oe | AN) eo St -; + 4i 
3 44/6 11 #2 
iy ee a, Se Gite | payin Ot 33 
2 1 Ti J/38 
— DO: hoe ae Sy a cE / 
59 15-027 61 3 3! 63 3 3 I 
65.0,3 67. —4,3 69.430 71. 430i 73. +3 


ri 
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OR 95. 


Lti —3+ /5i 
OT FG) an 4 xe 
ee 


2 


=2 =2 


,t2 =: 103. + /2,+ V3 

tJ/5 109. 4,25. 11. — 8, 27 

(ee 15 e102 me 11700243 

121. @ — 5)@ + 2) =x? —3x — 10 = 0 
pie 2) (1 — 2) or 0 

125. (x — 5i)(x + 5i) = x2 + 25=0 

127. 4seconds 129. 2./2 ~ 2.83 seconds 

131. 9 seconds 133. 6% 135. 1993 


137. (a) 2.5 seconds. Extracting square roots 


105. £2, +i 


119. 5,1 


(b) 0 seconds, 2 seconds. Factoring 


139. Factoring and the Zero-Factor Property allow you to solve 
a quadratic equation by converting it into two linear equa- 
tions that you already know how to solve. 


141. False. The solutions are x = 5 and x = —S. 


143. To solve an equation of quadratic form, determine an 
algebraic expression u such that substitution yields the 
quadratic equation au? + bu + c = 0. Solve this quad- 
ratic equation for u and then, through back-substitution, 
find the solution of the original equation. 


Section 6.2 (page 384) 


Integrated Review (page 384) 


1. a*b* D2, (ah : 4. 
a 


a 
fone 


ae 


43. 


47. 


51. 


Ss 


59. 


.16 3.10 56 7.2 9,2 


9 5 10. 


rie eK UO) TOE = 
0,5 23.1,7  25.-6,4 27. -4,-3 
IS EHO) — Albeli® 28 Se 

.2+ /7 = 4.65 37. -2 + V7 ~ 0.65 


=2.= /] =. 4.65 
41. -1+ /2i~-14+ 141i 
-1- /2i~-1- 141i 
45. -10 + 3/10 ~ -0.51 
—10 — 3/10 ~ —19.49 


2- /7 = -0.65 
2+ J/3 = 3.73 
2 = 3-027 
5 + 3/3 = 10.20 
5 — 3/3 = -0.20 


aN 070 dd ee eee 
2 2 

= 0 Sass 
2 2 

RE i gesiren  Ekhte! 

5 7? ; 871 35 

los 

5 5 LAOS = Oh 

ibe’ = /137 

LRT 2 ae 57 ee 
3 8 

ao ea 

Vest Cacti pa Sy 
3 8 

A /i =o ten 

ie Odom 1p gee 

2 6 

—4- /10 me PE oy) 
Semen 2 ee his 
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oe a ie Section 6.3 (page 392) 
Sy eo oF 
7 cere Integrated Review (page 392) 
0/191 Ja 
.—+ i = 0. 38i : = 
GG iy ipo! eur 188) lL A/c3/b 2 a 
see an pay pes 3. No. /72 = V36-2 = 62 
ae abn loV5 =i.) Se 513 o 
ie es MEET 
: = ‘ im 
6. 150 7 Stik e 9, OE 
T= Poi 
mei 4S = (I 5(1+/3 
10. mi 11. 10 inches x 15 inches 
69. -1+ /3i~-1+1.73i 71. -1+42i 
12. 200 units 
-1- J/3i~ -1- 1.73i 
3.1/3 75.14 V3 —77.4+2/2 Le2xzah Jy] 0 ee eae 10s 
i, BI. hc hes ea Seay ee OT TE AG Tice Ses cys 
15.7315, 200M 1714 /5_ 19, = 2 + 0/3 
ae ee . 05 eek a RY MN ARES IO ABTS — + ei 
; ! ss Be 
a7, 11) 99, 22#VIO yy —1t V5 
-8 ae 3 2 3 
=3 se 4?) 3 le syae Ws 
(2/50) (1 + ¥6,0) 98 ee ee oc gnt  eaere 
83 85 sl VSB ea 1+ J/5 
6 SSS 41 43. 
? 6 6 5 
“a —1+ /10 
-12 8 -8 8 5) 
i 47. Two distinct imaginary solutions 
! 49. Two distinct irrational solutions 
-10 -6 
51. Two distinct imaginary solutions 
(= 34 (3. 0) (8 v13 ; 0) 53. One (repeated) rational solution 
55. Two distinct imaginary solutions BG aalls) 


87. (a) x2 + 8x (b) x2 + 8x +16 (c) (x + 4) 


9 21 3 
89. 4 centimeters, 6 centimeters 59. —3,0 61. 5,5 63. —5, 18 65. —4 4°33 


2 / —5 + 5,/ 
91. 15 feet x 463 feet or 20 feet x 35 feet 67. 8, 16 69. = is 13 : ll 71. 5 =: 17 
93. 271 meters, 129 meter ae 
95. ei units, 861 units 73. — 6? 
75. 


97, 2 >| Divide the coefficient of the es Beene term by 2, and 


cine the result to obtain e 3) = re 

99. Yes. x? + 1=0 
101. True. Given the solutions x = r, and x = r,, the quadratic : : 
equation can be written as (x — r,)(x — 7) = 0. F 


(0.18, 0), (1.82, 0) 


83. 


87. 


91. 
O3% 
95. 


97. 


99. 


101. 


103. 


105. 


107. 
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81. 


120 


120 


(323.0) (037, 0) 


No real solutions 


(99.80, 0), (0.20, 0) 


85. Two real solutions 


5) ae / IUS 3+ /17 
————— Sy 

8 2 
@ é€<® ©) c=" @Mese 


@Me< ilo ©) c=16 @ye®s ic 


5.1 inches x 11.4 inches 


+ 
(a) 2.5 seconds (b) ae = 3.4 seconds 
(b) 1991 
(c) 400,500 
xy X5 38) AP BS X)X> 
Gare 2 3 1 =(5 
o -3 | 4 4 
Om = 3 0 4 
Gh) Sate By 5 = By 10 34 
(c) ae = 3.0 seconds; Quadratic Formula 


(d) 84-foot level: 3.5 seconds 
100-foot level: 3.7 seconds 


b* — 4ac. If the discriminant is positive, the quadratic 
equation has two real solutions; if it is zero, the equation 
has one (repeated) real solution; and if it is negative, the 
equation has no real solutions. 


The four methods are factoring, extracting square roots, 
completing the square, and the Quadratic Formula. 


Mid-Chapter Quiz (page 395) 
1260 2. =4,2 93) 423. 4. 1,7 
Se e5Er 6 6 ASN" Ie 7 30 
oy 3 
g, = 9, 3 xe 10. —2, 10 


11. 


15. 


19. 


= 3), KO 12 25D ibs = 14. 


+2i,+/3i 


36 16. 


(—0.32, 0), (6.32, 0) 
50 units 


(—2.24, 0), (1.79, 0) 


20. 35 meters x 65 meters 


Section 6.4 (page 402) 


Integrated Review (page 402) 


ile geo Saat 


2. (a) y= mx +b 
Moe Xj 


(b) y— y, = m&— x) 
(c) Ax + By + C=0 


@)iy— Db =10 
3. 2x + 4y =0 4. 3x —-4y=0 
5. 2x —-y=0 6.x+y—-6=0 
Th PES se oy = Noll = © 
8. 134x — 73y + 146 = 0 9. y-8=0 
10. x +3 =0 11. 8 people 
12. 3 miles per hour 
1. 18 dozen, $1.20 per dozen 3. 16, $30 
5. 108 square inches 7. 70 feet 9. 64 inches 
11. 180 square kilometers 13. 440 meters 
15. 12 inches x 16 inches 17. Base: 24 inches 
Height: 16 inches 
19. 50 feet x 250 feet or 100 feet x 125 feet 
21. No. 
Area = 3(b, + b,)h = xx + (550 — 2x)] = 43,560 
This equation has no real solution. 
23. Height: 12 inches 25. 8% 27. 6% 
Width: 24 inches 
29. 2.59% 31. 48 aL Ss 
35. 15.86 miles or 2.14 miles 
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37. (a) d= JB +x)? + (44+ x) 


39 
43 
49 


53 


59 
61 


63 


60 


0 30 
0 


x =~ 3.5 when d = 10 
—7 + 199 
2) 


=~ 3.55 meters 


(b) 


- 9.1 hours, 11.1 hours 41. 6.8 days, 9.8 days 
45. 9.5 seconds 47. 4.7 seconds 


SL 15316 


. 3 seconds 

. (a) 3 seconds, 7 seconds 
(b) 10 seconds 

. 14, 16 Spy 223 


- 46 miles per hour or 65 miles per hour 


57. 400 miles per hour 


. (a) b=20—-—a 
A = trab 
A = 7a(20 — a) 


oF 


A} 201.1 | 285.9 | 314.2 | 285.9 


| 10 | 13 16 


(c) 7.9, 12.1 (d) 


. (a) Write a verbal model that will describe what you need 
to know. 
(b) Assign labels to each part of the verbal model— 
numbers to the known quantities and letters to the vari- 
able quantities. 


(c) Use the labels to write an algebraic model based on the 
verbal model. 


(d) Solve the resulting algebraic equation and check your 
solution. 


65. Dollars 
67..{x + 4)? =0 


A99 


Section 6.5 (page 413) 


Integrated Review (page 413) 


5 ING), Solve? eNO 
. 6v(u2 — 32v) 
(= 10) (==4) 6. 
5 (bese IDS. — il) 
sh? 10. 5b? 


2. [10°, 108) 
4, 5x'/3(x!/3 — 2) 
(pet 2) — 92) eS) 
8. 4x(x2 — 3x + 4) 


; 11. 5x2: 12. x2. + 8x 


min 


1.05% « Sacked) 
11. Negative: (—co, 4) 
Positive: (4, co) 


15. Negative: (0, 4) 
Positive: (—co, 0) U (4, co) 


3 a 


13. Negative: (6, 00) 
Positive: (— oo, 6) 


17. Negative: (—0oo, —2) U (2, co) 
Positive: (—2, 2) 
19. Negative: (—1, 5) 

Positive: (— oo, — 1) U (5, co) 


21. [—3, co) 23. (8, 00) 
25. (0, 2) 27. [0, 2] 
= a a “fine at ee 


= On ime tae. 0 2 


35. No solution 


43. No solution 


A100 
45. [-2,4] 47. (3,3) 
4 2 2 
3 3 2 
+--+ +--+ tf 
-3 -2 -1 0 1 2 0) 1 2 3 
49. (—c0, —3) U (4, 00) 51. —4 


55. (—co,5 — V6) U(5 + V6, 00) 
5-V6 5+ V6 


53. No solution 


Q 2 4° 6 8 10 


57. (co, 9] U'| = 1, 'co) 59, (—2,0) U (260) 


-9 =1 {—). -— » 
u =f) =2 =i 0 1 2 3 
-10 -8 -6 -4 -2 0 
61. 63. 
10 =) 
4 / 1 / 
2 8 <7 5 
-10 -5 
(0, 6) (00, —4) U (3, co) 
65. 67. 
14 12 


w) a 


(—oo, —5] U[1, o0) (— co, —3) U(7, co) 


69. 3 ile O, = 3 
—}_—_}—_@—_}+—__+ > x —@—+—_+—_+_ +9} > «x 
1 2 3) 4 5) -5 -4 -3 2 -1 0 1 
73. (3, 00) 75( e013) 
= + + = 
pt ee} 
0 1 2, 4) 4 0 1 2 3} 4 3) 6 
77. (Or3) 79> (23, 4) 
ie eal 2 Res vole 
fee} x 
—1 0 1 2 3 4 -4-3-2-1 0 12 3 4 
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81. (—6, 4) 83. (—00, 3] U (44, co) 


85. |—2, —3) ye (12) 
+ Tesi + ant = 1+ 
3 1 1 
f 2 +--+ +} > 
——_f#}-+—+— BS) Dy ib 2. 3B A 
-3 -2 -1 0 
89. (4,7) 91. (—2, -3) 
= f Pee = + - + 
; : a 
0 2 4 6 8 - + i } A * 


97. (—co, -1)U (4,00) 99. (—5, 8) 
101. (0, 0.382) U (2.618, oo) 
103. 105. 
| 
(a) [0, 2) (a) (—00, —2] U[2, ©9) 
(b) (2, 4] (b) (—o0, co) 


107. (3, 5) 109. +r > 7.24% 
111. 90,000 < x < 100,000 
115. 


113. (12, 20) 


(OD) 33/ Sis WB 


117. The direction of the inequality is reversed. 


119. A polynomial can change signs only at the x-values that 
make the polynomial zero. The zeros of the polynomial 
are called the critical numbers, and they are used to deter- 
mine the test intervals in solving polynomial inequalities. 


PAR oes | eth) 
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Review Exercises (page 417) 

1,-12,0 3.43 5-3 7. —9,10 

9, Fh sOs oni ll 50 pio)3-245/3 < $/15.'—4, 36 
Wet1li 1945/21 21. —44 3/2 

Ber Oe Ite /6 

BOR GAP = 6315312 ~/5 © 533, + v3 


4 


41.-423 4 


Sian 6 10 | 5V2 
es 


47. One repeated rational solution 

49. Two distinct rational solutions 

51. Two distinct rational solutions 

53. Two distinct imaginary solutions 

55. (0, 7) 57. (—oo, —2] U[6, co) 


61. (—co, —3] U (4, 00) 


7 
2 


5 
2 
x 
an omnes ia aa] i 
4ba4=2 = 1 some 21394 


Se St ee 0 2B 4 = 


65. 16; $5000 


—7 -6 -5 -4 -3 =2 

69. 3.5% 71. 48 

77. 19 hours, 21 hours 
81. x > 13,158 


67. 6 inches x 18 inches 
73. 15 75. 60 feet, 80 feet 
79. (a) 2 seconds (b) 6 seconds 
83. (5.3, 14.2) 


Chapter Test (page 420) 


1-=5,10 2-33 3.1.7,23 4. -3+9i 
ig 22? hi 

2 2 
8. +/2, +2V/2i 9, —56; two imaginary solutions 


10. (x + 4)(x — 5) =x? —x-20=0 
Ue 00n= 2) u [6tco) 12. (0, 3) 


13. [—8, 3) 14.. (2,44) 
3 u 
._——}-- § 
10. =8)=61=4 1-2) 0) ed — : 


15. 12 feet x 20 feet 16. 40 


/10 


7 en = 1.58 seconds 18. 120 19 (5.013) 


Cumulative Test: Chapters 4-6 (page 427) 


9x18 4 
vd 2 Nig ” de —s 
1. Ay OM AWS 36 WHO, hy P's 2x a6 aly 
x(x + 2)(x + 4) 3x + 5 
4, ; wxty 
9(x — 4) x(x + 3) re 
7.-44+3/2i 8 -7-2i 9. 1/2 
10. 35./5x ss. 2x —62x+9 12. 1042 
13. BS Gi © 1492550 1512, OF oe 1616 
—3+ 
45 1805 © 50 a 
20. 7, = wen 21. 16(1 + \/2) ~ 38.6 inches 
D2 oi 23. x2? —4x - 12 =0 
-4 10 
be 


(125 O)N(iko sO) 


Chapter 7 
Section 7.1 


(page 430) 


Integrated Review (page 430) 


For each x there corre- 
sponds exactly one 
value of y. 


4. (—0o, 0) U (0, co) 


For some x there corre- 
sponds more than one 
value of y. 


3. (—©0, 00) 


A102 


. Ss = St 

_n=— 
m 

5 a 


. (a) 2 inches 


. 32 feet per second per second 


Yes, the graphs are the same. 
6. Proof 7. Proof 8. Proof 


ey 
Wd se 7B) 


12. P = 5w 


9,h+4 


10 ili, CG S12AOU0 se Seae 


3. V = kt 5. u = kv? 


k k 
11. A = klw 13. P=— 
wil Sea V4 


. A varies jointly as the base and height. 
. A varies jointly as the length and the width. 
. V varies jointly as the square of the radius and the height. 


. r varies directly as the distance and inversely as the time. 


Shae 27,4 = 24 


48 


4 DS 
WE 33. F = 62 


37. (a) $4921.25 (b) Price per unit 


31. g= 


20x27 
r 


(b) 15 pounds 41. 18 pounds 


45. 208; feet 47. 4 


. No, k is different for each pizza. The 15-inch pizza is the 


best buy. 
. 667 units 53. 324 pounds 55. } 
114 ‘ 
.p= ae 17.5% 59. $270; the amount invested 
8 10 
64 | 100 
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67. = E A M6 Si 8 | 10 
— SSN 
es 2 | 8 | 18 | 32 | 10 


3 
71. y = kx with k = —— 
y wi 10 

73. Increase. Because y = kx andk > 0, the variables increase 


or decrease together. 


k 
69. J Wi 


75. y will quadruple. If y = kx? and x is replaced with 2x, you 
have y = k(2x)? = 4kx?. 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests A103 


Section 7.2 (page 440) 19. 21. 
4 
Integrated Review (page 440) 
1. Index: 4; radicand: 6x 2. Ya By ake 3 
(We) Baa 6.x < -11 
Te MN ea? Se} hs oe Dora > & 
9. Vertical shift 2 units 10. Horizontal shift 2 units 
downward to the right 
; 25: 25 


11. Reflection in the 12. Reflection in the 
X-axis y-axis 


27. 29. 


1. (a) Solution 3. (a) Not a solution 
(b) Not a solution (b) Not a solution - 
(c) Solution (c) Solution 
(d) Solution (d) Solution 
5. (a) Solution 7. (a) Not a solution 
(b) Not a solution (b) Solution 
(c) Not a solution (c) Not a solution 
(d) Solution (d) Solution 
9b 11. d 1335 
15. 17. 


35. 37. 


A104 Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


43. 


-10 
47. 3x + 4y > 17 
53. 2x + 2y < 500 or 
pS =k ar 20 


(Note: x and y cannot 
be negative.) 


300 


49. y <2 


51. x — 2y <0 
55. 10x + 15y < 1000 or 
Sal ae 


(Note: x and y cannot 
be negative.) 


y 


Sh y 


(12, 220); yes 


20 40 60 80 100 
59. x + L.5y < 21 


(Note: x and y cannot 
be negative.) 


61. 9x + 6y = 150 63. (a) and (b) 


(Note: x and y cannot i 
be negative.) 


y 


See 10) 1599 201255930 
(10, 10), (8, 14), (20, 0) 


65. The inequality is true when x, and y, are substituted for x 
and y, respectively. 


67. The solution of x — y > 1 does not include the points on 
the line x — y= 1. The solution of x — y 2 1 does 
include the points on the line x — y = 1. 


69. On the real number line, the solution of x < 3 is an 
unbounded interval. 


On a rectangular coordinate system, the solution is a half- 
plane. 


Section 7.3 (page 448) 


Integrated Review (page 448) 
1. @& + b)* = x? + 2bx 4+ Bb? 
Sells, 4. —4lv 


2.02 + 5x+2 
5.) OX. 6. 


) 3 
7. 2\xlyJoy 8.395 ay: 10. 2 


a 


11. /5 ~ 2.24 seconds 12. > 6 ~ 3.06 seconds 
ik & 3. b Bp Cl 
Txey = (0) (On) 
11. y = (& + 3)? — 4, (-3, -4) 
13. y= —@ = 3)? = 1, G3) =) 
15. y= =(x 11) "6, (36) 
I7-sys2i ee) sralae, <3) 
21. (-1,2) 23. (-4,3) 
27. Downward, (10, 4) 
31. Downward, (3, 0) 
35. (0, 0), (9, 0) 


9. yi (& —=22)2E SO) 


19. (4, —1) 
25. Upward, (0, 2) 
29. Upward, (0, —6) 
33. (+5, 0), (0, 25) 

37. (3,0), (0,9) 39. (0,3) 
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61. y 63. y 


\ Z 
2 12 + V30 0 
Gao?) ieee ee 


65. Vertical shift 67. Horizontal shift 


=2 =1 
(3 + V2, 0) 


pe 71. Horizontal and vertical shifts 


75. 


-10 


Vertex: (2, 0.5) Vertex: (— 1.9, 4.9) 


Ti. y= xe 4 19 yh 4 2 5 ip Soe 
81. y = —3x2 + 2x +4 $3. y =x? —4c 45 3 3y 
85. y = x? — 4x 87. y = 5x? = oir 4e o 6. (a) Solution 
MO a a2 Ske (b) Solution 


91. Horizontal shift 3 units to the right (c) Nota solution 


93. Horizontal shift 2 units to the right and vertical shift 3 (d) Not a solution 


units downward 7. oP yy S iil S280 SV re 
95. (a) 4 feet 9, 10. 
(b) 16 feet y 
(c) 12 + 8/3 = 25.9 feet 
97. 14 feet 


99: 


(b) 1993, 110,800 
101. (a) Answers will vary. 
(b) (50, 3375), 150 radios 
(c) Recommend for orders of 150 radios or less 


103. 2000 


-y=-Fa-52 +4 


50 
105. y = 55997 107. Parabola 


109. To find any x-intercepts, set y = 0 and solve the resulting 
equation for x. To find any y-intercepts, set x = 0 and 
solve the resulting equation for y. 


111. If the discriminant is positive, the parabola has two x- 15. 
intercepts; if it is zero, the parabola has one x-intercept; 
and if it is negative, the parabola has no x-intercepts. 


113. Find the y-coordinate of the vertex of the graph of the 
function. 


Mid-Chapter Quiz (page 452) 


_ es 
Sas. 
y 


1.A=kr Ps Ye 
16. 30 minutes after the leak began 17. 9x + 14y < 200 


3. Distance varies jointly proportional to rate and time. 
18. 55 feet 


4. The volume of a cube varies directly as the cube of the 
length of the sides. 
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Section 7.4 (page 461) 


Integrated Review (page 461) 
1. Additive Inverse Property 

2. Distributive Property 

3. Associative Property of Multiplication 


4. Commutative Property of Addition 


3 
9. oe 100 1ee" 1112 


5 € Sime 5. a Dah ae 25 
ee 5 NI? +52 = 64 
s Meaty? = 29 15. (x — 4)? + (y — 3)? = 100 


ect (y +23). = 81 
ite te)e 4 fy — 1)2 A 
Se) en ya 2)4 = 17 
. Center: (0, 0) 


25. Center: (0, 0) 


R= r=6 


29. Center: (2, 3) 
£5 


y 


Ke VNwWREUN DN 


31. Center: (-3, —3) 


. Vertices: (+4, 0) 


A107 


33. Center: (2, 1) 


r=3 r=2 


35. Center: (—1, —3) Siia 


i 2 10 


55. Vertices: (0, +4) 
Co-vertices: (0, +2) Co-vertices: (+2, 0) 


y ) 


—4 
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57. Vertices: (+3, 0) 59. Vertices: (0, +2) 73. Vertices: (0, +2) 75. Vertices: (+1, 0) 
= 
Co-vertices: (0, +4) Co-vertices: (+1, 0) Asymptotes: y = +3x Asymptotes: y = 45x 


y y 


61. Vertices: (+4, 0) 63. Vertices: (+2, 0) 77. Vertices: (+4, 0) 
1 
Co-vertices: (0, sy/ 10) 2 Asymptotes: y = +x 


67. Vertices: (+3, 0) 19 bi 1 Sie ea 


Asymptotes: y = +x 


a 


91. Parabola 93. Ellipse 95. Hyperbola 
97. Circle 99. Line 101, x? + y* = 45002 
103. (a) Proof 

(b) son 


69. Vertices: (0, +1) 71. Vertices: (+3, 0) 


Asymptotes: y = +x Asymptotes: y = +3x 


—50 


Maximum when x ~ 17.68 


2 


x y? lana 
+ —— =]; 304 = 17.4 feet 


AC 2500 1600 
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eats eee (b) ; (c) (-00, 1) U (I, 20) 
144 64 


109. Circles, parabolas, ellipses, and hyperbolas 


107. 


111. An ellipse is the set of all points (x, y) such that the sum 
of the distances between (x, y) and two distinct fixed 
points is a constant. 


2 2 2 


a y iE 


7D) “= PR =1 or RP ar @ =1 
113. It is a circle if the coefficients of the second-degree terms ~ 
are equal. za) 2.99 | 2.999 


115. The asymptotes are the extended diagonals of the central 


rectangle. 
117. Top half x| 4) 3.5] 3.1| 3.01 | 3.001 
Section 7.5 (page 477) im >| 4 | 2 | 102 | 1002 


5 10 


Integrated Review (page 471) 


1. 7. Coefficient of the term of highest degree 


2. 5. (x4 + 3)(x — 4) = x5 — 4x4 + 3x - 12 (b) (c) (—c¢, 3) U (3, 00) 


5. (@) al» 2.5 2.9 2.99 | 2.999 
5. —10x8 6. 15x — 6x? 7. 4x? — 60x + 225 
§ 01x? — 16x 30 Qo 2 ya ee = 2127. | — 14-75 | — 149.7 | — 1500 
10. xe + 27 11. Base: 20 meters x 4 35 2y 4 3.01 | 3.001 | 
Height: 8 meters cake 
RES cheahs (Sanches vin) 1-714 |-3.231 | 15.246 | 150.25 | 1500.2 
. 15 inches i 


a 4 E | 10 100 1000 | 
1-(a) Fo | 0.5 | 0.9 | 0.99 | 0.999 py 1.714 | 0.938 | 0.330 | 0.030 0.008 | 
Eg | 8 | ~40 | —400 | —4000 


(b) 
7121185 | bal | 101 1.001 | 
£1 4/8 | 40 | 400 | 4000 | 
2 |5 | 10 | 100 | -1000 | 
4 | | 0.4444 | 0.0404 0.0040 | 


=e 
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7. Domain: (—oo, 0) U (0, co) 41. 
Horizontal asymptote: y = 0 
Vertical asymptote: x = 0 
9. Domain: (—co, —8) U (—8, co) 
Horizontal asymptote: y = | 
Vertical asymptote: x = —8 


11. Domain: (—ce, 3) U (3, co) 
Horizontal asymptote: y = : 
Vertical asymptote: t = 3 


1 
1 
i} 
1 
1 
i} 
1 
1 
+ 
1 
i} 
1 
1 
| 
1 
1 


13. Domain: (—co, 3) U (3, co) 
Horizontal asymptote: y = 3 
Vertical asymptote: x = - 

15. Domain: (— oo, 0) U (0, 1) U (1, oe) 
Horizontal asymptote: y = 0 
Vertical asymptotes: t = 0,t = 1 


17. Domain: (— 00, co) 
Horizontal asymptote: y = 2 
Vertical asymptote: None 

19. Domain: (—oco, —1) U (—1, 1) U (1, co) 
Horizontal asymptote: y = 1 
Vertical asymptotes: x = —1,x = 1 

21. Domain: (—co, 0) U (0, co) 
Horizontal asymptote: y = 1 
Vertical asymptote: z = 0 

23. Domain: (—co, 0) U (0, co) 
Horizontal asymptote: None 
Vertical asymptote: x = 0 

25. d Pfs |b) 29. d 31. a 


33. y BD: y 


6 48 10) 12 


shh 


61. 


63. 


65. 


67. 
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Domain: (—oo, —2) U (—2, co) 


Horizontal asymptote: y = 0 
Vertical asymptote: x = —2 


Domain: (—0o, 1) U (1, co) 
Horizontal asymptote: y = 1 
Vertical asymptote: x = | 


Domain: (—©o, oo) 
Horizontal asymptote: y = 0 
Vertical asymptote: None 


Domain: (—©o, 0) U (0, 00) 
Horizontal asymptote: y = 2 
Vertical asymptote: x = 0 


c 


5 


8 


-5 


~ Domain: (—co, 0) U (0, 2) U (2, 00) 


Horizontal asymptote: y = 0 
Vertical asymptotes: x = 0, 


x=2 


69. 1 
4 . The fraction Is not 
reduced to lowest 
terms. 
2500 + 0.50x 
71. (a) C==———=—_ (b) $3, $0.75 


x 


C = $0.50. The aver- 
age cost for many units 
will be $0.50. 


73. (a) C = 0. The chemical is eliminated from the body. 


(b) os t ~ 2.5 hours 


75. (a) Answers will vary. (b) Proof (c) (0,00) 


(d) 1500 20 units x 20 units 


2(x + 1) , x-6 
—3 be (¢ = Dae) 


81. (c) Domain: All real numbers except x ~ 7.69 
x-intercept: x ~ 10.10 
Horizontal asymptote: y ~ 36.85 
Vertical asymptote: x ~ 7.69 


77. y= 


The model appears to 
be accurate for the 
restricted domain. 


(e) The models are not accurate for the years before 1991 
and after 1996. Use the quadratic model to estimate the 
value of the shipment in 1998, because the rational 
model has an asymptote at x ~ 7.69. Answers will 


vary. 
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83. An asymptote of a graph is a line to which the graph Zi 413) 23. G 33) 


oe ae ; ory 
becomes arbitrarily close as |x| or |y| increases without 
bound 25. 27. 


1 
85. No. f(x) = aie has no vertical asymptote. 


Vertical asymptotes: x = 0, x = 2 


Review Exercises (page 476) 


1. 
7. (—4, -16) 
29. Vertical shift 31. Horizontal shift and 
vertical shift 
11. 
33. y= —26-= 3)? +5 35.) =26-2)4— > 
37. y=(x-5)? 3%c 41a 43.6 
45. Parabola 47. Circle 
iTS: 


19. 
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53. Circle 


Se FES OSS a ee 


en to foes) ee em 


83. 


A113 


fo) == 


85. 150 pounds 87. 945 units 


89. 4x + 5y = 100 


OK 


93. 
9S: 


(Note: x and y cannot be negative.) 


2 10 IS 2025 320 


(10, 12), (12, 11), (8, 15) 


(a) 2 (b) 6 feet 
(c) 28.5 feet 
(d) 31.9 feet 
0 32 
0 
x? + y* = 50002 


(a) N(5) = 304 thousand fish; N(10) ~ 4533 thousand 
fish; N(25) ~ 702.2 thousand fish 


(b) The population is limited by the horizontal asymptote 
N = 1200 thousand fish. 


Chapter Test (page 479) 


1. 


ss 


kx? 1 
ey ne 
y 4 


10x + Ty < 35 
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(aG@ircle 


8. Ellipse 


11, x? + y* =.25 12) 
ez oe 
[Seer eeeeje Hae SS 
9 100 9 9/4 : 
15. P 16. ; 


Asymptotes: x = 3,y =0 Asymptotes: x = —3, x =5, 
y= 
17. 240 cubic meters 
18. 2x + 3y < 2400 


(Note: x and y cannot be negative.) 


x 
250 S00 750 1000 1250 


19, 120 


Chapter 8 


Section 8.1 (page 490) 


Integrated Review (page 490) 


3 
a) 
toe | (ee) RS te 
9. y=45-3x) 10. y=43-x) 
tC 12: y 


13. 


» 
A 


= 
= if 


Shr 


1. (a) Solution 3. (a) Not a solution 
(b) Solution 
7. (a) Solution 


(b) Not a solution 
5. (a) Not a solution 
(b) Solution (b) Not a solution 
9. Inconsistent 11. Inconsistent 


13. Consistent 15. Consistent 
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7. 19. 
6 10 
~9 9 Jo 
4 4 
“6 2 
Inconsistent One solution 
21. No solution —_ 23. (1, 4) 
25. Infinite number of solutions 27. No solution 
293152) 312 (2, 0} B32K(65 1) 
35. Infinitely many solutions 37. (10, 0) 
39. Infinitely many solutions 41, (3, -1) 


43. (0, 0), (2, 4) 


6 


45. (0, 0), (1, 1) 


(2, 4) 
My 7 
(0, 0) 
i 
3 
47. (2, 1) 49. (4, 3) 51. (1, 2) 53. (4, —2) 
RSs. (75.2) 57, (10, 4) 59, (—2, -1) 


ci) G3te 
67. (2, 12), (-3, 2) 
71. (8, —6), (—6, 8) 


65.) (—3518);'2,.8) 
69-(25-5); (3,0) 
73. (1, =~ 1), (—4, 14) 


75. (0, 5), (—4, —3) ils 3 
=} 3 
ait 
(2992, 28) 
19-2x% = 3y = 7 S1437x + “y= —9 
sap we @ = jar Sy = 5) 


85. 6250 units 87. $15,000 at 8% 
$5000 at 9.5% 


91-18, 25 93. 40, 120 


83. 10,000 units 


89. $13,000 at 8% 
$12,000 at 8.5% 


95. 70 inches x 90 inches 
99, 1987 


101. (a) Solve one of the equations for one variable in terms of 
the other. 


97. 27 meters x 18 meters 


A115 


(b) Substitute the expression found in Step (a) into the 
other equation to obtain an equation in one variable. 


(c) Solve the equation obtained in Step (b). 


(d) Back-substitute the solution from Step (c) into the 
expression obtained in Step (a) to find the value of the 
other variable. 


(e) Check the solution in each of the original equations of 
the system. 


103. After finding a value for one of the variables, substitute 
this value back into one of the original equations. This is 
called back-substitution. 


105. The graphical method usually yields approximate solu- 
tions. 


Section 8.2 (page 499) 


Integrated Review (page 499) 
1. Distributive Property 

2. Addition Property of Equality 3. -2<x<2 
4,.4<x< 16 
6 
9 


See Se AGP ae Se) 


het) <i xhe- 3m eel BSN SG 
.m < 19,555.56 10. 1500 + 0.04x > 2500 
x > $25,000 
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11 (4 3) (c) Back-substitute the value obtained in Step (b) into 
; either of the original equations and solve for the other 
variable. 


9. Infinitely many solutions 


(d) Check your solution in both of the original equations. 


83. When it is easy to solve for one of the variables in one 
of the equations of the system, it might be better to use 
substitution. 


’ 


Section 8.3 (page 5117) 


Integrated Review (page 517) 


130 GeDy een 5e (2255) a7 hey E19 224) 
ih ok, SN GERIG SI PEs el ew) 


1. One solution 


2. Multiply both sides of the equation by the lowest 


27. Inconsistent 29. 3, 1) 31. (6, 3) common denominator, 24. 
SER ES, ay) 35. Infinitely many solutions me 4. 8x!0yI9 4 es A 8 
37. Inconsistent 39. (12.5, 4.948) At (=—3,7) x t 
43. (2, 7) 45. (15, 10) 47. (4, 3) 49. Consistent eo 
51. Consistent 53. Inconsistent 55. k =4 9. 10. V=s° 117 A= da 
Sh sear Dy =O 59. 122 weeks 

4x+2y=9 


61. 8% bond: $15,000 63. 4 hours 
9.5% bond: $5000 


65. Speed of plane in still air: 550 miles per hour 
Wind speed: 50 miles per hour 


67. Adult: 375 69. Regular unleaded: $1.11 

Children: 125 Premium unleaded: $1.22 
71. 40% solution: 12 liters 73. $5.65 variety: 6.1 pounds 

65% solution: 8 - $8.95 variety: 3.9 pounds TecaaNoea solnden 3) (22) ae) 
75s (a) ay me 1 Ox +135 (by Solution 

(b) y 


(c) Solution 
(d) Not a solution 
5. (14, 3, -—1) 


7. No. When the first equation was multiplied by —2 and 
added to the second equation, the constant term should 
have been — 11. 


Uh 3S Dye B 1h) Ge 2y- 5 r5 
: y= 14 -y+8z=9 
77. Depth: 10 feet; Lengths of sections: 122 feet, 125 feet an 
, Eliminated the x-term 2x — 3z=0 
79. When adding a nonzero multiple of one equation to anoth- from the second equation ig ; 
er equation to eliminate a variable, you get 0 = 0 for the Eliminated the x-term in 
second equation. Equation 2 
81. (a) Obtain coefficients for x or y that differ only in sign by 13. (1, 2, 3) 15. (1, 2, 3) 17. (2, —3, —2) 
multiplying all terms of one or both equations by suit- 19. No solution 21. (—4 38,5) 23. No solution 
bly ch tants. 
ably chosen constants 25. (3. - 0) 27. (=4, 2,3) 29. (—1,5, 5) 


(b) Add the equations to eliminate one variable, and solve 31 


aa 1 3 2 1 il 5 
: F ° Ghai oy BO) ae eG! eey (loo ab oe > 
the resulting equation. ( a ee? 3 ) : ( 20 42 a a) 


ane 
ayy. 


43. 
47. 
51. 
SRY 
Sos 
61. 


65. 


67. 


69. 
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(1,-1,2) . 37. (§a+ 19 3a+ 4,0) 
(-4,2,10) 41. x+2y- z= -4 
y+2z= 1 

BBGaS Var Sheen iI6) 
s ='—16r? + 144 45. s = —16t? + 48r 
y= 2x? + 3x — 4 49. y=x?-—4x+3 
y=—x2+2x 53. y= $x? — 4x; Yes 
x? + y* —4x = 0 57. 32-+ y* — 6x — Sy = 0 
x? tt y> — 2x — 4y — 20 = 0 
20 gallons of spray X 63. Strings: 50 


18 gallons of spray Y Winds: 20 
16 gallons of spray Z Percussion: 8 


@) gear Sy SF z = 200 
8x + 15y + 100z = 4995 
5 - 47=0 
(e) Students: 140 


Nonstudents: 25 
Major contributors: 35 


(f) No 


Substitute y =3 into the first equation to obtain 
x + 2(3) =20rx% = 2 —6 = —4. 


Answers will vary. 


Mid-Chapter Quiz (page 515) 
(10, 4) 


1. 


Y| y=1+2x—-x2 


One solution Two solutions 


Bi: 


(8, 0) 


9. (5,2) 10.)(1, 4), (= 354) 
13. (8, 


12. (5, 10) 
16. Gate) 


18. gece 
eLy 
—Digap sy 


17. 


—z= 


até 
+z= 


20 = x2 + 3x 2 
Section 8.4 (page 524) 


6. 


yl y= 4(5x- 13) 


(Soros) 
90 3 
UW es, 


1) 14. (-2,4) 15. (4,-4.1) 
ear 

2x—y= 32 

11 LO ye 0) 

14 0.2x + O0.S5y = 6 

—6 20% solution: 133 gallons 


50% solution: 63 gallons 


Integrated Review (page 524) 


1. Additive Inverse Property 


. Multiplicative Identity Property 


. Commutative Property of Addition 


++ 
hy a Sy 


=) 


Z 
3 
4. Associative Property of Multiplication 
5 


A118 
7.9 8 , 
os 
: (3.4) =i) 1,2) Bis 
: ° : dl fe 4) i] 
3 (3.3) mera 
Ett 
©. ; 
s+ °(1,-5) 
Undefined = 
9. y 10. » 
12 
8 @ e 
(6, 8) (12, 8) 


0S) 0 
11. 7650 = 12. $940 
14x2 Sh 9) E< ©) 5. 4x 1 
° EP Ae a 
i. lee re : 9. | 5 3 a0 
: 2 0 6 
Dele 3): 4x + 3y =8 
u. |? 2 th og | oa ferys 
i nm 22 
15. y= B= . 
4x + 2y = 3 
eG la <telam Prd aa) 
Ly 2x lay Foc Ww 9 
a OV em Z oe 
I 4° 3 1 - > 
te lo 2 s| ae ; 8 d 
1 1 4 i 
23.0) ) See 2G 25 [; a | 
0 3 4 
1 1 4 -|] 
Le ee 
Os P= 20 4 
1 1 0 J 
1 parle 
oT E i ‘| 299) 08 el roe a0 
ie Oo Oe uli 6 
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1-1 =1' 1 {eel 2 S3 
319 0 eel Os ee 33.) Ol feed eel 
We ih = (ee Gh ~o 
+5y= 3 
35. ( 2y 4 37. [ 5y 
=-2 
C= 9) (2) 
ag — ay aie De 4 
39 yo ige2 410A) 43500) 
Ln I 
(330-2) 
45. No solution “Nf (2, =, D) 
49. (2a+1,3a+2,a) 51. (1,2, -1) 
53. (1, -1, 2) 55. 64, =4, —4) 57. No solution 
59. (—12a—1,4a+1,a) 61. (2, 5,3) 


63. 8%: $800,000 
9%: $500,000 
12%: $200,000 


65. Certificates of deposit: 250,000 — Ss 
Municipal bonds: 125,000 + 3s 
Blue-chip stocks: 125,000 — s 
Growth stocks: s 
If s = $100,000, then 

Certificates of deposit: $200,000 
Municipal bonds: $175,000 
Blue-chip stocks: $25,000 
Growth stocks: $100,000 


67. $3.50: 15 pounds 69. 5, 8, 20 
$4.50: 10 pounds 
$6.00: 25 pounds 


Tey 73. y = —10\5x? + 255% = 7 
5p ee yet x=) yn Oa 0) 
Ty 


(b) 


1 3 
aie ar aoe ae 


Maximum height: 28.5 ft 
The ball struck the ground at approximately (159.4, 0). 


2x? — Ox ane 1 ieeaiel 
(G2) FD 2) es 


81. (a) Interchange two rows. 


79. 


(b) Multiply a row by a nonzero constant. 


(c) Add a multiple of a row to another row. 
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83. The one matrix can be obtained from the other by using the 
elementary row operations. 


85. There will be a row in the matrix with all zero entries 
except in the last column. 


Section 8.5 (page 537) 


Integrated Review (page 537) 
1. pq 2. mg + np 3. mn 
4. No. p = —1,qg = —1 is another solution. 


Sh cal 625 ie 2 8. +4 


0. = 45049. /4i 2) 10. ee 


l 


320 


11. 12. 2x +7 


IS) 3% Di sb U Uo 924 


11.-0.16 13.-24 15.-2 17.-30 19.3 
271-0 23.-75 25.—58 27.102 29. -0.22 
31.x-—Sy+2 33.248 35. -32 37. -6.37 
39.(1,2) 41. (2,-2) 43. 3, -3) 

45. Not possible, D=0 47. (3,4) 49. (—1,3, 2) 
51. (1,4,3) 53. (1,-2,1) 55. Not possible, D = 0 
57. (#,¥%) 59. (3,-%,-8) 61.1.6 63. 16 


65.7 of.2 69.2 71.16 73. % 

77. Collinear 79. Collinear 
83. 3x — 5y = 0 
87. 9x + 10y +3 =0 


75. 250 square miles 


81. Not collinear 


S52 OY — 28 — 0 
89. 32x — 30y + 44 = 0 
Oly = 2x7 6x + 1 93, y = 5x2 — 2x 


25.08 


—7.08 


G55 = —3x-2X 
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97. (a) y, = 574.95x* — 6847.15x + 20,446.7 
(b) y, = 728.05x* — 8672.95x + 25,906.9 


(c) 12,500 


(e) 0 


—2800 


The trade deficit is increasing. 
Wee 3) CN = il l 
BS 1UGo2 lee i (b) y, 
101. A determinant is a real number associated with a square 
matrix. 


99. 


103. The minor of an entry of a square matrix is the determi- 
nant of the matrix that remains after deleting the row and 
column in which the entry occurs. 


(page 542) 


3. (a) Solution 


Review Exercises 


1. (a) Not a solution 
(b) Solution 
& (il, i 


(b) Not a solution 


7. No solution 
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13. (0, 1) 15. (3, 4) 


19552 1) 


5 


21. Nosolution 23. (—10,-5) 25. (=2, 20), (—1,5) 


29. (0,0) 31. (3,3) 
35. (2,-3,3) 37. (0,1, -2) 
39. (1,0,-4) 41. (10,-12) — 43. (0.6, 0.5) 
45. (2,2 -3) 47.4,-41) 49.5 51. -51 
53. 1 55. (—3, 7) 57. Not possible, D = 0 
59, (2,-3,3) 61.3x+y=-—2 63. 16,667 units 
6xty= 0 


65. 75% solution: 40 gallons 67. 96 meters x 144 meters 
50% solution: 60 gallons 


69. $9.95 tapes: 400 
$14.95 tapes: 250 


TSMN6S 20532 15.9 = 34° +81 1X 20 Wy NG 
1k 7 81. x—2y+4=0 CEE Pieri yy — eyes 0) 


27. (= ile 0), (0, = 1) 
3350 =0:5,.0.8) 


71. 250 miles per hour 
290 miles per hour 


Chapter Test (page 545) 
ib (ha) 2 OA) iewoncor sy xk eI) 
5. (-2,2) 6. (4,4) 7.@,2z=1,2 8. (-1,3,3) 
ON (sin —2) 0 10114, a 110(5;4) at? (Gy 1) 
13. (~2,38,2) 14. No solution 
One solution 
Infinitely many solutions 


15.-62 16. -2% 
Wax ey == 1 18. x+y = 200 
Ga ye B 4x-y= 0 
40 miles, 160 miles 


20. $13,000 at 4.5% Palle Mee 
$9000 at 5% 
$3000 at 8% 


19. y = 2x? —3x+4 


Chapter 9 
Section 9.1 (page 556) 


Integrated Review (page 556) 


_ 1. Test one point in each of the half-planes formed by 
the graph of x +.y = 5. If the point satisfies the 
inequality, shade the entire half-plane to denote that 
every point in the region satisfies the inequality. 


2. The first contains the boundary and the second does 


11. 18.6 hours, 21.6 hours 12. 30/5 ~ 67.1 feet 


11. 


23. 


29. 


31. 


Q2x-1 
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3.e2 5. 8e* 7, -2ex 9. 11.036 

1.396 13. 51.193 15. 0.906 
(4) g -19:1(a) 0.935 ~ 21." (a) 500 

(b) 1 (b) 1.225 (b) 250 
(c) 3 (c) 1.163 (c) 56.657 
(a) 1000 25. (a) 486.111 27. (a) 73.891 
(b) 1628.895 (b) 47.261 (b) 1.353 
(c) 2653.298 (c) 0.447 (c) 0.183 
(a) 333.333 
(b) 434.557 
(c) 499.381 

y 33. 


47. 


71. 


A121 


65. 


69. 


~9 9 


—+4 
Vertical shift 73. Horizontal shift 


ae vy 


A122 


75. Reflection in the x-axis 
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79. 2.520 grams 


81. 


83. 


85. 


87. 


89. 


91. (a) $22.04 
(b) $20.13 


Wk 


(a) Algebraic 
(b) Algebraic 
(c) Exponential 
(d) Algebraic 


i al 4 | 12 | 365 | Continuous | 
A | $466.10 | $487.54 | $492.68) $495.22, $495.30 | 
1 4 | 12 

A | $4734.73 | $4870.38 | $4902.71 

el 365 Continuous 

A | $4918.66 | $4919.21 
(aes 

| 1 4 12 

A | $226,296.28 | $259,889.34 | $268,503.32 

fie) 365 Continuous 

A | $272,841.23 | $272,990.75 

ni 1 4 12 

P | $2541.75 | $2498.00 | $2487.98 

Hi 305 Continuous 

P | $2483.09 | $2482.93 

fie 4 12 

P| $18,429.30 | $15,830.43 | $15,272.04 

n | 365 Continuous 

P | $15,004.64 | $14,995.58 


93. (a) $80,634.95 
(b) $161,269.89 


95. V(t) = 16,000(3)' 


2 4 6 8 10) 12 


$9000 
97. (a) A, = 5000, A, = 500e°% 
(b) (c) 


10,000 10,000 


(d) The difference between the functions increases at an 
increasing rate. 


2400 


99. (a) 


0 100 


0 
©) By 6 25 | 
hn | 2000 ft | 1450 ft | 


(c) Ground level: 97.5 seconds 
101. (a) and (b) 


11,000 


50 5 


950 ft | 450 ft 


—1,000 


h 0 | 5 | 10 15 | 20 
P 10,332 | 5583 | 2376 | 1240 | 517 
Approx. | 10,958 | 5176 | 2445 | 1155 | 546 


(d) 3300 kilograms per square meter 
(e) 11.3 kilometers 
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l | 10 | 100 | 1000 | 10,000 9. (a) Gyr” M43 Gy 3 
2 — 3x? i 
1\* J (b)) —=2 (b) | 
(: +4) 2 | 2.5937] 2.7048 | 2.7169 | 2.7181 (b) 2% — 3) 
36 (Cc) t=2 
m (C) ak 
(b) ; (d) 2 


ISS (a)y LO 17. (a) 0 19. (a) (—©o, co) 
HE (b) 1 (b) 10 (b) (—©o, co) 


7 (c)al 
a 21. (a) [2,00) 23. (a) [—3,00) 28. (a) [1, 00) 


=20 10 100 (b) [0, co) (b) (—co, co) (b) (—co, —5) 
-2+ 27. No 29. Yes 31. No 


The graph appears to be approaching a horizontal 
asymptote. 


(c) The value approaches e. 


105. Polynomials have terms with variable bases and constant 
exponents. Exponential functions have terms with con- 
stant bases and variable exponents. 


107. f is an increasing function and g is a decreasing function. 


109. False. e is an irrational number. 


Section 9.2 (page 568) 


Integrated Review (page 568) 


1. y is not a function of x because for some values of x 
there correspond two values of y. For example, (4, 2) 
and (4, —2) are solution points. 


2. yis a function of x because for each value of x there 
corresponds exactly one value of y. 

3. The domain of f is —2 < x < 2 and the domain of 
Ris Du <2. 1S undetined atx i422. 

4. {4, 5, 6, 8} Ba — A 6. 30x° + 40x? 


7. u2 — 16v? 8. 9a? — 12ab + 4b? 
1 


9. 13 — 612+ 12-8 10. 5x? — 4x = 
11. 100 feet 12. 13 minutes N 
Oo 
43. f(g(x)) = flix) = 10(75x) = x 
1. (a) Kei) 3: (a) Dl g(f(x)) = g(10x) == 7p( 10x) =x 
(bjz2x — 10 (b) 2x? + 20x + 44 see GN ae 13) See ser 15 
(ce ioe! ga(f(x)) = ge + 15) = (+ 15) — 15 =x 
_(d) 4 (d) 2 47. f(g) = #40 - XJ =1- 250-9 
Bata) os — 3|.. 74a nerd FAREED § sears eee 
(B)s3\x = 3] OR eu e(f(x)) = g(1 — 2x) = 4[1 — (1 — 2x)] = H(2x) = x 
(c) 0 (c) 2 


(d) 3 (d) 7 
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49. f(g) = £12 - ») = 2 - 352 - »] 46 ea ; 
=2- (2 ae x) ae. 
g(f(x)) = g(2 — 3x) = 2 ae) = 3x)] = 3(3x) =x e -12 6 | 
51. f(g) =f@ - I) = Y¥C-1I+1= Ye =x | 
a( f(x) = @(¥x +1) =(¥e F 1) -1 | 
ss g¢ ce il = i 3 ; -8 mG 
2 ja 101. x > 2; f(x) = Vx + 2, domain of f~!: x = 0 | 
53. fle@)) = f(t) = 1 = 
ae ( iy) : 103. x*2 0; f(x) = x — 1, domain of f~!: x 2 1 | 
1 le 
g(f(x)) = (+) Sones 


55. f1@)=ax 57. f'@)= 
59. f(x) =x — 10 61. f7(@) =3-—-x 


63. fo) =Y/x 65. f x) = 38 — 67. f@) == 


mae 
4 
73. g \(t) =4t-—8 GhY5 pe ua) Slee pee 


71. fiQ= itl 79. gs) => - 


Sloat) = xr —.3, 0 20 


69. g(x) =x — 25 71. g- (x) = 


109. (a) f 1) =36 —x) 0) (9) 1 =3— 2 
111. (a) Total cost = cost of $0.50 compound 


+ cost of $0.75 compound 
y = 0.50x + 0.75(100 — x) 


89.b 91d ()) eS EGY gs) 
93 95. x: total cost 
; y: number of pounds at $0.50 per pound 


(c) 50 <x < 75 (d) 60 pounds 
113. (a) f(g(x)) = 0.02x — 200,000 
(b) g(f(x)) = 0.02(x — 200,000) 


g(f(x)) represents the bonus, because it gives 2% of sales 
- 0 over $200,000. 


115; 


117. 
119. 


121. 


123. 


125. 
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(a) R = p — 2000 
(b) S = 0.95p 


(c) (R © S)(p) = 0.95p — 2000; 
5% discount followed by the $2000 rebate 


(S ° R)(p) = 0.95(p — 2000); 
5% discount after the price is reduced by the rebate 


(d) (R © S)(26,000) = 22,700 


(S © R)(26,000) = 22,800 
R°S yields the smaller cost because the dealer dis- 
count is calculated on a larger base. 


True 

False 

f(x) = Vx — 1; Domain: [1, 00) 

7G) =x" +71, « = 0--Domain:(0xco) 

If f(x) = 2x and g(x) = x?, then (f° g)(x) = 2x? and 
(g of (x) = 4x?. 

e Interchange the roles of x and y. 


¢ If the new equation represents y as a function of x, solve 
the new equation for y. 


* Replace y by f!(x). 


Graphically, a function f has an inverse function if and 
only if no horizontal line intersects the graph of f at more 
than one point. This is equivalent to saying that the func- 
tion f is one-to-one. 


Section 9.3 (page 587) 


Integrated Review (page 587) 


iL 


Nn 


Te (Ge. 5)2 


Horizontal shift 4 units to the right 


. Reflection in the x-axis 


2 
3. Vertical shift 1 unit upward 
4 


. Horizontal shift 3 units to the left and a vertical shift 
5 units downward 


. 2x(x2 -— 3) 6. (2—y)(6 + y) 
§. 6)= wl + iw) 


y 


59. 
61. 
63. 
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S22 95| 3.42 25 8553-7 =5. 

. 36'/2 = 6 9, 87/3 = 4 11. 2!3 = 2.462 

. log,49=2 15. log,;=—-2 17. log,4 =4 

. log,s3 = 4 21: log, 1 =0 

. logs 9.518 ~ 1.4 7S 3) 27. 1 2 

5 2 SB Ss sk, 2! 

. There is no power to which 2 can be raised to obtain — 3. 
m0) 

. There is no power to which 5 can be raised to obtain —6. 
-5 45.3 47.4 49. 1.4914 51. —0.0706 
OMS 

. f and g are inverse 57. f and g are inverse 


functions. 


functions. 


f and g are inverse functions. 
f and g are inverse functions. 


The graph is shifted 3 65. The graph is shifted 2 
units upward. units to the right. 


y 
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67. The graph is reflected in the y-axis. 91. Domain: (0, co) 93. Domain: (0, co) 
y Vertical asymptote: Vertical asymptote: 
x=0 x=0 


8 


95. Domain: (0, co) 


Vertical asymptote: x = 0 


Why DPS) OE), SOT) 101. 0.0757 103. b 
105. d 107. f 
109. 111. 


85. Domain: (0, co) 
Vertical asymptote: x = 0 


y 113. 115. 


87. Domain: (3, 00) 89. Domain: (0, co) 
Vertical asymptote: Vertical asymptote: 
Prae ie) 117. Domain: (—6, co) 119. Domain: (0, co) 
. Vertical asymptote: Vertical asymptote: 
A x= -6 t=0 
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121. 2.3481 IDE ITAA 125. —0.4739 

127. 2.6332 129. —2 131. 1.3481 133. 1.8946 
135. 53.4 inches 

137. 


r | 0.07 | 0.08 | 0.09 | 0.10 | 0.11 | 0.12 


Well | 69 | 6.3 | 5.8 


(b) x=0 


cae aa 


Domain: (0, 10] 
141. (@) 


139. (a) 


(b) $2.81 


143. g=f 145. a* = a* 
logiox — Inx = : 
. => SS SO I = 10° 
147. log, x pee Ine 149. f(x) 


Stl, Wie se Al 153. b? 


Mid-Chapter Quiz (page 585) 


3 8/3 
Fa wi ©? @' 


2. Domain: (— 0, co) 
Range: (0, co) 


4 8 12 16 20 24 28 


tk 


1 


| n | 1 4 | 12 365 Continuous 


| 
| A (83185.89 $3314.90 | $3345.61 $3360.75 $3361.27 | 


8. $2.71 

9. a) 2x3 (db) (Ze 3 (ey —- 190. (a) 125 

10. f(g(x)) =3 - 5[4(3 = x) =3-3+x=x 
g(f(x)) = 4B - GB — 5x)] = 15x) = x 


11. A(x) = 4-3). 12. g') = 726 —2D) 
13442 =,,.— 14: los, Si = 4g 15, 3 
16. f(x) = g(x) y 


17. 
4 
=) 10 
4 
1h, eal 20. 3.4096 


Section 9.4 (page 591) 


Integrated Review (page 591) 


Uu ae : : 
1. uv Mp /* 3. Different indices 
Vv 


1 /2x = 
. No. = oes . 19./3x ane=.9 
4. No aa 5.19./3x 6.x 


THESIS 8. GSA EO. (19) 25-7 2x 
10. 6(/2+2— Vt) 11. 22units 12. $2300 


A128 

ke sheet see ee eee i 
Bateielsil, § aie 1951-3 929, 12.) 23 
25 cele 7952925 p29: 0.2925.0 3110-2500 

33. 2.7925 35.0 37. 0.954 39. 1.556 

41. 0.778 43. log, 11 + log, x 45. 2 log, x 

47. —2log,x 49. $(log,3 + log,x) 51. In3 + Iny 


SS wlogtza 02,4) meeeso.n ln = In(x — 2) 

57, 2Inx + In(y — 2) 59. 6 log, x + 2 log,(x — 7) 
61. tlog,(x +1) 63. 5[Inx + In(x + 2)] 

65. 2[In(x + 1)—In(x-1)] 67. 3[2 nx — In(x + 1] 
Oana + Ind — 4) —2 inc 

71. Inx + 3Iny — 4(Inw + Inz) 

73. log, a + 5 log, b + 3 log.(c — d) 


75. In(x + y) +4in(w+2)—-(In3+Inf) 77. log 5 
4 

79. log, 3x — 81. logios 83. Inb*, b > 0 

85. log.(2x)-2, x > 0 87. ndv2x+1 89. log, 2/y 


PAS) 
91. In, x>0,y>0,z>0 


5y3 
93. In oO. 0 95. In(xy)*, x > 0, y > 0 
Ge aS 
97. in( J. x>0 99. logy 3 2 * > 0 
Vx + + d)5 
ROT oe = 1034109 
a Vm—n 
x x13 
105. oe.) Whe 0 107. log, 2x + 1)?” eS 8 
109.2+In3 111. 1+ 4log,2 113. 1 — 2log, x 
115. 117. 
8 12 
—4 20 
Pe =4 20 
na 
-8 4 


119. Evaluate when x = e and y = e 
121. B = 10(log,,7 + 16); 60 decibels 


@ 
(38h 214 login 125. True 127. True 
1 


129. False. log,(u + v) does not simplify. 131. True 


133. False. 0 is not in the domain of f. 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


135. 
137. 


Section 9.5 (page 600) 


Integrated Review (page 600) 


11. V = 107? 


. (a) Not a solution 3. (a) Solution 
(b) Solution (b) Not a solution 
. (a) Not a solution th 9. 8 11. 8 
(b) Solution 
25 © 715. 24. F17> = 35819. Ome 
.2 25.6 27.9 29.4 31. Nosolution 
b =F Sb De = il BW Oe, Se SS 0 
. 5.49 41. 1.17 43. 0.86 45. 0.83 
or 2-5) 49. —3.60 51. 2.64 
200) 551223 Sie SRLS 59. 6.80 
o Wee 63. 3.28 65. No solution 


False. f(x — 3) = In(x — 3) 
False. If v = v2, then f(v) = Inu? = 2Inu = 2f(u). 


1. No. A system of linear equations has no solutions, 
one solution, or an infinite number of solutions. 


2. The equations represent parallel lines and therefore 
have no point of intersection. 


UNE Cie SN) 
of ee ey) 
9. d= 73t 


V 
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67. — 1.04 69. 2.48 71. 0.90 7340/38 
1s OSE 77. 8.99 Tht SI) 81. 4.62 
83. 1000.00 85. 22.63 87. 2187.00 89. 6.52 
91. 25.00 93. 10.04 95. +20.09 97-3200 
99. 19.63 101. 12.18 103. 2000.00 105. 3.20 
107. 4.00 109. 0.75 111. 5.00 113. 2.46 
115. 2.29 117. 6.00 
119. 121. 
6 5 
“5 40 
-10 8 
“6 25 
(1.40, 0) (21.82, 0) 
123. 125. 
7 8 
—— 
¥ 12 
z 6 
zi =A 
(0.69, 2) (1.48, 3) 
127. 9% 129. 7.70 years 
131. 10~®> watts per square centimeter 133. 205 


135. (a) 3.64 months 
(b) 90 


(c) Answers will vary. 
137. (a) k=4n§ ~ —0.1572 
(b) ~3.25 hours 
(c) ~2.84 hours 
139. (c) 7.2% 
(d) 63 years 
__(€) 8.24% 
; (f) Double: 11.6 years; Quadruple: 23.1 years 
141. 2*~! = 30 


143. To solve an exponential equation, first isolate the expo- 
nential expression, then take the logarithms of both sides 
of the equation, and solve for the variable. 


To solve a logarithmic equation, first isolate the logarith- 
mic expression, then exponentiate both sides of the equa- 
tion, and solve for the variable. 


Section 9.6 (page 610) 


[<< . Se aes ees 
Integrated Review (page 610) 
1. Direct variation as nth power 
3. Joint variation 
5,.(3,3), , ..6.. (4,3) 
8. (0, 0), (8, 2) 92: 2)1) 


2. Inverse variation 

4. Joint variation 
io 

1k (Oe (—3, ‘) 


10. (4, —1, 3) 11. (a) Down 
(b) (0, 0), (4, 0) 
(c) (2, 4) 

12. 


1. 7% 3. 9% 5. 8% 7. 6% 9. 8.75 years 
11. 6.60 years 13. 9.24 years 15. 14.21 years 

17. Continuous 19. Quarterly 21. 8.33% 

23. 7.23% 25. 6.136% 27. 8.30% 29. No 
31. $1652.99 33. $626.46 35. $3080.15 

37. $951.23 39. $5496.57 41. $320,250.81 

43. Total deposits: $7200.00; Total interest: $10,529.42 
45,k=41n§~0.4904 47. k = $n} ~ —0.2310 
49, y = 12.2697; 14.9 Siity = 14. 7e°O"*; 26.1 
53.-y =! 10:52? 92-210.6 55ry=155e0 197 


57. (a) k is larger in Exercise 51, because the population of 
Shanghai is increasing faster than the population of 
Osaka. 


(b) k corresponds to r; k gives the annual percentage rate 
of growth. 


59. 3.91 grams 63. 4.08 grams 
65. 3.3 grams 69. $9281 


71. The one in Alaska is 63 times as great. 


61. 4.51 grams 
67. 4.43 grams 


A130 
73. The one in Mexico is 40 times as great. 
75. 7.04 77. 107 times 
79. (a) (b) 1000 
(c) 2642 
(d) 5.88 years 
S1.7(a) oS LOC en’ 2272) 83. k < 0 


85. 


(b) 3300 units 


The effective yield of an investment collecting compound 
interest is the simple interest rate that would yield the same 
balance at the end of 1 year. To compute the effective yield, 
divide the interest earned in 1 year by the amount invested. 


87. 10 
Review Exercises (page 675) 
(Ge mes C2718 Sec 7, a 
(b) 2 (b) 0.351 
(c) 4 (c) 0.135 
J) 


afl 8) 9) il 


21. 


23. 
27. 


55. 


67. 
Th 
81. 
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12 i 12 
(a) 6 (b) 1 25. (a) 5 (b) -1 
(a) (feg)(x) = V2x — 4 (b) (g ef )(x) = 2Vx — 4 


Domain: [2, co) Domain: [4, 00) 


KNo. 31. Yes + 33. f74@)I=2@ = 4) 
5 i Ge) = 22, & = O 37. f(t) = Yt — 4 
. log, 64 = 3 41. el=e 43. 3 45 
atl 49. 0 51. (a) 0 53. (a) 1 
(b) 3 (a) = 10s 
(c) —0:631 (c) 2.303 
(a) —6 57. 7 
(b) 0 a 
@) 225 


1.585 69. 2.132 TILSL 7959 
1.02931 77. log, 6 + 4 log, x 
In + 2) — In(x — 2) 


73. —0.43068 
79. 3 log.(x + 2) 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


1 2/3 
83. alin 2 + Inx) + 5 In(x + 3) 85. in( x] 
yy) 


89. i ee) 


87. log, 32x3 
O88 4x2 ’ 


k 4 
91. log,\ 7; shea de 


93sin(a*y“z); x >-0,-y > 0, z >.0 


95. False. log, 4x = 2 + log, x Mik, Waite 99. True 
101. 6 103. 1 105. 243 107. SO 109. 4 
111. 5.66 113. 1408.10 LVS 623, 

117. No solution 119. 15.81 121. 64 12352.67 
125. 5% 127. 7.5% 129. 7% 131. 5.65% 

133. 7.71% 135. 7.79% 137. 2.282 grams 
139. 2.934 grams 141. 4.860 grams 
143. 3.8 years 145. 12.6 years 
147. 3.16 x 10-4 watts per square centimeter 
149. 900 

of 36 
600 
151. (a) 
0 500 


0 


(b) 14.3 cubic feet per minute per person 


Chapter Test (page 619) 
[e1) = 81 om : 
F(0) = 54 
f (3) = 18/6 ~ 44.09 
f(2) = 24 


3:-(a) (f° g)(x) = 3x? - 1 
Domain: (— 00, 00) 

(b) (g ef )(x) = 9x? — 24x + 17 
Domain: (—©0, 00) 


A131 


feg)(x) = -3(-2x + 6) +3 =(x - 3) +3 
(g ef )(x) = —2(-3x + 3) +6 =(x-6) + 6 


Il 
~ 


ll 
~ 


l 3 
1 logy 5 + 2 logy x — 5 log, y 8. bie Ay! O 


OR iain lOle6 10. 64 1POIOTS 12. 13.733 
Sel to 14. 2 15. 8 16. 109.196 en) 
18. (a) $8012.78 19. $10,806.08 20. 7% 

(b) $8110.40 
21. $8469.14 22. 600 


23. 1141 24. 4.4 years 


Cumulative Test: Chapters 7-9 (page 620) 
3. 128 feet 4. 50 


OC}, Sy Bae ar 


A132 


10. 


Dan iisteet 


_ 
eS} 


16. Horizontal asymptote: C = 10; As x increases, the aver- 
age cost approaches $10. 


17. (2,1) 18. (3,-2) 19. (2, 4,1) 
20. (-3,-%) 21. (-1,6,-2) 22.4 
25. —2 


15. f(x) 


23. —4 


26. Reflections in the line y = x because f~'(x) = g(x). 
oy 
PH tos,(==] PAM shave) aie thes —— Pee so Ah) 


29. (a) 3 
(b) 12.18 
(c) 18.01 
(d) 0.87 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


30. $29.63 31. 8.329% 


Chapter 10 
Section 10.1 


32. 15.40 years 


(page 630) 


integrated Review (page 630) 


1. —7x = 35 23 Tx + 63 = 35 
Tx _ 35 Tx + 63 — 63 = 35 — 63 
mo hee Tx = —28 

x= —5 x=-4 


3. It is a solution if the equation is true when —3 is 
substituted for 7. 


4. Multiply both sides of the equation by the lowest 
common denominator x(x + 1). 
1 
33 Ga G.18(t 3) th 5 8. 2x 


(x + 10)? 
9. 8x/2x ‘10. dace 


11. (a) A = xQx — 3) 
(b) 250 


0 12 
0 


3 + /1609 _ 
4 


(c) 10.8 


12. (a) A = $x(x — 4) 


250 


0 
0 


(c) 2(1 + V101) ~ 22.1 


1. 2, 4, 6, 8, 10 


Oo 4 On Sa 0 


He DS Le el Le el eu 
5. 25 4) 8 16 32 (Bb 16> 32> 64 


9. 1, —0.2, 0.04, — 0.008, 0.0016 
13,216 4 10 


1 Heal 1 
15. =k 4> ~~ Q> 16> 25: 


V7.3, do gies ar ee seg 


© 23: d9| -8°9 1163) 132) 
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oy it 31 
als O0, 3, le 2.8 ae - 
ae 122 25 7520 5 Pao: 
1 1 
29. 132 31. 53,130 a3: ASS 35. n(n + 1) 
Sion SOC 41. b 


=5) 


Sean — 2 Ssaa° =n — 1 
Eye la eed rit sr ll 
55: a, = (=1)"* 129 51s AOE: 
¢. (- ip aa = 1 7 il 
59. a, = ie 61h a, — Pes 63. a4,=1+ E 
Cee ork P07 a 03ers 095-17) (71-100 
Peer 75. ITCH 48. O79, 8 gine 
5) 
Bae 73 285.,852 N87 189. 6.5793 91. > k 
k=1 
5 9 10 1 7 20 1 99 y 1 
93. S 2k 5 + — Ss 
2 2 2k k=] @ k=0 (Hale 
20 4 11 k 20 2k 
101. >» ome 103. » ae 105. ies 
6 
107. Sk! 109. 3.6 = 111. 0.8 
k=0 
113. (a) $535, $572.45, $612.52, $655.40, $701.28, $750.37, 


$802.89, $859.09 
(b) $7487.23 (c) sm 


0 


(d) Yes. Investment earning compound interest increases 
at an increasing rate. 


A133 


115. a, = 108°, a, = 120° 


At the point where any two hexagons and a pentagon meet, 
the sum of the three angles is a; + 2a, = 348° < 360°. 
Therefore, there is a gap of 12°. 


O72 2520, 45°. GD Ale Be 8 | 
119) a, = 3n: 3.6.9, 12,8. « 


121. Terms in which n is odd 123. True 


Section 10.2 (page 638) 


Integrated Review (page 638) 


1. A collection of letters (called variables) and real 
numbers (called constants) combined with the oper- 
ations of addition, subtraction, multiplication, and 
division is called an algebraic expression. 


2. The terms of an algebraic expression are those parts 
separated by addition or subtraction. 


3. 2x7 — 3x2 + 2 4. 7x* 5. (—00, co) 


7.1{—4,4) 
8. (—co, —6) U (—6, 6) U (6, co) 


6. (—co, co) 


9. (2, co) 


10. (—co, co) ~—- 11. $30,798.61 12. $5395.40 
1.3 "3. =6s 5. =12 > 7.3 We 3 


11. Arithmetic, 2 
15. Arithmetic, — 16 


19. Arithmetic, 3 


13. Arithmetic, —2 
17. Arithmetic, 0.8 
21. Not arithmetic 
23. Not arithmetic 25. Not arithmetic 
27 T1043: 1654.9 2 OVA AO. 2 
31..3.4392% 3324224 35.427 
37. a,=3n+% 39. a, = —25n + 1025 
41. a, = —4n + 32 43. a,= Sn 4+ 2 


min 
£5 
to 


45. a, = Sn sP 3 47. a,=4n+4 
49.a,=-10n+60 51.a,=-3n+ 11 

53. a, = —0.05n + 0.40 55. 25, 28, 31, 34, 37 
57. 9,6,3,0,-3 59. —10, —4,2,8, 14 

61. 100, 80,60, 40,20 63.210 65. 1425 
670255) 69.962625 712035 F739 522 
752 1850 Wp27.0900e Um g9A 12,200, re S15 243 
83.23 85.b 87.e 89 c 


A134 


97. 9000 
105. 2550 
111. 632 bales 


99. 13,120 
107. $246,000 
113. 114 


101. 3011.25 
109. $25.43 
115. 1024 feet 

117. (a) 4,9, 16, 25,36 (b) 49 (c) >. (2k) = ne 


k=1 


119. 9 


121. A recursion formula gives the relationship between the 


terms a,,,, and a,,. 


123. +$'(100 + 200) 


Section 10.3 (page 648) 


Integrated Review (page 648) 


1. The point is 6 units to the left of the y-axis and 4 
units above the x-axis. 
2. (10, 5), (S 10, 5), (= 10, a) (10, =5) 


3. The graph of f is the set of ordered pairs (x, f(x)), 
where x is in the domain of f. 


4. To find the x-intercept, set y = 0 and solve the 
equation for x. To find the y-intercept, set x = 0 and 
solve the equation for y. 


EL op Se 6. y < 6 
8.5 128 x <550 


I BS < 3 2 (BD) 


5 
Oo ye ORG S55 


10. -1<x<0orx>3 


19/2 
oe op 


12. 5./89 = 47.2 feet 


= 13.4 inches 


138 38-3 5.5. Tas 69s: 


11. 1.06 13. Geometric, 5 15. Not geometric 


103. 2850 


17. 
21. 
Pa 
29. 
aBh 
35. 
Se 
43. 
51. 
Sie 
61. 
65. 
TAl 
79: 


€ 


. 48 89. 1103.57 


2 
es} 
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19. Not geometric 
23. Geometric, 1.02 
27,62, = he 
1-44-44 31.4,-2,1,-34 
1000, 1010, 1020.1, 1030.30, 1040.60 
4000, 3960.40, 3921.18, 3882.36, 3843.92 


Geometric, 2 
Geometric, —3 
4, 8, 16, 32, 64 


10, 6, 822482 39.5% 41. 48/2 

1486.02 45. —0.00610 47.% 49, +39 
&  533.4,=26)"' 55. 4,=2"-1 
a,=(-3)"' 59% a, = 4(-3)" 

a,= s(t)" ' 63. a, = 14(3)" 
a,=4(-3)""' 67.b = 69. a 

1023)" 973877248" © 75, 22580" 77-5 5460 
6.06 81. —14,762 83.16 85. 13,120 


91510;822/] tee 9302 
97.2 99, 32 
103. 


. (a) 250,000(0.75)" (b) $59,326.17 (c) The first year 


107. $3,623,993 109. $19,496.56 111. $105,428.44 
113. $75,715.32 
115. (a) $5,368,709.11 (b) $10,737,418.23 


119. 
123. 


125. 
129, 


. (a) P = (0.999)" (b) 69.4% 


(Onn 693 days 


0 750 
0 


121. 666.21 feet 
(a) a7 = 2" (6) 2-4 27-2? = 27 


70.875 square inches 
o db 266 


(c) It is likely that you have had common ancestors in the 
last 2000 years. 
=i 
127. a, = (—3)" 
An increasing annuity is an investment plan where equal 
deposits are made in an account at equal time intervals. 


= ii 
nie C1 
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Mid-Chapter Quiz (page 652) 
1. 32,8,2,3,3 2 —2,3,-2,%-135 3. 100 
20 9) 
Aten Se (6, tt 7, 
("3k 
25 (-—1)*7} 1 
8 Ys 9 = - = 
» 2 2 gee AE emma § bt Sen 4 
13. 20-3(7-1) 14. 32(-1)""' 15, 4075 
16. 9030 17. 25.947 18. 18,392.796 19. 9 


20. z 21. —0.026 22. a,: upper graph 


b,: lower graph 


IB. Sy 24. Arithmetic 


Section 10.4 (page 658) 


Integrated Review (page 658) 


1. No. The matrix must be square. 


2. Interchange two rows. 
Multiply a row by a nonzero constant. 
Add a multiple of one row to another row. 


3. Yes 4. —200 Sh 3 6. —60 
e120 8. 58 Oey =—0.07%2F 3x +2 
10. y = 4x — 9 


is ah Pay Sol Tipe Mh Om225 
11. 12,650 13. 593,775 15. 792 17. 2,598,960 

19. 2,535,650,040 21. 5,200,300 PRS AIS) 25035 
2is 10 29a + 6071-120 +S 
31. x8 + 8x’y + 28x%y? + 56x5y? + 70x*ty* + 56x3y? 

TOK yo Foxy ty 
33. 32x> — 80x* + 80x° — 40x? + 10x — 1 
35. 64y® + 192y>z + 240y4z* + 160y%z3 + 60y7z* 
+ 12yz> + 26 

Stee exe 2404 + 32x24 16 
39, x® + 18x5 + 135x4 + 540x3 + 1215x? + 1458x + 729 
41. x® — 24x5 + 240x4 — 1280x3 + 3840x? — 6144x + 4096 
43, x4 + 4x3y + 6x2y? + 4xy? + y* 
45. u>? — 6u2v + 12uv? — 8v? 
47. 8la+ + 216a3b + 216ab? + 96ab? + 16b4 
49. 32x!9 — 80x8y + 80x°y? — 40x4y? + 10x2y4 — ye 
Sil, WAY Ree Ko) 55. 1760 57. 54 59. 70 
61. 1.172 63. 510,568.785 


Ee E02 80 2S? a 
65. 37 + 39 + 32 +32 + 32 F 32 


si. a2) 34 108 81 
67. 356 + 356 + 356 + 256 + 256 


69. The difference between consecutive entries increases 
by 1. 
2, 3,4, 5 

Ak, ip.42 I 

73. The signs of the terms alternate in the expansion of (x — y)”. 


75. They are the same. 


Section 10.5 (page 667) 


we 


Integrated Review (page 667) 


1. g(x) = 2(5*) is exponential since it has a constant 
base and variable exponent. 


2. Using the law of exponents a” + a” = a™*", you 


ny 


have e2 + e7*” = e2+(-2’) = @2-2?, 
3.4=64 4.3-4= 3 5. c= 
6, 0H 5 7, BW 3.56 
In 3 
8.6In2~4.16 9.69 10. e!9 — 3 ~ 22,023.47 
ile V 12. 6.96 grams 
20,000 
15,000 
10,000 
5,000 
12 Si S56 ; 
fly 


ik Sao Sb te Ve We Ds ts 11. 6 
13. 7 15. 6 17. 6 19. 260 21. 6,760,000 
23. (a) 900 (b) 720 (c) 400 25. 18 27. 720 


29. ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, 
BADC, BCAD, BCDA, BDAC, BDCA, CABD, CADB, 
CBAD, CBDA, CDAB, CDBA, DABC, DACB, DBAC, 
DBCA, DCAB, DCBA 


31. AB, BA, AC, CA, AD, DA, BC, CB, BD, DB, CD, DC 
33. 720 35. 64,000 37. 40,320 39. 5040 


41. {A, B}, {A, C}, {A, D}, {A, E}, {A, F}, {B, C}, 
(Ba: BB, bye. Dae Bp Cart 
{D, E}, {D, F}, {E, F} 


43. 1140 45. 126 47. 220 49. 3003 
SIE YEN) Ney (1) © S85 (Ey Oe Uday is 
BBY 7A ih Ss SE), 3S 


A136 


61. 


63. 


Let E, and E, be two events that can occur in m, ways and 
m, ways, respectively. The number of ways the two events 
can occur iS ™, * Mp. 


Permutation: The ordering of five students for a picture 


Combination: The selection of three students from a group 
of five students for a class project 


Section 10.6 (page 676) 


Integrated Review (page 676) 
ils © My Il ab oe 


5. log, u — log, v 


4. log, u + log, v 
6. nlog, u 
8. 3 log,(x? + 1) 
10. 2[In(u + 2) — In(u — 2)] 
12. 5.65% 


7. 2 log, x + log, y 
Dy Teg) = lal ee = 8) 
11. (a) 


10,000 


(b) x ~4 (c) 10,000 


1263.10 
5. {ABC, ACB, BAC, BCA, CAB, CBA} 

7. {WWW, WWL, WLW, WLL, LWW, LWL, LLW, LLL} 
9A065me mie O18. 913, 26 15628 17. 4 

19s wee? 23 eo 25.0.9 827, 01243 

292 0.609" aIn GG). (b) = (c) 1 

33. (a) 08 02 35.2 37.85 38 

39. 0.4375 

41. Female 


43. 
49. 


Male 


(a) Probability of a girl = 7 = 3 


im 
b 


Probability of a boy = | = 5 


(b) Because the probabilities are the same, it is equally 
likely that a newborn will be a boy or a girl. 


seal IZ al 
24 45. 700,000 47. 35 


aE sil 33 
45 51. 3 53. 66,640 


55s 


57. 
59. 


Review Exercises 


1. 


Te 


W7 


25. 


29. 
SS: 
43. 
47. 
51. 
SSE 
61. 
69. 
TX 
79. 


81. 
83. 


5 Oil W216) 87. 
. (a) a, = 85,000(1.012)” 
5 97. 3003 
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(d) 120 


(e) Without replacement, since each person receives 1 gift 


Ls ge le 
(f) 750° Tos 


The probability that the event does not occur is 1 — 5 = i 


Over an extended period, it will rain 40% of the time under 


_the given weather conditions. 


(page 681) 
8 11, 14,17; 20' 93. 1a)2 gags eS ae ele 


n 


a (rene 9. a 11. b 118% Gl 


a 
is 4 6 
oy ike >> (5k—3) 21 Ya, 23. 


127; 122, 117, 1125107 "27: 2,2 se 


5,8, fbi4d7 31. 80.5, 75,4... 70 
—50n + 1050 37. 486 «=. 39, 
3 45. 10, 30, 90, 270, 810 
100, — 50, 25, -12.5,6.25 49. 3, 6, 12, 24, 48 
a, =(-3)""' 53. a, = 24(2)"7! 
a, = 12(-1)""" 57. 8190-59. — 1.928 
19.842 63. 116,169.54 65.8 67. 12 
icon — Glee Oe Th 
91,390 77. 177,100 
x10 + 10x9 + 45x8 + 120x7 + 210x® + 252x5 
+ 210x4 + 120x7 + 45x? + 10x + 1 
81x4 — 216x*y + 216x2y? — 96xy? + 16y4 
ul8 + Ou!®y3 + 36u!4yo + 84ul2v9 + 126u)y!2 
+ 126u8v> + 84uov!8 + 36u4v2! + 9u2y24 + 27 
280 89.5100 91. 462 
(b) 154,328 
101. 


33. 4n + 6 
41. 2527.5 


99, } 103. 0.346 


Chapter Test (page 684) 


1. 


. a4, = —100n + 5100 
ae an 
a 14. $47,868.33 
- x — 10x4 + 40x3 — 80x? + 80x — 32 
. 26,000 


8 16 


1, So gee 2 5a Sends 
2 


5. 12,16, 20; 24, 28 


Te BYE 
10. 1020 


8. —5 
1.38 12.1 
15. 1140 
17. 56 
21. 30) Lola 


19. 12,650 20. 0.25 


Answers to Integrated Reviews, Odd-Numbered Exercises, Quizzes, and Tests 


Appendix A (page A6) 
ic 3. 
5. 7, 


21. 


ol 


Xmin = 4 
Xmax = 20 
Xscli= I 
Ymin = 14 
Ymaxe= 22, 
Niscli=ull 


/ 


=) 


Associative Property of 
Addition 


11. 


15. 


100 


-100 


19. 
Xmin = -20 
Xmax = -4 
X<Xscl= 
Ymin = -16 
Ymax = -8 
Niscle—al 
23. 
6 
=5 5 
4 


Multiplicative Inverse 
Property 
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25. (—3, 0), (3, 0), (0, 9) 
29. (3,0), (0, —5) 
33. Triangle 


27. (—8, 0), (4, 0), (0, 4) 
31. (—2, 0), (5, 0), (0, -1) 
35. Square 


10 10 


37. 


First class 


Periodicals 


Appendix B 


Section B.1_ (page A714) 
1. Answers will vary. 3. ¢ 


5. aandb es 5 Ii 


11. No 13. False 15. True igh @ 193%'b 


21. ZZXW or ZWXZ, ZZXY or ZYXZ, 23. b 250 
ZYXW or ZWXY; ZZXY and ZYXW 


Dies ti Inb C 31. LM = NO, MP=NQ, LP=OQ 
8b AW S501 V 
Sis 


Scalene | Isosceles | Equilateral 


Acute 
Obtuse | Yes Yes No 
fee | Yes Yes No 
39555; Yes 41. 3;Yes 43. 12.5 feet by 12.5 feet; No 


AS Se5) aoe) 47. Form a tetrahedron. 
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Section B.2 (page A271) Appendix C (page A33) 
1. 3. 1. Stems | Leaves 
Qo PAROS SS97-758 8S 
: : Sut Ie T3555 507 89 99 
9 | 028 
107 150.6 
; 4 3. Stems | Leaves 
2 5 | 299 
() || 206 7 
7. Adjacent = suppl. Z 9. Adjacent suppl. Z TVE0 V2)34 738.8.9 
11. Adjacent compl. Z 13. False Sie AO SrA S19 
15) False 17. True —-19._ 110° 919001233 333 5.6.87 
74 I Sys 2, 3S 250°C 10 | 00 
27. 23 and 25 or 24 and 26 5. Frequency Distribution 
29. 24 and 25 or Z3 and 26 Interval Tally 
31. mZ1 = 110° because it forms a linear pair with the given [15, 22) HHT III 
angle; mZ2 = 110° by the Alternate Exterior Angles [22, 29) HH | 
Theorem (29, 36) ut 


33. mZ1 = 70° by the Consecutive Interior Angles Theorem; 


mZ2 = 70° because it forms a linear pair with the given [3e12>) HI 
angle, or by the Alternate Interior Angles Theorem [43, 50) HHT || 
35. a = 30°, b = 20° Sik, AP, LS ZAG) Histogram 


8) HWA = 723 = WW, Ze) = G46 = IBs>, y 
iD = NNO ZS = OS AT = IS, ZA = NSP 


41, 35° 43. 40° 
45. True. The third angle must be 180° — 2(60°) = 60°. 


47. mZ1 = 30°, mZ2 = 60°, mZ3 = 50°, mZ4 = 35°, 
mZ5 = 90°, mZ6 = 55°, mZ7 = 55°, mZ8 = 125°, 
mZ9 = 35° 


ese NW FN DA I oC 


49. A 51. 
13° ie 9. 1985: 165 million tons 
ae 1995: 210 million tons 
5 a 12 
«= 10 
sat 
oe 6 
3 4 
2, 
oa 
? : ‘e, &, ey % 
%, Ge, %, 4° 
Mie = WIP 


Place of origin 


11. Recycled waste 


53. 30°, 60°, 90° 55. 38°, 59°, 83° 13. Total waste equals the sum of the other three quantities. 
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15. u 


Enrollment 
BS 
S 
So 


x 
1994 1996 1998 2000 


Year 


17. Stock Prices 


Sears, Roebuck 


Wal-Mart Stores 


JC Penney 


Company 


KMart Corp. 


The Gap, Inc. 


10 20 30 40 50 60 70 80 90 100 
Price of a share of stock (in dollars) 


19. 

2300 
2200 
2100 
2000 


1900 


Camcorder sales 
(in millions of dollars) 


1800 


1991 1993 1995 
Year 


21. Positive correlation Jay, ES 
25. Negative correlation 27. Positive correlation 
29. P 


Pressure, P (in Ib/ft2) 


10 20 30 40 50 
Altitude, A (in thousands of ft) 


31. 2.45 pounds per square inch 


33. y 35. y = 57.49 + 1.43x; 71.8 


Yield (in bushels) 


60 


Yield (in bushels) 
n 
nn 


eGo Om a8 55 
Units of fertilizer 


Dh BOCN eT 12 
Units of fertilizer 


37. 39. v = 1117.3 — 4.1h; 1006.6 


Vv ¥ 


no) no) 

i=] Cc 

= sms 
o) 6 8 
nr» a 7) 
1 ea 
iS} c2 
=) a 
Vv Q wm 
a a 
n n 

5 10 15 20 25 30 35 5 10 15 20 25 30 35 
Altitude (in 1000s of feet) Altitude (in 1000s of feet) 


41. y = —2.179x + 22.964 43. y = 2.378x + 23.546 


i 4 4 rt 
Tt t 


\ 
t T t 
Me 2s 4 eae 6 


(c) r ~ 0.987 


Enrollment (in millions) 


Year (0 — 1990) 


47. Mean: 8.86; median: 8; mode: 7 
49. Mean: 10.29; median: 8; mode: 7 
51. Mean: $67.14; median: $65.35 
53. Mean: 3.065; median: 3; mode: 3 
55. One possibility: {4, 4, 10} 


57. The median gives the most representative description. 


Appendix D 
Section D.1 (page A40) 


1. Statement 3. Open statement 5. Open statement 
7. Open statement 9. Nonstatement 
11. Open statement 13. (a) True 15. (a) True 
(b) False (b) True 
17. (a) False (b) False 19. (a) True (b) False 
21. (a) The sun is not shining. 
(b) It is not hot. 
(c) The sun is shining and it is hot. 


(d) The sun is shining or it is hot. 


A140 


23. 


25. 


27. 


(a) Lions are not mammals. 

(b) Lions are not carnivorous. 

(c) Lions are mammals and lions are carnivorous. 

(d) Lions are mammals or lions are carnivorous. 

(a) The sun is not shining and it is hot. 

(b) The sun is not shining or it is hot. 

(c) The sun is shining and it is not hot. 

(d) The sun is shining or it is not hot. 

(a) Lions are not mammals and lions are carnivorous. 
(b) Lions are not mammals or lions are carnivorous. 
(c) Lions are mammals and lions are not carnivorous. 


(d) Lions are mammals or lions are not carnivorous. 


29. p/\~q 31. ~p\/q 33. ~p \/ ~q 
35. ~p/\q 37. The bus is blue. 
39. x is not equal to 4. 41. The earth is flat. 
ee ea 

a BP ye le 

18 | le F 

FEF 1 ¥ 1 

le Ve) let 
45. 

Ve Pe Gap Ny eG 

r WP | is F F 

a dee | aes ly T 

iy 3 ae F D 

ida GP BE OAR 
47. 

Pea a0 Pl ~¢ 

be 

wv W]e 1 

ie el 2 T 

ee ees F 

let gel) 48 v 
49. Not logically equivalent 51. Logically equivalent 


Sa 
Sie 
61. 


Logically equivalent 55. Not logically equivalent 


Logically equivalent 59. Not a tautology 


A tautology 


63. 
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ins Identical sal 


P @ [-p aq pla lpi \@) paves 
ii F F 
Teel eee 
T OF Fo 7 ee 7 T 
Fit °F oP T i 
Fes Filsteecl aah i? i 
Le 


Section D.2 (page A47) 


1. 


23. 


25. 


Boe 
13. 
21. 


(a) If the engine is running, then the engine is wasting 
gasoline. 


(b) If the engine is wasting gasoline, then the engine is 
running. 

(c) If the engine is not wasting gasoline, then the engine is 
not running. 


(d 


wa 


If the engine is running, then the engine is not wasting 
gasoline. 


. (a) If the integer is even, then it is divisible by 2. 


(b 
(c 
(d) If the integer is even, then it is not divisible by 2. 
11. True 
19. True 


wm 


If it is divisible by 2, then the integer is even. 


SY 


If it is not divisible by 2, then the integer is not even. 
7. pq 9. p> q 
True 15. False 17. True 
Converse: 

If you can see the eclipse, then the sky is clear. 
Inverse: 

If the sky is not clear, then you cannot see the eclipse. 


Contrapositive: 
If you cannot see the eclipse, then the sky is not clear. 


Converse: 
If the deficit increases, then taxes were raised. 


Inverse: 
If taxes are not raised, then the deficit will not increase. 


Contrapositive: 
If the deficit does not increase, then taxes were not raised. 


Converse: 


It is necessary to apply for the visa to have a birth certificate. 


Inverse: 

It is not necessary to have a birth certificate to not apply for 
the visa. 

Contrapositive: 


It is not necessary to apply for the visa to not have a birth 
certificate. 


27. 
29. 


31. 


33: 
Sky 
37. 
o9. 


41. 


43. 


45. 
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Paul is not a junior and not a senior. 


The temperature will increase and the metal rod will not 


expand. 


We will go to the ocean and the weather forecast is not 


good. 


No students are in extracurricular activities. 


Some contact sports are not dangerous. 


Some children are allowed at the concert. 


None of the $20 bills are counterfeit. 


Pee ee (Poe lp 9) 
ie og S| i T 
Tae F 

Fee Dba -T F 
FFI|T T F 

Bh o@)¢@-p -~@-p) ~@>p)/\4¢ 
iper ts}. F F 

Th Eee T F F 

F T|F 4 T 
Emer aeT F F 
Pe pp pa (pgp) 
Teeth: oT F 
Tenses | T. F 

Eee ba T a 
Eger E F 
GOonAtplod 
be 

Ti 

T 

‘i 

T 
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al | 2 q | -p ~q po(~q) (po~q)>~p 
1 Mies aa ca is 
is 
TOPE ST eet: F 
F TIT EF T 
ja i] yaad Wa it 
49. 
AO: ba Wing eng me ad Oy 5a 
ie cnalee ee Mr T | 
T Foie Hee rT 
FT | Fr F 
Petpet ae eT T ~| 
Lidenticat t 
Tp a) -4 poq ~(p>@) p~q | 
Tain |GET F F 
Te Tee T T 
F TIF T F F 
er ile ek F F 
reat 
ss Pig |. =P .-g peg \(paa) Ning 
T° Eee ee T 
T FEF “TF °F T 
Hse a) Cee uf 
Eee tr er it 
P\/ ~p |x—— Identical =) 
T 
T 
T 
——— 
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oe 


55. 3. 
pP a|~p ~p/q po(-p/q) BR a ler PV4 OVO Sp 
Ta) cee Fe F fee Gea Cae F 
Teel EE F TessHal sEaiesel F 
ee el Gp a Tk re ar Ge ae 7 
as 
iy je ge ae T Hire pei ak F 
_ Identical ih) 


So © 59. a 61. 


& 
ue Oe P a | =p ._~q @p—>q (pq) ip 
3 eee CE ee Bae rT 
AG ie | 3a i sil Ty 
a 
67. 69. hy a oes 3 
: ‘aly Welle ae ee F 
[\(~p>q) \pl>~q 
71. (a) Statement does not follow. F 
(b) Statement follows. T 
73. (a) Statement does not follow. T 
(b) Statement does not follow. 
at 
Section D.3 (page A54) 
Ue 
|. ee eo eG ne P a\|PpVa (pVQ%\q [(pVaAaqlop 
Ten er F ee T T 
Taal eee ls rT F Tek had F i 
oe a aa ar T Eienilened T é 
Eerste see ct F ae ate F T 


9. Valid 11. Invalid 13. Valid 15. Valid 
17. Invalid 19. Valid 21. Invalid 23. b 
DSc Zia 0 29. c 


[(p>~q)/\q]>~p 
T 


il 
wT 
ail 
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31. Valid 35. Let p represent the statement “Sue drives to work,” let g 
represent “Sue will stop at the grocery store,” and let r rep- 
resent “Sue will buy milk.” 


First write: 


Premise #1: pq 
Premise #2: qr 
Premise #3: p 


Reorder the premises: 
A: All numbers divisible by 5 


ale Premise #3: p 
B: All numbers divisible by 10 Premise #1: pq 
33. Invalid Premise #2: qr 


Conclusion: r 
Then we can conclude r. That is, “Sue will buy milk.” 


37. Let p represent “This is a good product,” let g represent 
<> “We will buy it,’ and let r represent “The product was 
made by XYZ Corporation.” 


First write: 
Premise #1: pq 
A: People eligible to vote Premise #2: r\/ ~q 
B: People under the age of 18 Premise #3: ~r 


Paigallese students Note that p—> gq = ~qg—~p, and reorder the premises: 
Premise #2: r \/ ~q 
Premise #3: ~r 
(Conclusion from Premise #2, Premise #3: ~q) 
Premise #1: ~g—~p 
Conclusion: ~p 


Then we can conclude ~ p. That is, “It is not a good product.” 


Index of Applications 


BIOLOGY AND LIFE SCIENCE 
APPLICATIONS 


American elk, shoulder height vs. antler 
spread, 583 

Ancestors and descendants, 623 

Blood types, 679 

Carbon 14 dating, 612 

Carbon 14 decay, 667 

Concentration of a substance outside and 
inside a living cell, 593 

Crop spraying, 514 

Human memory model, 590, 593, 602 

Population of deer, 618 

Population of fish, 316, 478 

Population growth of a culture, 310 

Population limit of a species, 618 

Population of a species, 619 

Predator-prey, 377, 432, 620 

Probability of inheriting certain genes, 
673 

Rattlesnake’s pit-organ sensory system, 
110 


BUSINESS APPLICATIONS 


Advertising effect, 613 

Agricultural products imports and 
exports, 540 

Annual operating cost of a truck, 499 

Annual sales, 676 

Annual sales of exercise equipment, 38 

Assets in client accounts for Merrill 
Lynch, 618 

Automobile depreciation, 121 

Average cost, 315, 473, 478 

Average cost of a calendar, 470 

Average cost for labor and material, 270 

Average cost of producing one dozen 
cards, 270 

Average cost per unit, 306 

Average and total cost of producing x 
units, 263 

Break-even analysis, 245, 488, 492, 501, 
543 

Cash receipts from fruit crops, A34 

Cassette tape sales, 544 

Company layoff, 74 

Company profit, 19, 20, 415 

Computer inventory, 452 

Cost, 572 

Cost of pollution removal, 269 

Cost of producing a new game, 430 


Cost of sidewalks, 84 

Cost per unit, 281 

Cost of vans, 497 

Daily gains and losses of stock, 19 

Defective units, 335, 670, 679 

Demand equation, 392, 591 

Demand function, 427, 428, 432, 477 

Demand for a product, 355 

Depreciation, 559, 613, 619, 632, 650, 
667, 683 

Depreciation rate, 329 

Discount, 87 

Discount price, 162 

Discount rate, 79, 87 

Dividend paid per share of common 
stock by the Gillette Company, 
29 

Expenditures for advertising for various 
media, 52 

Factory sales of camcorders, A34 

Factory shipments of computers, 423 

Inflation rate, 558, 617, 621 

Investing in a business, 461 

Investment problem, 396 

List price, 591 

List price of a tractor, 119 

Markup, 86 

Markup rate, 78, 87, 117 

Maximum revenue for a chartered bus 

trip, 420 

Merchandise imports and exports, 540 

Milk price inflation, 585 

Net profits of Callaway Golf Co., A34 

Net sales of Wal-Mart, 131 

Operating costs, 103, 119, 150 

Original price, 268 

Partnership costs, 310 

Pollution removal costs, 310 

Price per bundle of shingles and price 
per roll of roofing paper, 487 

Price and demand, 558 

Price-earnings ratio, 75 

Price increase of a truck model, 117 

Price inflation, 75 

Price per pound, 87 


Prices of half-gallon milk and ice cream, 


584 

Product demand, 617 

Production costs, 133, 161, 175, 415, 
419, 451, 571, 620 

Profit, 103, 141, 176, 186, 200, 203, 
224, 243, 249, 251, 450 
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Profit for a company that manufactures 
radios, 450 

Property value, 558 

Real estate agency commission, 69, 74, 
116 

Rebate and discount, 572 

Reimbursed expenses, 162 

Revenue, 223, 379, 386, 395, 424, 432 

Revenue for a chartered bus trip, 479 

Revenue increase, 117 

Sale price, 117 

Sales, 474 

Sales and advertising expenses, A36 

Sales bonus, 571 

Sales commission rate, 162 

Sales goal, 117 

Sales growth, 613 

Sales of snowmobiles, 406 

Selling price, 402, 418 

Shoe sales, A36 

Soft drink sales, 162 

Stock prices for selected companies, A34 

Straight-line depreciation, 138, 140, 141, 
1530162 192 1935221 

Ticket prices, 640 

Ticket sales, 88, 335, 501 

Total revenue from computer and data 
services, 311 

Total sales, 637 

Total sales for a camera equipment store, 
162 

Total sales for a software company, 159 

Total sales for a sportswear store, 162 

Van inflation, 139 

Venture capital, 404 


CHEMISTRY AND PHYSICS 
APPLICATIONS 


Acid mixture, 91, 501, 514, 543 
Air pollutant emissions, 104 
Alcohol solution mixture, 117, 501, 543 
Amount of illumination, 432 
Antifreeze coolant, 88 
Atmospheric pressure, 559 
Automobile engines, 186 
Boyle’s Law, 430, 479 
Brine mixture, 473, 515 
Capacitance, 362 
Chemical reaction, 223 
Compression ratio, 76 
Concentration of medicine in the 
bloodstream, 473 


A146 Index of Applications 

Concentration of solutions, 87 

Copper electrons, 261 

Cramer’s Rule, 658 

Earthquake intensity, 609, 613 

Engineering, 433 

Falling object, 241, 243 

Force to move a block, 344 

Force on a string, 600 

Free-falling object, 245, 249, 379, 394, 
405, 420, 432, 448, 568, 641 

Friction, 602 

Frictional force, 432 

Fuel mixture, 88, 117 

Fuel usage, 77 

Gasoline mixture, 172, 501 

Gear ratio, 76 

Height of a baseball, 405 

Height of a falling object, 371 

Height of a free-falling object, 199, 203, 
250 

Height of a model rocket, 401, 405 

Height of an object, 224, 354 

Height of a projectile, 412, 414, 419, 
420 

Height of a tennis ball, 405 

Hooke’s Law, 141, 477 

Hooke’s Law for springs, 316, 425, 431 

Intensity of sound, 583, 593, 602, 617, 
618 

Kepler’s Third Law, 261 

Making ice cubes, 602, 650 

Mass of earth and sun, 261 

Maximum height of a ball, 478 

Maximum height of a diver, 450 

Maximum height of a fountain, 65 

Maximum height of an object, 65, 160 

Metal expansion, 261 

Methane gas, 452 

Muon decay, 602 

Newton’s Law of Universal Gravitation, 
430 

Ocean temperatures, 433 

Oceanography, 603 

Oil spill, 433 

Operating temperature of an electronic 
device, 113 

Parachute drop, 559 

Parallel resistance, 291 

Path of a ball, 450, 452, 544 

Path of a baseball, 527 

Period of a pendulum, 337 

Power consumed by an electrical device, 
368 

Power generation, 432 

Power supply, 650 

Power used by an electric heater, 350 


Radioactive decay, 553, 608, 612 

Relationship between altitude and air 
pressure, A35 

Saline solution mixture, 117 

Snowshoes, 433 

Solution mixture, 119, 268 

Spring length, 77 

Temperature decrease, 652 , 

Temperature of a metal, 415 

Velocity of a ball, 192 

Velocity of a falling object, 351, 368, 369 

Velocity of an object, 354 

Velocity of a stream, 329, 432 

Vertical motion, 418, 509, 513 

Vibrating string, 337 

Weather balloon, 405 

Wind chill, 344 


CONSTRUCTION APPLICATIONS 


Architecture, 463, Al6 

Bridge design, 451 

Building a greenhouse, 319 
Fencing in a corral, 385 

Fencing the yard, 403 

Finishing nails per pound, 311 
Forms for a rectangular foundation, 648 
Height of an arch, 464 

Height of a bridge, 368 
Highway design, 451 

Housing construction, 133 
Landscape design, Al6 

Lumber storage area, 403 
Rocker arm construction, 192 
Safe load of a beam, 176 
Semielliptical archway, 460 
Strength of a wooden beam, 344 
Suspension bridge, 447 


CONSUMER APPLICATIONS 


Amount financed for a lawn tractor, 87 

Annual automobile insurance premium, 
251 

Annual insurance premium, 183 

Appliance repair bill, 65, 87, 119 

Auto repair bill, 79, 87 

Best buy for a pizza, 433 

Cable television subscribers, 66 

Car repair bill, 64 

Comparing prices, 91 

Comparing rental car costs, 100 

Comparing unit prices, 76 

Comparing unit prices of breakfast 
cereal, 70 

Comparison shopping, 116, 117, 119, 183 

Cost of cable television, 55 


Cost of a long distance telephone call, 
568 

Cost of a video rental, 269 

Decreased price, 418 

Gross private savings, 528 

Home mortgage, 584 

Hourly wage, 104, 133, 572 

Income for a company’s employees, A31 

Insurance premiums, 87 

Lifetime salary, 646 

Long distance charges, 103, 118, 150 

Long distance rates, 87 

Medical insurance coverage, 139 

Money spent on gasoline for a trip, 71 

Monthly bills for electricity, A36 

Monthly budget, 103 

Monthly payment for a loan, 290 

Monthly rent, 74 

Monthly wage, 104, 499 

Monthly wages and sales, 298 

Overtime hours, 91 

Penalty for early withdrawal, 524 

Pension fund, 74, 116 

Property tax, 77, 116, 119, 201 

Purchasing a computer system, 668 

Reduced fare, 404, 418, 420 

Reduced ski rates, 398 

Reduced ticket prices, 404 

Retail price of a camera, 117 

Salary, 73 

Salary adjustment, 77 

Salary increase, 640, 650, 683 

Sales tax, 116 

State income tax, 75 

Tip rate, 74 

Tire cost, 87 

Total charge, 52 

Travel budget, 103 

Unit price, 76, 91 

Unit production, 73 

Variance between budgeted amount and 
actual expense, 111 

Vietnam Veterans Memorial, 502 

Weekly pay, 87, 442, 478 

Weekly wages, 176 

Working to meet a budget, 439 

Would you accept this job?, 640, 650 


GEOMETRY APPLICATIONS 


Area of an advertising banner, 47 

Area of a circle, 511 

Area of an ellipse, 406, 464 

Area of a figure, 20, 38 

Area ratio, 270 

Area of a rectangle, 29, 186, 221, 223, 
451 


Area of a region, 39, 47, 204, 539 

Area of a roof, 39 

Area of a shaded region, 204, 213, 224, 
235, 249, 250, 279, 650 

Area of a square, 91, 176 

Area of the top of a billiard table, 47 

Area of a trapezoid, 101 

Area of a triangle, 214, 534, 539, 544, 
545, 621 

Area and volume of a box, 213 

Area of a washer, 223 

Cutting across the lawn, 386 

Degrees in each tip of the n-pointed star, 
633 

Diagonals of a polygon, 513, 669 

Diagonals of a volleyball court, 556 

Dimensions and area of a rectangle, 65 

Dimensions and area of a roof, 336 

Dimensions of the base of a box, 245 

Dimensions of a box, 471 

Dimensions of a cereal box, 383 

Dimensions of a coffee table top, 403 

Dimensions of a corral, 493 

Dimensions of a floor, 244 

Dimensions of a lot, 403 

Dimensions of an open box, 386 

Dimensions of a parking lot, 249 

Dimensions of a picture, 397 

Dimensions of a picture frame, 403 

Dimensions of a piece of carpet, 329 

Dimensions of a rectangle, 65, 89, 118, 
244, 249, 250, 354, 368, 385, 
392, 393, 395, 402, 404, 
418, 420, 430, 493, 544 

Dimensions of a rectangular playing 
field, 415 

Dimensions of a rectangular region, 415 

Dimensions of a room, 241 

Dimensions of a screen, 648 

Dimensions of a sidewalk, 399, 404, 418 

Dimensions of a solid, 300 

Dimensions of a square mirror, 329 

Dimensions of a television screen, 354 

Dimensions of a triangle, 245, 250, 385, 
403, 418, 471 

Dimensions of a triangular road sign, 
242 

Distance between porch and ramp, 354 

Floor plan of a building, A10 

Floor space, 75, 479 

Floor space of a house, 300 

Geometric modeling, 385 

Height of an attic, 152 

Height of a flagpole, 117 

Height of a ladder, 354 

Height of a picture frame, 89 


Height of a silo, 117 

Height of a tree, 77 

Length of a diagonal of a basketball 
court, 354 

Length of the diagonal of a solid, 329 

Length of a diagonal of a square, 175 

Length of gas line across basement, 354 

Length of a guy wire, 354 

Length of a pendulum, 355, 368 

Length of a shadow of a man, 77 

Length of a side of a triangle, 76, 353 

Length of traffic sign, 89 

Lengths of pieces of rope, 53, 63 

Line determination, 669 

Maximum height of a truck, 620 

Maximum width of a package, 99 

Open conduit, 403 

Outside dimensions of a picture frame, 
244 

Outside perimeter of a flower garden, 
186 

Perimeter and area of a figure, 45, 47 

Perimeter and area of a rectangle, 214, 
249 

Perimeter and area of a region, 52, 249, 
288 

Perimeter of a figure, 73, 203 

Perimeter of paper, 345, 368 

Perimeter of a piece of glass, 421 

Perimeter of plywood, 337 

Perimeter of a rectangle, 103, 315, 342, 
441, 478 

Perimeter of a square, 175 

Perimeter of a triangle, 537 

Radius ratio, 344 

Ratio of the areas of two circles, 76 

Ratio of the areas of two triangles, 76 

Rectangular region, 473 

Ripples in a pond, 571 

Rope length, 544 

Similar triangles, 117 

Soccer ball, 632 

Square root spiral, 337 

Storage bin for drying grain, 195 

Storage space, 441 

Surface area of a cone, 354 

Surface area of a cube, 175 

Surface area of a rectangular solid, 223 

Surface area of a right circular cylinder, 
223 

Surface area of a sphere, 376 

Triangle formations, 669 

Volume of a bale of hay, 20 

Volume of a box, 175, 245 

Volume of a circular cylinder, 89 

Volume of a cord of wood, 53 
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Volume of a cube, 175, 511 

Volume ratio of swimming pools, 270 

Volume of a right circular cylinder, 421, 
600 

Volume of a sphere, 89 

Volume and surface area of a box, 89 

Volumes of solids, 223 

Width of a lot, 84 

Width of a rectangle, 300 

Width of a window, 89 

Wire length, 192 


INTEREST RATE APPLICATIONS 


Annual interest rate, 414, 419, 604, 610, 
617, 619 

Balance in an account, 19, 30 

Choosing the best investment, 547 

Compound interest, 214, 379, 404, 418, 
554, 555, 558, 583, 585, 599, 
601, 605, 610, 611, 617, 619, 
621, 632, 638, 676 

Effective yield, 606, 611, 617 

Increasing annuity, 647, 650 

Interest, 397 

Investment portfolio, 523, 526, 527, 544, 
545 

Savings plan, 20, 30, 63, 558 

Simple interest, 85, 89, 90, 118, 119, 
152, 223, 233, 308, 429, 433, 
489, 492, 501, 526 


MISCELLANEOUS 
APPLICATIONS 


Access code, 668 

Accuracy of measurements, 113 

Actual weight of a bag of chips, 113 

Aircraft boarding, 668 

Airline passengers, 355 

Auditorium seating, 683 

Baling hay, 640 

Ball game tickets, 461 

Basketball lineup, 669 

Batting average, 307, 315 

Bicycle chainwheel, 464 

Book selection, 679, 683 

Bungee jumping, 651 

Canoe trip, 253 

Card selection, 671, 679, 684 

Child’s game, 678 

Choosing officers, 669 

Circulations of morning and evening 
daily newspapers, 291 

Class election, 677 

Clock chimes, 640, 641 

Coin tossing, 676, 683 

College endowment, 402 


A148 Index of Applications 

College enrollment, 74, 162 

Combination lock, 668 

Committee selection, 669, 683 

Comparing average temperatures, 103 

Comparing elevations, 103 

Continuing education, 678 

Crop yield, A35 

Daily average numbers of miles walked 
by people working at their jobs, 
A28 

Defective spark plugs, 684 

Delivery route, 404 

Depth markers, 163 

Diet supplement, 442 

Enrollment in a liberal arts college, A34 

Estimating 7, 678 

Exam scores, 131, 163, A24, A33, A36 

Favorite baseball player’s performance, 
A36 

Federal debt, 261 

Forming a committee, 675 

Forming a partnership, 315 

Fuel efficiency, 131 

Game show, 679 

Gasoline used on a trip, 201 

Getting a workout, 442 

Girl or boy, 678 

Group selection, 670 

Handling garbage, A34 

Homework questions, 684 

Hospital inspection, 683 

Identification numbers, 668 

Job applicants, 670 

Letter combinations, 663 

License plates, 668, 684 

Lottery, 679 

Map scale, 117 

Meeting time, 678 

Membership drive, 524 

Menu selection, 669 

Meteorites, 678 

Morse code, 683 

Number combinations, 664, 668 

Number of eligible voters, 74 

Number of hits made by softball players, 
A35 

Number of subsets, 669 

Numbers of revenue passengers enplaned 
in the top six airports, 52 

Nut mixture, 87, 501, 527 

Operating temperature of a computer, 
118 

Owning cats, A34 

Parabolic antenna, 479 

Passing grade, 74 


Photocopy rate, 280 

Pile of logs, 640 

Pizza and soda pop, 441 

Playing cards, 677 

Populations of six counties, 75 

Posing for a photograph, 668 

Preparing for a test, 679 

Preprimary school enrollment, A36 

Probability, 249, 279 

Probability of contact lens landing in 
drain, 673 

Probability of a royal flush, 674 

Probability of snow, 684 

Program listing, 683 

Public opinion poll, 77 

Pumping rate, 280 

Quality control, 74, 77, 91, 116 

Random marble selection, 667, 683 

Random number selection, 660, 661 

Ratio of cement to sand, 160 

Recipe enlargement, 116, 172 

Recipe proportions, 77 

Road grade, 152, 192 

Roasting a turkey, 441 

Rolling a die, 683 

Sample space, 676 

Satellite orbit, 463, 478 

School orchestra, 514 

Seating arrangement, 668 

Seed mixture, 80, 87 

Seizure of illegal drugs, 478 

Shelving books, 679 

Six-child families, A36 

Size of a group, 670 

Slope of a plank, 354 

Slope of a ramp, 152, 192 

Soccer club fundraiser, 481 

Softball league, 669 

Staffing choices, 668 

Storage temperature of a computer, 118 

Study hours and TV hours, A30 

Study questions, 678 

Taking a trip, 668 

Target shooting, 683 

Task assignment, 668 

Telephone number, 671 

Telephone number combinations, 662 

Temperature conversion, 161 

Test questions, 669, 671, 677 

Thermostat, 187 

Time management study, 669 

Time study, 113 

Toboggan ride, 668 

Tornadoes, 583 

Tossing a die, 677 


Tractrix, 584 

Universal Product Code, 1 

Ventilation rate, 618 

Weight of an astronaut, 316, 432, 478 

Winning an election, 678 

Work rate, 65, 88, 89, 91, 118, 130, 290, 
Aa, SIO, Shik, SiMe, Sli, S27, 
400, 405, 418, 556 

Work.-rate for a machine, 82 


TIME AND DISTANCE 
APPLICATIONS 


Air speed, 406, 501 

Average speed, 310, 315, 342, 501 

Average speed to be maintained, 118 

Average speed of a trip, 117, 327 

Average speed of a truck, 130, 233, 406 

Ball rolling down an inclined plane, 426 

Distance an Air Force jet can travel, 117 

Distance between two cars, 88 

Distance between two planes, 88 

Distance between two trucks, 88 

Distance catcher has to throw to reach 
second base, 334 

Distance from home to work, 141 

Distance-rate-time, 81, 88 

Distance a runner runs, 86 

Distance to a star, 261 

Distance to the sun, 261 

Distance of a train, 600 

Distance traveled, 270, 545 

Distance traveled by a ball, 651 

Distance traveled by a plane, 175 

Driving time, 88, 91 

Filling a swimming pool, 311 

Flying speeds, 544 

Joggers, 308 

Light years, 261 

Miles driven by a rented car, A36 

Speed of a boat, 310 

Speed of a business minivan, 406 

Speed of a commuter plane, 310 

Speed of a current, 402, 498 

Speed and distance of a ship, 511 

Speed of a person, 310 

Speed of sound, A35 

Stopping distance, 204, 432, 477, 620 

Time between two cars, 119 

Time for a bus to travel, 117 

Time for light to travel, 88 

Time for the space shuttle to travel, 88 

Time it takes to ride a bike, 88 

Time to travel and average speed, 537 

Travel time, 377, 432 

Wind speed, 310 


U.S. DEMOGRAPHICS 
APPLICATIONS 


Aerospace employment, 394 

Average annual amount of tuition and 
fees paid by in-state students in 
U.S., 152 

Average annual expenditures per student 
for primary and secondary 
public schools, 66 

Average hourly wage for bus drivers at 
public schools, 90 

Average hourly wage for cafeteria work- 
ers at public schools, 90 

Average hourly wage for miners in the 
U:S., 36 

Average monthly precipitation in 
Houston, Texas, A27 

Average salary of public school teachers 
in U.S., 337 

Average temperature for Duluth, 
Minnesota, 131 

Cellular phone subscribers, 394 

Charitable giving, 677 

Civilian population of the U.S., 186 

College enrollment increase, 298 

Cost of Medicare, 271 

Crude oil imports into the U.S., A34 

Energy use in the U.S., 75 

Expected number of years of life at 
different ages, 163 

Federal grants-in-aid, 355 


Median price of a one-family home, 560 

Median sales price for homes in the 
Midwest, 39 

National health expenditures, 379 

Number of farms in the U.S., 141 

Number of immigrants to the U.S., A27 

Number of orders for U.S. civil jet 

transport aircraft, 478 

Number of outpatient surgeries 

performed in the U.S., 633 

Number of people who were part of the 

US. labor force, A30 

Number of personnel in the Marine 

Corps reserves, 450 

Number of persons without health insur- 

ance coverage in the U.S., A33 

Number of pieces of first class mail and 
periodicals handled by the U.S. 
post office, A7 

Number of travelers to the U.S., A33 

Number of U.S. military personnel on 
active duty in foreign countries, 
602 

Numbers of students enrolled in public 
and private schools in the U.S., 
176 

Per capita consumption of milk, 204 

Per capita food consumption, 75 

Percent of population that was at least 65 
years old, A25 

Population of California, 124 
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Population growth, 493, 607, 613, 650, 
683 

Population projections for the U.S., 248 

Population of urban regions, 612 

Population of the U.S., 558 

Production of newsprint, 513 

Seasonal snowfall at Lincoln, Nebraska, 
A33 

Subscribers to a cellular phone service, 
280 

Survey of adults who wore Halloween 
costuines, 674 

Survey of students about weight, 672 

Total expenditures for public elementary 
and secondary schools in the 
WSs 59 

USS. aircraft industry, 502 

U.S. blood types, 677 

U.S. government’s annual net receipts, 
510 

World population, 612 


A150 


Abacus, 17 
Absolute value, 7 
equation, 105 
graph of, 136 
solving, 105 
standard form, 106 
inequality, solving, 108 
Acute 
angle, All 
triangle, A13 
Addition 
of complex numbers, 359 
of fractions, 12 
with like denominators, 282 
with unlike denominators, 283 
of polynomials, 196 
of radicals, 333 
of two real numbers, | 1 
Addition Property of Equality, 24, 57 
Additive Identity Property, 22 
Additive inverse, 7 
Additive Inverse Property, 22 
Adjacent angles, All 
Algebraic 
expression, 31 
evaluating, 33 
terms of, 31 
inequality, 92 
Alternate exterior angles, A18 
Alternate Exterior Angles Theorem, A19 
Alternate interior angles, A18 
Alternate Interior Angles Theorem, A19 
Angle(s), All 
acute, All 
adjacent, All 
alternate exterior, A18 
alternate interior, A18 
complementary, Al7 
consecutive interior, A18 
corresponding, A18 
exterior, All, A19 
interior, All, A19 
linear pair, A17 
obtuse, Al1 
pairs of, A16 
definition of, A17 
right, Al1 
straight, Al1 
supplementary, A17 
vertical, A17 
Approximately equal to, 3 


Area formulas, 83 
Area of a triangle, 534 
Argument, A49 
Arithmetic sequence, 624, 634 
common difference, 634 
nth partial sum of, 636 
nth term of, 635 
Associative Property 
of Addition, 22 
of Multiplication, 22 
Asymptote, 466 
guidelines for finding, 466 
horizontal, 466 
of a hyperbola, 457 
vertical, 466 
Augmented matrix, 516 
Average, A31 
Axis of a parabola, 443 


B 


Bar graph, A26 
Base of exponential form, 15 
Base number of a percent equation, 68 
Base of a triangle, Al3 
Biconditional statement, A44 
Bimodal, A31 
Binomial, 196, 653 
coefficients, 653 
expansion, 656 
Binomial Theorem, 653 
Bounded intervals, 92 
Branch 
of a graph of a rational function, 465 
of a hyperbola, 457 
Break-even point, 488 


C 


Cancellation Property 

of Addition, 24 

of Multiplication, 24 
Cancellation Rule, 264 
Cartesian plane, 122 
Cayley, Arthur (1821-1895), 529 
Center of a circle, 453, 454 
Central rectangle of a hyperbola, 457 
Change-of-base formula, 579 
Characteristics of a function, 166 
Circle, 453 

center of, 453, 454 

radius of, 453, 454 

standard form of the equation of, 453, 

454 


Coefficient, 31, 196 

binomial, 653 
Coefficient matrix, 516 
Collinear, 129, A10 
Common difference, 634 
Common formulas, 83 
Common logarithmic function, 575 
Common ratio, 642 
Commutative Property 

of Addition, 22 

of Multiplication, 22 
Complementary angles, A17 
Completely factored, 220 
Completing the square, 380 
Complex conjugate, 360 
Complex fraction, 276, 286 
Complex number(s), 358 

addition of, 359 

division of, 360 

imaginary part of, 359 

multiplication of, 359 

real part of, 359 

standard form of, 358 

subtraction of, 359 
Composite function, 561 

domain of, 562 
Composition of two functions, 561 
Compound inequality, 96 
Compound interest, 554 

continuous, 554 

formulas for, 554 
Compound statements, A38 
Compression ratio, 76 
Conclusion, A42, A49 
Condensing a logarithmic expression, 

588 

Conditional equation, 56 
Congruent 

angles, All 

figures, A8 

segments, All 

triangles, A12 
Conic, 453 
Conic section, 453 
Conjugate, 339 

complex, 360 
Conjunction, A38 
Conjunctive inequality, 96 
Consecutive integers, 44 
Consecutive interior angles, A18 
Consecutive Interior Angles Theorem, 

Al9 


Consistent system, 483 
Constant, 31 
Constant denominator, equations 
containing, 301 

Constant of proportionality, 424 
Constant term, 31 

of a polynomial, 196 
Continuous compounding, 554 
Contrapositive of a statement, A44 
Converse of a statement, A44 
Coordinates, 122 
Correlation 

negative, A29 

positive, A29 
Corresponding angles, A18 
Corresponding Angles Postulate, A18 
Cost, 78 
Co-vertices of an ellipse, 455 
Cramer, Gabriel (1704-1752), 532 
Cramer’s Rule, 532 
Critical numbers, 407, 411 
Cube root, 320 
Cubing, 15 


D 


Definition 
of an arithmetic sequence, 634 
of a complex number, 358 
of the composition of two functions, 
561 
of the determinant of a 2 x 2 matrix, 
529 
of an exponential function, 548 
of factorial, 626 
of a function, 165 
of a geometric sequence, 642 
of intercepts, 137 
of the inverse of a function, 564 
of a linear equation, 58 
of a logarithmic function, 573 
of negative exponents, 254 
of the nth root of a number, 320 
for pairs of angles, A17 
of permutation, 663 
of a polynomial in x, 196 
of a rational function, 262 
of a rational exponent, 323 
of a relation, 164 
of series, 627 
of sigma notation, 628 
of the slope of a line, 142 
of a statement, A37 
of zero exponents, 254 
Degree of a polynomial, 196 
DeMorgan’s Laws, A39, A44 
Denominator, 14 


Dependent 

system, 483 

variable, 167 
Descartes, René (1596-1650), 122 
Determinant, 529 
Difference, 11 

of two cubes, 219 

of two squares, 218 
Direct variation, 424 

as nth power, 426 
Discount, 79 
Discount rate, 79 
Discriminant, 390 
Disjunction, A38 
Disjunctive inequality, 96 
Distance 

between a and b, 6 

between two real numbers, 6 
Distance Formula, 128 
Distance-rate-time formula, 83 
Distributive Property, 22 
Dividend, 14, 293 


Dividing a polynomial by a monomial, 


292 
Division 
of complex numbers, 360 
long, 293 
of radical expressions, 340 
of radicals, 330 
of rational expressions, 275 
synthetic, 296 
of two real numbers, !4 
Division Property of Zero, 24 
Divisor, 14, 293 
Domain 
of a composite function, 562 
of a function, 165, 168 
implied, 170 
of a radical function, 326 
of a rational function, 262 
of a relation, 164 
Double inequality, 96 
Double solution, 372 


E 


Effective yield, 606 
Elementary row operations, 518 
Elimination, Gaussian, with back- 
substitution, 520 
Ellipse, 455 
co-vertices of, 455 
focus of, 455 
major axis of, 455 
minor axis of, 455 


standard form of the equation of, 455 


vertices of, 455 
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Endpoints of an interval, 92 
Entry of a matrix, 516 
Equation(s), 56 

absolute value, 105 


of a circle, standard form, 453, 454 


conditional, 56 


containing constant denominators, 301 
containing variable denominators, 303 


of an ellipse, standard form, 455 
equivalent, 504 
operations that produce, 504 
first-degree, 58 
graph of, 134 
of a hyperbola, standard form, 457 
of a line 
general form, 158 
point-slope form, 155 
slope-intercept form, 146 
summary, 158 
two-point form, 156, 536 
linear, 58, 134 
percent, 68 
position, 508 
profit, 200 
quadratic, 237 
quadratic form, 375 
radical, solution of, 346 
satisfy, 56 
solution set, 56 
solving, 56 
systems of, 482 
Equiangular triangle, A13 
Equilateral triangle, A13 
Equivalent, 504 
Equivalent inequalities, 94 
Evaluating an expression, 33 
Evaluating a function, 168 
Event, 671 
Expanding 
a binomial, 656 
a logarithmic expression, 588 
by minors, 530 
Exponent(s), 15 
inverse properties of, 595 
negative, 254 
rational, 323 
rules of, 32 


summary of rules of, 206, 255, 323 


zero, 254 
Exponential decay, 606 
Exponential equation 

properties of, 594 

solving, 597 
Exponential form, 15 
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Exponential function, 548 

f with base a, 548 

graph of, 550 

natural, 552 

rules of, 549 
Exponential growth model, 606 
Exponential notation, 15 
Exponentiate, 597 
Expression 

condensing a logarithmic, 588 

expanding a logarithmic, 588 
Exterior angle, Al1, A19 
Exterior Angle Theorem, A20 
Extracting complex square roots, 374 
Extracting square roots, 373 


F 


Factor, 13 
Factorial, 626 
Factoring 
difference of two squares, 218 
by grouping, 217 
polynomials, 215 
guidelines, 232 
quadratic equation, 372 
sum and difference of two cubes, 219 
trinomials, 226 
x? + bx + c, guidelines for, 227 
Factoring out, 215 
Fallacy, A51 
Fermat, Pierre de (1601-1665), 372 
Finite sequence, 624 
First-degree equation, 58 
Fitting a line to data, A30 
Foci of a hyperbola, 457 
Focus of an ellipse, 455 
FOIL Method, 207, 338 
Formulas, 83 
area, 83 
common, 83 
compound interest, 554 
distance-rate-time, 83 
Distance, 128 
miscellaneous, 83 
perimeter, 83 
simple interest, 83 
temperature, 83 
volume, 83 
Fourier, Joseph (1768-1830), 644 
Fraction(s), 3 
addition of, 12 
with like denominators, 282 
with unlike denominators, 283 
complex, 276, 286 
multiplication, 14 


subtraction of, 12 
with like denominators, 282 
with unlike denominators, 283 
Frequency distribution, A26 
Function(s), 165, 624 
characteristics of, 166 
composite, 561 
domain of, 165 \ 
evaluating, 168 
exponential, 548 
natural, 552 
graph of, 177 
inverse, 563 
logarithmic, 573 
common, 575 
natural, 578 
notation, 168 
domain, 168 
name, 168 
range, 168 
value of f at x, 168 
one-to-one, 563 
piecewise-defined, 169 
position, 199 
range of, 165 
rational, 262 
graph of, 465 
Fundamental Counting Principle, 662 


G 


Galilei, Galileo (1564-1642), 199 
Gaussian elimination with back 
substitution, 520 
Gear ratio, 76 
General form 
of the equation of a line, 158 
of a polynomial equation, 238 
Geometric sequence, 624, 642 
common ratio, 642 
nth partial sum of, 644 
nth term of, 643 
Geometric series, 644 
Godel, Kurt (1906-1978), 57 
Golden section, 341 
Graph 
of an absolute value equation, 136 
bar graph, A26 
of an equation, 134 
of an exponential function, 550 
of a function, 177 
histogram, A26 
of an inequality, 92, 436 
of an inverse function, 566 
line, A27 
of a linear equation, 134 
of a logarithmic function, 576 


of a quadratic function, 443 
of a rational function, 465 
scatter plot, A29 
stem-and-leaf plot, A24 
Graphical interpretation of solutions, 483 
Graphing 
of an equation with a T/-83 graphing 
calculator, A2 
point-plotting method, 134, 135 
Greater than, 5 
Greater than or equal to, 5 
Greatest common factor, 215 
Greatest common monomial factor, 215, 
216 
Guidelines 
for factoring 
ax? + bx + c, 228 
a polynomial, 232 
x2 + bx + c, 227 
for finding asymptotes, 466 
for graphing 
a linear inequality, 437 
a rational function, 468 
for solving a quadratic equation, 238 
for verifying a solution, 126 
Gunter, Edmund (1581-1626), 586 


H 


Half-life, 608 
Half-planes, 436 
Hidden product, 78 
Histogram, A26 
Horizontal asymptote, 466 
Horizontal Line Test for inverse 
functions, 563 
Horizontal shifts, 180 
Hypatia (370-415 a.p.), 453 
Hyperbola, 457 
asymptotes of, 457 
branch of, 457 
foci of, 457 
standard form of the equation of, 457 
transverse axis of, 457 
Hypotenuse of a triangle, A13 
Hypothesis, A42 


Identity, 56 

i-form, 356 

Imaginary number, 358 

Imaginary unit i, 356 

Implication, A42 
negation of, A44 

Implied domain, 170 

Inconsistent system, 483 

Increasing annuity, 647 


Independent variable, 167 
Index of the radical, 320 
Index of summation, 628 
Inequality 
algebraic, 92 
compound, 96 
conjunctive, 96 
disjunctive, 96 
double, 96 
equivalent, 94 
graph of, 92, 436 
linear, 95, 435 
guidelines for graphing, 437 
solution of, 435 
properties of, 94 
quadratic, 408 
rational, 411 
satisfy, 92 
solving, 92 
symbols, 5 
Infinite, 92 
Infinite geometric series, 644 
sum of, 645 
Infinite sequence, 624 
Infinite series, 627 
Initial height, 199 
Initial velocity, 199 
Integer, 2 
consecutive, 44 
negative, 2 
positive, 2 
Intensity model, 609 
Intercepts, 137 
Interior angle, Al1, A19 
Intersecting lines, A18 
Intersection of sets, 97 
Inverse function(s), 563 
finding the, 565 
graph of, 566 
Horizontal Line Test for, 563 
Inverse properties 
of exponents and logarithms, 595 
of nth powers and nth roots, 322 
Inverse of a statement, A44 
Inverse variation, 427 
Irrational, 3 
Isosceles triangle, A13 


J 


Joint variation, 429 


L 


Labels for integers, 44 

Law 
of Contraposition, A44, A50 
of Detachment, A49, A50 


of Disjunctive Syllogism, A50 
of Double Negation, A44 
of Excluded Middle, A44 
of Implication, A44 
of Transitivity, ASO 
of Trichotomy, 8 
Laws of logic, A37, A44 
Leading coefficient of a polynomial, 196 
Least common denominator, 12, 284 
Least common multiple, 12, 283 
Least squares regression line, A31 
Legs of a triangle, A13 
Length of an interval, 92 
Less than, 5 
Less than or equal to, 5 
Like terms, 33 
Line(s), A10 
intersecting, Al8 
oblique, A18 
parallel, A18 
perpendicular, A18 
Line graph, A27 
Line segment, A10 
Linear 
equation, 58, 134 
graph of, 134 
extrapolation, 159 
inequality, 95, 435 
guidelines for graphing, 437 
solution of, 435 
interpolation, 159 
pair of angles, A17 
Linear Pair Postulate, A17 
Logarithm 
inverse properties of, 595 
natural, properties of, 578 
properties of, 575, 586 
of x with base a, 573 
Logarithmic equation 
properties of, 594 
solving, 597 
Logarithmic function, 573 
with base a, 573 
common, 575 
graph of, 576 
natural, 578 
Logical quantifiers, A44 
Logically equivalent, A39 
Long division, 293 
Lower limit of summation, 628 


M 


Major axis of an ellipse, 455 
Mandelbrot, Benoit (1924 — ), 359 
Markup, 78 

Markup rate, 78 
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Mathematical modeling, 67 
Mathematical system, 23 
Matrix, 516 
augmented, 516 
coefficient, 516 
determinant of, 529 
elementary row operations, 518 
entry of, 516 
minor, 530 
order of, 516 
row-echelon form, 519 
row-equivalent, 518 
square, 516 
Mean, A31 
Measure of central tendency, A31 
average, A31 
mean, A31 
median, A31 
mode, A31 
Median, A31 
Method of elimination, 494, 495 
Method of substitution, 486 
Minor axis of an ellipse, 455 
Miscellaneous common formulas, 83 
Mixture problems, 80 
Mode, A31 
Modus Ponens, A49, A50 
Modus Tollens, ASO 
Monomial, 196 
Multiplication 
by —1, 24 
of complex numbers, 359 
of radical expressions, 338 
of radicals, 330 
of rational expressions, 272 
of two fractions, 14 
of two real numbers, 13 
Multiplication Property of Equality, 24, 
57 
Multiplication Property of Zero, 24 
Multiplicative Identity Property, 22 
Multiplicative Inverse Property, 22 


N 


Name of a function, 168 

Natural base, 552 

Natural exponential function, 552 
Natural logarithmic function, 578 
Natural numbers, 2 

Negation, A38 

Negation of an implication, A44 
Negative 

correlation, A29 

exponent, 254 

infinity, 93 

integer, 2 


A154 Index 

number, 4 

square root of, 356 

Nonnegative real number, 4 
nth partial sum 

of an arithmetic sequence, 636 

of a geometric sequence, 644 
nth root of a, 320 

properties of, 321 
nth term 

of an arithmetic sequence, 635 

of a geometric sequence, 643 
Number 

complex, 358 

imaginary, 358 

natural, 2 

negative, 4 

nonnegative real, 4 

positive, 4 

rational, 3 

real, 2 

whole, 2 
Number of combinations of n elements 
taken r at a time, 665 
Number of permutations of n elements, 
664 
Number of solutions of a linear system, 
507 
Numerator, 14 


O 


Oblique lines, A18 
Obtuse 

angle, All 

triangle, A13 
One-to-one function, 563 
Open statement, A37 
Operations of logic, A38 

conjunction, A38 

disjunction, A38 

negation, A38 
Operations that produce equivalent 

systems, 504 

Opposite of a number, 7 
Opposite rays, A10 
Order, 5 
Order of a matrix, 516 
Order of operations, 16 
Ordered pair, 122 
Ordered triple, 503 
Origin, 4, 122 


P 


Parabola, 135, 443 
axis of, 443 
sketching a, 445 


vertex of, 443 
Parallel lines, 148, A18 
Partial sum, 627 
Pascal, Blaise (1623-1662), 655 
Pascal’s Triangle, 655 
Percent, 68 
Percent equation, 68 
Perfect cubes, 321 
Perfect square trinomial, 225 
Perfect squares, 321 
Perimeter formulas, 83 
Permutation, 663 
Perpendicular lines, 148, A18 
Perpendicular Transversal Theorem, A19 
Piecewise-defined function, 169 
Placement of Minus Signs, 24 
Plane, A1O 
Plotting, 4, 123 
Point, A1l0 
Points of intersection, 483 
Polynomial(s) 
addition of, 196 
constant term, 196 
equation, general form, 238 
factoring, 215 
guidelines for, 232 
finding test intervals for, 407 
leading coefficient, 196 
in one variable, 196 
prime, 220 
standard form, 196 
subtraction of, 196 
zero of, 407 
Position equation, 508 
Position function, 199 
Positive 
correlation, A29 
infinity, 93 
integer, 2 
number, 4 
Premises, A49 
Price-earnings ratio, 75 
Principal nth root of a number, 320 
Probability 
of an event, 671 
sample space, 671 
Product, 13 
Product of Two Opposites, 24 
Profit equation, 200 
Properties 
Additive Identity, 22 
Additive Inverse, 22 
Associative Property of Addition, 22 
Associative Property of 
Multiplication, 22 
Commutative Property of Addition, 22 


Commutative Property of 
Multiplication, 22 
Distributive, 22 
of Equality, 24, 57 
Addition Property, 24, 57 
Cancellation Property, 24 
Multiplication Property, 24, 57 
of exponential and logarithmic 
equations, 594 
of inequalities, 94 
inverse, of nth powers and nth roots, 
B22 
of logarithms, 575, 586 
Multiplicative Identity, 22 
Multiplicative Inverse, 22 
of natural logarithms, 578 
of Negation, 24 
Multiplication by — 1, 24 
Placement of Minus Signs, 24 
Product of Two Opposites, 24 
of nth roots, 321 
of real numbers, 22 
of Zero, 24 
Division Property, 24 
Division by Zero is Undefined, 24 
Multiplication Property, 24 
Zero-Factor, 236 
Proportion, 71 
Pythagorean Theorem, 127, 334 


Q 


Quadrant, 122 
Quadratic equation, 237 
solving 
by completing the square, 380 
by extracting square roots, 373 
by factoring, 372 
guidelines for, 238 
summary of methods for, 391 
using the Quadratic Formula, 387 
Quadratic form, 375 
Quadratic Formula, 387 
Quadratic function 
graph of, 443 
standard form of, 443 
Quadratic inequality, 408 
standard form, 408 
Quotient, 14, 293 


R 


Radical 
addition of, 333 
division of, 330 
equation, solution of, 346 
expression 
division of, 340 


multiplication of, 338 

simplifying, 332 
function, domain of, 326 
index of, 320 
multiplication of, 330 


removing perfect square factors from, 


330 
subtraction of, 333 
symbol, 320 
Radicand, 320 
Radioactive decay, 553 
Radius of a circle, 453, 454 
Range 
of a function, 165, 168 
of a relation, 164 
Rate problems, 81 
Rate of work, 82 
Ratio, 70 
Rational exponent, 323 
Rational expression(s) 
division of, 275 
multiplication of, 272 
in reduced form, 264 
simplified, 264 
Rational function(s) 
definition of, 262 
domain of, 262 
graph of, 465 
branches, 465 
guidelines for graphing, 468 
Rational inequality, 411 
Rational number, 3 
Ray, A10 
Ray, opposite, A10 
Real number line, 4 
Real numbers, 2 
addition of two, 11 
division of two, 14 
multiplication of two, 13 
properties of, 22 
subtraction of two, 11 
Reciprocal, 14 
Rectangular coordinate system, 122 
Recursion formula, 635 
Red herring, 82 
Reflection 
in the coordinate axes, 181 
in the x-axis, 181 
in the y-axis, 181 
Relation, 164 
domain of, 164 
range of, 164 
Remainder, 293 


Removing perfect square factors from 


the radical, 330 
Repeated solution, 372 


Richter scale, 609 
Right 
angle, All 
triangle, A13 
Root 
complex square, extracting, 374 
cube, 320 
nth, 320 
principal nth, 320 
square, 320 
extracting, 373 
Rounded, 3 
Row-echelon form, 503, 519 
Row-equivalent, 518 
Row operations, 504 
Rules of exponents, 32 
Rules of exponential functions, 549 


S 


Sample space, 671 
Scalene triangle, A13 
Scatter plot, 159, A29 
Scientific notation, 257 
Segment, A10 
Sequence, 624 
arithmetic, 624, 634 
finite, 624 
geometric, 624, 642 
infinite, 624 
term of, 624 
Series, 627 
geometric, 644 
infinite, 627 
geometric, 644 
partial sum, 627 
SenrZ 
Sigma notation, 628 
Similar figures, A9 
Simple interest formula, 83 
Simplify, 33 
a radical expression, 332 
a rational expression, 264 
Sketching a parabola, 445 
Slope of a line, 144 
definition of, 142 
Solution, 125 
double, 372 
of an equation, 56 
guidelines for verifying, 126 
of an inequality, 92 


of a linear inequality in x and y, 435 


of a linear system, number of, 507 
point, 125 

of a radical equation, 346 
repeated, 372 

set of an equation, 92 
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set of an inequality, 92 

of a system of equations, 482 
Solving 

an absolute value equation, 105 

an absolute value inequality, 108 

an equation, 56 

exponential and logarithmic 

equations, 597 

an inequality, 92 

a system of equations, 482 
Special products, 209 

square of a binomial, 209 


sum and difference of two terms, 209 


Square, completing the, 380 
Square of a binomial, 209 
Square matrix, 516 
Square root, 320 
extracting, 373 
complex, 374 
of a negative number, 356 
Standard form 
of an absolute value equation, 106 
of a complex number, 358 
of the equation 
of a circle, 453, 454 
of an ellipse, 455 
of a hyperbola, 457 
of a polynomial, 196 
of a quadratic function, 443 
of a quadratic inequality, 408 
Statement, A37 
biconditional, A44 
compound, A38 
open, A37 
Statistics 
average, A31 
bar graph, A26 
bimodal, A31 
correlation 
negative, A29 
positive, A29 
fitting a line to data, A30 
frequency distribution, A26 
histogram, A26 
least squares regression line, A31 
line graph, A27 
mean, A31 
measure of central tendency, A31 
median, A31 
mode, A31 
scatter plot, A29 
stem-and-leaf plot, A24 
sum of the squared differences, A31 
Stem-and-leaf plot, A24 
Straight angle, All 
Straight-line depreciation, 138 


A156 Index 
Strategy for solving word problems, 72 
Subset, 2 
Subtraction 
of complex numbers, 359 
of fractions, 12 
with like denominators, 282 
with unlike denominators, 283 
of polynomials, 196 
of radicals, 333 
of two real numbers, 11 
Sum, 11 
of an infinite geometric series, 645 
of the squared differences, A31 
Sum and difference 
of two cubes, 219 
of two terms, 209 
Summary 
of equations of lines, 158 
of methods for solving quadratic 
equations, 391 
of rules of exponents, 206, 255, 323 
Summation 
index of, 628 
lower limit of, 628 
upper limit of, 628 
Supplementary angles, A17 
Syllogism, A50 
Synthetic division, 296 
for a third-degree polynomial, 296 
Systems of equations, 482 
consistent, 483 
dependent, 483 
inconsistent, 483 
solution of, 482 
solving 
method of elimination, 494, 495 
method of substitution, 486 


T 


Table of values, 125 
Tautologies, A39 
Temperature formula, 83 
Term of a sequence, 624 
Terms, 11 
of an algebraic expression, 31 
constant, 31 


like, 33 
variable, 31 
Test for collinear points, 535 
Test intervals for a polynomial inequality, 
407 
Translating phrases into algebraic 
expressions, 40 
Transversal, Al7 —, 
Transverse axis of a hyperbola, 457 
Triangle 
acute, A1l3 
area of, 534 
base of, A13 
equiangular, A13 
equilateral, A13 
hypotenuse, A13 
isosceles, A13 
legs of, A13 
obtuse, Al3 
right, A1l3 
scalene, A13 
vertex of, A1l3 
Triangle Sum Theorem, A20 
Trinomial, 196 
factoring, 226 
ax? + bx + c, 228 
perfect square, 225 
x2 + bx + c, 227 
Truth table, A39 
Two-point form of the equation of a line, 
156, 536 


U 


Unbounded, 92 

Unbounded intervals, 93 
Union of sets, 97 

Unit price, 70 

Upper limit of summation, 628 


Vv 


Valid argument, A49 
Valid conclusion, A52 
Value of f at x, 168 
Variable, 31 
dependent, 167 
independent, 167 


terms, 31 

Variable denominator, equations 
containing, 303 

Variation 

direct, 424 

inverse, 427 

joint, 429 
Venn diagrams, A46 
Vertex, 

of a parabola, 443 

of a triangle, A13 
Vertical angles, A17 
Vertical Angles Theorem, A17 
Vertical asymptote, 466 
Vertical Line Test, 179 
Vertical shifts, 180 
Vertices of an ellipse, 455 
Volume formulas, 83 


WwW 


Wallis, John (1616-1703), 93 
Weierstrass, Karl (1815-1897), 264 
Whole numbers, 2 


Xx 


x-axis, 122 
reflection in, 181 

x-coordinate, 122 

x-intercept, 137 


Yi; 


y-axis, 122 
reflection in, 181 

y-coordinate, 122 

y-intercept, 137 


TAS, 7 
exponent, 254 
of a polynomial, 407 
properties of, 24 
Zero-Factor Property, 236 
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SMARTHINKING 
SMARTHINKING/HOUGHTON MIFFLIN MATHEMATICS PARTNERSHIP FAQ’S 


What is SMARTHINKING? SMARTHINKING provides higher-ed students with live, one-on-one, online 
academic support in core college courses. In addition, SMARTHINKING can capture tutoring sessions, providing 
institutions with valuable feedback to better understand their students’ needs. 


How does it work? Students simply log on to the SMARTHINKING Website, choose their tutor, and begin their 
session. Our innovative technology allows the tutor and student to chat through tutoring sessions online while 
working on virtual whiteboards appearing on both the tutor and student's computer screens. This seamless 
technology provides the most accurate and personal tutoring session possible for remote users. 


Why? SMARTHINKING is a student-centric service developed to meet the needs of today’s students whether they 
are traditional, non-traditional, distance-ed, full-time or part-time. Busy, geographically dispersed students can 
have access to our highly qualified and trained e-structors on demand, from wherever they are. 


Quality - SMARTHINKING tutors are highly qualified graduate students, community college faculty, high school 
teachers, and retired educators. All tutors have substantial experience teaching and tutoring in their subject areas, 
and participate in SMARTHINKING’s rigorous training program designed to build facility with online tutoring. In 
addition, each tutor undergoes a careful security and academic credentials screening process. 


LIVE ACADEMIC SUPPORT FOR HOUGHTON MIFFLIN MATH TEXTS — HOW IT WORKS: 


When — Mathematics and Statistics tutors will be on call from 9pm — lam EST beginning in the fall of 2001 
(currently they are available 7 days a week from 8 pm — 11pm EST). Students will be offered live, one-on-one, 
text-specific tutoring during these hours. Students may also submit questions outside of the scheduled hours for a 
reply within 24 hours. In addition, students will be given access to SMARTHINKING’s independent study 
resources offered 24 hours a day, 7 days a week. 


How — If a professor orders the appropriate package from Houghton Mifflin, their students will find a FREE 
password card with the supported textbook. To begin, students first create a personal account: 
e Log on to: http://www.smarthinking,com/houghton.html, 
¢ Click on the appropriate button and enter the information from their password card. 
e Complete student profile and create new username and password 
e Students will then login using their new username and password, and have access to 
the SMARTHINKING service. 


What —- SMARTHINKING will support the following Houghton Mifflin texts (this list is subject to change): 

e Aufmann Series: Elementary Algebra with Applications 5/e, Intermediate Algebra with Applications 
5/e, Algebra: Introductory and Intermediate 2/e, Basic College Mathematics S/e 

e Larson Series: Elementary Algebra 3/e, Intermediate Algebra 3/e, Elementary and Intermediate 
Algebra 3/e, College Algebra 5/e, Precalculus 5/e, Trigonometry 5/e, College Algebra: A Graphing 
Approach 3/e, Algebra and Trigonometry: A Graphing Approach 3/e, Precalculus: A Graphing 
Approach 3/e, Precalculus Functions and Graphs: A Graphing Approach 3/e, Precalculus with Limits: 

_ A Graphing Approach 3/e, College Algebra: Concepts and Models 3/e 

¢ Hubbard Series: College Algebra: Visualizing and Determining Solutions, Elementary Algebra 2/e, 
Intermediate Algebra 2/e 

e Bello Series: Topics in Contemporary Mathematics 7/e 

e Brase Series: Understanding Basic Statistics 2/e, Understandable Statistics 6/e 

e All of our major 2002 titles including Larson Calculus 7/e, LaTorre Calculus Concepts 2/e, Aufmann 
Prealgebra 3/e, Hubbard Elementary & Intermediate Algebra: Discovery and Visualization 3/e, Aufmann College 
Algebra 4/e, Aufmann College Algebra and Trigonometry 4/e, Aufmann Trigonometry 4/e. 


Some Specifics ~ Here are some questions asked so far by prospective users of SMARTHINKING 


Q: Can instructors get accounts and if so what is the difference between a student account and instructor 
account? 

A: Well the registration process is a bit different to begin with (ask your Houghton Mifflin sales rep for details on 
how to set up an instructor account). After that the only difference is that instructors have access to all of the site’s 
features 24 hours a day. Student access to live tutoring is for a limited set of hours. Students have access to all of 
the other features of the service 24 hours a day. 


Q: Will SMARTHINKING E-structors give students answers to homework problems? 

A: ABSOLUTELY NOT. The E-structors instead help students to formulate problem solving strategies and help 
them develop their own reasoning and mathematical skills. E-structors do NOT do homework, correct papers, or 
predict grades. 


Q: Can more than one student work with an E-structor in a live classroom whiteboard at the SAME time? 
A: Yes. There are two siodes the student can use. The first is live chat. In this mode, multiple students can all 
interact with each other and the tutor. The second is live tutorial. In this mode, students may submit questions to 
the tutor one by one, but cannot communicate with each other. All of the students in the tutorial can see the 
submitted question, and can watch the tutors response. Important Note: Most of SMARTHINKING’s student- 
tutor interactions are one-to-one. A student can be invoived in group study sessions only if he/she prefers, thus 
ensuring the undivided attention of the tutor. 


Q: Ifa student logs on and he/she wants to go to a live classroom but it is "occupied" how long does he/she 
have to wait? 

A: This will be a function the amount of tutors SMARTHINKING has available at any given time. 
SMARTHINKING is taking all measures to ensure that there are enough tutors (especially during periods of high 
volume) to help students with minimal wait. 


Q: What if many students log on at the same time and their is a backlog? 

A: SMARTHINKING will be allocating more tutors during periods of high volume. This way, any minor delays 
will be kept to a minimum. So far SMARTHINKING has been successful handling this. Also SMARTHINKING 
constantly monitors student usage and wait times very closely, and if it appears that a significant backlog exists, 
more tutors can be added. Furthermore, if a student does experience a backlog, s/he could always submit a 


question asynchronously for a response within 24 hours. Alternatively, the student can pre-schedule a live session 
with a tutor. 


Q: Will the e-structors be "versed" in all of the Houghton books involved in this program? 

A: Weare very confident that SMARTHINKING e-structors will be able to answer all of the questions from these 
textbooks, spanning from Arithmetic to Calculus. Given their high qualifications and teaching background, all of 
the E-structors are all very well versed in the subjects. 


Q: Can interested instructors use a whiteboard with his/her students while they are online? 

A: No. Instructors interested in this should contact SMARTHINKING directly via their website. The whiteboard 
technology developed for the site is a licensed product and is available to interested faculty or institutions through 
SMARTHINKING only and not through the Houghton Mifflin’SMARTHINKING on-line tutoring partnership 
which is designed to provide free tutoring from E-structors to students purchasing HMCo math texts. 


Q: I'm worried about my students having technical problems and I also have some students who are a bit 
challenged when they use technology. So what kind of technical and other support is SMARTHINKING 
ready to offer them? 

A: SMARTHINKING realizes that faculty members do not want to bother with technical issues, or any other 
issues the student is having with this service, For this reason, SMARTHINKING has developed a team of customer 
service specialists waiting to help students having trouble logging in, forgotten passwords, browser issues, or 
anything other issues. Thus, instructors will never have to worry about technical issues with SMARTHINKING. 
Students can call SMARTHINKING customer specialists at 1-888-688-7560, Extension 4. Alternatively, the 


student can email our team at support@smarthinking.com. All of this information is accessible from the 
SMARTHINKING website, under the listing "Customer Support" . 


Introducing a revolutionary support system for your 
classroom from Houghton Mifflin: 
HM? 


HM? is a Windows-based CD-ROM tutorial program that will accompany a range of our 
developmental math texts. 


HM? HAS IT ALL: 


An infinite number of exercises. 

A complete classroom management system built into the tutorial. 
Instant reinforcement and feedback for students. 

Free response questions. 

Ability to repeat the same problem type. 

A voice that coincides with your HMCo textbook. 
Networking options. 

Printing capabilities. 

Interactive features including movie clips and animations. 
Resizable screen. 

Easy to use. 

And much more! 


HM? Tutorial: Math, Management, and Mastery. 


Complete support students. 
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Special Products 


Square of a Binomial 
(u + v)? = u2 + Quy + v? 


(u — v)? = u? — 2uv + v2 


Sum and Difference of Two Terms 


(u + vu — v) = uv - 


Factoring Polynomials: Special Forms 


Difference of Two Squares 


uw — y? = (u + v)(u — v) 


Perfect Square Trinomials 
u? + 2uv + v2 = (u + v)? 


u2 — Quy + v? = (u — v)? 


Sum of Two Cubes 


w+ v= (u + v)(u2 — w + v) 


Difference of Two Cubes 


w — v2 = (u — v)(u2 + uv + v?) 


Slope of a Line 


slat Sia ye Change in y 


xX, — x, Change in x 


Conversions 


Equations of Lines 


Slope-Intercept Form 


y = mx + b, mis the slope, and (0, b) is the 
y-intercept. 


Point-Slope Form 


y — y, = m(x — x,), mis the slope, and (x,, y,) is 


a point on the line. 


Horizontal Line 


y=b, bis areal number. 


Vertical Line 


x =a, ais areal number. 


Parallel Lines ; y 


Two nonvertical lines are 
parallel if they have the 
same slope. 


2 


Perpendicular Lines . 


Two lines are perpendicular [2 
if and only if their slopes are 
negative reciprocals of each 


other. 
1 
nis 
my, 
or 
m,°m, = —1 


1 foot = 12 inches 

1 mile = 5280 feet 

1 kilometer = 1000 meters 
1 kilometer ~ 0.6214 miles 
1 meter ~ 39.370 inches 

1 foot ~ 30.480 centimeters 
1 liter ~ 1.057 quarts 

1 ton = 2000 pounds 

1 kilogram ~ 2,205 pounds 


1 yard = 3 feet 
1 mile = 1760 yards 


1 meter = 100 centimeters . 


1 mile ~ 1.609 kilometers 

1 centimeter ~ 0.3937 inch 
1 inch ~ 2.540 centimeters 
1 gallon ~ 3.785 liters 

1 pound = 16 ounces 

1 pound ~ 0.454 kilogram 


1 acre = 4840 square yards 
1 square mile = 640 acres 
1 meter = 1000 millimeters 
1 meter ~ 3.282 feet 

1 foot ~ 0.305 meter 

1 gallon = 4 quarts 

1 quart ~ 0.946 liter 

1 kilogram = 1000 grams 

1 gram ~ 0.035 ounce 


Special Products Equations of Lines 


Square of a Binomial Slope-Intercept Form 
(u + v)? = u2 + 2uv + vy y = mx + b, mis the slope, and (0, b) is the 
(wv) ="? — Quy 7 Sao 


Point-Slope Fe 
Sum and Difference of Two Terms oint-siope Form 


ease a y — y; = m(x — x,), mis the slope, and (x,, y,) is 
a ee ie. a point on the line. 


F 5 E Horizontal Line 
Factoring Polynomials: Special Forms 


y =b, bisa real number. 


Difference of Two Squares - Vertical Line 
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Sometimes the book makes all the difference. 


Intermediate Algebra, Third Edition, will make the difference because 
it comes with resources you need to study efficiently and to succeed in 


your alog*a Class: 


Smart Textbooks 

®™ Guided practice and exercises 

= Interesting real-world examples and applications 
= Numerous helpful strategies | 


Strond Sdpoismerts 

= Graphing Technology Guide (0-395-87777-6) 
® Student Solutions Guide (0-395-97662-6) 

= Tutorial Program (0-395-97668-5) 


Visit us on the web: www.hmco.com/college or ask your local book- 
store for these helpful aids. 
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